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Abstract

Synchronous mini-batch SGD is state-of-the-art for large-scale distributed machine
learning. However, in practice, its convergence is bottlenecked by slow communi-
cation rounds between worker nodes. A natural solution to reduce communication
is to use the “local-SGD” model in which the workers train their model inde-
pendently and synchronize every once in a while. This algorithm improves the
computation-communication trade-off but its convergence is not understood very
well. We propose a non-asymptotic error analysis, which enables comparison to
one-shot averaging i.e., a single communication round among independent work-
ers, and mini-batch averaging i.e., communicating at every step. We also provide
adaptive lower bounds on the communication frequency for large step-sizes (t~%,
a € (1/2,1)) and show that Local-SGD reduces communication by a factor of

0] (%), with T the total number of gradients and P machines.

1 Introduction

We consider the minimization of an objective function which is accessible through unbiased estimates
of its gradients. This problem has received attention from various communities over the last fifty
years in optimization, stochastic approximation, and machine learning [1-7]. The most widely used
algorithms are stochastic gradient descent (SGD), a.k.a. Robbins-Monro algorithm [8], and some
of its modifications based on averaging of the iterates [1, 2, 9]. For a convex differentiable function
F :R% — R, SGD iteratively updates an estimator (vy)i>o forany t > 1

vy = Vi1 — N9 (Vi—1), (D

where (7);)¢>0 is a deterministic sequence of positive scalars, referred to as the learning rate and
g,(v_1) is an oracle on the gradient of the function F at v;_;. We focus on objective functions that
are both smooth and strongly convex [10]. While these assumptions might be restrictive in practice,
they enable to provide a tight analysis of the error of SGD. In such a setting, two types of proofs
have been used traditionally. On one hand, Lyapunov-type proofs rely on controlling the expected
squared distance to the optimal point [11]. Such analysis suggests using small decaying steps,
inversely proportional to the number of iterations (¢~!). On the other hand, studying the recursion
as a stochastic process [1] enables to better capture the reduction of the noise through averaging. It
results in optimal convergence rates for larger steps, typically scaling as t =%, « € (1/2,1) [10].

Over the past decade, the amount of available data has steadily increased: to adapt SGD to such
situations, it has become necessary to distribute the workload between several machines, also referred
to as workers [12—14]. For SGD, two extreme approaches have received attention: 1) workers run
SGD independently and at the end aggregate their results, called one-shot averaging (OSA) [13, 15]
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Figure 1: Schematic representation of one-shot averaging (left), mini-batch averaging (middle) and
local-SGD (right). Vertical threads correspond to machines and orange boxes to communication
rounds.

or parameter mixing, and 2) mini-batch averaging (MBA) [16-20], where workers communicate
after every iteration: all gradients are thus computed at the same support point (iterate) and the
algorithm is equivalent to using mini-batches of size P, with P the number of workers. While OSA
requires only a single communication step, it typically does not perform very well in practice [21].
At the other extreme, MBA performs better in practice, but the number of communications equals
the number of steps, which is a major burden, as communication is highly time consuming [22].
To optimize this computation-communication-convergence trade-off, we consider the Local-SGD
framework: P workers run SGD iterations in parallel and communicate periodically. This framework
encompasses one-shot averaging and mini-batch averaging as special cases (see Figure 1).

We make the following contributions:

1) We provide the first non-asymptotic analysis for local-SGD with large step sizes (typically scaling
as t— %, for « € (1/2;1)), in both on-line and finite horizon settings. Our assumptions encompass the
ubiquitous least-squares regression and logistic regression.

2) Our comparison of the two extreme cases, OSA and MBA, underlines the communication trade-
offs. While both of these algorithms are asymptotically equivalent for a fixed number of machines,
mini-batch theoretically outperforms one-shot averaging when we consider the precise bias-variance
split. In the regime where both the number of machines and gradients grow simultaneously we show
that mini-batch SGD outperforms one-shot averaging.

3) Under three different sets of assumptions, we quantify the frequency of communication necessary
for Local-SGD to be optimal (i.e., as good as mini-batch). Precisely, we show that the communication

VT
P3/2

bounds suggest an adaptive communication frequency for logistic regression, which depending on
the expected distance to the optimal point (a phenomenon observed by Zhang et al. [21]).
4) We support our analysis by experiments illustrating the behavior of the algorithms.

frequency can be reduced by as much as O( ), with T" gradients and P workers. Moreover, our

The paper is organized as follows: in Section 2.1, we introduce the general setting, notations and
algorithms, then in Section 2.2, we describe the related literature. Next, in Section 2.3, we describe
assumptions made on the objective function. In Section 3, we provide our main results, their
interpretation, consequence and comparison with other results. Results in the on-line setting and
experiments are presented in the Appendix A.2 and Appendix B.

2 Algorithms and setting

We first introduce a couple of notations. We consider the finite dimensional Euclidean space R?
embedded with its canonical inner product (-, ). For any integer £ € N*, we denote by [¢] the
set {1,...,¢}. We consider a strongly-convex differentiable function F' : R? — R. We denote
w* = argmin,, F(w). With only one machine, Serial-SGD performs a sequence of updates
according to Equation (1). In the next section, we describe Local-SGD, the object of this study.

2.1 Local-SGD algorithm

We consider P machines, each of them running SGD. Periodically, workers aggregate (i.e., average)
their models and restart from the resulting model. We denote by C' the number of communication
steps. We define a phase as the time between two communication rounds. At phase t € [C], for
any worker p € [P], we perform N* local steps of SGD. Iterations are thus naturally indexed by



(t,k) € [C] x [N*']. We consider the lexicographic order < on such pairs, which matches the order in
which iterations are processed. Note that we assume the number of local steps to be the same over
all machines p. While this assumption can be relaxed in practice, is facilitates our proof technique
and notation. At any k& € [N?], we denote by 'w;’ ;. the model proposed by worker p, at phase ¢,
after k local iterations. All machines initially start from the same point wy, that is for any p € [P],
w, o = wo. The update rule is thus the following, for any p € [P],t € [C], k € [N']:

t t t t t
Wy =Wy 1 — Wkgp,k(wp,kq) (2)

Aggregation steps consist in averaging the final local iterates of a phase: for any ¢ € [C], W' =

+ 211;1 w; Nt- Atphase t+1, every worker p € [P] restarts from the averaged model: w;jbl =

Eventually, we want to control the excess risk of the Polyak-Ruppert (PR) averaged iterate:

w'.

C C P N?

— 1 _
wC:EtC;1Nt;Ntwt PZt thZZZ pJﬁ

t=1 p=1k=1

t
with w' = ﬁ 211:[:1 211;1 w; .- We use the notation w to underline the fact that iterates are

averaged over one phase and w when averaging is made over all iterations. All averaged iterates can
be computed on-line.

The algorithm, called local-SGD, is thus parameterized by the number of machines P, communication
steps C, local iterations (N*),¢c (¢, the starting point wy, the learning rate (1},) (¢, k)e[c]x[nt]> and the
first order oracle on the gradient. Pseudo-code of the algorithm is given in the Appendix, in Fig. S5.

Link with classical algorithms. Special cases of Local-SGD correspond to one-shot averaging
or mini-batch averaging. More precisely, for a total number of gradients 7', with P workers,
C = T/P communication rounds, and (N*),cic; = (1,....,1), we realize an instance of P-
mini-batch averaging (P-MBA). On the other hand, with P workers, C' = 1 communication, and
(N') = T/ P, we realize an instance of one shot-averaging. Our goal is to get general convergence
bounds for Local-SGD that recover classical bounds for both these settings when we choose the
correct parameters. While comparing to Serial-SGD (which is also a particular case of the algorithm),
would also be interesting, we focus here on the comparison between Local-SGD, one-shot averaging
and mini-batch averaging. Indeed, the step size is generally increased for mini-batch with respect to
Serial SGD, and the running efficiency of algorithms is harder to compare: we only focus on different
algorithms that use the same number of machines.

2.2 Related Work

On Stochastic Gradient Descent. Bounds on the excess risk of SGD for convex functions have
been widely studied: most proofs rely on controlling the decay of the mean squared distance

E[||v; — w*||?], which results in an upper bound on the mean excess of risk E[F(;) — F(w*)] [23,
24]. This upper bound is composed of a “bias” term that depends on the initial condition, and a
“variance” term that involves either an upper bound on the norm of the noisy gradient (in the non-
smooth case), or an upper bound on the variance of the noisy gradient in the smooth case [5, 11]. In
the strongly convex case such an approach advocates for the use of small step sizes, scaling as (ut)
However, in practice, this is not a very satisfying result, as the constant y is typically unknown, and
convergence is very sensitive to ill-conditioning. On the other hand, in the smooth and strongly-
convex case, the classical analysis by Polyak and Juditsky [1], relies on an explicit decomposition
of the stochastic process (0, — w*);>1: the effect of averaging on the noise term is better taken
into account, and this analysis thus suggests to use larger steps, and results in the optimal rate for
ne o< t—%, with @ € (0;1). This type of analysis has been successfully used recently [10, 15, 25, 26].

For quadratic functions, larger steps can be used, as pointed by Bach and Moulines [27]. Indeed,
even with non-decaying step size, the averaged process converges to the optimal point. Several
studies focus on understanding properties of SGD for quadratic functions: a detailed non-asymptotic
analysis is provided by Défossez and Bach [28], acceleration under the additive noise oracle (see
Assumption A4 below) is studied by Dieuleveut et al. [29] (without this assumption by Jain et al.
[30]), and Jain et al. [20] analyze the effects of mini-batch and tail averaging.

One shot averaging. In this approach, the P-independent workers compute several steps of stochastic
gradient descent, and a unique communication step is used to average the different models [13, 31, 32].



Zinkevich et al. [13] show a reduction of the variance when multiple workers are used, but neither
consider the Polyak-Ruppert averaged iterate as the final output, nor provide non-asymptotic rates.
Zhang et al. [33] provide the first non-asymptotic results for OSA but their dependence on constants
(like strong convexity constant , moment bounds, etc.) is worse; as well as their single machine
convergence bound [34] is not truly non-asymptotic (like for e.g., Bach and Moulines [10]). More
importantly, their results hold only for small learning rates like -=. Rosenblatt and Nadler [35]
have also discussed the asymptotic equivalence of OSA with vanilla-SGD by providing an analysis
up to the second order terms. Further, Jain et al. [20] have provided non-asymptotic results for
least-square regression using similar Polyak-Juditsky analysis of the stochastic process, while our
results apply to more general problems. Their approach encompasses one shot averaging and the
effect of tail averaging, that we do not consider here. Recently, Godichon and Saadane [15] proposed
an approach similar to ours (but only for one shot averaging). However, their result relies on an
asymptotic bound, namely E[||w; — w*||*] < Cyn, (as in Rakhlin et al. [34]), while our analysis is
purely non-asymptotic and we also improve the upper bound on the noise term which results from
the analysis.

Mini-batch averaging. Mini-batch averaging has been studied by Dekel et al. [16], Takac et al. [17].
These papers show an improvement in the variance of the process, and make comparisons to SGD.
It has been found that increasing the mini-batch size often leads to increasing generalization errors,
which limits their distributivity [36]. Jain et al. [20] have provided upper bounds on learning-rate
and mini-batch size for optimal performance. Recently, large mini-batches have been leveraged
successfully in deep learning as in [37-39] by properly tuning learning rates, etc.

Local-SGD. Zhang et al. [21] empirically show that Local-SGD performs well. They also provide
a theoretical guarantee on the variance of the process, however, they assume the variance of the
estimated gradients to be uniformly upper bounded (Assumption A4 below). Such an assumption is
restrictive in practice, for example it is not satisfied for least squares regression. In a simultaneous
work, Stich [40] has provided an analysis for local-SGD. The limitation with their analysis is that
they also assume bounded gradients and use a small step size scaling as ﬁ More importantly, their
analysis doesn’t extend to the extreme case of one-shot averaging like ours. Lin et al. [41] have
experimentally shown that Local-SGD is better than the synchronous mini-batch techniques, in terms
of overcoming the large communication bottleneck. Recently, Yu et al. [42] have given convergence
rates for the non-convex synchronous and a stale synchronous settings.

We have summarized the major limitations of some of these analyses in Table S3, given in Appendix L.
Our motivation is to get away with some of these restrictive assumptions, and provide tight upper
bounds for the above three averaging schemes. In the following section, we present the set of
assumptions under which our analysis is conducted.

2.3 Assumptions

We first make the following classical assumptions on the objective function F' : RY — R. In the
following, we use different subsets of these assumptions:

Al (Strong convexity) The function F is strongly-convex with convexity constant p > 0.

A2 (Smoothness and regularity) The function F is three times continuously differentiable
with second and third uniformly bounded derivatives: Sup,,cpa |HF(2) (w) |H < L, and
SUD R H|F(3) (w)’” < M. Especially F' is L-smooth.

Q1 (Quadratic function) There exists a positive definite matrix ¥ € R4*?, such that the function
F is the quadratic function w — |22 (w — w*)|?/2.

If QI is satisfied, then Assumptions A1, A2 are satisfied, and L and p are respectively the largest and
smallest eigenvalues of . At any iteration (¢, k) € [C] x [N'], any machine can query an unbiased
estimator of the gradient g; . (w) at a point w. Formally, we make the following assumption:

A3 (Oracle on the gradient) We observe unbiased estimators of the gradient g; pt1(w): for any
(t,k) € [C] x [N"] and w € R, E[g!, . (w], )|w? ] = F'(w}, ). Moreover, for any fixed w the
Sfunctions (g,t),k)(m) (w) are i.i.d. . (See Appendix A.I for a more formal statement.)

In Proposition 3, we make the additional, stronger assumption that the variance of gradient estimates
is uniformly upper bounded, a standard assumption in the SGD literature, see e.g. Zhang et al. [21]:
A4 (Uniformly bounded variance) The variance of the error, E[||g} , (w!, ;) — F'(w! )|]?] is
uniformly upper bounded by 0., a constant which does not depend on the iteration.



Assumption A4 is for example true if the sequence of random vectors (g;k Jrl(w;,k) —
F'(w}, 1))ee[c),ke[N) pelp] 18 1-i.d.. This setting is referred to as the semi-stochastic setting [29].

We also consider the following conditions on the regularity of the gradients, for p > 2:

A5 (Cocoercivity of the random gradients) For any p€ [P, t€[C], k€[N'], g} is almost
surely L-co-coercive (with the same constant as in A2): that is, for any wi,w, € R
L{g} 1 (w1) = g}, (w2)w1 —wa) > g} . (w1) — g} 1. (w2)]]*.

Almost sure L-co-coercivity [43] is for example satisfied if for any (p, k t) there exist a random
function f;’ . Which is a.s. convex and L-smooth and such that g;’ e = ([t b ) - Finally, we assume
the fourth order moment of the random gradients at w* to be well defined:

A6 (Finite variance at w*) 3o > 0, s.t. for any t,k,p € [C]x[N'"]x[P], E[||g}, ;. (w*)]*] < o*

It must be noted that A6 is a much weaker assumption than A4, for e.g., least-square regression
satisfies former but not latter. Most of these assumptions are classical in machine learning. SGD
for least squares regression satisfies Q1, A3, A5 and A6. On the other hand, SGD for logistic
regression satisfies A1, A2, A3 and A4. Our main result Theorem 6 (lower bounding the frequency
of communications) applies to both these sets of assumptions. In Appendix C.3 we further detail how
these assumptions apply in machine learning.

Learning rate. We always assume that for any ¢ € [C], k € [N"], the learning rate satisfies 2, L < 1.
We consider two different types of learning rates:

1) in the finite horizon (FH) case, the step size (n,ﬁ)(m k)e[C]x[Nt] 18 a constant 7, that can depend on
the number of iterations eventually performed by the algorithm; 2) in the on-line case, the sequence
of step size is a subsequence of a universal sequence (7j¢)¢>0. Moreover, in our analysis, when using
decaying learning rate, the step size only depends on the number of iterations processed in the past:
nt =7 (S0 N k) Especially, the step size at iteration (¢, k) does not depend on the machine.

Though both of these approaches are often considered to be nearly equivalent [44, 45], fundamental
differences exist in their convergence properties. The on-line case is harder to analyze, but ultimately
provides a better convergence rate. However as the behavior is easier to interpret in the finite horizon
case, we postpone results for on-line setting to Appendix A.2. In the following section, we present
our main results.

3 Main Results

Sketch of the proof. We follow the approach by Polyak and Juditsky, which relies on the follow-
ing decomposition: for any p € [P],t € [C],k € [N'], Equation (2) is triVially equivalent to:
UEFH(U’*)(“’;,k—l —w*) = w;,k—l - w;,k — 1k [g;,k(w;,k—l) - F/(w;f;,k—l)] N [F' (w! W, )=
F"(w*)(w}, ,_; —w*)]. We have added and subtracted a first order Taylor expansion around the
optimal value w* of the gradient. Thus, using the definition of w ¢

c P Nt

F'(w") (@ —w') = PSP IS ( ALk (gt ()~ F ()]

PZt 1 t=1 p=1 k=1
[P ) — F ) (g — w)] ) @

In other words, the error can be decomposed into three terms: the first one mainly depends on the
initial condition, the second one is a noise term: it is the mean of centered random variables (as
Elg}, . (w} 1) — F'(w}, ;)] = 0), and the third is a residual term that accounts for the fact that

the function is not quadratic (if F' is quadratic, then F'(w?, , ) — F"'(w*)(w}, ;| —w*) = 0).

Controlling different terms in Equation (3). The variance of the noise g/ , (w! , ;) —F'(w! ;)
and the residual term both directly depend on the distance |w?, , , — w*||*. The proof is thus

composed of two aspects: (1) we first provide a tight control for this quantity, with or without
communication: in the following propositions, this corresponds to an upper bound on ]E[Hw‘;) P

w*||?] 1, (2) we provide the subsequent upper bound on E[|| F” (w*)(w® — w*)||?].

'more precisely, on E[||@w" — w*||*] and E[||w,, ;, — w*||*] for MBA and OSA respectively.



We first compare the convergence in the two extreme situations, i.e., for Mini-batch averaging (MBA)
and One-shot averaging (OSA) for finite horizon setting, and then provide these results for local-SGD.

3.1 Results for MBA and OSA, Finite Horizon setting

First we assume the step size 7}, to be a constant 7 at every iteration for any ¢ € [C],k € [N'].
Our first contribution is to provide non-asymptotic convergence rates for MBA and OSA, that allow
a simple comparison. For the benefit of presentation, we define following quantities: Qpiqs =

2 2 2 ’ *o?
1+ M;Ln”wo — w*HZ + 1;;7 Ql,var(X) = % + XL;W’ Q27”‘17'(X) = MXH#'

In the following, we use the = notation to denote inequality up to an absolute constant. Recall that
for MBA, the total number of gradients processed is 7' = PC, while it is T = PN for OSA. We
have the following results respectively for MBA and OSA:

Proposition 1 (Mini-batch Averaging) Under Assumptions Al, A2, A3, A5, A6, we have the fol-
lowing bound for mini-batch SGD: for any t € [C],

20201 — (1 —np)’
E|: ﬁ)t_w*H2} < (1_77M)f ||’LU0—’LU*||2—|— 0‘-P77 ( . "7/’&) ’ (4)
// w* Q var Q ,var c
E [l (w wr)] 2 1wl o 7 (114 Q€ Q)

Proposition 2 (One-shot Averaging) Under Assumptions Al, A2, A3, A5, A6, we have the follow-
ing bound for one shot averaging: p € [P],t = 1,k € [N],

Lll2 1—(1—nu)*
E |[wp— w|*] < (0= m)* IIwo—w*I2+20277(MW), (6)

w — o ’

E |:||FN(’LU*)(EC - 'UJ*)H2] N Qbms + %(1 + Ql,var(N) + QQ,U(LT(N))- (7)

~ 2N2

Interpretation, fixed P. Using mini-batch naturally reduces the variance of the process
(w; 1 )pe[P) te[c].ke[nt]- Equations (4) and (6) show that the speed at which the initial condition is
forgotten remains the same, but that the variance of the local process is reduced by a factor P.

Equations (5) and (7) show that the convergence depends on an initial condition term and a variance
term. For a fixed number of machines P, and a step size scalingasn = X~%, 0.5 < a < 1,
X € {N, C; the speed at which the initial condition is forgotten is asymptotically dictated by
Quias/(MX)? where X € {N, C}, for both algorithms (if we use the same number of gradients for
both algorithms, naturally, N = C.) As for the variance term, it scales as 2T 1asT — o0, as
the remaining terms Q.- (X)) asymptotically vanish for n = X ~. It reduces with the total number
T of gradients used in the process. Interestingly, this term is the same for the two extreme cases
(MBA and OSA): it does not depend on the number of communication rounds. This phenomenon
is often described as “the noise is the noise and SGD doesn’t care” (for asynchronous SGD, [46]).
Though we recover this asymptotic equivalence here, our belief is that this asymptotic point of view
is typically misleading as the asymptotic regime is not always reached, and the residual terms do then
matter.

Indeed, the lower order terms do have a dependence on the number of communication rounds:
when the number of communications increases, the overall effect of the noise is reduced. More
precisely, since Quar(N) = Quar(C) the remaining terms are respectively P or P? times smaller
for mini-batch. This provides a theoretical explanation of why mini-batch SGD outperforms one
shot averaging in practice. It also highlights the weakness of an asymptotic analysis: the dominant
term might be equivalent, without reflecting the actual behavior of the algorithm. Disregarding
communication aspects, mini-batch SGD is in that sense optimal.

Note that for quadratic functions, Q2 vqr = 0 as M = 0. The conditions on the step size can thus be
relaxed, and the asymptotic rates described above would be valid for any step size satisfying n < p
[20]. Extension to the on-line setting, eventually leading to a better convergence rate, is given in
Proposition S7 in AppendixA.2.



Interpretation, P,77 — oo. When both the total number of gradients used 7' and the number
of machines P are allowed to grow simultaneously, the asymptotic regime is not necessarily the
same for MBA and OSA, as remaining terms are not always negligible. For example, if fixing
n=X"%3 X € {N,C} (we chose @ = 2/3 to balance Q1 ,q, and Q2 ,4,), the variance term
would be controlled by 02T~ *(1 + —£ ). Thus, unless P < uC'/3, MBA could outperform OSA

pC173
by a factor as large as P.

Novelty and proofs. Both Propositions 1 and 2 are proved in the Appendix G. Importantly, Equa-
tions (4) and (6) respectively imply Equations (5) and (7) under the stated conditions: this is the
reason why we only focus on proving equations similar to Equations (4) and (6) for Local-SGD.

Proposition 1 is similar to the analysis of Serial-SGD for large step size, but with a reduction in
the variance proportional to the number of machines. Such a result is derived from the analysis
by Dieuleveut et al. [25], combining the approach of Bach and Moulines [27] with the correct upper
bound for smooth strongly convex SGD [47], and controlling similarly higher order moments. While
this result is expected, we have not found it under such a simple form in the literature. Proposition 2
follows a similar approach, we combine the proof for mini-batch with a control of the iterates of
each of the machines. This is closely related to Godichon and Saadane [15], but we preserve a
non-asymptotic approach.

Remark: link with convergence in function values. As we use Equation (3) as a starting point,
we provide convergence results on the Mahalanobis distance ||F” (w*)(w ¢ — w*)||?: it is the
natural quantity in such a setting [10, 15, 27]. These results could be translated into function value
convergence F'(w ) — F(w*), using the inequality F(w ) — F(w*) < Lu~2||F" (w*)(w® —
w*)||? but the dependence on i would be pessimistic and sub-optimal. However, a similar approach
has been used by Bach [44], under a slightly different set of assumptions (including self-concordance,
e.g., for logistic regression), recovering optimal rates. Extension to such a set of assumptions, which
relies on tracking other quantities, is an important direction.

While the “classical proof”, which provides rates for function values directly (with smoothness, or
with uniformly bounded gradients) has a better dependence on p, one cannot easily obtain a noise
reduction when averaging between machines. Similarly, there is no proof showing that one-shot
averaging is asymptotically optimal that relies only on function values. In other words, these proofs
do not adequately capture the noise reduction due to averaging. Moreover, such proof techniques
relying on function values typically involve a small step size 1/(ut) (because the noise reduction
is captured inefficiently). Such step size performs poorly in practice (initial condition is forgotten
slowly), and p is unknown.

In conclusion, though they do not directly result in optimal dependence on p for function values,
we believe our approach allows to correctly capture the effect of the noise, and is thus suitable for
capturing the effect of Local-SGD.

Comparing upper bounds: Our analysis relies on upper bounds: one should handle comparison
with cautions. Nevertheless, we think our analysis is tight enough to provide good insights, especially
because the bound for OSA averaging nearly matches the bound for MBA (contrary to Stich [40]).
Moreover, the bounds given above are tight in the following senses, see Appendix A.3 for details:
(i) the bias term in equations (5) and (7) is clearly exact in the simple case of a quadratic one
dimensional function, in the absence of noise: it is normal that in such a situation, MBA and OSA
converge similarly: each of the P independent machines computes the same recursion!

(ii) the bound for the variance, scaling as (PN)~! for any n o« N~ 0.5 < « < 1, matches the
statistical minimax rate [48] for least squares regression: from the statistical point of view, if we are
only given N P independent observations, then no estimator can have an error uniformly lower than
o?(PN)~L

Optimizing over the step size in Eqs (5) and (7) results in a somehow disappointing observation: the
rate for n oc N=%,0.5 < o < 1% is dictated by the bias and scales as O((nN)~2), which is slow (but

tight, see point (i) above). This is unfortunately unavoidable with constant step sizes: the convergence
rate with decaying steps is much faster in the on-line setting?, but bounds are much harder to read see

%A good step size is unlikely to be larger than 1/+/N: such “very large” LR (which is rarely used in practice)
does not perform well for non-quadratic functions (note that for quadratic, the N Pn? vanishes, and a constant 7
would get arate 1/N? + 1/PN).

3the bias decreases as 1/N? instead of 1/(nN)? (see Prop.S7).



Sec. A.2. In other words, bounds in Propositions 1 and 2 are tight, but slower than in on-line setting.
As all the trade-offs regarding communications are preserved (our main focus), we chose to highlight
the results in finite horizon in the main text.

Conclusion: for a fixed or limited number of machines, asymptotically, the convergence rate is
similar for OSA and MBA. However, non-asymptotically, or when the number of machines also
increases, the dominant terms can be as much as P2 times smaller for MBA. In the following
we provide conditions for Local-SGD to perform as well as MBA (while requiring much fewer
communication rounds).

3.2 Convergence of Local-SGD, Finite Horizon setting

For local-SGD we first consider the case of a quadratic function, under the assumption that the noise
has a uniformly upper bounded variance. While this set of assumptions is not realistic, it allows an
intuitive presentation of the results. Similar results for settings encompassing LSR and LR follow.
We provide a bound on the moment of an iterate after the communication step @w" (i.e., the restart
point of the next phase), and on the second order moment of any iterate. For ¢t € [C], we denote

t ’
N{=3%_, N

Proposition 3 (Local-SGD: Quadratic Functions with Bounded Noise) Under Assumptions Q
1, A3, A4, we have the following bound for Local-SGD: for any p € [P],t € [C], k € [NY],

N

- %112 -1 N oinl—(1-
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I
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3 2 t—1_ . 2 1— 1—77M)N1 1_(1_77/'4k
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long term reduced variance  local iteration variance

To prove such a result, we use the classical technique, and introduce a ghost sequence "172 =

. o 2 . o N
% 25:1 'w; > and recursively control H'w’ff — w*H . We conclude by remarking that @'y, = w".
This proof is given in Appendix D.2.

Interpretation. The variance bound for the iterates “just after” communication, w' exactly behaves
as in mini-batch case: the initialization term decays linearly with the number of local steps, and the
variance is reduced proportionally to the number of workers P. On the other hand, the bound on the
iterates w; i Shows that the variance of this process is composed of a “long term” reduced variance,

2
that accumulates through phases, and is increasingly converging to —UI?;’" and of an extra variance
14
k

no % that increases within the phase, and is upper bounded by o2 1.

In the case of constant step size, the iterates of serial SGD converge to a limit distribution 7, that
depends on the step size [25]. Here, the iterates after communication (or the mini-batch iterates)
converge to a distribution with reduced variance ), p, thus local iterates periodically restart from a
distribution with reduced variance, then slowly “diverge” to the distribution with large variance. If
the number of local iterations is small enough, the iterates keep a reduced variance. More precisely,
we have the following result.

Corollary 4 Ifforallt € [C], N* < (unP)~L, then the second order moment of'w;J€ admits the

t—1 4.
same upper bound as the mini-batch iterate 11)1];]113 th (Equation (4)) up to a constant factor of 2. As
a consequence, Equation (5) is still valid, and Local-SGD performs “optimally”.

Interpretation. This result shows that if the algorithm communicates often enough, the convergence
of the Polyak Ruppert iterate w is as good as in the mini-batch case, thus it is “optimal”. Moreover,
the minimal number of communication rounds is easy to define: the maximal number of local steps
Nt decays as the number of workers and the step size increases. This bound implies that more
communication steps are necessary when more machines are used. Note that (nP)~! is a large
number, as a typical value for 7 is inversely proportional to (a power of) the number of local steps for

e, (XL Ny a e (1/2;1).



Example 5 With constant number of local steps N* = N, and learning rate n = c(N C)_l/ 2

in order to obtain an optimal O(c*T~') parallel variance* rate, local-SGD communicates
O(VNC/(Pp)) times less as compared to mini-batch averaging.

We believe that this is the first result (with Stich [40]) that shows a communication reduction
proportional to a power of the number of local steps of a local solver (i.e., O(v NC')), compared
to mini-batch averaging. In the following, we alternatively relax the bounded variance assumption
A4 and the quadratic assumption Q1, and show similar results for Local-SGD. This allows us to
successively cover the cases of least squares regression (LSR) and logistic regression (LR).

Theorem 6 Under either of the following sets of assumptions, the convergence of the Polyak Ruppert
iterate W< is as good as in the mini-batch case, up to a constant:
(i) Assume QI, A3, AS, A6, and for any t € [C), N* < (unP)~' and yn®> N = O(1).

(ii) Assume A1, A2, A3, A4, and for any t € [C], N* < inf (nPME[||@" — w*||])~%, (unP)~1).

These results are derived from Proposition S16 and Proposition S20 which generalize Proposition 3.
Those results are proved in Appendix D and E and constitute the main technical challenge of the

paper.

Interpretation. We note that in both of these situations, the optimal rates can be achieved if the
communications happen often enough, and beyond such a number of communication rounds, there
is no substantial improvement in the convergence. This result corresponds to the effect observed
in practice [21]. The first set of assumption is valid for LSR, the second for LR. In the first case,
the maximal number of local steps before communication is upper bounded by the same ratio as in
Corollary 4, but the “constant” that appears is exp(un>N"), so we need this quantity to be small
(which is typically always satisfied in practice) in order to be optimal w.r.t. mini-batch averaging. A

\/NC’).

similar result as Theorem 5 can be provided reducing the communication by a factor of O( Vam

In the second case, the maximal number of local steps is smaller than before, by a factor 1!, but
the allowed maximal number of local steps can increase along with the epochs, as E[H'Evt — 'w*H]
is typically decaying. This adaptive communication frequency has been observed to work well in

practice [21] and also explored in [49], in a setting without PR averaging. Assuming optimization

VNC
P2

on a compact space with radius R for instance, one can obtain a O(
communication, similar to Theorem 5.

) times improvement in

Though they may reflect the actual behavior of the algorithm, such results might be difficult to use
directly in practice, as p is unknown. However, as it is not the limiting factor in Theorem 6.2, an
estimation of E[H{ut —w* H] could allow us to use adaptive phases lengths to minimize communica-
tions.

4 Conclusion

Stochastic approximation and distributed optimization are both very densely studied research areas.
However, in practice most distributed applications stick to bulk synchronous mini-batch SGD. While
the algorithm has desirable convergence properties, it suffers from a huge communication bottleneck.
In this paper we have analyzed a natural generalization of mini-batch averaging, Local-SGD. Our
analysis is non-asymptotic, which helps us to better understand the exact communication trade-offs.
We give feasible lower bounds on communication frequency which significantly reduce the need
for communication, while providing similar non-asymptotic convergence as mini-batch averaging.
Our results apply to common loss functions, and use large step sizes. Further, our analysis unifies
and extends all the scattered results for one-shot averaging, mini-batch averaging and Local-SGD,
providing an intuitive understanding of their behavior.

While they provide some intuition and are believed to be tight, our comparisons are based on upper
bounds. Proving corresponding lower bounds is an interesting and important open direction. Also,
it would also be interesting to study observable quantities to predict an adaptive communication
frequency and to relax some of the technical assumptions required by the analysis. The on-line
case, experiments, proofs, additional materials and a review of distributed optimization follow in the
appendix.

. . . N 2 .
*in online setting, the same example would hold, resulting in a O( %) convergence rate (not only variance).
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Communication trade-offs for synchronized distributed SGD
with large step size

SUPPLEMENTARY MATERIAL

In this Appendix, we give the proofs of our main results, and auxiliary elements. In Section A.2, we
provide results in the on-line setting where we consider the particular case of a decaying sequence
nt = ( i,_:ll N + k)=, for some a € (3,1). In Appendix B, we describe the experimental
evaluations that illustrate the behavior of the different processes. In Appendix C we provide some
additional material (Tables, interpretations, etc.) which may help the reader navigate through our
results. In Appendix D, we prove contraction Lemmas for E[[|w}, , — w* |?]. In Appendix E, we
prove similar guarantees for moment of order 4. In Appendix G, we give the proof of the main results
on ||F"(w*)(w® — ws)||? for mini-batch, one-shot averaging, and Local-SGD in the Finite Horizon
setting. In Appendix H we give similar results in the online setting (for decaying step size). Finally,
we provide a brief survey of distributed optimization techniques in Appendix I.
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A Main results in the on-line Setting and tightness of Proposition 1

A.1 Most general assumption
Assumption 3 should be formally written as follows:

A3 (Oracle on the gradient) There exists a filtration (H}i)(t,k)e[c] x[Nt] on some probability space
(Q, F,P) such that for any (t,k) € [C] x [N'] and w € R?, gt (w) is a H},_,-measurable

random variable and E [g;’k H(w)\’}—[}i} = F'(w). In addition, we assume the functions

(g;’ k)(t, k)e[C]x[Nt] to be independent and identically distributed (i.i.d.) random fields.

A filtration is an increasing (i.e., for all (¢,k) < (¢, k"), HL C HY')), sequence of o-algebras. A3
expresses that we have access to an i.i.d. sequence (g;) 1) (t.k)e[c]x[nv¢] of unbiased estimators of F.

Remark that with such notations, for any ¢ € [C],k € [N'],p € [P], w}, , is H]-measurable.

A.2 Main results: On-line Setting

In the on-line setting we consider the particular case of a decaying sequence 7}, = (Z:,_ :11 Nt +k)e,
for some o € (%, 1). The analysis is slightly more involved as Equation (3) results in more terms
than in the finite horizon setting (sums do not directly telescope). While the decaying step-size case
enables to improve some terms with respect to the finite horizon case (e.g. the speed at which one
forgets the initial condition), the trade-offs concerning communication remain unchanged. We define
the following constants to make the presentation clear, for a € (1/2;1):

2

2.2 0 * 2.2
Rpyias(X) =1+ X*¥exp (—pc, X' 7) + 1# M [ iw H 2 CL,
(pep) ™= (ey) == P(pcy) ™=
2a—1 l—a L2P02
51 S g () E P LG
"7/’L X’umcrllfa 2
M202Pc?
R2,7jar(X) = /,L2X20‘_1 .

Now we present a result similar to Proposition 1 for mini-batch averaging and one shot averaging:

Proposition S7 (On-line Mini-batch Averaging and One-shot averaging) Under the Assump-
tions Al, A2, A3, A5, A6 using i = (Z;,_:ll N + k)= we have for respectively mini-batch
averaging and one-shot averaging:

E [HVQF(w*)(w - w*>\ﬂ =<

22 RvarX RvarX
;<1+ 1, ()Jr 2, ())7

I’
¢y RuiealX) + =7 K K2

with respectively k = 1 and X = N for one-shot averaging, and k = P and X = C for mini-batch
averaging.

Interpretation and comparison. This proposition is directly derived from Lemma S59 in Ap-
pendix H. This proposition is similar to Propositions 1 and 2, but the overall convergence rate is
better as using decaying step size eventually performs better. For example, the bias term mainly
decays as 1/X? instead of 1/(nX)?2. This underlines why in practice decaying step size is often
preferable. Asymptotically, the variance term is now dominant, and as before, MBA and OSA have
similar performance as o>T 1.

Optimal step size and asymptotic regimes for P,T For a fixed number of machine P, the bias is
asymptotically vanishing, and if we ignore the linearly decaying terms and the dependence on (i, the
resulting dominating term in Ry o4, is controlled by X ~ min{(1=a).e.2a=1} "which would result in
an optimal choice of o = 2/3.



In the non asymptotic regime, where the total number of iterations and P grow simultaneously, the
variance of OSA scales as T~ ! as long as PX ~ mir{(l=a),a.2e=1} — (1), In other words, for

a=2/3, weneed P < X 1/3. the number of machines as to be smaller than the number of iterations
to the power 1/3, in other words, for 1000 iterations, one could only use 10 machines to reach the
asymptotic regime where OSA performs similarly to MBA.

A.3 Tight bias term for finite horizon setting

For a simple 1-dimensional quadratic function F(w) = h(w — w*)?, with h > 0, without any

noise (we observe y; = wox; + €;, withe; = 0, and z; = \/E), we have for a step size 7, for any
pe{l,...,P}k<N:

w)  —w* = (1—nh)*(wy — w*) (S1)
= S -

h? <N1 ];) 'wzl)yk - w*) = W(wo - w*)Q; (S2)
_ _ N

— (@ ) = Evluv)zh) (wo — w*)?, (83)

which exactly matches the Bias term in (5) (for a quadratic, M = 0) and L?n/hP < 1/P is a small
constant (nL < land L = u = h).

B Experimental results

Table S1: Data-sets for experimentation.

Name of the Data-set Task Algorithm Number of Samples | Number of Features
Epsilon Classification Logistic 400000 2000
Year Prediction MSD Regression | Least-Squares 463715 90
CPU Stall Regression | Least-Squares 8192 12
LOG: Epsilon Dataset, Averaged Estimator LSR: CPU Stall Dataset, Average Estimator
— N=1 - — N=1
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Figure S1: Performance of Local SGD

We perform experiments for three different data-sets’, two for least-squares regression and one for
logistic regression Table S1. For all the curves we use log(y) v/s log(x) plots unless explicitly
mentioned. Moreover, to elucidate the theory we use the same learning rates for all the algorithms
in an experiment. The number of workers is set to P = 32 every where, and plots are labeled w.r.t.

>Data available at https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/.
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the number of local steps /N which we don’t change along the different phases. We do the following
experiments:

LOG: Epsilon Dataset, Averaged Estimator at Optimal LSR: CPU Stall Dataset, Average Estimator at Optimum

N=1
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N=100
N=1000
N=10000
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Figure S2: Performance of Local SGD at the optimal

LSR: CPU Stall Dataset, Rolling St. Dev., Window=100 LSR: CPU Stall Dataset, Rolling St. Dev., Window=100 at Optimum
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Figure S3: Variance of the loss function compared to MBA

LSR: Year Prediction MSD, Current Estimator at Optimal

MSE from Optimal
w
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Figure S4: Iterate Convergence of a single process against SGD and the ghost process.

1. Performance of local SGD with different number of local steps spanning OSA to MBA
(Figure S1). We globally find MBA to perform the best. Besides, as we increase the number
of local steps N the performance gets closer to OSA. This observation aligns with our
theoretical guarantees. We use the averaged iterate (i.e., w, the average over all the iterates



till that point) for reporting the performance. The current iterate (i.e., 'L“ufc, the ghost iterate
for the current iteration) is omitted as the graphs are too noisy to be interpreted, and a
variance of the loss is used instead.

. Performance of local SGD with different number of local steps when started at the optimal

point (Figure S2). We expect that if we start at w* then the bias term goes to zero and the
difference between the algorithms becomes sharper. This is because our results predict that
for constant learning rate, the initial conditions are forgotten at the same rate. We see that
mini-batch outperforms OSA no the first iterations, but not asymptotically.

. Variance of the estimators, for loss (Figure S3) and iterate values (Figure S4). We expect

that a larger mini-batch size predicts a lower variance for these cases, and we observe the
same through our experiments. In fact, the mean squared error of the parameters at the
optimal is observed to be following a periodic curve. The value on an individual worker
rises until it communicates, but always remains lower than a single SGD process run for
the same number of iterations. This, verifies our theory and results for iterate convergence.
Moreover, the variance at the loss function follows a similar pattern which elucidates the
fact the intuitions developed in the paper also hold for functional convergence.

C Some Additional Material

C.1 Pseudo codes

Pseudo codes of both algorithms are given in Figure S5.

1: procedure SGD 1: procedure LOCAL-SGD
2: Input: F:RY > R 2 Input: F : R - R
3: v < Initialize 30w’ = w" « Initialize
4: fort=0,1,2,..T do 4 fort=1,2,...C'do
5: g,(vi—1) < SFO(F,v;_1) 5: parfor i=1,2,...P do
6: vt < Vi1 — NGy (ve-1) 6: why — w'!
7: Output: 4 7 for k=0,1,2,...N* do
S(vo,v1, .., v7-1,v7) ER 8 gi p(wi ) < SFO(F,w}, )
Algorithm 1: Vanilla-SGD 9 wiy Wy — 098 (wh )
—t Ny
10: w; N% 2okt wfk
11: end parfor
12: @ L3 w
13: W' L7 wt

14 Output: @ =L Y7 w' e R

Algorithm 2: Local-SGD

Figure S5: Serial and parallel SGD algorithms. SFO stands for the stochastic first order oracle. Note
that every node has access to the full function i.e., the data is not distributed across nodes.

C.2 Summary of Results

In the table below, we specify for which algorithm our results apply (mini batch, one shot, or local
SGD), under which assumptions they are proved and if they apply to the on-line setting(OL) or just
the finite horizon(FH) case.

C.3 Example: Learning from i.i.d. observations

Our main motivation comes from machine learning; consider two sets X', ) and a convex loss function
0 : X xY xR — R. The generalization error is defined as Fy(w) = Ex y [((X,Y, w)], where



Assumptions Setting

Proposition Algorithm Al A2 QI A3 A4 A5 A6 FH OL
Proposition 1 Mini-Batch v oV v v v v
Proposition 2 One-shot averaging v' v v v v v
Proposition S7  Mini-Batch &0OS v oV v v v v
Proposition 3 Local SGD v vV v
Corollary S17 Local SGD v v v v v v
Corollary S21 Local SGD v oV v v v v
Theorem 6 1. Local SGD v v v v v
Theorem 6 2. Local SGD v v v v v

Table S2: Summary of results

(X,Y") are some random variables. Given i.i.d. observations (X, Y} )xen+« with the same distribution
as (X,Y), for any k € N*, we define fj(-) = ¢(Xk, Yk, -) the loss with respect to observation k.
SGD can be used in two contexts:

1. Stochastic Approximation: We use independent observations at each iteration. The total
number of iterations is thus at most the number of observations we access. SGD then
corresponds to following the gradient of the loss f; on a single independent observation
(Xk, Yy). As the gradients we use are then unbiased gradients of the generalization error,
this means that SGD directly minimizes this (unknown) function.

2. Empirical Risk Minimization: ~We define the empirical risk as Fy(w) =

N1t Z,ivzl [((Xk, Yy, w)]. Ateach step ¢, we sample an index i; uniformly on [N], and use
the gradient of the loss f;,. Here the number of iterations is not limited, but the algorithm
will converge to the minimum of the empirical risk.

In practice, this means that in the first situation, we want to optimize the precision of the algorithm for
a limited number of oracle calls, while in the second situation one would rather optimize the number
of outer iterations of the algorithm (i.e. its running time). In both these assumptions, Assumption A3
is satisfied for the filtration generated by all the observations before time (¢, k) (respectively all the
indices sampled before time (¢, k)).

Two typical situations regarding loss functions are worth mentioning. On the first hand, in least-
squares regression, X = R%, J = R, and the loss function is £(X,Y,w) = ((X,w) — Y)2. Then

Fy is the quadratic function w +— ||S1/%(w — w*)”2 /2, with ¥ = E[X X "], which satisfies
Assumption Q1. For any w € R?,

fi(w) = Fy(w) = (XX} = T)(w — w*) — (X w* — Y;) Xy (S4)
Then, Assumption A5 and A6 are satisfied, if X is bounded and Y has finite variance.

On the other hand, in logistic regression, where ¢(X,Y, w) = log(1 4+ exp(—Y (X, w))). Assump-
tions A2 and A4 are then satisfied [44], as is Assumption A1 under an additional restriction to a
compact set or if an extra regularization is added.

SGD for least squares regression typically satisfies Q1, A3, A5 and A6. On the other hand, SGD for
logistic regression satisfies A1, A2, A3 and A4.



D Convergence guaranties for the second order moment.

In this section, we prove several Lemmas that allow to control the second order moment for the iterate.
We first recall a few useful inequalities that will be used in the following. See for example [50].

If F is convex and smooth (e.g. satisfies A2), the gradient of F' is cocoercive, thus for any w € R<:

L(F'(w),w—w") > | F'(w)]|. (S5)
If the function is strongly-convex (Assumption A1), then for any w € R%:
(F/(w),w —w*) > pflw —w*|*. (S6)

D.1 Inner iteration Lemma

We first recall the proof of the convergence for inner iterates. This proof corresponds to what happens
on one machine, and can be found in the literature [10, 25] for example.

For any p € [P],t € [C], k € [N'], under Assumptions A1, A2, A3, A5, A6, we have

E [[ewh = w||*] < B [[lwh ey = w0 ||*] = nk (P (w)y iy)s wh oy = w0) + 20 %0°

' ' (S7)
E [[lwhi — w[*] < (1= no) [[Jaoh ey — w0 ||*] + 20k,

Using the second equation recursively results in:

_ _ k k k
E|[fwh = w' "] < TT (0= nuE [[[wh = w?|*] + 20 3 i) TT (0= wigo).

i i m=1 m=1 l=m+1

(S8)

More precisely, for precise reference in the following proofs, we referenced this inequality with the
following specific cases:

Lemma S8 Under Assumptions Al, A2, A3, A5, A6, for mini-batch SGD with batch-size P and
step-size 1) we have,

t 9 9 t t
E|[[whrs —w|*] < TT (1 = um)E [[Jw® - w|*] + 2UP77 > I a—mm.
m=1l=m+1

m=1

Such a result on reduced variance for mini-batch SGD (”7?) can be found in many previous works
like [51]. Since mini-batch SGD is trivial to parallelize, this result also holds for the averaged iterate
for outer iteration ¢ while using mini-batch averaging. Similarly, for decaying step sizes,

Lemma S9 Under Assumptions Al, A2, A3, A5, A6, and 1y = f—g for mini-batch SGD, for any
t € [C] we have,
t t t

& [y — w0 < TT 0 i) [ — w0 +20° 5 37 ) TT (1 i)

m=1 m=1 l=m+1
Similarly, in the case of one-shot averaging,

Lemma S10 Under Assumptions Al, A2, A3, A5, A6 and a constant step-size 1 using one-shot
averaging, for any K € [N1] and i € [P] we have,
) K ) K K
E [l - w "] < TT (= ) Jw® = w?|[* + 2022 3~ T] (1= ).
m=1 m=1l=m+1

Lemma S11 Under Assumptions A1, A2, A3, A5, A6, and n;, = T, = 1% using one-shot averaging
forany K € [N'] and i € [P] we have,

K K K
B[} e —w|[*] < T (1 = punb) [Jw® = w*|[* +20% 3" r8)* T (1= purd),
m=1 m=1 l=m+1



D.2 Proof of Proposition 3

In this Section we prove Proposition 3. In order to provide a bound on the mean squared distance
to the optimum of the outer iterates, we introduce a ghost sequence [52], i.e., a sequence of iterates
which is not actually computed. For any ¢ € [C], k € [N'], we define

1L
Wl = - > why. (S9)
i=1
We prove the following Lemma:
Lemma S12 Under Assumptions Q1, A3 and A4, for any t € [C], K € [N'], we have:
) K 2 K K
E [l —w*]*] < TT (= k) [Jaoh - w||” + % (1- $10
H K || = 71_:[1( W?m) || 0 P TnZ:1 77m lzl;[+1 Wh ( )

Remarking that for any ¢ € [C], ﬁ)?vt = @' this implies the first inequality of Proposition 3. Note
that this Lemma is valid for both decaying steps and and a constant learning rate. Especially, for a
constant step size 17, and K = Nt:

2 1 Nt
E th _ w*H?] <@ —,Lm)Nt Hﬁ’t—l _ w*H? + U;onl(lulm) )

More generally, we also have the following corollary, if we denote (7)) >0 the sequence such that
nt=n (3 NY k) (this just corresponds to re-indexing the sequence):
t/=1

Corollary S13 Under Assumptions Q1, A3 and A4, for any T € [C], we have:

R o2 TN LV
. . - 2 -
}E[ Wl —w ] < H (1 — ung) JJwo — w*|| +? Z i H (1—pa;) . (S11)
k=1 t=1 j=k+1

Proof 14 (Proof of Corollary S13) By induction, Lemma S12 implies that for any T € |C]

) T Nt 2 T T Nt Nt Nt
~ 2 oo
e {o" - o] < ITTT0-wnb) bwoo w1+ % 3= TT TT0-i) So0* TT (1.
t=1k=1 t=1t'=t+1 k=1 k=1 j=k+1
(S12)

Then using n}, = ﬁ{zi/—:ll NY k) the corollary is just re-writing of Equation (S12).

To prove the second inequality of Proposition 3, we combine Lemma S12 and Equation (S8), using

at—1
the fact that 'wp 0 =w

This results means that for a quadratic function with gradients having uniformly bounded variance,
the outer iteration decay is the same as for mini-batch iterations (but for mini-batch, it is true under
the weaker set of Assumptions A1, A2, A3, A5, A6).

D.2.1 Proof

Proof 15 (Proof of Lemma S12) By definition of i}, we have for any t € [C], k € [N, using the
linearity of F' (Assumption QI ):

P

P P

1 1 1

P Z U’ﬁ,kﬂ =P Z wﬁ,k P Z 771tc+1gf,k+1(w§,k)
i=1 = ;

P
ﬁ’iﬂ‘“’*:ﬁ’}; Z k+1gzk+1 tk)
E [l - o ] < [} - o] ——



M| - (813)

Z gz k+1

+ (7712-1-1)21[3

Now analyzing just the last term,

2

P
1
(772+1)2]E fzgf,kﬂ(w )| Mt
i=1
1 < ’
o 2
= (N41)°E ;Z(gf,kﬂ(wﬁ,k)—F’(wik)) Hie | + (i) |/ (03] . (S14)
i=1

Under the independence of the noises (Assumption A3), then the uniform upper bound on the variance
(Assumption A4), we have the following upper bound :

2

P
Z 9t g1 (i) = F'(wi ) || [Hee| = P2 ZE[H 9 (Wi ) — F'(w)] ))HQ‘,Hkt}

i=1
1 2

Under Assumption Q1, F' is co-coercive, thus using Equation (S5), we have the following upper
bound:

o %2 o %2 o * o (nltc 1)2Uc2>o
E [[[iohr = w*|” [Pae] < [Jioh = w”|[* = 20k 1y (1 = miy L) (0}, — w, ' (i})) + ==
And using strong convexity (esp. Equation (S6)), and the fact that n}, L < %
y 5 ; s (nh)%0?
B {[[iohar — w0 |* M| < (1= 2pmf s (1=l L)) i, — w”|* 4+ ==
y a2, Miga)?od
< (1= pfy) [y, — w4 S (S15)
By recursion, we then have, for any K € [NY]:
) K o2 XK K
E | [Jiofe —w|[*] < T = b [Jioh — || + 252 S (m)* TT 1 = par) -
k=1 k=1 j=k

This concludes the proof.
D.3 Proof of Proposition S16
In this Section we prove Proposition S16.

D.3.1 Statement of Proposition S16

Proposition S16 (Local-SGD: Quadratic Functions) Under Assumptions Q1,A3,A5,A6, we have
the following bound for one shot averaging: p € [P],t € [C], k € [N1],

S N t,_ N
Elo' —w ] <wy T (0= piie) llwo - w” + 25 T 5 Z [T a-w)
k=1 j=k+1
(S16)
b Nk 2 S NY S NY 4k
E {Hw;k‘ - w*Hz} < Kj H (1 — piie) lwo — w*|* + 264 K5 — P Z e H (1 — pipj)
k=1 u=1 j=k+1



o Xirea N4k S Nk

25 > o JI a-my, (S17)

w=x,_ NV j=u+
. Nt Nt
with, fort € [C], k! = (4—|— oy (nh)? ) and K% := exp (p Zt, 0D ke 1(7]};)2).

When considering a constant step size 1), we have the following corollary.

Corollary S17 (Local-SGD: Quadratic Functions) Under Assumptions Q 1,A3,A5,A6, we have
the following bound for one shot averaging: p € [P],t € [C], k € [N'], constant learning rate n,

n1—(1—nu
B [l ] < rh1 - m ™ g - P 4 2t OO i)
tfl )
E[[Jwh — w*l|*] <700 )™ oy — ]
T— (1= 1—(1—nu*
+202n< sup (ryrs Lo 1= (= m) ) (S19)
t'=1...t Ppu 1

Where we have 7{ = 4 + uN*n? and 7§ = exp (uIN{n?). Under the latter requirement (for

optimality) that for any ¢, N*uPn < 1, we have uIN‘n? < CnP~1, thus this is generally a small
constant. This result is a consequence of Lemma S18.

Interpretation. As before, the first bound shows that the variance of the iterates after communica-
tion is reduced by a factor of P w.x.t. the serial case, thus almost as good as mini-batch averaging.
However, the constants involved are worse than in the additive noise setting (Proposition 3). Conse-
quently, and similarly to Proposition 3, the bound for the current iterates is composed of two terms for
the variance: a “reduced variance” coming from the communication step, and a “inner loop” variance,
that does not benefit from the number of machines.

Finally, we provide a convergence result in the most general case, removing the quadratic assumption.
For the sake of concision, we skip the bound for the averaged iterate after a communication round,
and directly give the result for the inner process.

D.3.2 Proof

This result is a consequence of Lemma S18, which implies Equation (S18). Indeed, using it recursively,
and using (1 + z) < exp(x), we get:

) T Nt T N
~ 2
B | @" ] < e (1Y S0 | T TL0 - b oo — ']
t'=0 k=1 t'=1k=1
t N! o2 T T NY N* Nt
t2avexp [ py Y 0 | 50 TT T - Yo T (- pmp)
t'=0 k=1 t=1t'=t+1 k=1 k=1 j=k+1

With, for ¢ € [C], f = (44 p )0 (0f)?), and kb = exp (1 3h_g 00, ()2 and re-
writing everything in terms of the sequence 7, it gives Equation (S16). The second inequality
naturally follows.

Lemma S18 Under Assumptions QI, A3, A5, A6, for any t € [C], K € [N'], we have:

Nt
B[l - w|’] < 1+uZ ) kHll—unk)IE o' =w ] (s20)
N? 52 N? N?
2 (4+p)y )| 5 D 0)* [T (= ). (S21)
k=1 k=0 j=k+t1

10



The proof is a bit technical, so we summarize here the 2 main steps:

1. We prove an inequality (namely Equation (S23)) that is comparable to Equation (S15), but

with an extra term.

2. We use the control on the inner process (Appendix D.1) to control the extra term.

Proof 19 We consider again the ghost process defined at Equation (S9). Equations (S13) and (S1
are still valid. We now use the following decomposition®:

2
0= (772+1 P 297 k1 (W M,
e ;
= (nf41)°E Z 9wl ) = F(wt )) || Hee | + (rhy)? | F (w0}
- :P 9
< 2(nfyy)°E ;Z e (wh ) = F'(wt ) — gty (wh)|| [Hs
- 2

+ 2(77£+1)2E

1 *
P Z gf,kﬂ(’w )

i=1

(Mo | + (140)? || F (), ||2

Using the independence of the noises (Assumption A3) we have,

nkﬂ Z]E [H gz k1 (w — F'(w; ) - 9£,k+1(W*)) H2 |,Hk,t}

2 2
" %E [t 40| mk,t} IR e

<4(n’€+1)2§:<E[H(t t Nt VY [[2 Pt N kY |2
= P2 gi,k+1(wi,k) gi,k-‘,—l(w ))H |Hk,t} +E {H(F (wi,k) F'(w ))H

i=1

2 Tt 2
2 (gt ™) ] + 002 ) )

Using Assumption A5 (co-coercivity for (g;5 )-s and F') we obtain,

+

8L 'ﬂt 2 P N . 2 nt 2 .
N P - Fly-) 28 [l ) ]
=1

+ (g 1) L{F! (w},), ), — w*) . (S22)

This leads to, combining Eqnatlons (S13) and (S22), and the upper bound on the variance of the
noise at the optimum (Assumption A6)

o:=FE [HQVUZH - “’*HZ |Hk,t}

2 t 2

< i — w0 = 2nf (i, — w0 P C0)) + e gt )|

8L(nf11)°
+ B S st ) — Y 0) 0t — ) + (P 01, 0 — )

i=1

ot x|2 ot ot Gtk it (Mis1)®

< |lwp —w H 2041 (1 = mjy L) (w), — w*, F'(w},)) + 2 p C
77k+1 Z<F1 _ F'(w*), wik _,w*> )

®1n the following, [, o, &, etc. are used as symbolic notations to ease presentation.
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Using Ln}, a1 < %, and strong-convexity (Assumption A1)

o2ant )22
E{ _w*H2|fHk,t} S(l_un/twrl)”'wi—w*‘f{-%
8L (nt 2 P
+%Z<F% W~ Fllw? —w).  (S23)
i=1

This inequality should be compared to Equation (S15). It is interesting to remark that the last term is
not an artifact of the proof: this is easy to check for least-squares regression.

Using recursively the above inequality and using the definition of W', and taking expectation on the
historical randomness we have, for any N € [N* — 1]

N 9 N N
E [ [[ioly 1 —w*[|*] < [T = i )E [l = w* "] + 25 >k T (1= )
k=0 k=0 j=k+1
N P N
Z<772+1 2 Z - F'(w"), Wf,k - U’*> H (1- M77§‘+1)
k=0 i=1 j=k+1
Especially, for N = Nt — 1, 'ljjivt = W', and moreover ﬁ;g =w'!
) N'—1 ) o2 N'—1 N'—1
B[ —w|*] < T] @ =B [0 — o] +25 3 he)? TT (= pmf)
k=0 k=0 j=k+1
s Nt—1 P Nt—1
B | ST k) D (Pt ) — Flw®) il —w') [T (1= pty)
k=0 i=1 j=k+1
(S24)
To upper bound the last term in the above equation, we use Equation (S7),
S N'—1 P N'—1
o= 3 ) S0 (F ) — Fwt)wly —wt) [T (- )
k=0 i=1 j=k+1
<% Z thon 3 (2ot ] -2 ks — )]
Nt—1
#2002 IT (- pfea)
j=k+1
L Nt—1 P ) ) Nt—1
<5 X ther 3 (B [t~ <2 [Juwtuces =] ) TT 0=
k=0 i=1 j=k+1
16 Lo> Nt—1 N*—1
+ Pa mie)® T = pmlyy) -
k=0 j=k+1

Note that since the mean squared distance doesn’t depend on the machine, we can assume to be
working on machine 1. This leads to, using an Abel transform:

Nt-1

8L '\
LS P Z (]E [walk - "U*HQ} —E [Hwt17k+1 - U’*HZ} ) H (1- M77§+1)771tc+1
k=0 j=k+1
16Lo2 N'—1 N'—1
o > Oh)® TT =gty
k=0 j=k+1

12



Nt—1

3L Nt-1 ) Nt_1
< p( > E [Hwik —w’|| } (nzﬁﬂ IT a=mwiy—mi JT @ —unﬁﬂ))
=k

k=0 j=k+1

N*'—1
B [t g~ o[ TT @~ sty )~ B [ty — w0°|[] w)

§=0
t t
16LO’2 N'—1 N'—1
5 2 h)® T = mmjyn)
k=0 j=k+1

Finally, using convexity, we have that

P
E [ngw - w*yﬂ < % S E [Hw;m - w*m —E [ng,w - w*HQ] .
p=1

Thus:
s Nt-1 ) Nt—1
&< = 3 Eflwh—w*] T (=) (o = mk(1 = )
k=0 j=k+1
8L L1 *|[2 N t ¢ 8L ot * t
+ 5B [l —w**] TT @ wnfms - SE [[lo" - w | niv
§=0
16 Lo2 Nt—1 N*—1
o > Oh)® TT =gl ($25)
k=0 j=k+1
We now use Equation (S8). It leads to the following,
3L N*'—1 ) N*'—1
= > E[fwte—w P] TT (= i) (ks = k(1 = o)
k=0 j=k+1
s N'—1 ) Nt—1
<% [I 0 —pm)E [Hﬁ;t‘l —w*|| } > (hr — k(1= pmiy)
j=0 k=0
g, N1 k k Nt—1
5 > @Y ) TT =) TT (= ) (s =m0 = pmfey))
k=0 1=1 m=I+1 j=k+1
s Nt-1 ) N*—1
<— [IQ-pmn)E {HﬁiH —w*| } > (hr — k(1= pmiyy)
J=0 k=0
1602L Nt—1 Nt—1
+ ; Somn)? T = i) by — k(1= pmiy)
k=0 I=1 j=l+1
L Nt-1 ) Nt—1
< TT =B [[[@' " = w*|*) (rhvecy =+ 2 nrk)?)
J=0 k=0
1602L Ni—1Nt-1 Nt-1
; ST T = mnjn) (hgr — k(1= pnfy))
=1 k=l j=l+1
3L N*—1 ) Nt-1
< TT @ =mpn)E @' —w|[*] (e =+ D nlnk)?)
j=0 k=0
1602L N'—1 N'—1 N'—1
}73 m)? TT = mmin) D (thsr = nk(1 = pmji))
1=1 j=l+1 k=0

13



Nt—1 Nt—1

8L N .
<% I @ = pmi)E {Hwt —w”|| } Nive —nb + Z 1(nfi1)?

§=0
1602L Nt-1 Nt—1 Nt—1
+—5 Mi)” TT (0= mmie) (e =6+ D pniin)?)- (S26)
k=0 j=k+1 k=0

Combining Equations (S24) to (S26), we get, denoting Cyt = 1y, + thal (M yq)?:

t

N'—1 2 N'—1 N'-1
R 9 L P12 o
E|[@" —w’] < TT (- pmsn)E [0~ = w*|] +25 > O)? J] (0= pf)
k=0 k=0 j:k"rl
Nt—1
8L .t 2 8L
+— [] (= pm)E [Hwt F-w| } (Cne =) = B[ —w*|[] e
=0
t t
16021 = gl
2 (U/tc+1)2 H (1= pnj1)(Cne —mp)
k=0 j=k+1
Nt—1 N'-1 N'-1
8L i w112 16Lo>
+ FE{ W' — w*| } I @ = pnbyné + 5 2 (i)’ T a-wtyy).
=0 k=0 j=k+1
Thus, simplifying:
8L . *||2
(1+ Bt ) E [0~ )]
8L, & N 2
< {1+ Znf+ S0 nken)? | T = ) [~ = o]
k=0 k=0
o2 N'-1 8L N N
+2— Z Mhi1)? ?vat + Z Pk 1) + Lo g H (1= i),
k=0 J=k+1

This concludes the proof of the Lemma, using L}, < 1/2:

Nt
Wl — w*Hz} < |1 +,uz 77k H (1= pnk)E [Hﬁ)t—l _w*HQ}
k=1

E|

N? Nt
+2 (4 Y () PZ * 1T =y
k=1

Jj=k+1

t
This result can be used recursively. It implies that if ZtC:1 Zgzl (nt)? < K, then the upper bound
on the outer iterates is as good as the one for mini-batch, up to a constant.

D.4 Proof of Proposition S20
In this Section we prove the first upper bound of Corollary S21.

D.4.1 Statement of Proposition S20
Finally, we provide a convergence result in the most general case, removing the quadratic assumption.

Proposition S20 (Local-SGD: General Functions) Under Assumptions Al, A2, A3, A4 we have:

) G NV +k 52 S NY 4k S N4k
El|wps—wf] <me I Q-pi)lwo—w?+2% > @2 [[ (-
k=1 —Z§/=1 Nt j=u+1

14



2 Zﬁ’:l Nt/ i':1 Nt/ij
ag - ~
+ ( sup CPMKt’) Iz R | 7

=t j=k+1
with CP,M,K,t =1+ MPZ§:1 77]2 H’&szl — w*H

Interpretation:  if (supy—; ; Cp K ¢) is uniformly bounded, we perform as well as minibatch
SGD for the outer iterations (up to a constant).

For a constant step size 7, the proposition has the following corollary:

Corollary S21 (Local-SGD: General Functions) Under Assumptions Al, A2, A3, A4 we have:

2
I

E[[Jewh = w*[*] < 7500 i)™ oy - w

1—(1—pu)NT 11— (1—np)*
‘HTgo(( sup OP,M,t/) (1= mp) +2 (1 =nn) )
t'=1...t Pu H

t

Where Cp e =1+ MPn Zsztl E [ Wy,_q — w*H]. We prove the on-line case of the result using

Lemma S22 in supplementary material.

Interpretation. When communication occurs, averaging the different models over the machines re-
sults in a variance reduction, but at each phase, the variance accumulated within the phase is degraded
with respect to the simplest setting by at most C'p 5s,:. This constant increases with the number

of machines and the step size, and also depends on the mean distance chvtl [H Ii —w H]
during phase t. As a consequence if Cp s+ is uniformly bounded, we perform as Well as mini-
batch SGD. If E [Hwk_l w H] is assumed to be decaying, this is true if for any ¢t € [T7,
N'nMPE [||@" — w*||] < O(1).

In the following, we alternatively relax the bounded variance assumption A4 and the quadratic

assumption Q1, and show similar results for local SGD. This allows us to successively cover the
cases of least squares regression (LSR) and logistic regression (LR).

D.4.2 Proof
Proposition S20 follows from Lemma S22. We have for any ¢ € [C], K € [N,

K

K
Yo I =),

k=1 j=k+1

Y ‘ng

K
E [Jafe —w*||” < L~ wnf) [l — 0" ||* + Crar s
k=1

with Cpar e = 1+ MP Y0 ol [|iwh_y — w*.

. . . . 9 2
As in the two previous sections, we first focus on upper bounding E [waz —w* H ] . We prove the
following Lemma:

Lemma S22 Foranyt € [C], K € [N'], under Assumptions Al, A2, A3, A4 we have:
o2 s
E [l — || <H1*w7kE||wo w|| +CPMKt1§°Z * 11 =),
k=1 j=k+1
with Cpar e =1+ MPZIi{:l UZE [Hﬁ)271 — w*||]

This means, if we have consider an weak upper bound on E [Hﬁ;i —w* ||] < R that the inner loops

keeps the same variance as the mini-batch case if M P Zle nt = O(1). For example, for a constant
step size 7, it results in PN'n < 1,ie. Nt < %n' Note that the number of inner steps one can make
increases with the phases, as E [||w! — w*||] decreases.

15



D.4.3 Proof of Lemma S22

We rely on the following decomposition. Almost surely, we have:

E [Hﬁ’}iﬂ - U’*Hz |Hﬂ < [}, — W*H2 = 2y (0}, — w*, F'(w},))

P 2
Zgz k+1

+ (Mf41)°E |H.e

P
y y 1
+ 20y (W), — w*, F'(w}) — 5 > F(w) ). (S27)
p=1

The first two lines correspond to the quadratic case (Equation (S13)), that has been analyzed in
Lemma S18. The third term accounts for the difference between the mean gradient and the gradient
at the mean point. We use Assumption A2 to control this term.

We then use the following Lemma, which control how the inner iterates w; i deviate from their
average 1112:

Lemma S23 Foranyt € [C],k € [N*], under Assumptions Al, A2, A3, A4 we have a.s.:
1 L 2
FZE[H“’Z,k—ﬁ’kH } Z H (1= 15p)-
p=1 Jj=1 s=j+1

The proof of this Lemma is postponed to Appendix D.4.4.

Using Cauchy-Schwarz inequality and the bound on the third order derivative of F', we have:

P
9 1
F/(WZ) P ZF/(wt k)
p=1

(S28)

217,€+1< —w*, F'(w ——ZF’ <277k+1H'wk w*”

and, using a second order expansion of the gradient at 11;2 together with Assumption A2 we have:
P P
y 1 M o2
(@h) = 5 D ') < 5 D llwp— @il (529)
p=1 p=1

Using the proof of Equation (S15), and combining Equations (S27) to (S29) and Lemma S23, we
have, for any ¢t € [C],k € [N']:

A< ||’11’Z - U’*H - 27’]2+1<ib§c - w*,F’(ﬁ:Z)) + (77k+1 Zgz k1 (w [Hit
ot 1ot _l & / t
+ 20f, 44 (W), — w*, F' (1)) PZF(wpk)>
p=1
* 21 2
E[8] < (1= 1 )E ||} —w*|[*] + f41)? 50%
k k
+ 20 B [||io), — w0 [[] MDY (n))%0% [T (0= nlw). (S30)
j=1 s=j+1
Thus by induction, for any ¢ € [C], K € [N]:
, K 1 K K
B [[Jaf — w*||”] < [T~ pn)E [l - w*|’] + po ) I | )
k=1 j=k+1
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k=1 j=1 s=j+1 j=k+1
K ) 1 K K
=[] - pnp)E [Hwé—w I }Jr; M) T (= pn))
k=1 =1 j=k+1
K K K
+2Mo? Z )2 H 1—,u77] ZnE wkl wm
7j=1 s=j+1 k=j
K , b2 K K
=TT = bk [l = w*|[*] + Craraee 72 S 0)* T (1= wn)),
k=1 k=1 j=k+1

with Cp s, ke = 1+ MP Y ntE [||}_; — w*||]. This concludes the proof.

In the following section, we proved the auxiliary Lemma that was used in the proof.
D.4.4 Proof of Lemma S23

2
We now study % 25:1 Hw; k= 117}2 H as k increases. Note that initially (k = 0), this quantity is O.
For any k € [N'],p € [P]:

2
L2 . 1
o 01 = s~ stign) s 3ok
i=1
o 2 ot
= ||w;t),k71 - wk71|| - 2772 <w§;,k1 - wkqvgfa,k( wy, f— 1) Zgzk W; k-1 >
2

+ (n}.)?

t
gp,( p,kl E glk 1k1

Thus, expanding and using cocoercivity Assumptlon:

E (||t — b |* [#h | = [leoh s — w0}y

P
. 1
— 2, <w§),k—l — W)y, Fl(w) ;1) — P Z F’(wﬁ,k—1)>

2

+E (7712)2 gzt), ( p,k 1 Pzgzk Lk} 1 ‘H;f—l

= Hw;,kq - ﬂ’quZ - 27712 <w§),k71 - 1177;@717 F/(w;,kq) - F/(wk71)>

P
o N 1
+ 27712 <'w§7,k—1 - w',;_l,F'(wZ_l) P ZF/(wg,k—1)>

+E | (n;)? 9y (W) 1) Zgzk Wi 1)

(1—277kﬂ(1—77kL prk 1~ Wiy

P
v . 1
+ 27712 <w§;,k1 - wLpF’(le) P ZF/(wf,k1)>

P
1
+E (772)2 (g;t),k - F/)(w;,kq) P Z(gf,k - F/)(w;kq)
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Summing over p € [P]:

P P
Z]E “|ka - "kaQ ‘7‘[2—1} < (1= Z Hw;),k—l - ﬁ)k—1||2
p=1 p=1

P P
y y 1
P Y CIREE R INE S )

p=1 i=1
=0
P 1 P 2
+ ZE (n1.)? (gf),k - F/)(wf),kq) P Z(Qf,k - F/)(wg,kq) M
=1 i—1
2
If we denote 6} = + 25:1 E [Hw;k — b, } , we thus have y = 0 and
L F P 2
Ok < (= mhm)dioy + 5 DB | (0})? || (g5 — F')(w) ) Z gix — F)(why_ )| 1M
p=1 i=1
| Pk I | 2 k
< P ZZE (n§‘)2 (9p,5 — F/)(wm—l) P Z(gfj - F’)(wm_l) H (1 —mgp)
p=1j=1 | i=1 s=j+1
k L F 21 &
(gi,] F/)(wi,]—l) - P Z(gzt,_] - F/)(wt,_] 1) H (1 - 772.“)
j=1 i=1 s=j+1

E

)2 l(gt, = Pt - 0l*] TT (=t

j=1 s=j+1

Note that everything is tight until the last line for P = 1 ( then for all &, &}, = 0). Under Assump-
tion A4, we thus have:

k k
F<Y el [T —niw).
j=1

s=j+1

This concludes the proof.

E Convergence guaranties for the fourth order moment.

In this section, we prove several Lemmas that allow to control the fourth order moment of the iterate.
While controlling the second order moment is sufficient for quadratic functions as no “residual” term
appears in Equation (3) (the “residual” corresponds to the rest of a linear expansion of the gradient,
which is thus exact for a quadratic function), in the general case, we also need to control the 4th order
moment.

We first give guarantees for the inner iterates (within a phase) in Appendix E.1, then in the local SGD
framework in Appendix E.2.

E.1 Inner Iteration Lemmas
Here, we can use the following Lemma from [25], that gives a recursion for the 4th order moment.

Lemma S24 Under the Assumptions Al, A2, A3, A5 for th 4t _order moment, assuming 1 < 157
we have,

1/2
B [([Jwl s — w0 )" < (1 = ) [ty —w[|'] T+ 209%2
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1/2 1/2 2
B ety ] < 0 oty -]

In the mini-batch setting, we have of course the same result with a variance reduction:

Lemma S25 Under the Assumptions Al, A2, A3, AS for th 4*"-order moment for mini-batch
averaging we have, assuming n < 18% we have,

) La1l/2 1/2 2 2
E [ —w'['] " < (0B [Jla )]+ THe?
) 1/2 20m
E|: t * 4:| S 1 _ t 0 _ * L =0 2.
' w1 < () o - w0

Analogous to Lemma S24 we have the following result for fourth order moments,

Lemma S26 Under the Assumptions Al, A2, A3, A5 for th 4" _order moment, assuming 1 < g1
we have,

E [ty — '] < (1= na)B [ty — w0t F] 77 + 202
k k k

E [[lwt, —w '] <10 L) Jw® = w*[[* + 200>~ [T (1 = i) (})”
j=1 G=11=j+1

Similarly for mini-batch analogous to Lemma S25,

Lemma S27 Under the Assumptions Al, A2, A3, AS for th 4*"-order moment for mini-batch
averaging and decreasing step size we have, assuming n < 18% we have,

B o' -] < (1=t [t -] ]
- 2 2002 (o |
|l - ] H L=n'p) @ —w* ||+ == T =)o)
J=1 j=ll=j+1

The proof is included for completeness and because the same proof technique is used afterwards in
Appendix E.2.

Proof 28 Fori € [P], k € [N;] and t € [C] we define the notation ¢} ; = wak -

that,
( f’,k)4 ( sz k-1 U’*H2 - 2"7<g§,k(w§,k71)7w§,k71 - W*> +7? Hgﬁ,k(wﬁ,kq)w )2
= (( i,k—l) - 277<9§,k(w§,k—1)7'w2,k—1 - 'UJ*> +7? Hgfk(wfk—l)||2 )2
= (¢i7k—1)4 - 477(¢$7k—1)2<g§7k(w§,k—1)vwz,k—l - 'w*>
+ 4n2<gf,k(w§,k71)7 ’wg,kq - W*>2 + 2n°( E,k71)2 Hgfk‘(wzkfl)H?
- 4ﬂ3<gf,k(w§,k—1)v wg,k—l - ’U’*> ||g§,k(w§,k—1)||2 +n ||Q§,k(w§,k—1)“4 .
Moreover,
E [||g} g (w} - )||” 1HG 1] < 2°7 (B [||gfk(why—1) — g6 x (w™)]|” [H_,] + E [||ggk 9|17 18 ])
< 227 H(E [||g} 4 (wf 1) — @i (w*)[["] + E [[| g i (") |” [HE_4 ] )
<207 (||gh g (wl 1) — gt p(w®)||” + 7). (S31)

Where we have used at the first line Minkowski’s inequality and the fact that x — xP is convex on R™
forp=1,... 4thus (z +y)P < 2P~ 1(aP + yP), and at the last line the Assumption A5 on the noise

(B H Lk (W) p|H§c—1} <oP.
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This leads to
A=E [( ) HHG 1]

<( i,k—l) 477( i k— 1) E[<sz(wfk 1) ’wfk W*>|H§c—1]
+4n°E [<gi,k( W; 1), W — w*)"|Hj,_ 1} + 2% (¢ ik—1) )’E {Hgfk( W; 1 H |, 1}

)
— 4n°E [<gfk( Wi k1), W —w*) || g} p(wh )4 H |, ]} +n'E [Hgfk (wh 1) H |H§cfli|

< (¢§,k71)4 —4n( §,k71)2<F/(w§,k71)7wg,kfl - U’*> + 4772E [Hgfk( W; k-1 H i, k 1) |H§cfli|

+ 202(0% 11 B [ (|98 (wl )| 1L ] + 40268 1B {19 et | 1B

+ B [|| gt (w! ) || B

§(§k—1) — 4An(df 1 1) <F zk 1), W E,k—l >+1277 (zk )2+ 16n° kl‘f +8n'c

+120*(¢} _1)°E [Hgi,k w} 1) — gix( w*)HQ |Hk—1]

4 4

+160°¢! 4 E [ngk(wﬁ,kq) - gf,k(W*)H?) \Hifl} +8n'E [Hgﬁ,k(wikq) - gf,k(W*)H4 \Hifl} .

Above we have used Cauchy Schwartz inequality several times for the second inequality and equa-
tion (S31) for the third one.

* _E[( )\Hk 1}

S( ik— 1) 477( ik— 1)2<F/(w£,k—1)aw§,k—1 >+127}2L( ik— 1)2<F/(w§,k—1)awf,k—1*

+16n° L* (¢ ik 1)2<F/( w; 1), wz,kfl_w*>+8n4[’3(¢i7kfl <F/ i,kfl)’wg,kfl_w*>
+1200%(6f —1)* + 80 0” (85 4 —1)? + 8o + 8n'o?

= (G p— 1) + (= 47I+12772L+16773L2+8774L3)(¢1k DX (F (wh ), wh ) —w*)
+(120°0% + 81°0%) (4 —1)* + 167" 0"

<

(¢4 i h— )t = 4n(1 = 9nL) (¢} ik—1) <F wi ), w ﬁ,k—l >+207I *(¢} i k— )2+ 1670

Above we used nL < 1 in the last line. Finally, using strong convexity, we have:
E [( 5,k)4|H2—1] < (1 —4np(l —977L))( §,k71) +20n°0* (¢! i ke 1)? + 160" c”
1/2
Now E [(¢f7k_1)2} <E {( i 1)4} by Jensen’s inequality. Also since we assume 1 < i and
& <1 we can obtain (1 — dnp(1 — 9nL))/2 > (1 — dnu)/? > (1 - %)1/2 > (} - %)1/2 >1/2.
1/2
This finally leads to 20n*c*E {(q&ﬁ,k_l)g} < (1—4nu(1—9nL))'/?E {(gb;k_l)‘l] 400202, which

can be used below to obtain

E [(6f 1) Hj,—1] < (1 —4nu(1 = 9nL))E [(¢f x—1)"] +200°0°E [(¢f 5_1)?] + 160%0"
< <(1 — (1 = 9nL)) B [(0 )] + 2077202)

E[(¢4,0)"]"" < (1= 200(1 = 99L)E [(9} 51" "
This Concludes the proof.

+ 20n°%02.

E.2 Proof of Lemma S29

In this section, we prove the following Lemma, which is necessary to conclude the proof for the
second set of Assumptions in Theorem 6. Indeed, we need to control the moment of order 4 to be
able to control the residual term that arises from linear expansion of the gradient around w™*.

Lemma S29 There exist absolute constants Cy, Dy, Ey4, such that if nZL < Ci
4} 1/2 ,02

1/2
B [[[iher = w*|"] " < (1= nhE [k —w[|*] T+ Datmh)? %
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+ Eatlj gy ||, — | (S32)

P
9 1
F(i}) — 5 37 F(ah )
p=1

y a2 . y 2 .
In other words, E [waﬂ_l —w* H ] satisfies the same recursion as E [Hw}fﬁ_l —w* || } , as this
equation is the same as Equation (S30) (up to absolute constants).

Proof 30 This proof combines element from the classical bound for the fourth order moment, and
from the proof of Lemma S22, which addresses the similar setting but only for the second order
moment. We start from the definition of ﬁ;i 17

H'LUUZH - ’U’*HQ < Hﬁ’i - 'U’*H2 - 27hi+1<ﬁ’2 —w”, P ng,k+1(1112)>

Uk+1 })jz:gzk+1
1L
+ 2l 41 (10 Z Gl er (W3) = 5 D F'(w], ). ($33)
p=1
Thus, squaring this equation we get, denoting QZZ = |’IIJ§€ — 'w*H.'
(¢2+1)4 < (¢2)4 - 4(@5};)27712“ Z P Zgz fog1 (W
1 & :
+2(07)* (Ms1)” P ng,kﬂ(’wz,k)
i=1
1L 1L
(¢k) 77k+1<"i12 w’, P ng,kﬂ(ﬁ’}i) P Z Fl(w;,k»
=1 p=1
* 1 = t o\ 2
+ 3(1p1) 2 (W) — w P Zgi f1 (W)
i=1

Z gz k+1

+ 3(277]1;4»1) I;c P Z gz k?+1 ) Z F/ p7 3

formally, we have used (a + b + ¢ + d)? < a® + 2ab + 2ac + 2ad + 3b2 +3c? + 3d>.

77k+1

That is, conditioning on the past, and using Assumption A5 (cocoercivity and the fact that g}, is
a.s. L-Lipshitz):

B [(Jha)1HE] < (1) — 400 (1~ m L) (ab}, — w0, F ()

2(64)° (nf+1)°E

i
+ 4(e},) nk+1<ﬁ)7]:c w*, F'(w},) — P ZF/(w;,k»

y o 1 y v
Bk (0], — w7, 5 S F (@) L(J))?



4
+6(1j41)'E Z i1 (wig) — F'(wi )| [H],
+ 6(1 1) L2 (9},)% (W, — w*, F'(w},))
1 & 1 & 2
b3 - w5 S P 5> )
i=1 p=1

Rearranging terms and using the uniform upper bound on the 4-th moment of the noise A6, we have:
E[(h ) 1Hh] < (60)* = 40040k s (1 = mhL = 3nkL = 6(nf.1) L) (ab}, — ", F(i}))

2SN (! 20% 6(nt 105
+2(05)" (Mh41) +6(p41)

P P2
L E
O ey (), — w", ' ()) = 55 D F'(wp,0)
p=1
- 1 - 2
+3(20j41)°E |( Z i 1 (W - P Z Fl(wy, ) M,
i=1 p=1

(S34)

The first 2 lines of Equation (S34) correspond to the expansion in Equation (S32) (the constants are
slightly different because we use a uniform bound on the gradient instead of co-coercivity). The last
two lines correspond to the residual term, for which we will use Lemma S23.

We have:

P
y 5 ) 5 1
APl (0, — w0, P () — 5 37 F'(awf )
p=1
1 & 1 &
+6(200)°E | (0] — w*, 5 > gl (}) — 75 D F(wh ) mt]
=1 p=1
1 P
AR || (W) — 5 D F ()
p=1
3]/ 1 - 1 L
+6(2n}11)° L ||}, — w*|| P Z F'(w},) P ZF/('U’;,;C)
=1 p=1
1 P
= (¢§e)37712+1(4 + 24772” F’(ﬁﬁc) P ZF/('U’;,JC)
p=1

As a result, there exist absolute constants (“numbers”) Cy, Dy, E4, such that if r],tcL < Ci

v 1/2 y 1/2 2
E[(@he)!] < (0= nfwE[(@0)!] T + Datn)? 2
y 1 E
+ Batlj B l(sbi) F’(%)—;;F’(w;w ] (835)

This is the result of the Lemma.

F Main error decomposition

F.1 General decomposition

In this section, we prove the following decomposition for the on-line setting.
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Lemma S31 Under the differentiability of A2 we have’,

Pl —w) Po7-w)

F'(w") (@ —w") = Tyl a S Z 2w <771t tl )

t

T77NC+1 t=1 k=1 i=1 koo et
C Nt C Nt
59 W ILIES 3 ) N
t=1 k=1 1i=1 t=1 k=1 i=1

where 51 p = F'(w] ik— 1)~ g;k(wzk—l) and 5f,k = F//(w*)(w§7k—1 —w*) - F’(“’?k—ﬂ-

Proof 32 Below, we have gt , (w! ) as the stochastic gradient at step k on machine i for commu-
nication phase t. After adding and subtracting few quantities and rearranging we have,
t

W; = wﬁ,kq - nigg,k(wf,kq)

wﬁ,k = wﬁ,kq — e F' (w fk 1) + 7k (F/('w§ k1) — gf,k(w;kq))

w; = wt‘ — M F (W5 e _y) + i85+ nF (W) (wh g — w”) = i F (w”) (w) _y — w”)
wﬁ,k =w; et kaz )+ 110 ik neF" (w* )(wf,kq —w").

where §; i and (5;-5’ i are respectively terms related to stochastic noise and quadratic residual. Obtaining

the horizontal average over all the machines and recalling the definition of the ghost process ﬁ;}i as
defined above we have,

P
L3 oty ) = 53 ey -l + 3 o 53 el
i=1 i

" ot P
W,_4 — W 1
F(w*) (i} —w*) = —A=L—k +F§jm+P§jak
k

Obtaining the vertical average over all the machines first within a communication phase and then
among different phases we have,

th 1Nt1“uf€1—ti;’,i N' P 1 N' P
ﬁZF”(U’*)(ﬁ’};q—W*):ﬁZ — ZZ tP225f,k
= k=1 "k Ll e k=1 i=1
Zlettlkl Zthttlkl PZlettlklzl
Cc NY
5
PZt 1Nt;k 1i=1

At

. .. . =C o
Now recalling the definitions for the overall iterate w EC = Zt 1 Zk 1 wh, w' = 'y,

the initial point w® = w°, and the total number of gradients T = P thl N as we have defined
above. After making these changes and on rearranging we obtain,

Nt Wt Wt c Nt P C Nt P
F (w*) (@~ ZZ Aol Ty DML ZZZM
t=1 k= =1 k=1 i=1 t=1 k=1 i=1
1wy =C * P(wa,w*) ( ) P & ot * 1 1
Fllwr)@” —w') = —— nSe,, T;kzl(w’“ w)<n,i 77}2+1>
C Nt c Nt
+7 ZZZé +7 ZZZf
t=1 k=1 1=1 t 1 k=11:i=1

"Note that after the final iteration of the phase the learning rate (which the algorithm uses nowhere) corre-
sponds to the first learning rate for the next phase. This anomaly in notation is a direct result of us considering
the ghost process, which runs continuously till the end.
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Thus we have obtained the required result as,

~ C * t
_ P (wo — w*) P <w —w ) 1 al 1 1
F"(w* ﬁc—’w*: — - wz — w* (_
(wH@" —w) == it DI IP T Tl o
1 C Nt P 1 C Nt P
DI ILTELDIPIP I e
t=1 k=1 i=1 t=1 k=1 i=1

F.2 Bounding the noise term
The stochastic noise term which appears above can be bounded using the following lemma,

Lemma S33 Under the Assumptions A3, A5, A6 we have

B et l] < 2% [[lwf oy ] + 202

Proof 34 Using Assumptions A3, A5, A6 respectively we prove the result
E(lletall’] = B (17wl i) = ghatwh )] <E [lghit!d)]*] = 17 @l
< 28 [[lgt (wl 1) = gt (w)]|*] + 2B [[|gL s (w)]]
< 2178 [ty - ] + 202

G Proofs for OSA, MBA and Local-SGD in the finite horizon setting

In this Section and Appendix H we prove convergence results for E [HF’ "(w*)(w® — w*) H] . The
proof technique is the one proposed by Polyak and Judisky in the original article on averaging [1].
This proof technique has also been used in [10, 15]. We notice here the following differences, that

justify including the proofs:

Lemma S35 (Jensen’s Inequality) For a; € RY,

1. Polyak and Judisky were mainly interested in the asymptotic analysis, and the set of
assumptions considered was different.

2. In [10], the authors prove comparable bounds in the case of bounded gradients. However,
their analysis in the smooth and strongly convex setting is not optimal. Precisely, they use
a sub-optimal upper bound when controlling the second order moments, that significantly
worsens the subsequent proof. This point was underlined in [25, 47]. The result they provide
under our set of assumptions is eventually 1) not optimal, 2) uselessly complex, and 3) only
for serial-SGD.

3. In [15], authors prove a result close to us, using a similar approach for one-shot averaging.

Their bounds only apply to decaying step size. Moreover, they rely on the following
2

* <C; 772: this bound is correct but the constant

asymptotic upper bound: E [wa =W

C1 is "asymptotic" (see for e.g., [34]). On contrary, we use non-asymptotic upper bounds
on the second order moment involved. As a consequence, our bounds are both simpler and
tighter.

G.1 Technical Lemmas

2
P P 2
%Zi:l aif| < %Ei:l HazH .

Proof 36 The result is an application of Jensen’s inequality with the convex function f(.) = |.||*.
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J<(sre [wnﬂé)g

Proof 38 The inequality is an application of Minkowski’s inequality (or simply triangle’s inequality)
1

with the norm HHE =E [”H2] E'

Lemma S37 (Minkowski’s Inequality) For a; € R%, E [Hzﬁ Lai

G.2 Proof of Proposition 1 (Mini-batch case)

Lemma S8 proves the first part of the proposition. We prove the second part of the proposi-
tion here following the approach by [1]. Using Lemma S31, Lemma S24 we can obtain an up-

per bound on E {HF”(w*)(wa —w*)

2
] , which is in-fact a tighter quantity when compared to

. 2
E {ch —w* ] . We prove the following lemma,

Lemma S39 Under the Assumptions Al, A2, A3, A5, A6 we have,
) 5
E[|IV2F(w) (w - w")|*] <43 A2,
i=1

where the terms are respectively,

P? 2 P? 2
Al po = 22 w’ —w||”, A5 p e = T2 ((1 — ) [w” = w*||" + 20277) ;

T2 2 NJP
P2)2 N c20m? L\ 202
%P,C:m <||w0—w ||2+P7702> aAi,P,c:T,
2I°P [ 1 2 (Cun—1+ (1= pn)®)
A po = T2 <l“7 [w” —w*|” + 207 2P :

Proof 40 In order to upper bound the expectation we need to separately upper bound all the terms
that appear in the result for Lemma S31. But before that we can actually simplify the result with
constant step size and using N* = 1Vt € [C] as follows,

0 * ’ll)c * P

C
© S e D) L. PR = N 3o

F”('w*)(ﬁ _ w*) — _ B
Cn Cn t=1 i=1 t=1 i=1

Nl
Nl

Now we bound each of the terms in the above decomposition one by one. For the first term,

2

P? 2
= 22 Hwo - 'w*H = A%,P,C-

1
E |||+ (0w’ —w*
[H Cn ( )
For the second term using Lemma S8,

P2

* 2
| - e hwtin -]

1o ol
= | (5 =)

p2 (£ ) 1 & &
T (H(l — un)E [Hwo —w*| } +20° 5> [ (- /m)n2>
n k=1 k=11=k+1
p? 2 1 /1—(1—un)°
< gz (1= 0 = w207 () 2
P2
= T2p2 ((1 — )¢ Hwo - w*HQ + 202;;;) = A%,P,C'



For the third term using Lemma S35 and Lemma S37 we get,

cC P 2 c P 27
E {20300 | = [ D (P awt) — B w)(ut — w)
t=1 =1 t=1 i=1
P P C 2
< ﬁ E Z (F’(’li)t_l) _ F"(w*)(ﬁ:t_l _ w*))‘
=1 t=1

IN

7 (S VBl - rrwa -]

Now using the upper bound from A2 followed by Lemma S25 we get,
2

c P c 2
1 P2M?2 L 4
SESD SN EL O SNATEEEE)
t=1 1=1 t=1
e (& 20 ’
_ . na11/2 n
< (Z O GRS Pu)>
P2M? (1 —(1—nu)¢ N wa11/2  20Cn 2
< S (T e )
P22 20072 L\’
< T21272 (Hwo - w*||2 + PU 02) = A?%,P,C'

For the fourth term, note that we are sampling i.i.d observations and thus the stochastic noise across
all machines and iterations is independent and equal to zero in expectation (see A3). This implies the
first equation below while the second inequality is obtained using Lemma S33,

LSS R[] < A Y (20 et - w7 + 202)

1 &P
E[lZ2.D &
t=1 i=1 t=1 i=1 t=1 i=1
202 2I2P & 2
< B e -]
Now using Lemma S8 we have,
c P 2 c
1 202  2L°P N
2 [Jes s ] < 2+ B2 e - o]
t=1 i=1 t=1
202 212P & 0 a2 o an (1= (1= un)©)
< T+ ;((l—un) lw?” = w*[|" + 20 P
202 2L°P (1-(1—ypm)®, o 2 5 (Cup—(1—01-um)?)
STJr T ( o Hw —w || + 20 2P
202 2L°P [ 1 0 w2 5 Cn
ST+Tz<pﬂ7Hw —w H + 20 /JP)

2 2
=AlpctA5pc
Now using Lemma S35, we have proved the lemma.
It can be seen in the above lemma that there are two kinds of terms: one that depend on the history or

initialization and second the ones that depend on the variance bound. This implies that it would be
possible to restate Lemma S39 as follows,
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Lemma S41 Under the assumptions Al, A2, A3, A5, A6 we have,
* (12 ) 1
E[[V2F(w")(w - w")|*] <4043 pe + 43 p )

Where the terms are respectively,

0 *|[2 2 2
72 [Jw® =] c, 2M 0 w2, 2L
Al pc = n2C?2 L+ (1 —pn)~ + 12 Hw -—w H + P )’
A 252 P 400M2C2202  2L2Ch
A2 == (1 .
preor ( TR T >

Ignoring constants the above constants can be upper bounded as follows,

N w’ * 2L
AL < I s I (1+1+ [|w® — *HQ+M;7)
w? — w* 2 2 Ln
<ol (1 2 o e )
w? — w*|? M? 2 L%p
e (1 2t -+ £2),
o o? P M?2C?n?c%  L2Chy
A p o < 8007 (1 R T
o? P M?C?n?0? L2Cn
jT(lJrTnWL T Tu)'

Thus, we recover Proposition 1.

G.3 Proof Proposition 2 (One-shot averaging case)
To prove the proposition we need to prove a bound on second moment of the inner iterations followed

by a bound on the final average outer iteration. For inner iterations we follow the result from [53] as

the process on a single worker is completely independent of any other worker. We have the following
lemma,

Lemma S42 Under the Assumptions Al, A2, A3, A5, A6 for constant step size for one shot averaging
we have,

5
2
E[[|F"(w)(why — w")|*] <43 B2p
i=1
where the terms are respectively,

P2 P2 2 2
B v = g [0 =0 | s = s (=)™ fu? = 222 )

2 2 9
B = 2 (a4 202 ?) B = 2
2L?P (1 2 202Ny
B = 25 (i o -l + 21,

Proof 43 We follow the same line of proof as before. We can use the decomposition from Lemma S31
with constant step size and C = 1, which results in the following simpler decomposition,

c wd —w* W — w* 1 NP 1 N L
" *\ (== *\ 1 1
Flwn)@ —w') = = = =g, = p 22 0 5 2D G

k=11i=1 k=11=1
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For the first term,
2

0 * 2
w’ —w P 0 2 2
: H Nip = T2p2 [w” —w*||" = Bf p yi-
For the second term using Lemma S10 and rearranging we have,
W' — w* ’ 1 - ’ L 2
- 1
E N1y = lenZw;Nl —w” E[Hwi,l\” 7w*” }
i=1 =
p2 N? ) N' N!
= 72,2 H(lfmy)H'wO—w*H +2022 H (1— pn)n®
A 1=1 m=1+1

P . N 1— (1= pp)™

p? 1 202
T2 <(1/“7)N HU’OW*HQ+T> B2PN1

For the third term using Lemma S35 and Lemma S37 we obtain,

P N! 2 1 P N 2
¢ ZZ = 7 || 22 2 F () — P g )

IN

p L N'
o DB || F ) P (w) (wh g~ w)
=1 k=1

2

p P Nt 2
2= (e [Pt - prwl, -]
=1 k=1

Now first using the upper bound of A2, followed by Lemma S24 and some rearranging we can obtain
the following,

P N 2 PM2 P N \ o 2
I ES A NEE-—S ZE[HW — ]
i=1 k=1 =1 k=1

P [N
PM2 Z Z ( |~ u)'E {Hw},o B U’*Hﬂ 1/2 N 207702>

<
k=1 H
Nt 2
2 2 2
SPM ( ( = pm)* 7 [|w” ’w*||2+2020 )
k=1
2
2 2 1.2
SPM <1 l—m] Hwo—w*||2—|—20nNU )
n
2
< TQu - (Hw — w'||* +2072N"0?) " = B3 p 1.

For the fourth term, using the fact that on different machines noise of the gradient is i.i.d. over
different iterations and zero in expectation (A3) we obtain,

2

P Nt P N!
t|[PEEe] |- m R ]
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Now using Lemma S33 we have,

2

1 £ N? 1 L N?
E||F2 k| | <78 2o (2L ks —w'|[’] +207)
== i=1 k=1
20?22 gA - 2
< WZZE[me,l—w*H
i=1 k=1
Now using Lemma S10 we have,
2
1 P N?! 952 9I2p N' /k—1 k—1 k-1
E 72D & §%+ 722 | O —m) w’ w7+ 202y [ (1= pm)n®
i=1 k=1 k=1 \i=1 I=1 m=I+1
< E n 2L*P Nzl ((1 — pm)F1 Hwo _ w*H2 n 20277)
- T re k=1 H
202 2L°P [ 1 0 2 N1202%n
§T+T2<;u7”w —w| +u)

= BiP,N1 + Bg,P,Nl-
Finally using Lemma S37, concludes the proof.
Similar to the mini-batch case, there are two kinds of terms one that depend on the history or
initialization and second that depend on the variance bound of the functions. This implies that it
would be possible to restate Lemma S42 as follows,
Lemma S44 Under the Assumptions A3, A2, Al, A5, A6 we have,
E [[[V2F(w*) (w - w)|"] <4053 ps + B pvt)

Where the terms are respectively,

R [|w® — 'w*H2 v 2M?y 2 2L%p
B} par = S (1 + (1= )N+ — |w® —w*||” + Pu) ;
- 202 2L%)  P? 400M%0*p*T

2 —
BQ’P’Nl_T(H W T @ )

On upper-bounding the above two terms while ignoring the constants,

0 _ 4% 2 2 2
B? i < JJw® — w”" (1+ 1+ LMM D e — | + 221 77)

LPNY S TNy, v
SQHU(’]OV:);‘;HQ (u ;77 o *||2+§DZ>
L2
s bl (1 22 o - 22,
B;P,Nl < 800(%2 (1 n L n 1{;277 N MQZZWQT>

Thus we have recovered Proposition 2.
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H Proofs for OSA, MBA and Local-SGD in the online setting

Recall that the step size at iteration (¢, k), € [C] x [N'] is defined as 1} = = where

Cn
(S0 Notk)
€ (0,1). Though our results can be extended for the entire range of learning rates, we prove results
only for a € (3,1).

H.1 Technical Lemmas

We first state a few technical results which are helpful in the following proofs.

Lemma S45 For fj, = ~%, « € (0,1) we have [[;,,_; (1 — pijm) < exp< e ) :

me? 2(1—a)

Proof 46 The proof simply follows from applying the inequality 1+« < exp (z), followed by an

11—« P .
integral bound over the series as Zm : mla > 2 0 —a L dm = t17a' Note that it is possible to

consider o = 1 but the integral bound changes. For brevity we don’t include it here.
Lemma S47 For 7}, = —%, o € (0,1) we have

t t 11—« 1—2«
et 1 t -1 2c
i ) 1— piy) < UL (N S I - DL A
> (m)* [] (1= pin) <exp 50 —a) oia ) )\t T ) T

m=1 l=m+1
Further if o € (%,1), then for large t, an:l(ﬁmf]_[f:mﬂ(l — piy) <
thl_m 1 2040” 2571

€xp (_H2(1—a) (1- 21%!)) Fa—1 T tou

Proof 48 First we decompose the term, then use 1 + x < exp(z), followed by a series of integral
bounds like Lemma S45,

2 t

i TI O =wi) <Y Gn)* T Q=)+ D @) T (0= i)

m=1 l=m+1 m=1 l=m+1 m:% l=m+1
t i t P t t
< T =g D2 Gm)* + >0 = ( (1= pin) = T (0 = i)
l=%+1 m=1 m=% f l=m+1 l=m

11—« 12«

pept 1 9 t -1 2¢,
< /L R .
—eXp( 2(1—a)( 21—a)>c’7( T %0 ) T

The additional condition on « is obtained by simply taking the limiting case for t — oo. Also note
that this upper bound is tight up to constants (for both terms), especially one could easily show

Zm 1(77771) Hl m.+1( /“71) - 2t°‘/_t'

Lemma S49 For the gamma function T'(s fo s=Lexp(—y)dy we have, Ztozl exp (—at’) <
ba]i/b F( i )
Proof 50 First we use an integral bound as ZtC:1 exp (—atb) < fooo exp (—azb) dz, followed by

the integral substitution w = az® after which the proof follows from the definition of the gamma
function.
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cxp(—atb) <

Lemma S51 For the gamma function T'(s) = fooo y*~Lexp(—y)dy we have, Etczl e <

1 1—
ba(l—c)/bF<Tc)'

Proof 52 First we use an integral bound as Ztc % < f > Mdz followed by the
integral substitution w = az° after which the proof follows from the deﬁmtlon of the gamma function.
Lemma S53 Fora € (0,1), t L < C;a.

Proof 54 It is a simple application of the integral bound on a decreasing function, Ztcz 1 tl%

fcxa_ldajzc—a T

0 a
2:|

IN

Lemma S55 (Weighted Minkowski) For b; € R and a; € R%, we have E [Hzi Laib;

(S e [||ai|2})2.

Proof 56 We consider again the norm ||.|; = E {HHQ} . Now the above result follows by first

< 221 lla;bi|| g, followed by Holder’s inequality to

applying triangle inequality as HZZI a;b; -
give iy bi llaill
H.2 Proof of Proposition S7 (Mini-batch Averaging Case)
We have the following lemma for mini-batch averaging for the decreasing step-size case,

Lemma S57 Under the Assumptions Al, A2, A3, A5, A6 we have for mini-batch averaging,

6
E [Hv?F(w*)(w - w*)ﬂ <53 Cpe.
i=1
Where the terms are,
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Proof 58 Using again the decomposition in Lemma S31, we can obtain the following simpler version
for mini-batch averaging,

— w —w T —w 1 e 11
F”(w*)(ﬁc—w*): — - = wh, —w* <—>
Cnt Cn§ T;;< 1) nob
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D PILIETD PP P
t=1 i=1 t=1 i=1

Note again that we assume o € (%, 1), just for the sake of brevity. For the first term,
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2 1 2
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For the second term using Lemma S9, followed by Lemma S45 and Lemma S47 we obtain,
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For the third term using Lemma S55 and (t +1)* — t® < at®~ 1,
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Now using Lemma S9, Lemma S45, Lemma S47 and v/a + b < v/a + Vb we get,
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Now using Lemma S51 (withb=1—a,c=1—aanda = pTEE a)) followed by using Lemma S51
again (with a = 4(‘{?’&) (1 — 51= a) b=1-aandc=1— a)and Lemma S53 (with a = ) we
get,
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For the fourth term first proceeding as in Lemma S39 with Lemma S35 and Lemma S37 we can obtain,
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Now using Lemma S49 (withb = 1 — o and a = “c” 7). followed by Lemma S49 again (with

a= % (1 - 5itx) and b = 1 — «), followed by Lemma S53 (with a = 1 — a) and Lemma S35
we get,
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Bounding again with the constants defined above,
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For the fifth term, proceeding as in Lemma S39,
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Now using Lemma S9, Lemma S45 and Lemma S47 like before,
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Further using Lemma S49 (withb =1 — a and a = %), followed by Lemma S49 again (with

a= 2(’1‘3”04) (1 — 21%) and b = 1 — «), followed by Lemma S53 (with a = 1 — «) and the constants

as used above we get,
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Finally using Lemma S35 we have proved the lemma.

The following lemma separates the terms above into bias and variance terms, following which we can
easily prove Proposition S7,

Lemma S59 Under the Assumptions Al, A2, A3, A5, A6 we have for mini-batch averaging,
E[[[v2F(w)(w - w")|'] <5 (C2pe+CEne)

Where for constants defined as above the terms are,
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To get Proposition S7, we upper bound every term up to constants depending only on «. Specifically,
1 @ (&

weuse f1 3 (uey) T, fa 3 (pey)” T, and f3 3 .

H.3 Proof of Proposition S7 (One-shot Averaging case)

The analysis for the one-shot case is very similar to the mini-batch case, just like the constant step-size

case. In fact at many place the communications C' of MBA get replaced by N'! and the form of the

bound remains the same. This intuitive conversion strengthens our analysis, which smoothly extends
to both the extreme cases.
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Lemma S60 Under the Assumptions Al, A2, A3, A5, A6 for decreasing step size, for one shot
averaging we have,
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Proof 61 We follow an analysis similar to [15]. We can simplify the decomposition from Lemma S31
for one outer phase as follows,
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For the first term,
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For the second term note that the inner iterate bound is independent for different machines using
Lemma S11 for say machine 1, followed by Lemma S45 and Lemma S47 we get,
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For the third term using (k +1)® — k% < ak“~L, Lemma S55, and noting that the individual bounds
on inner iterates for different machines are the same, thus using machine 1 for brevity we can obtain,
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Now using Lemma S11, Lemma S45, Lemma S47 and v/a + b < \/a + Vb we get,
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Now using Lemma S51 again with b = 1 — a and a = 2(‘1‘?’@ with By defined as above and
Lemma S53 we get,

IN

n

P22 N' )
T2 | 22T e
k=1

N' P
1 1 1
E||= w;, —w") ( — >
72 2 (o) G o
1 2
P2a2 o (1 _ 04)20471 T—a o 0 N 20-2(N1)20¢Cn
< s (U2 ) (1) et - w4 2
2 (i) —a o
P2a? 0 . 202(N1)%ec, ’
< T2 Bo [|w® —w*|| + Pua?
P2a? 21 o 2 402 (Nl)Qo‘c77 9
< T2.2 (252 Hw —w*H + a2 ) = D3 p -
n

Now for the fourth term proceeding as in Lemma S42 with Lemma S35 and Lemma S37 we can obtain
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Now first using the upper bound of A2, followed by Lemma S26, Lemma S45, Lemma S47 and
Lemma S49 we can obtain the following,
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For the fifth term, using the fact that for different machines noise is independent, zero in expectation
(A3) we obtain,
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Now using Lemma S33 we have,
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Now using Lemma S11, followed by Lemma S45, Lemma S47 and Lemma S49 with definition of (3 as
before, and we have,
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Thus using Lemma S35 we have proved the lemma.
We can get the following lemma combining the bias and variance terms separately,

Lemma S62 Under the Assumptions Al, A2, A3, A5, A6 for decreasing step size, for one shot
averaging we have,
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Where for constants defined as above the terms are,
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I Brief overview of distributed optimization

The above three schemes (OSA, MBA, Local-SGD) are the most studied synchronous parallel
schemes. However, communication latencies often make it difficult to use these algorithms for
large-scale problems. Thus many alternative parallelization schemes which minimize communication
or perform better have been studied. The major problem with some of these variants is that they are
often difficult to tune, are not as stable and don’t scale well to non-convex optimization problems.
Result-wise, most of the machine learning packages use centralized mini-batch synchronous SGD.

Asynchronous SGD: These techniques are characterized by avoiding a centralized synchronization,
using delayed updates, maintaining parameter server estimates and being fault tolerant. Some of the
notable references in a chronological order are [46, 52, 54-70].

Federated optimization: This setting is characterized by a huge number of mobile user devices,
which run their local model in a decentralized manner with often unbalanced data, but aim to train
jointly. Many research questions still remain open but the direction is very relevant for distributed Al.
Some references are [71-73].

Compressed Communication: A common strategy to combat the communication overhead is to
introduce lossless or lossy compression of exchanged information, often the gradients. Some of the
work in this direction can be found in [74-81].

Non-SGD methods: Many other optimization algorithms (coordinate descent, quasi newton, etc.)
have also been studied in the parallel setting, owing to their better distributivity or convergence for
some applications compared to the SGD algorithm. Some of them are [§2] (ADMM), [83] (DANE),
[84] (DiSCO), [85] (AIDE), [86-88] (COCOA) and some of the references therein. Recently [89]
gave provably optimal algorithms for the strongly convex and smooth functions for both synchronous
and asynchronous cases. More broadly speaking, variance reduction methods are often the methods
of choice in better understood, convex optimization problems [add reference]. Yet, their usage in the
deep learning community has been relatively scarce, and often they are more difficult to parallelize
[add reference]. Some of the works for instance are [61, 90-92]. Among second order methods,
quasi newton methods like distributed L-BFGS [93, 94] are also widely popular among the machine
learning community.

Communication Lower Bounds: On a broader level our work is related to communication lower
bounds which arise from information and learning-theoretic considerations. Unfortunately, these
bounds are difficult to match for convex optimization as they are provided in [95]. Similar bounds
have also been provided for the generally easier statistical estimation setting in [96-98].

Feature Distribution: As clearly evident training data is not the only element of our optimization
scheme which can be parallelized. Often in many problems in natural language processing and
linear estimation, the features number in hundreds of thousands, and it might be of some interest to
distribute the features alongside or beside training data. Some relevant references are [87, 99—-102].

There has also been work in parallelizing stochastic optimization algorithms for specific problems
(like PCA) in the past, for e.g., [31, 32, 103—-107].
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Reference Setting Limitations
Zhang et. al. [33] OSA Small learning rates ﬁ; p often unknown; Non-
asymptotic bound on single worker convergence rate is
used ([34]);
Jain et. al. [20] OSA, MBA | Results for least square regression (LSR) in finite horizon
setting only;
Godichon et. al. [108] OSA Uses uniform gradient bound A4 and thus not usable for
LSR; Non-asymptotic result ([34]) is used;
Stich [40] Local SGD | Small learning rates u%; 1 often unknown; Uses uniform

gradient bound A4 and thus not usable for LSR; Doesn’t
capture the need for an adaptive communication frequency
[21]; Doesn’t extend to one-shot averaging, implying it is
not tight enough;

Table S3: Limitations of the previously existing results.

We also provide a brief overview of some other techniques in distributed optimization in Appendix I.
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