Appendix

The appendix is organized as follows.
In Appendix A we introduce the key ideas and intuition behind the proof of Theorem 1.

In Appendix B we go deeper into technical details and prove the main propositions used to prove
Theorem 1.

In Appendix C we prove the lemmas stated in appendix A.

In Appendix D we prove Theorem 2.

In Appendix E we prove Theorem 3.

In Appendix F we derive the gradient descent updates used by our parametrization.
In Appendix G we compare our assumptions with the ones made in [30].

In Appendix H we compare our main result with a recent arXiv preprint [56], where Hadamard
product reparametrization was used to induce sparsity implicitly.

In Appendix I we expand on the potential improvements discussed in Section 6.

In Appendix J we provide a table of notation.

A Proof of Theorem 1

This section is dedicated to providing a high level proof for Theorem 1. In Section A.1 we set up the
notation and explain how we decompose our iterates into signal and error sequences. In Section A.2
we state and discuss the implications of the two key propositions allowing to prove our theorem. In
Section A.3 we state some technical lemmas used in the proofs of the main theorem and its corollaries.
In Section A.4 we prove Theorem 1. Finally in Section A.5 we prove the corollaries.

A.1 Set Up and Intuition

Let w; == w;r — w, where w;r =u; ©u and w, = v; © vy. The gradient descent updates on
u; and v, read as (see Appendix F for derivation)

1
U =u© (1 —4n (nXT(X(wt —w*) — g))) :
1
Vit = Vi O (1 +4n (nXT(X(Wt -w) — f))) .
Let S denote the coordinates of w* such that w} > 0 and let S~ denote the coordinates of w* such
that w < 0. S0 S =St US™ and ST NS~ = (). Then define the following sequences
;= 1o+ O W, —1g- O Wy,
e =1lgce OwWy+ 1g- @W:r —1g+ Ow,,

1 1
by = —X"Xe, — —X'¢, 3)
n n
1
P = (XTX - I) (st —w*).
n

Having defined the sequences above we can now let o be the initialization size and rewrite the
updates on w;, w;” and w; in a more succinct way

W(J{:WO_:QQ,
Wt:Wj_fwt_
Wi, =w O —4n(s; — W +pi +by))?
t+1 — Wt 7S¢ P: t))

W, =w, O(1+4n(sy —w" +py +by))”.

“4)
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We will now explain the roles played by each sequence defined in equation (3).

1. The sequence (s;);>0 represents the signal that we have fit by iteration ¢. In the noiseless
setting, s; would converge to w*. We remark that w;" is responsible for fitting the positive
components of w* while w, is responsible for fitting the negative components of w*. If
we had the knowledge of ST and S~ before starting our algorithm, we would set wq to sg.

2. The sequence (e;);>o represents the error sequence. It has three components: 1gc © wy,
1g- ®w; and 1g+ ® w; which represent the errors of our estimator arising due to not
having the knowledge of S¢, ST and S~ respectively. For example, if we knew that w* 3= 0
we could instead use the parametrization wg = ug © Uy = W(')|r while if we knew that
w* < 0 then we would use the parametrization wg = —vg © vg = —W,, .

A key property of our main results is that we stop running gradient descent before ||e;||
exceeds some function of initialization size. This allows us to recover the coordinates from
the true support S that are sufficiently above the noise level while keeping the coordinates
outside the true support arbitrarily close to 0.

3. We will think of the sequence (b;);> as a sequence of bounded perturbations to our gradient
descent updates. These perturbations come from two different sources. The first one is
the term %XTﬁ which arises due to the noise on the labels. Hence this part of error is

never greater than H %XTg ||OO and is hence bounded with high probability in the case of

subGaussian noise. The second source of error is %XTXet and it comes from the error
sequence (e;);>o being non-zero. Even though this term is in principle can be unbounded,
as remarked in the second point above, we will always stop running gradient descent while
||e¢]| ., remains close enough to 0. In particular, this allows to treat + X" Xe, as a bounded
error term .

4. We will refer to the final error sequence (p;)¢>0 as a sequence of errors proportional to
convergence distance. An intuitive explanation of the restricted isometry property is that
%XTX ~ I for sparse vectors. The extent to which this approximation is exact is controlled
by the RIP parameter 0. Hence the sequence (p¢):>( represents the error arising due to
ﬁX not being an exact isometry for sparse vectors in a sense that § # 0. If we require that

§ < v/Vk for some > 0 then as we shall see in section A.3 we can upper bound ||p;||

as

1Ptlle < dllse =Wy < 7llse — Wl -

Since this is the only worst-case control we have on (p;);>o one may immediately see the

most challenging part of our analysis. For small ¢ we have s; ~ 0 and hence in the worst case

IPelloe = 7 ||lW*|| .- Since |[w*||  can be arbitrarily large, we can hence see that while ¢

is small it is possible for some elements of (e;);>( to grow at a very fast rate, while some of

the signal terms in the sequence s, can actually shrink, for example, if y ||w*|| > |w}| for

some ¢ € S. We address this difficulty in Section B.3.

One final thing to discuss regarding our iterates w, is how to initialize wy. Having the point two
above in mind, we will always want ||e||  to be as small as possible. Hence we should initialize the
sequences (u;);>o and (v¢);>o as close to 0 as possible. Note, however, that due to the multiplicative
nature of gradient descent updates using our parametrization, we cannot set ug = vy = 0 since this
is a saddle point for our optimization objective function. We will hence set ug = v = « for some
small enough positive real number .

Appendix B is dedicated to understanding the behavior of the updates given in equation (4). In
appendix B.1 we analyze behavior of (w,");>¢ assuming that w, = 0, p; = 0 and b, = 0. In
appendix B.2 we show how to handle the bounded errors sequence (b;);>o and in appendix B.3
we show how to deal with the errors proportional to convergence distance (p¢):>o. Finally, in

appendix B.4 we show how to deal with sequences (W} )¢>0 and (w; );>0 simultaneously.

A.2 The Key Propositions

In this section we state the key propositions appearing in the proof of Theorem 1 and discuss their
implications.
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Proposition 1 is the core of our proofs. It allows to ignore the error sequence (p;):>o as long as the
RIP constant ¢ is small enough. That is, suppose that ||b; |, < ¢ for some ¢ > 0. Proposition 1

states that if § < 1/v/k(log % V 1) then it is possible to fit the signal sequence (s;);>0 to w*

up to precision proportional to ¢ while keeping the error sequence (e;);>¢ arbitrarily small. See
appendix B.5 for proof.
Proposition 1. Consider the setting of updates given in equations (3) and (4). Fix any 0 < { < w} .«

C

and let v = ﬁ where C is some small enough absolute constant. Suppose the error
ng IIClaX

sequences (by);>o and (pi)i>o for any t > 0 satisfy the following:
[bello < CoC —a,
1Pelloe < 7 llse = w7l

where Cy is some small enough absolute constant. If the step size satisfies n < and the

_5
96w, ax

initialization satisfies o < 1 A 3w < 3wr oz N3 \/ wr ., Then, for some T = O ( L Jog * ) and any
0 <t < T we have

ls7 =Wl <
el < o

The proof of Theorem 1 in the hard reglme when w
application of the above theorem with ¢ = Z-(|| - XT¢
to satisfy the conditions of the above proposition.

LXTg|| Ve is then just a simple

1
min /\/

’00 V &) where the absolute constant Cj, needs

On the other hand, if w,;,, 2 || #XT"¢||_ V & which happens as soon as we choose small enough
€ and when we get enough data points n, we can apply Proposition 1 with ( = 5w,{*mm. Then,
after O(ﬂw;m log 1) iterations we can keep [|e;]| ., below o while [[s; — w*|| , < tw,,. From
this point onward, the convergence of the signal sequence (s;);>o does not depend on « anymore
while the error term is smaller than cv. We can hence fit the signal sequence to w* up to precision

|| IXT¢o1 SHOO V e while keeping ||e;|| . arbitrarily small. This idea is formalized in the following
proposition.

Proposition 2. Consider the setting of updates given in equations (3) and (4). Fix any € > 0 and
suppose that the error sequences (by)i>o and (pt)¢>o for any t > 0 satisfy

1
b ©® 15|, < Bi < —w

O min»
1
Ipell < 20 8¢ = W] -
Suppose that
N 1
HSO - W || < 5wm1n
Let the step size satisfy n < 96w* . Then forallt > 0
* 1 *
Hst - W Hoo < gwmin

and for any t > log “ﬁ% and for any i € S we have

45
327]11);;”“

[st; —wf| < 6\/EmanBj V B; Ve.
jE

A.3 Technical Lemmas

In this section we state some technical lemmas which will be used to prove Theorem 1 and its
corollaries. Proofs for all of the lemmas stated in this section can be found in Appendix C.

We begin with Lemma A.1 which allows to upper-bound the error sequence (e;);>o in terms of
sequences (by);>0 and (p¢)¢>o-
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Lemma A.1. Consider the setting of updates given in equations(3) and (4). Suppose that ||eo|| ., <
Jwik s and that there exists some B € R such that for all t we have ||by||  + ||pt|| o < B. Then, if
n < mfor anyt > 0 we have

max
t—1

letlloo < lleoll T+ 4n(Ibillo + [IPillc))*-
=0

Once we have an upper-bound on ||p¢|| ., + ||b¢||, We can apply Lemma A.2 to control the size of
|let|| .- This happens, for example, in the easy setting when wmm z H 1XT¢ HOO V e where after the
application of Proposition 1 we have ||p|| . + [|b+| .,

Il'lln

Lemma A.2. Let (b);>0 be a sequence such thatfor any t > 0 we have |b;| < B for some B > 0.
Let the step size 1 satisfy n < 8% and consider a one-dimensional sequence (x)>o given by

0<xp <1,
Tey1 = zo(1 + dnby)?.
Then for any t < 32 5 log we have

xp < \/Zo.

We now introduce the following two lemmas related to the restricted isometry property. Lemma A.3
allows to control the £, norm of the sequence (p;);>o. Lemma A.4 allows to control the £, norm

of the term = X" Xe; arising in the bounded errors sequence (b;);>0.

Lemma A.3. Suppose that ﬁX is a n x d matrix satisfying the (k +1,8)-RIP. If z € R% is a

k-sparse vector then
1
H <XTX - 1) zl| < VEd|z|.,
n oo

Lemma A.4. Suppose that %X is an x d matrix satisfying the (1,6)-RIP with 0 < 6 < 1 and let
X; be the it" column of X. Then

1
—X;|| <€v2
max N 2_\[
and for any vector z € R? we have
1
HXTXZ <2d|z|,
n o0

Finally, we introduce a lemma upper-bounding the maximum noise term H %XT§||Oowhen Eis
subGaussian with independent entries and the design matrix X is treated as fixed.

Lemma A.5. Let ﬁX be a n X d matrix such that the {5 norms of its columns are bounded by

some absolute constant C. Let £ € R™ be a vector of independent o%-subGaussian random variables.
Then, with probability at least 1 — g5

2
<./C logd.

~

n

s
n

‘ (oo}

A.4 Proof of Theorem 1

Let Cy and C,, be small enough absolute positive constants that satisty conditions of Proposition 1.
Let

1 2
== V—I[=XT¢|| v+
S ok TS
and suppose that
5 < Gy

Vk (log2 Yax 4 1)
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Setting

g2 € ¢ 1
<1A /\ N N — * .
CE N2 w37 2V

max

we satisfy pre-conditions of Proposition 1. Also, by Lemma A.4 as long as [|e;|| ., < /o we have

1
HXTXet +a<(2d+1)Va<e.
n

oo

It follows that as long as |le;|| . < v/a we can upper bound ||b;||  + c as follows:

1
ol o< 1X7e

+e<Cy- (H XTe

‘ \/E) < C¢.

‘ o0

By Lemma A.3 we also have

C
1Pl < [
’VIOgQ ?ax—‘

and so both sequences (b;);>0 and (pt)t>0 satisfy the assumptions of Proposition 1 conditionally on
llet|| ., staying below /ov. If ¢ > w},,, then the statement of our theorem already holds at ¢t = 0 and
we are done. Otherwise, applying Proposition 1 we have after

T—O<1log1>
ng o

- Wi,

iterations

Is7 = w*llo < ¢

ler]l. < a.
If fwhi, < & ||5XTE[| V & then we are in what we refer to as the hard regime and we are
done.

On the other hand, suppose that FWhin > C% H %XTf ||Oo \% C%E so that we are working in the easy

regime and ( = £ Lwrs .

Conditionally on [|e;|| ., < v/, ||p¢|, stays below C., - fw},;, by Proposition 2. Hence,

min

1
btlloe +1Pello < (Co + Cy) - cwiin.

Applying Lemmas A.l and A2 we can maintain that ||e;|| ., < +/a for at least another

m logé iterations after an application of Proposition 1. Crucially, with a small

enough v we can maintain the above property for as long as we want and in our case here we
need a < g/w}

max-*

Choosing small enough Cj, and C,, so that Cy, + C, < % and C,, < % and applying Proposition 1
we have after

45 we 5 1
T =T+ 1 min- < 7+ log —
B2, © € 16(Ch+ Cwgg, o
iterations
ler || < Ve

and for any ¢ € S

1
|70 — wr| < VS anTg ®1lg

1
v ‘ (XTg) Ve
oS n i
Finally, noting that for all ¢ < T” we have
wei — w*| < ses = wi| + leri] < [sei —wi|+Va < sy —wf|+e

our result follows.
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A.5 Proofs of Corollaries

Proof of Corollary 1. Since £ = 0 the bound in Theorem 1 directly reduces to

62

2 2 2 2
HWt _W*||2 SZE —1—204 S ke +(d—]€)m SJk'E .
€S ¢S
O
Proof of Corollary 2. By Lemma A.4 and the proof of Lemma A.5 with probability at least 1 —
1/(8d?) we have
2
HlXTf‘ < 4\/20 10g(2d).
n - vn
Hence, letting &€ = 47@;@, Theorem 1 implies with probability at least 1 — 1/(8d%)
2 2
o2 9 9 € ko“logd
Iwe =Wl S 3%+ > a<ke @Ry S
€S ¢S
O

Proof of Corollary 3. We use the same argument as in proof of Corollary 3 with the term || XT¢|| o /7

replaced with v/£6||XT¢ ® 1g]|oe/n. Since VA5 < 1 an identical result holds with d replaced with
k. O

B Understanding Multiplicative Update Sequences

In this section of the appendix, we provide technical lemmas to understand the behavior of multi-
plicative updates sequences. We then prove Propositions 1 and 2.

B.1 Basic Lemmas

In this section we analyze one-dimensional sequences with positive target corresponding to gradient
descent updates without any perturbations. That is, this section corresponds to parametrization
w; = u; O uy and gradient descent updates under assumption that %XTX = I and ignoring
the error sequences (b;);>o and (p¢):>0 given in equation (3) completely. We will hence look at
one-dimensional sequences of the form

0<z9g=0a’<z*
5 (5

i1 = x(1 — Ay — 27))°.

Recall the definition of gradient descent updates given in equations (3) and (4) and let v; = 0 for
all ¢. Ignoring the effects of the sequence (p¢):>o and the term %XTXet one can immediately
see that ||1se © wy||, grows at most as fast as the sequence (x;);>¢ given in equation (5) with
r* = H%XTfﬂ . Surely, for any ¢ € S such that 0 < w} < | %XTEH we cannot fit the ¢ — th
component of w* without fitting any of the noise variables 1gc ® w. On the other hand, for any
i € 5 such that w} > || £XT¢||__ can fit the sequence (z)¢>o with 2* = w} while keeping all of
the noise variables arbitrarily small, as we shall see in this section.

We can hence formulate a precise question that we answer in this section. Consider two sequences
(x¢)¢>0 and (y¢)¢>0 with updates as in equation (5) with targets «* and y* respectively. One should
think of the sequence (y:):>0 as a sequence fitting the noise, so that y* = H %XTg HOC Let T be
the smallest ¢ > 0 such that y; > «. On the other hand, one should think of sequence (x:);>0 as a
sequence fitting the signal. Let 777, __ be the smallest ¢ such that z; > 2* — . Since we want to fit
the sequence (z;)¢>0 to x* within ¢ error before (y;):>0 exceeds o we want 7% __ < T¥. This can
only hold if the variables z*, y*, o and ¢ satisfy certain conditions. For instance, decreasing € will
increase 17, _, without changing TY. Also, if 2* < y* then satisfying T3 _, < T¥ is impossible

for sufficiently small . However, as we shall see in this section, if 2* is sufficiently bigger than y*
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Fitting signal vs fitting noise, a =1072, ¢ =107° Fitting signal vs fitting noise, a =108, e =107

<X

Iterates on log scale
Iterates on log scale
i~)

@ a

0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
Number of iterations t Number of iterations t

Figure 5: The blue and red lines represent the signal sequence (;);>0 and the noise sequence (¥;)¢>0

plotted on log scale. The vertical blue and red dashed lines show the hitting times 75, _, and T so

that we want the blue vertical line to appear on the left side of the red vertical line. Both plots use
the same values of z*, y* and £. However, the plot on the left is plotted with o = 102 and the plot
on the right is plotted with a = 10~8. This shows the effect of decreasing initialization size; both
vertical lines are pushed to the right, but the red vertical line is pushed at a faster pace.

then for any € > 0 one can choose a small enough « such that T%,. _, < T¥. To see this intuitively,
note that if we ignore what happens when z; gets close to z*, the sequence (x¢);>(o behaves as an
exponential function ¢ — o2(1 + 4na*)? while the sequence y* behaves as t +— a?(1 + 4ny*)2t.
Since exponential function is very sensitive to its base, we can make the gap between o (1 + 4nx*)?
and o (1 + 4ny*)?! as big as we want by decreasing v and increasing ¢. This intuition is depicted in
Figure 5.

With the above discussion in mind, in this section we will quantitatively formalize under what
conditions on z*, y*, a and ¢ the inequality Ty, _, < T¥ hold. We begin by showing that for small
enough step sizes, multiplicative update sequences given in equation (5) behave monotonically.

Lemma B.6 (Iterates behave monotonically). Let n > 0 be the step size and suppose that updates
are given by

Top1 = x(1 — dn(x, — x%))2.
Then the following holds

1. If0<zg<za*andn < 8%thenforanyt>0wehaveazo <xpoq <z < ™.

2. Ifz* <xp < %:17* andn < ﬁ then for any t > 0 we have z* < x; < xy_1 < x.

Proof. Note that if g < 2, < o* then z; — 2* < 0 and hence x41 > x;. Thus for the first part it is
enough to show that for all ¢ > 0 we have z; < x*.

Assume for a contradiction that exists ¢ such that
zg <y < a7,
Tep1 > 27,
Plugging in the update rule for xy4; we can rewrite the above as
x < ¥
< z4(1 — dn(x — 2%))?

1 z: \?
T (N p—
—xt<+2 2z*>

Letting A := 7+ we then have by our assumption above 0 < A < 1. The above inequality then gives

us
1 1
il 9_ =
\E<3/ 2
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And hence for 0 < A < 1 we have f(\) = \[—&- 1\ < 3/2. Since for 0 < A\ < 1 we also have

A)
ff)=3(1- /\3/2) < O0andso f(A) > f(1) = 3/2. This gives us the desired contradiction and
concludes our proof for the first part.

We will now prove the send part Similarly to the first part, we just need to show that for all £ > 0
we have z; > x*. Suppose that 2 5x* > xy > x* and hence we can write x; = 2*(1 + ~) for some

7 € [0, 3]. Then we have

i1 = (L+y)z*(1 — 4n’ym*)2

> (1+7)*(1 - 37",

1.)2;

One may verify that the polynomial (1 + ~)(1 —
finishes the second part of our proof.

37)* is no smaller than one for 0 < v < <1 5 which

While the above lemma tells us that for small enough step sizes the iterates are monotonic and
bounded, the following two lemmas tell us that we are converging to the target exponentially fast. We
first look at the behavior near convergence.

Lemma B.7 (Iterates behaviour near convergence). Consider the setting of Lemma B.6. Let x* > (
and and suppose that |xo — x*| < %x*. Then the following holds.

L If0<zo<ax*andn < g~ thenforanyt>4x* we have
0<z*—u < |:r0—a:|
2. If x> <x0<3x*and77<12*thenf0ranyt> - we have
1
0<uzy—a* §|x0—x|

Proof. Let us write |zg — *| = y&* where v € [0, 3].

For the first part we have g = (1 — v)z*. Note that while z; < (1 — Z)z* we have z;,1 >
x¢(1 4+ 4n3x*). Recall that by the Lemma B.6 for all £ > 0 we have x; < x*. Hence to find ¢ such
that 2* > x; > (1 — F)x* it is enough to find a big enough ¢ satisfying the following inequality

zo(1 + 2nyz*)* > (1 — %) x*.

Noting that for z > 0 ant ¢ > 1 we have (1 + z)* > 1 + tx we have

1\

2o (1 4 2nyx*)%t > xo(1 4 4nyz*t)

and hence it is enough to find a big enough ¢ satisfying

xo(1 + dnya™t) > (1 - %) x*

(-3~

Lo

<~ dnpyx*t >

b
2(1—7)

1
—t> -
8nz* (1 —17)

< dnyx*t >

and since v € [0, 3] choosing ¢ > is enough.

495*

To deal with the second part, now let us write g = z*(1 + 7) We will use a similar approach to the
one used in the first part. If for some x; we have z; < (1 + 7)2* by Lemma B.6 we would be done.
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If 2, > 2*(1 + %) we have ;41 < 2;(1 — 4nZx*)?. This can happen for at most Srar L_ jterations,
since

zo(1 — 217710*)% < x*(l + )

’-\I\D\Q

. 1+3)
<= 2tlog(1 — 2nyx*) < log o
= (1+3)
1 2
=t > 1 Og 9

~ 2log(1 — 2nyx*)’
We can deal with the term on the right hand side by noting that

2*(141) 1+3
1 log —52 Ty

1
21og(1 — 2nya*) ~ 2log(1 — 2nya)
1+ 1+
(1+i _1)/(1—1—'27)
—2nyx*
—3/(1+3)
—2nyx*

1
< .
- 8nx*

log

N~ N

where in the second line we have used logz < x — 1 and logz > TT_l Note, however, that in the
above inequalities both logarithms are negative, which is why the inequality signs are reversed. [J

Lemma B.8 (Iterates approach target exponentially fast). Consider the setting of updates as in
Lemma B.6 and fix any € > (.

1 Ife < |o* — x| < $2* and n < 15— then for any t > o 3 Jog ="l we have
|[o* — 2] <e.
2. If0<zp < @) ) we have
z* —Egmtgx.
Proof.

1. To prove the first part we simply need to apply Lemma B.7 [1og2 W%“li‘ times. Hence

after | ) 5 .
ogge . |z*— o < log 2% —
dnx* € 8nx* €

iterations we are done.

2. We ﬁrst need to find a lower-bound on time ¢ which ensures that x; > ”” . Note that while

r; < % we have 2441 > x4(1 + 2n2*)2. Hence it is enough to choose a b1g enough ¢ such
that

o(1 + 2nz*)* > %

log 2=
~ 2log(1 + 2nzx*)

We can upper-bound the term on the right by using log z > %’1 as follows

1 log % 11+ 2nz* x*
5 < log
2log(1+2nz*) — 2 2nzo 2x0

.T*

< 1
~ 16nx* o8 2z
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and so after t > —2—

z* z*
2 oz log 5g0 We have x; > %-

5
Now we can apply the first part to finish the proof. The total sufficient number of iterations

is then
Llog " + 3 1ogx—*< 3 log l +ilog—*
16nz* 2zg  8nz* 2e — 8nz* 2z9  8nz* 2e
3 e @)’

- 8nz* © dzpe
O

We are now able to answer the question that we set out at the beginning of this section. That is, under
what conditions on z*, y*, o and € does the inequality 777, _, < T¥ hold? Let n < % and suppose
that * > 12y* > 0. Lemmas B.6 and B.8 then tell us, that for any € > 0 and any

. (Q’J*)Z
~ 32nz* a’e

the sequence x; has converged up to precision €. Hence

12 1 (x%)?

Tre s 32na* %8 e ©
On the other hand, we can now apply Lemma A.2 to see that for any
pe 22 qog <1 g L
32nz* a* ~ 2ny* T ot
we have y; < o and hence
T2 5o = )

We can now see from equations (6) and (7) that it is enough to set o < \x/*g sothat T . < TYis
satisfied which answers our question.

B.2 Dealing With Bounded Errors

In Section B.1 we analyzed one dimensional multiplicative update sequences and proved that it is
possible to fit large enough signal while fitting a controlled amount of error. In this section we extend
the setting considered in Section B.1 to handle bounded error sequences (b;);>¢ such that for any
t > 0 we have ||b;|| . < B for some B € R. That is, we look at one-dimensional multiplicative
sequences with positive target z* with updates given by

Top1 = 2 (1 —4dn(xy — 2* + bt))2~ )

Surely, if B > z* one could always set by = * so that the sequence given with the above updates
equation shrinks to 0 and convergence to x* is not possible. Hence for a given z* our lemmas below
will require B to be small enough, with a particular choice B < %x*. For a given B one can only
expect the sequence (z;);>¢ to converge to z* up to precision B. To see that, consider two extreme
scenarios, one where for all ¢ > 0 we have b, = B and another with b, = —B. This gives rise the
following two sequences with updates given by

v = i (1= dn(aj — (2" = B))* o

o = af (1—dn(z; — (2" + B)))*.
We can think of sequences (77 )¢>0 and (z;")¢>0 as sequences with no errors and targets z* — B and
x* + B respectively. We already understand the behavior of such sequences with the lemmas derived
in Section B.1. The following lemma is the key result in this section. It tells us that the sequence
(z¢)¢>0 is sandwiched between sequences (z; );>0 and (] )¢ for all iterations ¢. See Figure 6 for
a graphical illustration.
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Squeezing Iterates With Sequences Without Errors Squeezing Iterates With Sequences Without Errors
Xo

Values of the Iterates
x
]
@ .
Values of the Iterates

— Xt — Xt

Xt Xt

+ +
Xt Xt

0 1o 20 30 40 50 60 70 0 1o 20 30 40 50 60 70
Number of iterations t Number of iterations t

Figure 6: A graphical illustration of Lemmas B.9 and B.10. For a given error bound B we have
sampled error sequence (b;)¢>o from Uniform[—B, B] distribution. Note that for B = 0 the above
plots illustrate Lemma B.6.

Lemma B.9 (Squeezing iterates with bounded errors). Let (b;);>0 be a sequence of errors such
that exists some B > 0 such that for all t > 0 we have |b;| < B. Consider the sequences (x; )i>0,
(z¢)¢>0 and (x] )1>0 as defined in equations (8) and (9) with

0<azy =2y =29<2*+B
Ifn < mthenforalltzo

0<uz;, <z <zf <a2*+B.

Proof. We will prove the claim by induction. The claim holds trivially for ¢ = 0. Then if ;" > z;,
denoting A := z;” — x; > 0 and m; := 1 — 4n(x; — x* + b;) we have
wfy = ot (1 — dy(af —o* — B))?
zy + A1 —dn(x; — x* + b)) — 4n(A — B — by))?
zp + A)(my — 4nA)?
xy + A)(m? — 8nAmy + 1672 A?)
z, + A)(m? — 8nAmy)
i1+ Am? — xf 8nAmy

vV

(
(
(
(

Y

T
T + Amy(my — 877@_)
x

%

t+1,

where the last line is true since by lemma B.6 we have 0 < ;" < 2* + B and so using < m
we get

mthnx;rzmtfi

1
:5—4n(xt—x*+bt)
1
25—4n(m*—|—B—x*—|—bt)
1
> - _ 8B
5 81
> 0.

Showing that x4 11 > z;,  follows a similar argument.
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Finally, as we have already pointed out 2;7 < x* + B holds for all ¢ by the choice of 7 and Lemma B.6.
By induction and the choice of the step size we then also have for all ¢ > 0

Trpy =2, (1—4n(z; —2* + B))?
>z (1—8nB)*
>0,

which completes our proof. O

Using the above lemma we can show analogous results for iterates with bounded errors to the ones
shown in Lemmas B.6, B.7 and B.8.

We will first prove a counterpart to Lemma B.6, which is a crucial result in proving Proposition 1. As
illustrated in Figure 6, monotonicity will hold while |z; — z*| > B. On the other hand, once z; hits
the B-tube around z* it will always stay inside the tube. This is formalized in the next lemma.

Lemma B. 10 (Iterates w1th bounded errors monotonic behaviour). Consider the setting of Lemma B.9

with B < 25,0 < 96 - and 0 < zg < Gx* Then the following holds:

1. If|zy — a*| > B then |x441 — a*| < |z — 2.
2. If |xy — 2*| < B then |zt — 2*| < B.

Proof. First, note that our choice of step size, maximum error B and maximum value for x( ensures
that we can apply the second part of Lemma B.6 to the sequence (z; )¢>o and the first part of

Lemma B.6 to the sequence (z;);>0.

To prove the first part, note that if 0 < x; < 2* — B then z; < 441 < $:_+1 < x* + B and the result
follows. On the other hand, if z* + B < x; < 6:5 then applying Lemma B.9 (with a slight abuse of

notation, setting xo = ;) we getz* — B < ;| < 2411 < x4 which finishes the proof of the first
part.

The second part is immediate by Lemma B.9 applied again with a slight abuse of notation setting
xo = x and observing that by monotonicity Lemma B.6 the sequence (z; )¢>o Will monotonically

decrease to z* — B and the sequence (7 );>0 will monotonically increase to 2* + B. O

Lemma B.11 (Iterates with bounded errors behaviour near convergence). Consider the setting of
Lemma B.10. Then the following holds:

1. If i (z* — B) < o < a* — 5B then for any t > >~ we have
|x*—xt|§§|x0—x*|.

2. Ifx*+4B <2y < 8 =2 then for any t > —— we have
|x*—xt|§§|x0—x*|.

Proof. Let the sequences (z; );>0 and (x; )¢>0 be given as in Lemma B.9. For the first part, we
apply Lemma B.7 to the sequence x, twice, to get that for all

we have



Then, if z; < 2* we have by Lemma B.9 and the above inequality

If z; > x* then by lemma B.9 we have
1
OSmt—x*SBﬁglxo—x*\,

where the last inequality follows from z¢p < 2* — 5B. This concludes the first part.
The second part can be shown similarly. We apply lemma B.7 to the sequence .I‘:_ twice, to get that
for all

1 1

t>2 >2
8nz* — 8n(z* + B)

we have
0<z —(2*+ B)

1
< Z|$0_($*+B)|

1 1
§Z|$0—$*|+ZB.
Then again, if z; > x* then
0<a—2a*
<zl —a*
1 5
§Z|$O_$*|+ZB
1
< = ok
< 3 lwo — a7

and if z; < 2* then by lemma B.9 we have
1
0§m*fxt§B§Z|xof:c*

which finishes our proof. O

Lemma B.12 (Iterates with bounded errors approach target exponentially fast). Consider the setting
of Lemma B.10 and fix any € > 0. Then the following holds:

I If B+e < |o*—xo| < ta* then for any t > 321775;* log @ iterations we have
|a* — 2] < B+e.

2. If0 < xg < x*— B—c thenforanyt > 15 log (?)? we have v* —B—¢ < x; < 2*+B.

*
32nz* To€E

Proof.

1. If g > x* + B then by Lemmas B.9 and B.10 we only need show that (x;")tzo hits
x* + B+ ¢ within the desired number of iterations. By the first part of Lemma B.8 applied to

the sequence (If)tzo we see that log \Ir(i +B)| < 3217]596*
enough.

|z* —xo|

log iterations

3
8n(xz*+B)

Similarly, if o < 2* — B by the first part of Lemma B.8 applied to the sequence (z; )¢>o

3 |zo—(2* = B)| 15 |2 —ao
we see that 8n(z*—B) log e S 32nz* log

iterations enough.
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2. The upper-bound is immediate from lemma B.9. To get the lower-bound we simply apply
the second part of lemma B.8 to the sequence (x; );>o given in lemma B.9 to get that for
any

3 *\2 3 * _ B 2
t> 1 log (=) > log (= )
8nga* ToE 8n(z* — B) ToE

we have * — B — e < x; < x; which is what we wanted to show.

B.3 Dealing With Errors Proportional to Convergence Distance

In this section we derive lemmas helping to deal with errors proportional to convergence distance,
that is, the error sequence (p;):>o given in equation (3) in Appendix A.1. Note that we cannot simply
upper-bound || b || . + ||pt|| ., by some large number independent of ¢ and treat both errors together
as a bounded error sequence since ||pg ||, can be much larger than some of the coordinates of w*.
On the other hand, by Sections B.1 and B.2 we expect ||s; — w*|| _ to decay exponentially fast and
hence the error ||p, ||, should also decay exponentially fast.

Let m and Ty, ..., T,,—1 be some integers and suppose that we run gradient descent for Z:;Bl T;
iterations. Suppose that for each time interval Zf;& T, <t < Y7 _,T; we can upper-bound
[bell, + [|ptlly, by 277 B for some B € R. The following lemma then shows how to control errors
of such type and it is, in fact, the reason why in the main theorems a logarithmic term appears in
the upper-bounds for the RIP parameter 5. We once again restrict ourselves to one-dimensional
sequences.

Lemma B.13 (Halving errors over doubling time intervals). Let T > 0 be some fixed positive real
number, T; = 2T and T; = Zézo T);. Further, suppose (pt)t_ZO isa sequence of real numbers and
let B € R. Suppose that for every integer i > 0 and for any T;_1 < t < T; we have |p;| < 27'B.
Then, for any integer i > 0 and 1 < é

T;—1
H (1 +4npy)? < (1 + 4n271B)20H+DT:,
i=0
Proof. Note that for z,y > 0 we have (1 +x +y) < (1+z)(1 +y) and in particular, for any integers
i2j=0
14 4772_jB <1+ 47]2_j—1B)2 << (14 4772_iB)2i7j.
It follows that

T;—1 7
I1 @ +4mpe)* < T (1 + 4n277 B)*"
=0 j=0

< [ +4n27iB)> 2%
j=0
= (1 + 4727 B)2(+VTs,
O

Sometimes ||p;||,, can be much larger than some coordinates of the true parameter vector w*. For
example, if w},,. > wy . then ||pg||,, can be much larger than w}; . In Section B.2 we have shown
how to deal with bounded errors that are much smaller than target. We now show how to deal with
errors much larger than the target.

Lemma B.14 (Handling large errors). Let (b;);>0 be a sequence of errors such that for some B € R
and all t > 0 we have |b;| < B. Consider a sequence defined as

¥+ 2B < x9 < x* + 4B,
Tep1 = 2o (1 — Az — 2 + b))
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Then, for n < ﬁ and any t > ﬁ we have

0<a <z*+2B.

Proof. Note that if z; > x* + 2B then
Ty = 24 (1 — dn(zy — 2% + by))?
< zy(1 —4nB)>.
Hence to find ¢ such that z; < x* + 2B it is enough to satisfy the following inequality
(z* +4B)(1 — 4nB)* < z* + 2B
—t> 1 1 og x* +28
~ 2log(l —4nB) r* +4B
Since for any x € (0,1) we have log(1 — z) < —z hence log(1l — 4nB) < —4nB. Also, since
g:ﬁg > 1 we have log ‘;:ﬁg > log 3 > —15. Hence
1 1 2*+2B 1 1 -7
2log(1—anB) B +4B =2 —anB 10
Setting t > ﬁ is hence enough. To ensure non-negativity of the iterates, note that
[An(xs — 2" + by)| < 20nB

and hence setting 7 < 20% is enough. O

The final challenge caused by the error sequence (p;)¢>o is that some of the signal components
15 ® w, can actually shrink initially instead of approaching the target. Hence for all £ > 0 we need
to control the maximum shrinkage by bounding the following term from below

t—1
o [T —4n(Ibell« + lIpell0))* (10)
i=0
Recall that we are handling maximum growth of the error sequence (e;);>o by Lemma A.1 which
requires upper-bounding the term
t—1
o [T+ (bl + [Ipello))*. (11)
i=0
If the term in equation (11) is not too large, then we can prove that the term in equation (10) cannot
be too small. This idea is exploited in the following lemma.

Lemma B.15 (Handling signal shrinkage). Consider a sequence
To = a?,
o1 = 21— dn(a* + b +pr))?
where ©* > 0 and exists some B > 0 such that for all t > 0 we have |b;| 4+ |p:| < B. If n < 8%3 and

t—1

1
H(1 +8n(1be] + pe]))? < -
1=0
then
t—1
LT = dn(loe] + [pe]))* =
=0

Proof. By the choice of step size i we always have 0 < 4n(|b,| + [p;|) < 1. Since for z € [0, 1] we

2
have (1 +2z)(1 —z) = 1+ x — 222 > 1 it follows that
t—1

TTC+8n(bel + Ipe))? 1:[(1 —4An(be| + [pel))* = 1

i=0 i=0
and we are done. O
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B.4 Dealing With Negative Targets

So far we have only dealt with sequences converging to some positive target, i.e., the parametrization
w; = u; © w;. In this section we show that handling parametrization w; = u; ® u; — v ® vy can be
done by noting that for any coordinate %, at least one of u; ; or v ; has to be close to its initialization
value. Intuitively, this observation will allow us to treat parametrization w; = u; © W — vy © vy as
if it was w; ~ u; ©® u; and all coordinates of the target w* are replaced by its absolute values.

Consider two sequences given by
2 2
0<zf =a®<ak, af,=zf(1—dn( -2} +b))

0<zy =a® < -z, z ;=2 (1+4n(—z; — 2 + b))

where (b;);>0 is some sequence of errors and the targets satisfy 2% > 0 and 2* < 0. We already
know how to deal with the sequence (z;" )i>0. Note that we can rewrite the updates for the sequence
(2 )e>0 as follows

ipn =y (L= 4z — [t ] = b))

and we know how to deal with sequences of this form. In particular, (x; );>o will converge to |xj ‘

with error at most B equal to some bound on maximum error and hence the sequence (—x; );>0 will
converge to a B-tube around x*. Hence, our theory developed for sequences with positive targets
directly apply for sequences with negative targets of the form given above.

The following lemma is the key result allowing to treat w; = u; ® uy — vy © v almost as if it was
w; ~ u; O uy as discussed at the beginning of this section.

Lemma B.16 (Handling positive and negative sequences simultaneously). Let x; = x — z; and

x* € R be the target such that |x*| > 0. Suppose the sequences (x} )i>o and (z; )10 evolve as
follows

|x*], :z::'+1 = x?‘(l —dn(xy — ™ + bt))2

e

0< :173' =a?<
1
0<zy =a’< 1 l2*|, =z =xp (L+4n(ze — 2 + b))

and that there exists B > 0 such that |b;| < B andn < T

ﬁ. Then the following holds:

1. Foranyt > 0 we have 0 < :L'j' Nzxy < a?.
2. Foranyt > 0 we have

o Ifz* > 0thenz; <a? Hf;é(l + 41 [be|).
o Ifz* < 0thenz; < a? Hf;é(l + 47 |by)).

Proof. The choice of our step size ensures that [4n(x; — % + by)| < % Forany 0 < a < % we have
0<(1-a)(1+a)=1-a?<1.In particular, this yields for any t > 0
t—1
iz, =at H(l —An(xy — a2 + b))% + 4n(zy — 2 +b,))? < ot
i=0
which concludes the first part.

To prove the second part assume x* > 0 and fix any ¢ > 0. Let 0 < s < ¢ be the largest s such
that T > x*. If no such s exists we are done immediately. If s = ¢ then by the first part we have
x; < o? and we are done.

If s < t then we have by the first part and by the assumption a? < i |z*|, z; < ai < 102, Further,

1
- 1

by the choice of step size n we have 7 < 4z*. It then follows that

(I+4n(zs — 2™ + bt))2 <4
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and hence

Ty =z, H(1+4n(a:;r—a:i_—:c*+bi))2

t—1
< ioﬂ(l +4n(zs — x* + by))? H (1 +4dn(zf —2; —2* +b;))?
1=s+1
<a? H 1+ 41 (b))
1=s+1
This completes our proof for the case * > 0. For z* < 0 we are done by symmetry. [

B.5 Proof of Proposition 1

In this section we will prove Proposition 1. We remind our readers, that the goal of this proposition
is showing that the error sequence (p¢):>o can be essentially ignored if the RIP constant J is small
enough.

Recall that the error arising due to the bounded error sequence (by):>¢ is irreducible as discussed in
Section B.2. More formally, we will show that if for some 0 < ¢ < w},,, we have ||b;| ., < ¢ and if

Ipello < s — w* | then after t = O (771C log é) iterations we have [js, — w*|__ < C.

In particular, up to absolute multiplicative constants we perform as good as if the error sequence
(pt)i>0 was equal to 0.

wk
10g2 max

The proof idea is simple, but the details can complicated. We will first prove a counterpart to
Proposition 1 which will correspond to parametrization w; = u; ® Uy, that is, we will only try to fit
the positive coordinates of w*. We will later use Lemma B.16 to extend our result to the general case.
We now list the key ideas appearing in the proof below.

1. Initially we have |[wo — w*|| < wy .. We will prove our claim by induction, reducing
the above distance by half during each induction hypothesis. We will hence need to apply

m = [log ‘2’“1 induction steps which we will enumerated from 0 to m — 1.

2. At the beginning of the " induction step we will have ||w; — w*||_ < 27w}, . Choosing
small enough absolute constants for upper-bounds on error sequences (b;);>o and (p:);>o
we can show that

1
[bello + [IPtlloe < E2 ‘wk .. = Bi.

In particular, during the ¢** induction step we treat both types of errors simultaneously as a
bounded error sequence with bound B;. Since at each induction step ||w; — w*|| _ decreases
by half, the error bound B; also halves. This puts us in position to apply Lemma B.13 which
plays a key role in the proof below.

-th

3. One technical difficulty is that in Section B.2 all lemmas require that iterates never exceed
the target by more than a factor g. We cannot ensure that since initially our errors can be
much larger than some of the true parameter w* coordinates. We instead use Lemma B.14
to show that for any coordinate j we have w; ; < w} + 4B; during i induction step. Then

for any j such that w} > 20B; we can apply the results from Section B.2. On the other
hand, if w} <20B; = 12_%0 then we already have |w; ; — < 271y . and the

max

above bound does not change during the 3™ induction step

4. During the i induction step, if |wy,; — w’| > 27" "tw,, . then w¥ > 20B; and we can
apply Lemma B.10 which says that all such coordinates will monotonically approach B-tube
around w3. Lemma B.12 then tells us how many iterations need to be taken for our iterates

to get close enough to this B-tube so that ’wt j—w; ] <27l

5. Finally, we control the total accumulation of errors [T:Z (1 + 4n(||bs|| _ + [|p:]|..))? using

Lemma B.13 and ensure that for any w} > 0 the iterates never get below a3 by applying
Lemma B.15.
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Lemma B.17 (Dealing with errors proportional to convergence distance). Fix any 0 < ( < w} .

and let v = # where C., is some small enough absolute constant. Let w* € R* be a target
o, “iex

vector which is now allowed to have negative components. Denote by w”_ the positive part of w*,

that is, (w%); = 1{11,;20}11)1-*. Let (by)t>0 and (pt)i>0 sequences of errors such that for all t > 0

we have ||by|| ., < Cy( for some small enough absolute constant Cy, and ||py ||, < ||we — w7 ||OO
Let the updates be given by

wo,; = a?, Wy, = wy (1 —4n(wye; — w3 + by —&—pt,j))z.
If the step size satisfies n < 55— and the initialization satisfies o < 3w !*mx)z A m A 1 then
fort = (771( log E) we have
lwe = wif <<

t—1

@ [T+ 4n(lIbell o + lIpello0))® < o
=0

Proof. LetT = log and for any integer i > —1 let T; := 2'T and T : Z;:() T;. We

nw*
alsolet 7_; = 0. Let Bz- = 1 02" “wk .. Letm = [log2 ‘““"w so that v = ﬁ We will prove our
claim by induction on ¢ = 0, 17 ceo,m—1.

Induction hypothesis for i € {0,...,m}

1. Forany j <iand Tj_; <t <T; wehave |[wy — wt|__ < 279w}, In particular, this
induction hypothesis says that we halve the convergence distance during each induction
step.

2. We have Hwi_1 - Wi

< 27w} . This hypothesis controls the convergence distance
o0

at the beginning of the i*" induction step.
; 3 ~
3. Forany j we have o® < wy, | ; <wj +4B;.
Base case
For i = 0 all conditions hold since for all j we have 0 < o = wy ; < wy.

Induction step
Assume that the induction hypothesis holds for some 0 < ¢ < m. We will show that it holds for 7 + 1.

1. We want to show that forall ¢ € {0,...,T;—1} "WTi—l+t - Wi H remains upper-bounded
by 2 wmax
Note that 27w, > 27w, > (¢ and hence requiring C,, + 2C, < 70 We have
HbTi—l + HpTi,l < CbC + 72 wmax
S (C + 2Cb)2 wmax
1
< —27
— 40 wmax
= B;.

For any j such that w} > 20B; the third induction hypothesis wy, | ; < w} + 4B; ensures
that wyp, | ; < gw;. Hence, it satisfies the pre-conditions of Lemma B.10 and as long as

Hle 1+t W+H <2 wmax
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any such 7 will monotonically approach the T%Bi-tube around w7 maintaining ‘wt — w]*‘ <

2 wmax
On the other hand, for any J such that wy < 20B; wy ; will stay in (0, w} +4B;] maintaining
wy — < 20B; < 27w} . as required.

By inductlon on ¢, we then have for any ¢ > 0

HWTL 1+t W+H <2 wmax

which is what we wanted to show.

. To prove the second part of the induction hypothesis, we need to show that after 7; iterations
the maximum convergence distance ||WT_ - Wi ||OO decreases at least by half.

Take any j such that w* > 0 and ‘w— —wr| < 27w = 20B;. Then by a

J J max
similar argument used in to prove the ﬁrst 1nduct10n hypothesis for any ¢ > 0 we have

*

i— 1
Tty — W ‘ < 277w}, and hence such coordinates can be ignored.

1,J > 271y . Then, since 20B; =

2-i=1y*  and since by the third induction hypothe51s wyg, , ; < w;+ 4B; it follows that
0 <wg, , ; <w;—20B;. Applying the second part of Lemma B.12 with ¢ = 19B; and
noting that

Now take any j such that w} > 0 and ‘w*—

9._ 19 11 19 1
L — T9—t m > -
lgBZ 4 2 wm'}x = 402 wmax = 4OC = 3C
we have for any
t>1T;
) 1 3(w* 2
Z 21 log (wmax)
nwr*nax a3<
15 (w))?

> 1
= 32wt w198,

iterations the following holds

wr, 44y —wi| <20B; <27 w

max

which completes our proof.

. The upper bound follows immediately from Lemma B.14 which tells that after

41

t>T, > 2 = )
nwgqax 1077B1

iterations for any j we have wr, |, ; < w} +2B; = wj +4B;41.
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To prove the lower-bound, first note that

T;—1
IT @+ 8ndbill + IPill0))?
=0
T;—1
< I (0 +8nCe0)*(1 + 4y |lpill . ))* (12)
= C _ 4G+,
< (1+8nCy) ™™ (1 +4n - Wj?‘lw;ax> (13)
C AmTy,
g(l+8m%§fﬂn1(1+4n n:27nﬂwm“) (14)
1 Am Ty, — C AmT, —1
< <1k4n- nl2cg<) (144n n:2 ’”+1uhmx> (15)
C 8mT -1
1+4n- n32‘m*iummx> (16)

IN IN
QI

a7

where line 12 follows by noting that for any z,y > O we have (1 +z +y) < (14+z)(1+y).
Line 13 follows by applying Lemma B.13 and noting that 7; < 27;. Line 14 follows by
noting that # < m — 1. Line 15 follows by applying ( + mz) < (1 +z)™ for z > 0 and
m > 1. Line 16 follows by noting that ¢ < 27" w?* _ and assuming that 2C, < C,,.
Line 17 follows by applying Lemma A.2 which in particular says that

1

C 2t
(1 + 477 77: 2_m-i_llumax) < a

for any ¢ < 1og . Setting C, = ﬁls yields the desired result.

32nw*

max

The lower-bound is then proved immediately by Lemma B.15.

By above, the induction hypothesis holds for ¢ = m. We can still repeat the argument for the first
step of induction hypothesis to show that for any ¢t > T,,,_1

lwe =il < 27wk < G
Also, the proof for the third induction hypothesis with i = m shows that for any ¢ < T},,_; we have

t—1

o [T +4n(Ibill + Ipello)? < @
i=0

To simplify the presentation, note that = ‘2”‘ <2M <L 2w§m and hence we will write
1 1 1 1
log— =0 (10g) .
Mhax @ g a
Fmally, regarding the absolute constants we have required in our proofs above that C, + QCb 40,

Cp < C and C, < 128 Hence, for example, absolute constants Cj, = 5=z and Cy, = satlsfy
the requlrements of this lemma.

Ty = (2™ —1)

Extending the above lemma to the general setting considered in Proposition 1 can now be done by a
simple application of Lemma B.16 as follows.

Proof of Proposition 1. Lemma B.16 allows us to reduce this proof to lemma B.17 directly. In
particular, using notation from Lemma B.17 and using Lemma B.16 we maintain that for all t < T}, _1

w; >0 = 0<w, <«
w;<0 = 0<w <a.
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Consequently, for w} > 0 we can ignore sequence (w;_ j)tZO by treating it as a part of bounded error
b;. The same holds for sequence (w;;)¢>0 when w} < 0. Then, for w} > 0 the sequence (w;’;)

evolves as follows
w;_Lj = ij(l - 477(1”::]‘ - w]* + (be; — wt_,j) +pt7j))2
which falls directly into the setting of lemma B.17. Similarly, if w} < 0 then
Wiy = w(1+ dn(=wp; — wj + (b + w;) + pry))®
= wy (1= dn(w,; — [wj] + (=bj —wi}) —pej))?
and hence this sequence also falls into the setting of lemma B.17.

Finally, ||e;||,, < o follows by Lemma A.1 and we are done. O

B.6 Proof of Proposition 2

We split the proof of Proposition 2 in two phases. First, using Lemma B.18 we show that |[s; — w*||
converges to 0 with error ||b; ® 15| up to some absolute multiplicative constant. From this point
onward, we can apply Lemma B.12 to handle convergence to each individual sequence ¢ on the true
support S up to the error ||b; ® 1;]| . VVkJ ||b; ® 15| . This is exactly what allows us to approach
an oracle-like performance with the /5 parameter estimation error depending on log k instead of log d
in the case of sub-Gaussian noise.

Lemma B.18. Consider the setting of updates given in equations (3) and (4). Fix any € > 0 and
suppose that the error sequences (by)¢>o and (Pt)tzo satisfy the following for any t > 0:

[b: © 1s]|
194l < 5 e = ¥
Suppose that
1

20B < |lsg —w¥[| < gw;ﬁn.

Then forn < gg— wm and any t > 877“’1,,,1, we have
* 1 *
Ise = w*lloe < 5 llso = W7l -

Proof. Note that [bol|., + [|Poll. < 15 llso — w*||.. By Lemma B.10 for any ¢ > 0 we have
[bello + [IPelloe < 15 llSo — w*|.. Hence, for any i such that |so; — w}| < & [[so — w*|
Lemma B.10 guarantees that for any ¢ > 0 we have |s;; — w}| < % [[so — w*||., On the other
hand, for any i such that |sg; — w}| > 3 |jso — w*||,, by Lemma B.11 we have [s;; — w}| <
3 lso = w*|| forany t > g% — which is what we wanted to prove. O

min

Proof of Proposition 2.

Let B := maxjeg B;. To see that ||s; — w*||__ never exceeds 1 we use the B-tube argument

developed in Section B.2 and formalized in Lemma B.10.

5 Whin

We begin by applying the Lemma B.18 for log, ,(é“\‘/“g) times. Now we have |[s; — w* || < 20(BVe)

and so ||p;|| ., < vk - 20(B V ) Hence, for any i € S we have

Ibe ® Lill . + [IPello < Bi+ VE620(B V e).

Hence for each coordinate ¢ € S we can apply the first part of Lemma B.12 so that after another

= 50— log “xin jterations we are done.
’r]wllllrl €

Hence the total number of required iterations is at most ¢t < log

32 wr
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C Missing Proofs from Section A.3

This section provides proofs for the technical lemmas stated in section A.3.

C.1 Proof of Lemma A.1

Looking at the updates given by equation 4 in appendix A.1 we have

lge ©® €1 = 1ge @WtQ(]_ —4n(st—w*+bt+pt))2 (18)
— 1Sc @etQ(]_Sc —1Sc ®4n(st—w*+bt+pt))2 (19)
=1g. ®e; O (1 — (b, + py))? (20)

and hence
1se ©erpillo < [[1se @ erllo (1+4n([Ibell o + IPelloo)?

which completes the proof for 1gc © €.

On the other hand, Lemma B.16 deals with 15 ©® e; immediately and we are done. O

C.2 Proof of Lemma A.2

Note that

1+4nby <1+4nB
and hence

xy < xo(1 4 4nB)*.

To ensure that x; < ,/xg it is enough to ensure that the right hand side of the above expression is not
greater than /zq. This is satisfied by all ¢ such that

1
1 Ve
2log (1 + 4nB)

log
t<

Now by using logz <  — 1 we have
1 log\/%0 - 110g;\/§To
2log(1+4nB) — 2 4nB
1 1 1
— log —
3208 ° 22

which concludes our proof. O

C.3 Proof of Lemma A.3

For any index set S of size k+1 let X g be the n x (k+1) sub-matrix of X containing columns indexed
by S. Let Apax (%XIT;XS) and A\pin (%XgXS) denote the maximum and minimum eigenvalues of
(%XEXS) respectively. It is then a standard consequence of the (k + 1, §)-RIP that

1 1
1 =46 < Amin (X}XS) < Amax (X}Xs> <1+34.
n n

Let z € R? be any k-sparse vector. Then, for any i € {1,...,d} the joint support of 1; and z is of
size at most k + 1. We denote the joint support by S and we will also denote by zg and (1;)s the
restrictions of z and 1, on their support, i.e., vectors in R¥*1. Letting ||| be the spectral norm, we
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have

1
(XTXZ> — 27
n i

12l 1 2ll

1
< ’ngs - I’
n

<6 ||zl

where the penultimate line follows by the Cauchy-Schwarz inequality and the last line follows by the
(k + 1, 6)-RIP. Since ¢ was arbitrary it hence follows that

‘ <1XTX — I> zZ
n

C.4 Proof of Lemma A.4

< dllzll, < 5V ||zl -

oo

Forany i € {1,...,d} we can write X; = X1;. The result is then immediate by the (k + 1, §)-RIP

since
2

1 2
—XL;l| <{A+0)|1:]5 < 2.
Nt IECEICHEE
By the Cauchy-Schwarz inequality we then have, for any i,j € {1,...,d},
1 1 1
XTX> < HX —X,|| <2
|(” ij Vn 2 Vn ! 2
and for any z € R? it follows that
1
HXTXZ < 2d||z, -
n oo

C.5 Proof of Lemma A.5

Since for any column X; of the matrix X we have ||X;||, /v/n < C and since the vector £ con-
sists of independent o2-subGaussian random variables, the random variable ﬁ (XT¢), is C%0>-
subGaussian.

It is then a standard result that for any € > 0

L o7
P(H\/ﬁx ¢

52
‘ > 5) < 2de” 20%.7 .
o

1

Setting ¢ = 2,/2C?0? log(2d) we have with probability at least 1 — 2z we have
iXTg < 44/C2021og(2d)
vn o

< +/o?logd.
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D Proof of Theorem 2

Recall the updates equations for our model parameters given in equations (3) and (4) as defined in
Appendix A.1.

Since wg = 0 we can rewrite the first update written on u and v as

1 1
u1:u0®(1—47) (—w*+(I—XTX> w*—XT§)>),
n n
* 1 T * 1 T
vi=voO [14+4dp|(—-w'+|[I--X'X|w"—=X"¢)]|].
n n

ByLemmaA3wehaveH(I 1XTX)WH _20w
by [|[£XTg|| . Ifw}
then

21

The term 1 XT¢ can be simply bounded

max*
ax = D || £XTE||__ (note that otherwise returning a 0 vector is minimax-optimal)
1 *

1
— —XT
20 wmax + n 5

1 *
4 max

‘ <
We can hence bound the below term appearing in equation (21) as follows:

3 \ 1 1 D
o o o ], <

The main idea here is that we can recover the above factor by computing one gradient descent iteration

and hence we can recover wmaLX up to some multiplicative constants.

In fact, with0 < n < ¢
implies that

so that the multiplicative factors are non-negative, the above inequality

m

1 + Snw;lax S fmax S 1 + 577w:nax

and so
fmax -
Whiax < 30 S

*
max

CO\CH

which is what we wanted to show.
Note that after an application of this theorem we can now reset the step size to
3n
20 (fimax — 1)

This new step size satisfies the conditions of Theorems 1 and 3 while being at most two times smaller
than required.

E Proof of Theorem 3

For proving Theorem 3 we first prove Propositions 3 and 4 which correspond to Propositions 1 and 2
but allows for different step sizes along each dimension. We present the proof of Proposition 3 in
Section E.1.

Proposition 3. Consider the setting of Proposition 1 and run Algorithm 2 with 7 = 640.

Then, for some early stopping time T = O (log —max Jog = ) and any 0 < t < T we have

ls7 =Wl <
et < e

Further, let nr ; be the step size for the j th coodinate at time T. Then, for all j such that |w;‘| > (

we have
i . 1 < < 1
16 20 ws] =" = 20 wr]
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Proposition 4. Consider the setting of updates given in equations (3) and (4). Fix any € > 0 and
suppose that the error sequences (by)y>o and (p¢)i>o satisfy for any t > 0:

b; ®1; < B; < —wk.,
Ht® || 10 Whin

|

g

[P
Suppose that

For each i € S let the step size satisfy ﬁ

7

lls¢ —
and for any t > 450 log “®in ywe have for any i € S.
[st — wl| < SvVkmax B; V B; V e
s 21~ jes J

Proof. We follow the same strategy as in the proof of Proposition 2. The only difference here is
that the worst case convergence time is replaced by max;cs % < 320 and the result

follows. O

o]

Proof of Theorem 3. The proof is identical to the proof of Theorem 1 with application of Proposition 1
replaced with Proposition 3 and in the easy setting the application of Proposition 2 replaced with an
application of Proposition 4.

The only difference is that extra care must be taken when applying Proposition 4. First, note that the
pre-conditions on step sizes are satisfied by Proposition 3. Second, the number of iterations required
by Proposition 4 is fewer than step-size doubling intervals, and hence the step sizes Will not change

after the application of Proposition 3. In partlcular Proposition 3 requires 450 log <™= iterations and
we double the step sizes every 640 log + <, iterations. This finishes our proof. [

E.1 Proof of Proposition 3

Recall the proof of Proposition 1 that we have shown in Appendix B.5. We have used a constant step
sizen < W With a constant step size this is in fact unavoidable up to multiplicative constants —

for larger step sizes the iterates can explode.

Looking at our proof by induction of Lemma B.17, the inefficiency of Algorithm 1 comes from
doubling the number of iterations during each induction step. This happens because durlng the it

induction step the smallest coordinates of w* that we consider are of size 271w . For such
coordinates, step size n < ﬁ could be at least 27 times bigger and hence the convergence

would be 2! times faster. The lemmas derived in Appendix B.2 indicate that fitting signal of such
size will require number of iterations proportional to 772_% 2i+1 wl which is where the

T I
wIIldX max

exponential increase in the number of iterations for each induction step comes from.

We can get rid of this inefﬁciency if for each coordinate j we use a different step size, so that for
all j such that ’w ‘ K Wh . WE set n; > %w* . In fact, the only constraint we have is that 7;

never exceeds To see that we can change the step sizes for small enough signal in practice,

96|w* |J .
note that after two induction steps in Proposition 1 we have [[s; — w*| < 4wmax and ||e¢]|, < a.
We can then show that for each j such that [w*|; > FW . We have wy ;| > Fwl ... On the other
hand, if [w*|; < gw}. then wy j < wj + 4By < Jwyk
particular, after the second induction step one can take all j such that |w, ;| < <1
associated step sizes.

where B is given as in Lemma B.17. In
and double its

max?®

4 max

We exploit the above idea in the following lemma, which is a counterpart to Lemma B.17. One final

thing to note is that we do not really know what w}; .. is which is necessary in the argument sketched
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above. However, in Theorem 2 we showed that we can compute some 2 such that w} . < 2 < 2w} ..
and as we shall see this is enough.

Lemma E.19 (Counterpart to Lemma B.17 with increasing step sizes). Consider the same setting of
Lemma B.17. Run Algorithm 2 with T = 640 and parametrization w; = Uy © U;.

Then, fort = [640 log, = —pe log —‘ and any j we have

lwe = w2, = ¢
t—1

o [T+ 4me5 (bt o + [IPellc))? < e
=0

Proof. Following the notation used in Lemma B.17 for any integer i > —1 let 7; := T and
T; = Z;:O T; = (¢ + 1)T. We remark now that we have the same 7" for each induction step in

contrast to exponentially increasing number of iterations in Lemma B.17. Let B; := 1 52~ fwk .- Let
m = {log2 %—‘ so that v = % We will prove our claim by induction on ¢ = 0, 17 o.o,m—1.

Induction hypothesis for i € {0,...,m}

1. Forany j < iand T;_1 <t < T; we have Hwt - wj_H < 279w} ... In particular, this
induction hypothesis says that we halve the convergence distance during each induction
step.

< 27w
at the beginning of each induction step.

2. We have HWTF1 - Wi

This hypothesis controls the convergence distance

max*

3. For any j such that wy < 20B; = 27" "w},, we have o® < wg,

1 Swi+4B;. Onthe
other hand, for any j such that w? > 20B; we have a? < Wy, _ § wy.

U‘\Ub

4. Let [ be any integer such that 0 < [ < 4. Then for any j such that 2=/~ 1w <wj <

2= lw*  we have

max

217377071 ST S < 2! To,5

For any j such that w} < 27*~! we have

21‘727707] ST, = 2(i=HVO To.5-

In particular, the above conditions ensure that we 7, ; never exceeds so that the step-

20 x

J
size pre-conditions of all lemmas derived in previous appendix sections always hold during
each induction step. Further, it ensures that once we fit small coordinates, the step size is up

to absolute constants as big as possible.

We remark the that in addition to induction hypotheses used in Lemma B.17 the fourth induction
hypothesis allows to control what happens to the step sizes with our doubling step size scheme.
There is also a small modification to the third induction hypothesis, where right now we sometimes
allow wy ; > w7 + 4B, because due to increasing step sizes we have to deal iterates larger than
target slightly differently In particular we can only apply Lemma B.14 for coordinates j with
sufficiently small w7, because the step sizes of such coordinates will be larger which allows for faster
convergence.

Base case

For ¢+ = 0 all conditions hold since for all j we have 0 < a? = wo,; < w}* and since all g ; <
1

20wy,

Induction step

Assume that the induction hypothesis holds for some 0 < ¢ < m. We will show that it also holds for

1+ 1.
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1. The proof is based on monotonic convergence to B; tube argument and is identical to the
one used in Lemma B.17 with the same conditions on C and C.,.

2. Similarly to the proof of Lemma B.17 here we only need to handle coordinates j such that
wy > 20B; =27 lw}, . and Wy, 5~ W} > 27 Ly

max
If wy, | ; < wj we apply the second part of Lemma B.12 with ¢ = 19B; to obtain that for
any

1 1
- log —
nr_, Jw] @

15 1 og (w})?
3277w NT,_, W5 wy, ;- 19B;

t>

| =

iterations the following holds

Wz, 4 —wi| <20B; <27

mux

By the fourth induction hypothesis and by definition of 1y ; we have

1
< 8 <16 - 20.

_ * — 2k
nTi, 1,7 wj 7707] Wmax

and hence 7' iterations are enough.

If wy, | ; > wj by the third induction hypothesis we also have wy, | ; < %w; so that the

pre-condition of Lemma B.11 apply and we are done, since it requires fewer iterations than
considered above.

3. We first deal with the upper-bound. For j such that wj > 20B; we have by the third
induction hypothesis wz, | ; < gw; and hence by the monotonic convergence to B;-tube

argument given in Lemma B.10 this bound still holds after the i?* induction step. For
any j such that w; < 20B; we use Lemma B.14 and the fourth induction hypothesis

N7,y = 2'71no,; to show that after
32 S 2i+2 B 1

noxjw:rlax a nT; 1,jwr§1ax 1077Tz 1 jBi '

iterations for any such j we have wy, |, < wj+2B; = w* + 4BZ+1 Finally, this implies

that if 10B; < w < 20B; then after T’ 1terat10ns W, <8

T>

5Wj-
To prove the lower-bound, note that during the ** induction step for any j we have NiF_ . <

2%n0,; since each step size at most doubles after every induction step. Hence during the ith
induction step, the accumulation of error can be upper-bounded by

i—1
(1 +4n7,_, (Il + IPill)?
T,

(1+4 20,5 (Ibill o + IPilloc)*"
< (1+4- 10,5 (Ibill o + IPillo))**

Now since our 2,7 is simply the same 7; as used in Lemma B.17 rescaled at most 8 times, the
same bounds holds on the accumulation of error as in Lemma B.17 with absolute constants
Cy and C,, rescaled by % in this lemma. This completes the third induction hypothesis step.

4. After the i induction step (recall that the induction steps are numbered starting from 0), if
i > 1 our step size scheme doubles 7, j ifwg, ; < 27'=22, Recall that after i induction

step we have Hwt —wﬂ| <271y

max

For every j such that w} > 27w}, we have wg, ; > 27" 'w} > 27"722 and hence
nt,,; Will not be affected.

39



For every j such that w} < 27" 3w}

for such j the step size will be doubled.

*

~ax and

we have wy, ; < wf +4Bjy; < 2712y

Hence for any non-negative integer k and any j such that 2=% 1w}, < wy < 27Fw},, .
the corresponding step size will be doubled after i** induction step fori = 1,...,k — 3
and will not be touched anymore after and including the k 4 1% induction step. We are
only uncertain about what happens for such j after the k — 2, k — 1 and k£ induction steps,
which is where the factor of 8 comes from. This concludes the proof of the fourth induction

hypothesis.

The result then follows after m/T iterations which is what we wanted to show. O

Similarly to the proof of Proposition 1 we can extend the above Lemma to a general setting (i.e.
parametrization w; = u; ©® uy — vy © vy) by using Lemma B.16. The following proposition then
corresponds to Proposition 1 but allows to use our increasing step sizes scheme.

Proof of Proposition 3. Immediate by Lemma B.16 by the same argument as used in the proof of
Proposition 1. O

F Gradient Descent Updates

We add the derivation of gradient descent updates for completeness. Letw =u®u — v ® v and

suppose

1
L(w) = — [ Xw —y[3.-

We then have forany ¢ =1,...,d

7] 0

1 « )
1 « o)

= 522(XW -y o, (Xw —y);

Jj=1

1 « o)

= — 2(Xw — . X .
2 2w =) g (Ko
1 n
n

Il
—

J
n

1
:41-—2 Xi(Xw —vy),
unj:1 ji(Xw —y);

= 4ui% (XT(XW — y))

%

and hence

4
Vul(w) = gXT(XW —y)Ou,

4
VL(w) = —EXT(XW —y)oOv.

G Comparing Assumptions to [30]

We compare our conditions on «, d and 7 to the related work analyzing implicit regularization effects
of gradient descent for noiseless low-rank matrix recovery problem with a similar parametrization

[30].
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The parameter « plays a similar role in both papers: ¢ (or reconstruction) error in the noiseless
setting is directly controlled by the size of o as we show in Corollary 1. In both settings the number
of iterations is affected only by a multiplicative factor of O(log 1/«).

The conditions imposed on o and 7 in [30] are much stronger than required in our work. Our results do
not follow from the main result of [30] by considering a matrix recovery problem for the ground truth

matrix diag(w*). Letting & = w,,. /w?,, the assumptions of [30] require § < 1/(k3V/k log® d)
and 1) < 0 yielding Q(x/nlog1/a) = Q(k*log? dv/klog 1/« iteration complexity. In contrast, our
theorem only requires § to scale only as 1/ log x. We are able to set the step-size using data and do
not rely on knowing the unknown quantities x and k.

Crucially, when w?; < [|[XT¢[|o/n in the sub-Gaussian noise setting the assumption § <

min ~v
1/(k*Vklog? d) implies that for sample size n, the RIP parameter § = O(n~3/2), which is in
general impossible to satisfy, e.g. when the entries of X are i.i.d. Gaussian. Hence moving the
dependence on x into a logarithmic factor as done in our analysis is key for handling the general
noisy setting. For this reason, our proof techniques are necessarily quite different and may be of
independent interest.

H Comparing Our Results to [56]

Instead of using parametrization w = u ® © — v ® v, the authors of [56] consider a closely related
Hadamard product reparametrization w = u ® v and perform gradient descent updates on u and v for
the least squares objective function with no explicit regularization. This work is related to ours in that
the ideas of implicit regularization and sparsity are combined to yield a statistically optimal estimator
for sparse recovery under the RIP assumption. In this section, we compare this work to ours, pointing
out the key similarities and differences.

To simplify the notation, in all points below we assume that w,; > || XT¢||w/n so that the variable
m used in [56] coincides with w ;. used in this paper.
(Difference) Properly handling noisy setting: Let x := w}, /w?; . The assumption (B) in [56]

requires X /+/n to satisfy (k + 1,6)-RIP with § < m. On the other hand, for our results
1

to hold it is enough to have 0 < Tilos " Moving « into a logarithmic factor is the key difference,

which requires a different proof technique and also allows to handle the noise properly. To see why
the latter point is true, consider w;, =< o+/logd/+/n. The assumption (B) in [56] then requires
§ = O(1/(Vky/n)), which is in general impossible to satisfy with random design matrices, e.g.,
when entries of X are i.i.d. Gaussian. Hence, in contrast to our results, the results of [56] cannot

recover the smallest possible signals (i.e., w* coordinates of order ov/log d/+/n).

(Difference) Computational optimality: In this paper we consider an increasing step size scheme
which yields up to poly-logarithmic factors a computationally optimal algorithm for sparse recovery
under the RIP. On the other hand, only constant step sizes were considered in [56], which does not
result in a computationally optimal algorithm.

Moreover, due to different constraints on step sizes, the two papers yield different iteration com-
plexities for early stopping times even in the setting of running gradient descent with constant step

sizes. In [56, Theorem 3.2] the required number of iterations is Q(%ﬂ) = Q5+ log?(d/a)).
If w

* i =< ov/logd/+/n the required number of iterations is then Q(% log(d/a)). On the
other hand, in our paper Theorem 1 together with step size tuned by using Theorem 2, requires

O(kloga™!) = O(% log a~1) iterations, yielding an algorithm faster by a factor of /7.

*
max

(Difference) Conditions on step size: We require ) < 1/w} .. while [56] requires (Assumption

(C)) that n < 2mix(Jog 4)~1. The crucial difference is that this step size can be much smaller
than 1/w} . required in our theorems and impacts computational efficiency as discussed in the

max

computational optimality paragraph above.

Furthermore, a crucial result in our paper is Theorem 2 which allows us to optimally tune the step

size with an estimate of w}, . that can be computed from the data. On the other hand, in [56] 7
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also depends on w; . It is not clear how to choose such an 7 in practice and hence it becomes an

additional hyperparameter which needs to be tuned.

(Difference) Dependence on w},..: Our results establish explicit dependence on w

assumption (A) in [56] requires w* . < 1.

max ~v

*
max?

while

(Similarity) Recovering only coordinates above the noise level: In both papers, the early stop-
ping procedure stops while for all i € S such that |w}| < [|X7€||oo/n we have w; ; =~ 0. Essentially,
such coordinates are treated as if they did not belong to the true support, since they cannot be
recovered as certified by minimax-optimality bounds.

(Similarity) Statistical optimality: Both papers achieve minimax-optimal rates with early stop-
ping and also prove dimension-independent rates when w . > ||XT¢[|o/n. Our dimension-

independent rate (Corollary 3) has an extra log k not present in results of [56]. We attribute this
difference to stronger assumptions imposed on RIP parameter § in [56]. Indeed, the log k factor comes

from the 6v/% || XT¢/n ® 1g|| _ term in Theorems 1 and 3, which gets smaller with decreasing 4.

I Further Improvements

In this section we expand on the potential improvements of our work outlined in Section 6.

Sub-Optimal Sample Complexity. Our RIP parameter § scales as O(1/+/k). We remark that such
scaling on ¢ is less restrictive than in [30, 56] (see Appendix G and H). If we consider, for example,
sub-Gaussian isotropic designs, then satisfying such an assumption requires n > k?log(ed/k)
samples. To see that, consider an n X k i.i.d. standard normal ensemble which we denote by X. By

standard results in random-matrix theory [50, Chapter 6], | X"X /n —I|| < \/k/n + k/n where ||-||
denotes the operator norm. Hence, we need n > k? to satisfy | XX /n — I|| < 1/Vk.

Note that Theorems 1 and 3 provide coordinate-wise bounds which is in general harder than providing

{5 error bounds directly. In particular, under the condition that § = O(1/+v/k), our main theorems
imply minimax-optimal £5 bounds; this requirement on ¢ implies that n needs to be at least quadratic
in k. Hence we need to answer two questions. First, do we need sample complexity quadratic in k& to
obtain minimax-rates? The left plot in Figure 7 suggests that linear sample complexity in & is enough
for our method to match and eventually exceed performance of the lasso in terms of /5 error. Second,
is it necessary to change our /., based analysis to an /5 based analysis in order to obtain optimal
sample complexity? The right plot in Figure 7 once again suggests that sample complexity linear in %
is enough for our main theorems to hold.

ad L errors on S Figure 7: Sample complexity requirements.
o oI We let d = 5000,0 = 1 and wg = 1g. The

e plot on the left computes the log, error ra-
o tio for our method (stopping time chosen by
= cross-validation) and the lasso (A chosen op-
timally using knowledge of w*). The plot
on the right computes ||w; ® 1g¢||o for opti-
mally chosen .

gd vs lasso £ errors

1600

lasso / error gd)

10720 30 50 60 70 80 10720730 50 60 70 80

Relaxation to the Restricted Eigenvalue (RE) Assumption. The RIP assumption is crucial for
our analysis. However, the lasso satisfies minimax optimal rates under less restrictive assumptions,
namely, the RE assumption introduced in [9]. The RE assumption with parameter v requires that
| Xwl3/n > v||w||3 for vectors w satisfying the cone condition ||wse||; < c||wg]|; for a suitable
choice of constant ¢ > 1. In contrast to RIP, RE only imposes constraints on the lower eigenvalue of
X TX /n for approximately sparse vectors and can be satisfied by random correlated designs [36, 42].
The RE condition was shown to be necessary for any polynomial-time algorithm returning a sparse
vector and achieving fast rates for prediction error [55].

We sample i.i.d. Gaussian ensembles with covariance matrices equal to (1 — )T + 117 for g = 0
and 0.5. For ;¢ = 0.5 the RIP fails but the RE property holds with high probability [50, Chapter 7].
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In Figure 8 we show empirically that our method achieves the fast rates and eventually outperforms
the lasso even when we violate the RIP assumption.

Comparing ¢, errors, p = 0.0 Comparing ly errors, g = 0.5

—— gradient ‘dése —4— gradient déscér

=61 —— lasso p —4— lasso
s —4— least squares oracle ’ —f— least squares oracle
8 9 10 11 12 8 9 10 11 12
log, n log, n

Figure 8: Violating the RIP assumption. We consider the same setting as in Figure 3 with rows of X
sampled from a Gaussian distribution with covariance matrix equal to (1 — p)I + p117.
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J Table of Notation

We denote vectors with boldface letters and real numbers with normal font. Hence w denotes a
vector, while for example, w; denotes the it" coordinate of w. We let X be an x d design matrix,
where n is the number of observations and d is the number of features. The true parameter is a
k-sparse vector denoted by w* whose unknown support is denoted by S C {1,...,d}. We let
Wi = MaX;eg |w}| and wk; = min;cg |w}|. We let 1 be a vector of ones, and for any index
set A we let 14 denote a vector equal to 1 for all coordinates 7 € A and equal to 0 everywhere else.
We denote coordinate-wise product of vectors by ® and coordinate-wise inequalities by <. With a
slight abuse of notation we write w? to mean coordinate-wise square of each element for a vector
w. Finally, we denote inequalities up to multiplicative absolute constants, meaning that they do not

depend on any parameters of the problem, by <.

Table 1: Table of notation

Symbol  Description

n Number of data points

d Number of features

k Sparsity of the true solution

w* Ground truth parameter

w;;'lax maxX;e{1,...,k} |w:|

Whin  Midieqr, gk W]

K w:nax/ wrﬁlin

Keff wglax/(w;ﬁn Vev (||XT§||OC/TL))

® Coordinatewise multiplication operator for vectors

< A coordinatewise inequality symbol for vectors

< An inequality up to some multiplicative absolute constant
Wy Gradient descent iterate at time ¢ equal to u; ® u; + vy O vy
uy Parametrization of the positive part of w;

Vi Parametrization of the negative part of w;

« Initialization of ug and v

n The step size for gradient descent updates

W;r U © Uy

Wf_ v O Vg

S Support of the true parameter w*

St Support of positive elements of the true parameter w*

S~ Support of negative elements of the true parameter w*

14 A vector with coordinates set to 1 on some index set A and 0 everywhere else
1; A short-hand notation for 1;,

St The signal sequence equal to 15+ ® w; + 1g- ® w;

et The error sequence equal to 1gc ® wy +1g- © w; + 1g+ © wy
by Represents sequences of bounded errors

Dt Represents sequences with errors proportional to the

convergence distance ||s; — w*||
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