Supplementary Material for the Paper:
Mutually Regressive Point Processes

In the following sections, we denote by

{t1,t2,... } ~PP(A(Y)), (S1)

a realization of a point process characterized by the intensity function A(¢).

S.I Correctness Proof of a MR-PP simulation

Theorem 1 Assume that a set of events is sampled from a HP HP n (X!, (t)). Afterwards, the sim-
ulated events are accepted with probability A\, (t) /X5 (t) = pn(t), where p,(t) is defined in Equa-
tion (5). In case an event is rejected, its offsprings are pruned so that the intensity N (t) defined
in Equation (4) depends only on the realized events whose arrival times are notated as t.lm. Let

= {tz 27 =”1 be the sequence of the K,, realized (observed) events of type n augmented with
the cluster structure Z is the arrival time of the event which triggered the i-th event of type n.

Similarly, S,, = {tZ )25 1 is the sequence of the thinned events of type n. Then,
Sp ~ PP(N:(H)pn(t)), and (S2)
Sn ~ PPOL(E)(1 = pa(t))). (3)

Proof: Note in the above description that the thinned events are not observed; hence they constitute
latent variables of the model. Moreover, the variables z;' and zj* are latent for both the observed
events and the thinned events. The proof is similar to the proof in [S7/]. We assume a temporal order
of the observed events such that 0 < {7 < &5 < {4 < --- < {% . Similarly, for the thinned events,

0 < <ty <t <--- <t . The merged sequence of the realized and thinned events is denoted
by: ’
Sn £ {t7, 2757, Hioy (S4)

such that 0 < 7 < t§ < t§ < --- < t% /. The variables s} correspond to the label that
indicates whether the event w111 be realized (s” = 1) or thinned (s} = 0).

For Equation (S2), we will prove that:

. T K.,
P(Sn | X5(1), Palt)) = exp {— / X4(7) pa(7) dr} < [Iupat. 9

i=1

Then, Equation (S3) can follow from Bayes rule. From the generative procedure described above, it
holds that:

P(Sn | An(8)pa(t)) =
T Kn+M, M +K,
exp{—/ A5 (7) dT} X H Ar () % H Pt (1= pa (B (S6)
0 i=1

The first two terms in Equation (S6) are related to the generation of the arrival times from the Hawkes
process. The last one is associated with the labeling of the events and can be derived by the chain
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rule according to the chronological order of the events. Note that this likelihood is different from
the joint probability p(¢},t%, ... N Mn) since it also involves the probability of the outcome of
the thinning for each event. Then, from Bayes rule and Equations (S5), (S6), Equation (S3) follows:

P(En | X2(0), p(t)) = PO L2008
e X ()

A
p(S A (1 ,Pu(t))

P(Sn | X5 (), pa(t)) =eXp{—/O An(t) (L= pn(T } HA* ) (1 =pa)). (ST

Assuming a cluster representation [S2], Equation (S6) can be rewritten as [S3]:

N K,
DS | A5 (1), pn(6)) = p(S | o0 pa(0) x T TL2SH 1 250, 500, (s8)
m=1j=1
K, M,
p(sg | )\:l(t),pn(t)) = eXp(—A;T) X H()\*pn(t” (27'=0) H )\* 1— ))I(E?:O)7
=1
(S9)
p(Si | A, <t> n(t)) =
Kn .
J =1
x H(A W (F2 Y (1 — py (7)) FE =80, (S10)

where S0 are the events with 2 = 0 that are generated by the exogenous intensity A, and S,ti the
events that are generated by the observed event of type m occurred at t;” Time 0 is associated with
a virtual event which generates events according to the exogenous intensity. z;* equals the arrival
time of the parent of the event at ¢7'. In order to obtain Equation (S5) from Equation (S8), we will
marginalize the thinned events. Equivalently, we will marginalize the thinned events in each one of
Equations (S9), (S10). We first marginalize over the arrival times of the thinned events:

tm

p(S M7 | X5 (1), pa(t) =

T K”L .
exXp {/ Amn T} X H mn (87 t; pn(t?))l('zi/:t]‘ )
i

m

im

Lm mn )(1_pn( ))dT)M
MY

(S11)

7n

In the above equation, M, "7 is the number of thinned events generated by the observed event at tm
Note that the ordering of £ reduces the integration interval for the marginalization. Subsequently,



we marginalize over the number of the thinned events M,ti" ’:
i .
p(Si | AL (1), pa(t)) =
T K?L .
exp{/ A (7, " T} X H o (B0 Ty (£7)) FE =1
i

m

([ A, 67 (1 pu(r))dr)

2 =
- i

o M
MnJ -
S | X (8), pa(t) =
T . N
exp {_/ )\m,n<7'7 t;n)dT} X H()\ (t?7t}”)pn(iy))f(%‘=t;")
i

m .
J i=1

T
X exp {/t Amon (T i;")(l pn(T))dT} =

£m
J

o T Ky o
p(SY |A:z<t>,pn(t>>:exp{— [ A8 pa(r)r }xH(A W82, 6 pu (i) P,
" i=1

(S12)

An identical analysis holds for p(S9 | A% (t), p.(t)). By multiplying Equations (S12), for m =
1,2,...,Nandj =1,2,..., K,, (assuming a cluster representation similar to that in Equation (S8)
for the observed events), Equation (S5) is obtained.

S.II Details of the Bayesian Inference Algorithm

In Section S.II.A, we provide the computation of the likelihood that will be used for the deriva-
tions of the posterior distributions and the Metropolis-Hastings ratios of the inference algorithm. In
Section S.IL.B, we provide the Gibbs updates for the parameters in the intensity function A% (¢). In
Section S.II.C, we provide the derivations for the conjugate Gibbs update of the interaction weights.
In Section S.IL.D, we derive the collapsed Metropolis-Hastings ratio for the update of the mean and
precision of the Gaussian prior for the interaction weights. Finally, in Section S.IL.E, we derive the
updates for the parameters of the history kernel function.

The model parameters related to the effect on the point process of events of type n are represented
as vectors. Specifically, the excitatory and decaying coefficients in the intensity function in Equa-
tions (4),(2) are represented as:

oy = [al,nv Q2 py. -y aN,n}aand 671 = [51,71»51,7% ceey 5N,n} (813)

Similarly, the weights, the precision and the mean of their priors are represented as:

Wy = [bnawl,n7w2,n7--~7wN,n]T7 (814)
Tn = [1/0(2)a71,n772,n7---aTN,n]Ta (S15)
B = (10, 11100 B2,y - - - i) (S16)
2, = diag(T,) " (S17)
We assume the following priors, unless otherwise mentioned,:
Ay~ Gamma(ae, Be ), (S18)
O ~ Gamma(agy, Bm ), (S19)
Om,n ~ Exp(As), (S20)
¢ ~ Gamma(a, Bc), (S21)
v ~ Exp()\,), (S22)



where o > 0, fe > 0, @, > 0, By, >0, As > 0, e > 0, 5. > 0, and A, > 0. We denote by p(«)
the probability density of the prior of the scalar parameter «.

Let 0 be the set of the hyperparameters in Equations (S18)-(S22), and (8)-(11):
6= {aev Bes Qms By Ass Qe Bes )\7, Ho, 0'85 Vr, Qr, Br, Vi, Gy )‘;m o, 50} (523)

S.JI.A Derivation of the data likelihood

The likelihood of the sequence 7, £ {t;’}fi”l of K, events generated by a point process with
intensity function A, (¢) in the time window [0, T'] is [S4]:

T Ky
P(To | An(t)) = exp { / An(t) dt} T ). (s24)
i=1

The likelihood in Equation (S24) will be sequentially augmented with the following latent variables
in order to derive conjugate updates for A}, oy, , (for the case of a flat MR-PP), and w,,. These
latent variables are:

1. parent variables 2" = i;-” for the i-th event of type n occurred at time ¢, in the sense that
it belongs to the Poisson process A, » (t, t;”) generated by the j-th observed event of type
m occurred at time .

2. M,, thinned events 7 of type n.

3. Pélya-Gamma random variables w]* associated with an event at ¢'.

Each one of the following subsections provides the likelihood for the inclusion of the latent variables
described above.

S.JI.A.1 Likelihood of a cluster MR-PP with thinned events

The likelihood of the augmented sequence S,, according to Equation (S4) given the model parame-
ters is:

p(Sn | )\:‘L,an,én,wn,q 7) =

N Kpn T i )
exp(—ArT) x H H exp {—/ amme—ém,n,(r—t}L)dT} x
im

m=1j=1

Kn+M, N Kn ) ,
H [/\:LI(Z?:O) % H (amme*&n,n(t?*t?))I(ZZl:tT)]X
i=1 m=1j=1

Bt M (w] h(t7)) x 57
11 TR 1 (S25)
Intuitively, Equation (S25) can be viewed as the likelihood of two constituent procedures: a point
process PP (A% (t)), which generates the arrival times 7, and a thinning procedure which generates
the labels of the events. Note that there is no circularity since the probability p,,(¢) and the intensity
AX(t) depend on the realized events which occurred before time ¢. Therefore, the likelihood in
Equation (S25) is well defined. The first term in Equation (S25) stems from the fact that there are

1+ qu\[@:l K,,, processes which generate events of type n: the exogenous, homogeneous Poisson
PP(A%) and the non-homogeneous Poisson processes generated by the K, realized events of type
m. Each one of them contributes an exponential term to the likelihood according to Equation (S24).
The second term is related to the assignment of the events to their parents, so that the product in
Equation (S25) contains only the events that belong to the point process trigerred by the event t;”
The last term in Equation (S25) accounts for the label of the events (whether the event is realized or
not). Note that the dependence on the realized events of the rest of the types is implicitly assumed
in the aforementioned formulas.



S.ILA.2 Polya-Gamma augmented likelihood of a cluster MR-PP with thinned events

We define the likelihood contribution of the thinning acceptance/ rejection of an event at time ¢’ as:

o e(wTh(tn))Xgn.
= TR 1 (526)

According to Theorem 1 in [S5], it can be rewritten as:
o 1
£ x exp(uinwnTh(t?))/ exp {—le (w ,Tlh(t?))Q} PGm (wi;1,0) dw (527)
0
where ' = s —1/2, and PG, (w]; 1,0) is the density of a Pélya-Gamma distribution with param-

eters (1,0). Combined with a prior on w,,, the integrand in Equation (S27) defines a joint density on

(s, wl, wy), where w! is a latent Polya-Gamma random variable. We associate a Pélya-Gamma
random variable with each event and the event sequences become: SP, = {7 il w f}fi”i,
SP, & {tr, 20, o} Mn SP, 2 {7, 57, 27, wi }En TMe Therefore, Equation (S25) becomes:

7, )

(SP ‘>\1man75nvwnv 77)

exp(— ) X H Hexp{ / am,ne_am’*“’(T_t.J"Yl)dT} X

m=1j=1
Kn+M, N Kn
TT 7= s I T (e om0 P =]
i=1 m=1j=1
Kn+Mn,
H exp {v]w, h(t}) — Jw(wlh(t]))*} PGm(wl;1,0). (S28)

i=1
S.IL.B Gibbs updates for the intensity functions

S.IL.B.1 Gibbs update for the exogenous rates )\,

Given S, as defined in Equation (S4), conjugate updates are possible for the intensity parameters
A [S6].

From Equations (S18), (S28), and by keeping the terms in which A}, appears, we obtain:

PN | 80) o AL exp(—A;, T) Gamma(A; e, fe). (829)

where V' is the number of events of type n which belong to the exogenous process A . Therefore,
p(Ar | Sn) = Gamma(\); a7, ﬁ") (S30)

=N} + a., (S31)

Bl =T+ p. (S32)

S.IL.B.2 Gibbs update for the endogenous rates o, ,,

Given S,, and Ty, conjugate prior updates are possible for the endogenous intensity parameters
Oy, for a flat MR-PP [S6] and a Gamma prior. This is due to the independence between the
parameters in the thinning portion p,, (¢) and the intensity-related portion A} (¢) of the model.

From Equations (S19), (S28), the update for the mutually excitatory coefficients o, », is given by:

p(amm | {Z;n}f(:nl-i-Mn’ {t;n}fiwiy §m,n) X Eam,n X p(am,n)u (S33)

where L the factors of the likelihood in (S28) that include vy, '

Qmin
K m

T
Z/ exp (*6m7n(T — t:")) dT} aﬁn
i

- m
=1 i

Ly, = exp {am,n

= exp {amm (ﬁ i 1 Z exp(f(;m’n (T — t;n))) } aTNn:’;i", (S34)



and N, , is the number of events of type n triggered by an event of type m. Finally, if a gamma
prior is assumed, i.e. p(a, n) = Gamma(y, n; Cm, Bm),

Pmn | ... ) = Gamma(ay, n; &7, BT, (S35)
dm,n =y + Nm,nv (S36)
) 1 &

Bt = B+ 5 (Ko = ; exp(=0mn (T = i}")))- (837)

In case of a hierarchical MR-PP, o, ,, will be updated jointly with the hyperparameters of the
corresponding weight, see Subsection S.IL.D.

S.II.B.3 Gibbs sampling for the events’ cluster structure

The parent of each event follows a categorical posterior distribution. Let 27 be the arrival time of
the observed event which triggered the i-th observed event of type n. The set of potential parent
events consists of the observed events (of the same or different type) that occurred before 7 and it
is denoted by

N

Zp & {{Er i <iryim (S38)
Let P} = {p(zf =& | ...)}; ,. be the corresponding posterior selection probabilities. From
Equation (S28), we can obtain: '

(57 =0]..)="2 (539)

pE =0]..) ==,

_67‘VL n(t':”_t.m)
.n im Am n€ e
p(Z] =13 [...)= Z , (S40)
N m . .
Z=X4 )Y ampe BT < ), (S41)
m=1 j=1

Although there are Zfl\f: 1 K, parent variables, they are conditionally independent and may be sam-
pled in parallel.

S.II.B.4 Metropolis update for the decaying coefficients §,, ,,
A Gaussian proposal distribution that is updated according to the adaptive Metropolis algorithm [S7]
is used for 0y, .

Let (Xnm be the proposed value of 6, ,. From Equations (S20), (S28), the Metropolis ratio H
will be:

m,n

Hs,,=H; ~xHj xH . (S42)
Hy = exp{=As(8), = 6mn)}, (S43)
K, Kn+M,
Hi  =exp (Omn = 01 ) X (tr —EMI(p =47) ¢, (S44)
j=1 =1
3 _
[ ——
K, / .
exp {am,n [Km (5m1n 5;717?1) ; ( S m B Smm
(845)



S.II.C Gibbs Sampling for the interaction weights

For obtaining the posterior of the interaction weights, we keep from Equations (10), (S28) only the
terms which contain w,,:
plwy | ...) x
Kn+M;,
N(wps pn, Ba) x - [T exp {viwn"h(t}) = o (wih(t7))* } o
i=1

Kp+My, W
Nwip =) % ] exo{ -5 lnte) - ot fur | o
=1

1 1
exp {_Q(U’n - l"n)ngl(wn - Nn)} X exXp {_Q(Zn - Hnwn)TQn(Zn - Hnwn)} )

(S46)
where:
Q, = diag(wy,wy,...,Wk, 4 ), (547)
2o = V1 /WT, o Vi iag, [T 4 00,) (548)
H, = [h(t}),....h(t% 1)) (549)
Finally,
p(wn | ...) = N(wn; S, fi,). (S50)
By equating the quadratic and linear terms of w,,, we get 3, and [, respectively:
£, = (= ' +HI'Q,H,) ", (S51)
B =20 (2, 1y + HE Q0 2,). (S52)

Note that the labels of the events contribute to the new sample of the weight through the terms
v;'. The sign of these terms (positive for a realized event and negative for a thinned event) steers
the new sample of the weight to either a positive or a negative value according to Equation (S52).
The contribution of these terms is weighted by the history of the corresponding event. In case of
negligible history the second terms of the summation in the updates of Equations (S51) and (S52)
have small effect.

From Theorem 1 in [S5], for « = 1 and 5 = 1, the posterior for sampling w" is
p(i ) = p@] [ {Trhi—t, wa,s €.7) = PG (W 1wy (1)) (S53)

Although there are ZnN:1 K,, + M, Pélya-Gamma random variables that have to be sampled, they
are independent and can be sampled in parallel.

S.JLD Collapsed Metropolis-Hastings for the weights’ prior mean (., ,, and precision 7,,, ,
and the endogenous excitation rate o,

In case of a hierarchical MR-PP, «,, , is coupled with i, ,, and 7, , through the Equa-
tions (8)-(10). Therefore, the conjugate update of Equations (S35)-(S37) is no longer available
and &y, p, fbm,n and 7, , will be jointly updated with a Metropolis-Hastings step. From Equa-
tions (S19), (8), (9), (10), (S28), and by keeping only the terms in the likelihood that include
Homns> Tm,ns Cm,n s Wy, We Will first find the joint posterior up to a normalization constant:

p(am,na Hm,ns Tm,n, Wn ‘ s ) X

P(@mn) X (T | @mn) X P(Emon | Qmons Timon) X p(Wa |ty T 0) X
PSP | Ay, 0, wa, c,7). (S54)

The collapsed, with respect to the interaction weights w,,, joint posterior will be:

p(am,naum,naTm,n | ) = /p(am,na,um,n;Tm,nawn ‘ .. )dwn (SSS)



From Equations (S46), (S50), (S54), (S34), (S55), by keeping only the terms which depend on w,,
inside the integration and by making use of the normalization constant of the multivariate Gaussian
distribution, we obtain:

p(am,nv Hm,ny Tm,n | cen ) X

2
Hom nTm,n

p(am,n) X p(Tmm | am,n) X p(ﬂm,n | am nyTm n) X ‘Cam n X 7-71n/3z X eXp{_#}
‘En|71/2 exp{ - E:U’nE Nln}

(S56)

Equation (S56) is used to compute the Metropolis-Hastings ratio. As proposal for c,, ,, we can use
the prior in which case p(a, ) is removed from the ratio since it is cancelled by the probability
density of the proposal. Similarly, the Normal Gamma defined in Equations (8), (9) for the current
sample «, , is used as proposal distribution for fi,, ,,, and 7, ,, hence the second and third terms in
the numerator of Equation (S56) are omitted in the ratio since they are cancelled by the probability
density of the proposal.

S.ILE Metropolis updates for the history kernel functions

A Gaussian proposal distribution that is updated according to the adaptive Metropolis algorithm [S7]
is used for both ¢ and ~.

Recall that the aggregated temporal history of the events of type m at time ¢ is defined as:

t=c gf eI <), (S57)
h(t) =1, hlz(t), ho(t), ..., hn(t)]". (S58)
We also define A(t), as
Z e YN < 1), (S59)
h(t) = [1,h1( ), ha(t), ..., hin (8)]T. (S60)

Let ¢’ be the proposed value of ¢. From Equations (S21), (S28), the Metropolis ratio H,. will be:

H,=H! x H?, (S61)
;) ac.—1
2 =(5)  xexp{-B(c — o)}, (S62)
C
N Kp,+M, N nt M
H? = exp {Ac Z Z viw, Th(t) zz Z h(t"))? } , (S63)
Ac=c —e, (S64)
A2 L 72 (S65)

Let ' be the proposed value of «y, and &}, (t), A’ (t) the corresponding history kernel functions. From
Equations (S22), (528), the Metropolis ratio I, will be:

H,=H),x H?, (S66)
Hy = exp{=\, (Y =)}, (S67)
N Kn,+M, N Kp,+M,
i :exp{c S e S ;wmwzmw»?—<w£h<t;l>>2]}7
n=1 =1 n=1 =1
(S68)
AR(t}) £ B (t]) — h(t}). (S69)



S.III Experimental Details

Table S1 shows the learning parameters related to the Adaptive Metropolis algorithm [S7] that were
used in all of the experiments. The same notation as in [S7] is adopted.

Table S1: Adaptive Metropolis Parameters

Model Parameter
AM Parameter

Om.n c vy
€ 0.0001  0.0001 0.0001
co 0.001 0.1 0.01
Sd 10 10 10

In the next subsections, we elaborate on the hyperparameters used in the experiments. The hyperpa-
rameters were chosen manually so that the predictive log-likelihood on held-out data is maximized.
For the synthetic experiment, the hyperparameters of the true and the learned MR-PP are the same.
We also provide some additional experimental results.



S.IIILA Details of the experimental results on the synthetic validation

Table S2 shows the hyperparameters used in the synthetic experiment. For demonstration purposes,
we assumed an exponential prior for a, p, i.€. . ~ Exp(An,).

Note that large values for o = 1e5 in the activation functions ¢, («) and ¢, () indicate hard
relational constraints so that an effect from a type m on a type n is either inhibitory (when oy, », <
) or excitatory (when o, ,, > ). Moreover, the small value for o, indicates a strong inhibitory
relationship in case the excitation is below the threshold value o,y = 0.015 since the mean fyy, ,, Will
be sampled from a Gaussian distribution with a large, negative mean. On the other hand, the large
values for v, = 1000 and A\, = 100 indicate a vanishing inhibitory relationship when the excitation
is above the threshold value «. This is because, in this case, fi,,,, Will be sampled from a Gaussian
distribution with almost zero mean and variance.

Specifically, when oy, », > g, ¢ (ozmm,) ~ 1. Subsequently, the precision 7,,, ,, is sampled approx-
imately from Gamma(v;, 8;). Since v, > 3, and in combination with the fact that the mean will be
sampled from a Gaussian with almost zero mean and variance, the corresponding weight w,, ,, will
take a value close to zero with high probability. A symmetric scenario holds when ay,, , < ap. In
this case, ¢ (am,n) =~ 0, and the precision will be sampled approximately from Gamma(a.,, 3;).
Therefore, 7, will take a small value with high probability, and inhibitory relationships are en-
abled from type m on type n.

Table S2: Hyperparameters for the Synthetic Experiment

Function Parameter  Value

Qe 7

B. 1000
An(t) Am 10

As 20

Qe 100
hum (t) B. 10

Ay 5

Ho 10

o) 1

v, 1000

o 10
Wn, Br 1

v 1000

a 0.01

A 100

Qg 0.015
dula) 5o 165

Qg 0.015
¢r(@) 5o 1e5

10



In Figures S1, S2, we plot the autocorrelation coefficients for the endogenous rates o, ,, and the
interaction weights w,, for n = 1 and n = 2 respectively to demonstrate the convergence of the
MCMC.
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Figure S1: Autocorrelation coefficient for the parameters of the effect on events of Type L.
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S.IILB Details of the experimental results on the stability of single neuron spiking dynamics

S.III.B.1 Monkey cortex, single neuron dynamics

Table S3 provides the hyperparameters used for the dynamics recovery of the spike trains of the
single, monkey cortex neuron. Note that the small value 65 = 1 allows for the existence of both
a self-exciting and a self-inhibiting behavior. The large value for \; = 10000 indicates a slowly
decaying self-exciting kernel. On the other hand, the small value for A\, = 10 indicates a fast
decaying history kernel. These facts imply an initially self-exciting behavior followed by a self-
exhaustion phenomenon when the aggregated history becomes large enough so that the thinning
procedure has considerable effect on the intensity.

Table S3: Hyperparameters for the Monkey Cortex, Single-Neuronal Experiment

Function Parameter Value

Qe 100

Be 10
An (t) O 1

Bm 1

As 10000

Q 10
h(t) Be 1

Ay 10

Ho 0

o) 10

Vr 1

o 10
wy, B 1

vy 10

oy, 0.01

Au 10

Q) 10
Pula) 5o 1

Q) 10
¢ () 5 )

These patterns are further corroborated by Figure S3. The slowly decaying self-exciting kernel
results in a step-like function A*(t). However, once the history kernel h(¢) obtains a value high
enough due to the occurrence of the past spikes, it starts having a considerable effect on the MR-PP
intensity A(t) and steers it to a small value. The thinning procedure prevents A(t) from diverging to
explosive firing rates and therefore generating non-physiological patterns.
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Figure S3: Learned intensity functions for the spike patterns from monkey cortex.



S.IIL.LB.2 Human cortex, single neuron dynamics

Table S4 provides the hyperparameters used for the dynamics recovery of the spike trains of the
single, human cortex neuron. Note that the small value 6g = 1 allows for the existence of both a
self-exciting and a self-inhibiting behavior. The small value for As = 0.1 indicates a fast decaying
self-exciting kernel. On the other hand, the large value for A\, = 100 indicates a slowly decaying
history kernel. The large value for ;19 = 10 and the small value for the excitation threshold aig = 2
mediate the thinning effects.

Table S4: Hyperparameters for the Human Cortex, Single-Neuronal Experiment

Function Parameter Value
Qe 1
Be 1
An (t) Qo 0.6
Bm 1
As 0.1
Q. 10
h(t) Be 1
Ay 100
Ho 10
og 10
vy 1
o 10
w, B, 1
Vy 10
o 0.001
Au 10
Qg 2
du(e) 5o 1
Qp 2
¢ (cv) 5 )

These patterns are further corroborated by Figure S4. Due to the fast decaying triggering intensity
A*(t), short-lived spikes are observed. Although the history kernel is slowly decaying, due to the
scarcity of past spikes the aggregated history has limited effect on A(¢). However, in some spike
trains, thinning effects are observed.
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Figure S4: Learned intensity functions for the spike patterns from human cortex.

15



Figure S5 illustrates the simulation of the learned MR-PP for the interval [0, 80]. The activity re-
mains stable and similar to the physiological spike train that was used for the training.
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Figure S5: Observed simulated activity of the MR-PP learned from human cortex spike patterns.
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S.III.C Details of the experimental results on the multi-neuronal spike train data

Table S5 provides the hyperparameters used for learning a MR-PP from the 25-neuron spike trains.
The small value for As; = 0.1 indicates fast-decaying mutually triggering intensities and is justified
by the presence of short spike bursts. The large value for §p = 10000 indicates a distinguishable
relationship between a pair of types. Note that the threshold for the endogenous excitation ay is
different for ¢,,(a)(ap = 0.001) and ¢, (c)(cxg = 5). This means that for the endogenous intensity
rates oy, ,, in the range [0.001, 5], the corresponding weight w,, ,, may be sampled from a Gaussian
with zero mean but large variance. In turn, this fact can result in a positive w,, , indicating an
additional excitation effect from type m on type n that may cancel repulsive effects from other

types.

Table S5: Hyperparameters for the Multi-Neuronal Experiment

Function Parameter  Value
Qe 0.1
B. 0.1
An() U, 10
Bin 1000
As 0.1
Q. 1
hum (1) B. 100
Ay 5
o 10
o) 1
vy 1000
o 1
w, B, 10000
v, 100
o 0.001
A 10
g 0.001
9ula) 5o 10000
g 5
¢r(@) 8o 10000
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Our proposed algorithm is implemented in C++. All the tests are run on a Linux machine (Ubuntu
18.04 LTS) with CPU as Intel(R) Xeon(R) CPU E5-4627 v2, 3.30GHz, and 500GB memory.

Figure S6 illustrates the computational demands of the main steps of the inference algorithm. We
plot the time for:

1. the Gibbs update of the parameters of the Hawkes intensity functions A} (¢) including the
sampling of the events’ parents.

2. the Gibbs updates of the parameters of the thinning probabilities p,,(t), including the pa-
rameters of the history kernel A, ().

3. the sampling of the thinned events.

The total inference time accounts also for the computation of the events’ history and the sampling
of their latent Pélya-Gamma variables, that are not plotted separately. This time reflects execution
time among 5 threads for the steps of the inference that can be executed in parallel.

Figure S6: Inference Time of a MR-PP from the Multi-Neuronal Spike Trains.

4
x10
6
—Total
N
o X (t)
2>
(O]
£
=
(0]
(6]
[
o
-
(O]
Y
£

O L L L L |
0 1000 2000 3000 4000 5000
MCMC Step

18



References

[S1] Vinayak Rao, Ryan P Adams, and David D Dunson. Bayesian inference for matérn repulsive processes.
Journal of the Royal Statistical Society: Series B (Statistical Methodology), 719(3):877-897, 2017.

[S2] Alan G Hawkes and David Oakes. A cluster process representation of a self-exciting process. Journal of
Applied Probability, 11(3):493-503, 1974.

[S3] Scott Linderman and Ryan Adams. Discovering latent network structure in point process data. In Inter-
national Conference on Machine Learning, pages 1413-1421, 2014.

[S4] Izhak Rubin. Regular point processes and their detection. IEEE Transactions on Information Theory,
18(5):547-557, 1972.

[S5] Nicholas G Polson, James G Scott, and Jesse Windle. Bayesian inference for logistic models using pdlya—
gamma latent variables. Journal of the American statistical Association, 108(504):1339-1349, 2013.

[S6] Jakob Gulddahl Rasmussen. Bayesian inference for hawkes processes. Methodology and Computing in
Applied Probability, 15(3):623-642, 2013.

[S7] Heikki Haario, Eero Saksman, Johanna Tamminen, et al. An adaptive metropolis algorithm. Bernoulli,
7(2):223-242, 2001.

19



	Correctness Proof of a MR-PP simulation
	Details of the Bayesian Inference Algorithm
	Derivation of the data likelihood
	Likelihood of a cluster MR-PP with thinned events
	Pólya-Gamma augmented likelihood of a cluster MR-PP with thinned events

	Gibbs updates for the intensity functions
	Gibbs update for the exogenous rates *n
	Gibbs update for the endogenous rates m,n
	Gibbs sampling for the events' cluster structure
	Metropolis update for the decaying coefficients m,n

	Gibbs Sampling for the interaction weights
	Collapsed Metropolis-Hastings for the weights' prior mean m,n and precision m,n and the endogenous excitation rate m,n
	Metropolis updates for the history kernel functions

	Experimental Details
	Details of the experimental results on the synthetic validation
	Details of the experimental results on the stability of single neuron spiking dynamics
	Monkey cortex, single neuron dynamics
	Human cortex, single neuron dynamics

	Details of the experimental results on the multi-neuronal spike train data


