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A Proof of Theorem 2

This section is structured as follows. We collect notation in Section A.1 and list some basic properties

of the running estimate @ in Section A.2, establish useful perturbation bounds on [@’,fb — @gh. in
Section A.3, and present the proof of the main theorem in Section A.4.

A.1 Notation

Let @i (z,a) and Q¥ (x, a) denote the estimates @ and @ in Algorithm 2 before the k-th episode has
started. Note that Q} (z,a) = Q1 (z,a) = H.
Define the sequences

t t

Hl—az =q - H(l—aT).

i=1 T=i+1
Fort > 1, we have o = 0 and Y_'_, o = 1. For t = 0, we have o) = 1.
With the definition of o in hand, we have the following explicit formula for é’fb

éﬁ(x,a) = atH+Zat (rh x,a) + th+1(xh+1) —l—b)
i=1

where ¢ is the number of updates on @h(x, a) prior to the k-th epoch, and k1, . . ., k; are the indices
for the epochs. Note that k = k. if the algorithm indeed observes = and takes the action a on the
h-th step of episode k.

Throughout the proof we let ¢ := log(SAT/p) denote a log factor, where we recall p is the pre-
specified tail probability.

A.2 Basics

Lemma A.1 (Properties of of; Lemma 4.1, [1]). The following properties hold for the sequence ct:

(@) 25 < iy “f < Z; foreveryt > 1.
(b) max;eq of < 22 and S (ah)? < 28 for every t > 1.

(c) Yor2,0h =1+ 4 foreveryi > 1.
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Lemma A.2 (@ is optimistic and accurate; Lemma 4.2 & 4.3, [1]). We have for all (h,x,a,k) €
[H] x S x A x [K] that

Qfi(x,a) - Qj(w.a)

t
— af(H - Qi(w,)) + Y o} (<w @) + Vit (@) = Vi Gl + | (B = Bu) Vi | (@,0) + b)

i=1
where [P¥'V;, 1](x, a) := Vh+1(:v§i+1).

Further, with probability at least 1 — p, choosing by = ¢/ H?3L/t for some absolute constant ¢ > 0,
we have for all (h,x,a, k) that

0 < Qfi(w,a) — Q(x,a) <atH—|—Zozt hil Vlz*ﬂ)(xizrﬂ"'ﬂt

where B == 2"\_ | aib; < dey/H3(JL.
Remark. This first part of the Lemma, i.e. the expression of @ﬁ — @5, in terms of rewards and

value functions, is an aggregated form for the () functions under the Q-Learning updates, and is
independent to the actual exploration policy as well as the bonus.

A.3 Perturbation bound under delayed Q updates
For any (h, k) € [H] x [K], let
5= (VE-vir) @b 3= (V- W) @h)

denote the errors of the estimated ‘7}5 relative to V™ and V*. As @ is optimistic, the regret can be
bounded as

Mw

[Vl xl -V ( 331 } 251

The goal of the propagation of error is to related Z he1 5,@ by Z he1 g’h“ 1

K
Regret(K Z Vi (@) — Ve (2)]
k=1 k=1

We begin by showing that g}]j is controlled by the max of @ﬁ and @’,fbl where k' =k, (1)+1-
Lemma A.3 (Max error under delayed policy update). We have

573 < (max{~ﬁ/,@2} - Z’”) (zF,ak) = (@ﬁ/ -QrF + {@ﬁ - @;ﬂ +> (xf,ap). (1)

where k' =k, ( (t)+1 (which depends on k.) In particular, if t = Tiast(t), then k = k' and the upper
bound reduces to (Qh —QrF) (2, af).

Proof. We first show (1). By definition of 7;, we have V™" (xF) = Q7 (¥, af),
so it suffices to show that
Vi (af) < max {Qh (ok, af), QF (wh,a) }.
Indeed, we have
Vi (2F) = min {H, max Ql (af, a’)} < max Ql(xF,a).
On the other hand, a} maximizes Qp,(z¥,-). Due to the scheduling of the delayed update, Qp, (x5, -)

Nkr 3 +1 ~T. . g
was set to @, last (*) (x§,-), and QF (x%, a¥) was not updated since then before k = k' = K (8)+15

SO Qh('xza ) = Qv’fi/ (xfw )
Now, defining _ _
qold(') = Q;CL (IZa ')a qnew(') = QI}CI(IZ, '),



the vectors go1q and gpew only differ in the aﬁ-th component (which is the only action taken therefore
also the only component that is updated). If gye is also maximized at afl, then we have th (xﬁ) <
(new (aF); otherwise it is maximized at some a’ # af and we have

th@f;i) < new(a) = gola(a’) < max ola(a) = @Z/ (xﬁ,ak).
Putting together we get
Vi (ah) < max {Qh (f, af), OF (o, af) },
which implies (1).
O

Lemma A.3 suggests bounding gfj via bounding the “main term” @k/ — Q}F and “perturbation term”
[QZ — QZ/]+ separately. We now establish the bound on the perturbation term.
Lemma A.4 (Perturbation bound on (Q¥ — Q¥'),). For any k such that k > k' (so that the

perturbation term is non-zero), we have
t

~ ~q./ ~kz —k
@h-a], @ha)<a+ X i, -0
1=Tlast () +1
where
t

—k e *
¢y = Z Oéi[(P]fL - Ph)Vh+1](fov a'fi)
1=Tlast (£)+1

and w.h.p. we have uniformly over all (h, k) that Z];L < C\/H?3L/t for some absolute constant C > 0.

Proof. Throughout this proof we will omit the arguments (xﬁ7 aﬁ) in @ n and 7, as they are clear
from the context. By the update formula for () in Algorithm 2, we get

t t
= II Q-ad)@+ Y aifmhal)+ V@) +b].
i:Tlast(t)+1 i:Tlast(t)‘i'l

Subtracting Q" on both sides (and noting that (Hf:ﬂm(t)ﬂ(l - a,-)) + Zﬁznm(twl al = 1),

we get
t

élﬁ - éh/ = Z aj {Th + vhkil(flflh) +b; — éﬂ . )

1 =Tlast (t)+1

d;
We now upper bound d; for each 7. Adding and subtracting @)}, we obtain

di = (r+ Vi, ) + 0 - Q1) — (@ - Q)

0 7k, i * i ™ * k' *
= fo—i—l(zi—&-l) -V (mﬁﬂ) + (P}, — Pp)Viis +bi — (Qlﬁ - Qh)

W oo~ o~ .
< b + ¢Z”+1 + (PF - Pr)Viis -
—_—

=G
where (i) follows from the Bellman optimality equation on @}, and that PEVyE )(af,af) =
Vi (a:ﬁ 1) and (ii) follows from the optimistic property of Q]ftl (from Lemma A.2) and the definition
of (/5;?}1' Substituting this into (2) gives

t t t
[@h-a], < | X ai(b+dnato)| <A+ X aidiat| X o).
1=Tlast (t)+1 + 1=Tlast (1) +1 1=Tiast (£)+1
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Finally, note that (; is a martingale difference sequence, so we can apply the Azuma-Hoeffding
inequality to get that

t .
—k . ® 2H H3¢
< D2H20 < oy == - H2A = \/
(hb<c Z (o) 6_0\/ ; {=C ;

1=Tlast (1) +1

uniformly over (h, k), where (i) follows from Lemma A.1(b). O

A.4 Proof of Theorem 2

Proof of the main theorem is done through combining the perturbation bound and the “main term”,
and showing that the propagation of error argument still goes through.

Lemma A.5 (Error accumulation under delayed update). Suppose we choose n = m and

log(10H?
o= [ og( )

W—‘ for the triggering sequence (1) then we have for all i that

Z oy + Z ailast(t)gl—i—?;/H.

tit >0, Tiase (8) <i—1 tiTiast (8)>1

Proof. Let S; denote the above sum. We compare §z with

o 1
SiZ: az:1+7,

where the last equality follows from Lemma A.1(c).

Let us consider §Z —.5; by looking at the difference of the individual terms for each ¢ > i. When taking
the difference, the term Et:tgi,nast(t)gifl o will vanish, and all terms in Zt:nm(t)zi O‘stt(t) will

vanish if 71, () = t. By the design of the triggering sequence {t,, }, we know that this happens for
all t < 7(r4), so we have

Si=Si= >, an.p-or
tiTiast (8) 2958 >7(ry)
Let r(¢) = min {r : 7(r) > i}, then the above can be rewritten as

T(r+1)—1

gi - SZ = Z Z ai—(r) - O[i.

r>max {ry,r(i)} t=7(r)
For each t (and associated r > r,), we have the bound

t t

i i i — i H+1\""
aliy —of = aj H (1-—a;) P =1| =a! H (1H+j> -1

J=7(r)+1 j=7(r)+1

o)

(o)

t

= oy H <1++1)1 < o

_j:T(r)+1 J =

oy B - H+1 T(r+1)—7(r)—1 . 2 .
= 7(r) =
(i)

< af ") — 1] <o 2n(H +1),

In the above, (i) holds as we have

Tr+1) = 1=7()=[1+n) = 1=[(1+n)"T<@+n)""" = A+n)" <nr(r),



and (ii) holds whenever n(H + 1) < 1/2. Choosing

n= 721{(; 1) and 7, = “Zigo_f];;—‘ < 8H?log(10H?),
the above requirement will be satisfied. Therefore we have
~ Trd)=1 <1
S;—S; < 2n(H +1) ,->ma§ . t;r) ol <2n(H +1) ;a; = 25

and thus

~ 1 3
<1+ =) <14+ 2.
S<(1eg)s<ies

We are now in position to prove the main theorem.

Theorem 2 (Q-learning with UCB2H, restated). Choosing n = m and r, = [%—‘,

with probability at least 1 — p, the regret of Algorithm 2 is bounded by O(v/ H*SATY), where
¢ = log(SAT/p) is a log factor. Further, the local switching cost is bounded as Ngyiteh <
O(H3SAlog(K/A)).

Proof of Theorem 2  The proof consists of two parts: upper bounding the regret, and upper
bounding the local switching cost.

Part I: Regret bound By Lemma A.3, we have
e (@ o+ [0, ) ek

Applying Lemma A.2 with the k" = k,_ 4)41-th episode (so that there are 7y, (t) visitations to
(x§, a¥) prior to the k’-th episode), we have the bound

(QF - @p) (@hab) < (QF - Q1) (wh,ak) + (@5 — Q) (ah, af)
P (1) ~ L 3)
> aglasf,(t)H + Z O‘ilast(t)¢ff+1 + B (t) — 1 + Ohr + i
i=1

where we recall that 8, = 23", aib; = ©(\/H3(/t)and £ | = (PR —Py) (Vi — Ve (af, af).
By Lemma A .4, the perturbation term [@Z - @zlh can be bounded as

~ ¢ ~ H3/¢

(@ = Qi) (ahoap) <t Y ajdpyy + Oy = 4)

i=Tiast (t)+1

We now study the effect of adding (4) onto (3). The term C' \/HT/t in (4) and 3, ;) in (3) can be
both absorbed into f; (as f; > 21/H?3(/t and (., 1) < /T + 1), so these together is bounded
by C’3; where C’ is an absolute constant.
Adding (4) onto (3), we obtain

Tlast () t
NG ] ki i Tk Tk Sk k
Oh <ol B+ D A Ot DL 8 OB — Gl + O + G
———

v i=1 i=Tlast (£)+1

II

We now sum the above bound over k € [K]. For term I, it equals H only when 7,4 (¢) = 0, which
happens only if ¢ = 0, so the sum over & is upper bounded by SAH.



For term II, we consider the coefficient in front of quS’glJrl for each k' € [K] when summing over .
Let n} denote the number of visitations to (2, af) prior to the k-th episode. For each &/, gf)ﬁlﬂ is
kl

PP, koo kY _ (k' :
counted if i = n¥ and (zF,af) = («,af’). We use t to denote n¥, then an a ’;t(t) appears if

!’ k, Tk
Tlast (t) > nﬁ ,and an o™ appears if Tjaq¢ (t) + 1 < n’,?L < t. So the total coefficient in front of QSZ 1

is at most
K’ K’
Th Th
> af + D Al
t:thﬁl JTlast (t)gnﬁ/ —1 t:Tlast (t)Zn’fL,

for each k' € [K]. Choosing =
is upper bounded by 1 + 3/H.

m and r, = [%—‘ , applying Lemma A.5, the above

For the remaining terms, we can adapt the proof of Theorem 1 in [1] and obtain a propagation of

error inequality, and deduce (as (1 + 3/H)® = O(1)) that the regret is bounded by O(v H*SATY).
This concludes the proof.

Part II: Bound on local switching cost For each (h,z) € [H] x S and each action a € A = [A],
either it is in stage I, which induces a switching cost of at most 7(r,), or it is in stage II, which
according to the triggering sequence induces a switching cost of

T(re) + 1q — 1% < 7(7%) + 7,
where r, is the final index for action a satisfying

A
1—1—77’”“ <K+ H,

a=1

(define , = 0 if action a has not reached the second stage.) Applying Jensen’s inequality gives that

A
S o < Aloglé;ﬁif))/ A _ 0 (H2A1og(K /)

So the switching cost for (h, z) can be bounded as

A
T’*) + Zra

a=1
<A[Q+n)™]+ 0 (H*Alog(K/A)) < A[(1+n) - 10H?] + O (H*Alog(K/A))
< 20H?A+ O (H?Alog(K/A)) = O (H*>Alog(K/A)).

Multiplying the above by H.S (the number of (h, ) pairs) gives the desired bound. O

B Q-learning with UCB2-Bernstein exploration

B.1 Algorithm description

We present the algorithm, Q-Learning with UCB2-Bernstein (UCB2B) exploration, in Algorithm 1
below.

B.2 Proof of Theorem 3

We first present the analogs of Lemmas that we used in the proof of Theorem 2.



Algorithm 1 Q-learning with UCB2-Bernstein (UCB2B) Exploration
input Parameter ) € (0,1), v, € Z~g, and ¢ > 0.
Initialize: Qy(z,a) < H, Qn < Qpn, Np(x,a) - Oforall (z,a,h) € S x A x [H].
for episode k =1,..., K do
Receive z;.
forsteph =1,...,H do
Take action aj, + arg max,, Qp(zp,a’), and observe xp 1.
t= Nh(xh,ah) “— Nh(l’h, a;i) + 1.

pn(Thy an) < pa(Sn, an) + Vigr (Thg1).

_ 2
on(Tn,an) < on(xh, an) + (Vh+1($h+1)) .

Wi(zp, an, h) =+ (Uh(fﬂmah) - (:uh(xfuah))Q)'
Bi(xp, ap, h) < min {cl (\/%(Wt(xh,ah,h) +H)(+ 7”{7{914'@) , Co /H:Z}.

Bt(xn,an,h)—(1—as)Be—1(xn,
2at

Qn(@n, an) < (1= ar)Qn(@n, an) + cu[rn(@n, an) + Vipa (znia) + bil.
Vh(zh) < min {H maxy e A Qh(xh, )}
ift € {t,},,~, (Where t,, is defined in (1)) then
(Update policy) Qn (4, ) < Qn(an, ).
end if

end for
end for

by +—

an:h) (Bernstein-type bonus).

Lemma B.1 (@ is optimistic and accurate for the Bernstein case; Lemma C.1 & C.4, [1]). We have
forall (h,x,a,k) € [H] x S x A x K] that

Qf (x,a) — Q}(,a)

=a}(H — Q(z,a))+
t

Z ay (rh(x, a) + Vh]?_f_1(m2i+1) - V1:+1(xl}?+1) + [(Pﬁl - Ph) V}f+1} (r,a) + bi)v

i=1
where [P} Vi, 1](z,a) := Vh+1($§iﬂ).

Further, with probability at least 1 — p, under the choice of by and B in Algorithm 1, we have for all
(h,x,a, k) that

0< @ﬁ(%a) - Qp(7,a) < atH + Zat h+1 Vh*+1)(m2i+1) + Bt

The following Lemma is the analog of Lemma A.3 in the Bernstein case.
Lemma B.2 (Max error under delayed policy update). We have

3 < (max {8 G - 07 o) = (@ - @+ [0 - 0], ) Gehab

where k' =k, ( (B)+1 (whlch depends on k.) In particular, if t = Tiast(t), then k = k' and the upper

bound reduces to (Qh — Qi) (zk, af).

The proof of Lemma B.2 can be adapted from the proof of Lemma A.3. The following Lemma is the
analog of Lemma A.4 in the Bernstein case.

Lemma B.3 (Perturbation bound on (Q% — Q¥'),). For any k such that k > k' (so that the
perturbation term is non-zero), we have
t
~ ~ S~ —k
[Qﬁ *Qﬁkr(xlfuaﬁ,) < B+ Z 0412‘,(25];;_1 + Ch,

1=Tlast (t)"l‘l



where
t

Cp = Z at[(]P’ﬁ - Ph)Vh*Jrl](fCZvaZ) .
i:Tlast(t)+1
The proof of Lemma B.3 can be adapted from the proof of Lemma A.4, but we used a finer bound on

the summation Z: over k € [K] in the proof of Theorem 3.

Lemma B.4 (Variance is bounded and W, is accurate; Lemma C.5 & C.6, [1]). There exists an
absolute constant c, such that

w.p. at least (1 — p).

Further, w.p. at least (1 — 4p), there exists an absolute constant ¢ > 0 such that, letting (z,a) =
(zf,af) and t = nf = NF(x,a), we have

- ~ SAVHTL SAHT(
Wt(xaavh) SVthJil(xva) +2H(6Z+1 +§}’:+1) +c (t + \/ t )

Sorall (k,h) € [K] x [H], where the variance operator V}, is defined by
2
(VaViial(2, a) = Vary e, (|z,0) Vat1(2")) = Eurp, (f2,0) Vi1 (@) — [PaViga] (@, 0)]
Now, it is ready to present the proof of Theorem 3.

og 2 .
Theorem 3 (Q-learning with UCB2B, restated). Choosing n = m andr, = [%—‘, with
probability at least 1 — p, the regret of Algorithm 1 is bounded by O(vH3SAT(2 + \/S3A3H(4),
where { := log(SAT/p) is a log factor. Further, the local switching cost is bounded as Ngyitcn <

O(H3SAlog(K/A)).

Proof of Theorem 3

By Lemma B.2, we have
e (@ - o+ [0 -], ) ehoab

Applying Lemma B.1 with the k" = k,,__ (;)41-th episode (so that there are 7j,4;(t) visitations to
(z¥, ak) prior to the k'-th episode), we have the bound

(in - ) ($h>ah) (Qh Qh) (xh’ ah) (@ — Q") (551}27 a’fi)
Tlast (t) ~ ~ 5)
i ks N
= O‘glast(t)H + Z 0 Phi1 T Bra) — Ghir + Ohg1 + -
i=1
By Lemma B.3, the perturbation term [QF — Q%] can be bounded as
t
~k s —k
[QF — QF 14 (o, af) < B + Z @by s + Cp (6)
7'—Tlast(t)+1
Thus, adding (6) onto (5), we obtain

Tlast (1) t

Sk 0 i Tk i Thi =k

<o b+ D onLwmbhiat D b+ G
~—

— =1 i:Tlast(t)+1 111

I

11
+ Briae(t) +f}]§+1 *¢2+1 + 5’}§+1 + Bs.
T/ \?//—/



We now sum the above bound over k& € [K] and h € [H]. For term L, it equals H only when
Tlast (t) = 0, which happens only if ¢ = 0, so the sum over k is upper bounded by SAH

For term II, we follow the same argument in the proof of Theorem 2 and obtain

K Tlast (1) 3 K

Z Z o HPhi1 T Z bRl | < (1 + H) Zd’hﬂ
k=1 =1 T=Tlast (t)+1 k=1

For term III, we first apply the Azuma-Hoeffding inequality to get that

t

t

Gisey X (abrm
1=Tiast (t)+1
uniformly over (h, k), then we sum it the above over k € [K], and then we obtain
K

K t
Z Zz SCH\/E Z
k=1 k=1 \ i

et~ (- [ ]) (e

K
4H?
ch\/EZ nnﬁ (nf)Q

NF(s,a)
<chZ Leniy Y VL€ envsas,
where (i) follows the fact ), , N; (a: a)

n=1
S,a
maximized when N (z, a)

(7
K, and (ii) follows the property that the LHS of (ii) is
= K/SAforall z,a.
For term IV, we have

33y <033 ([ W)+ 16+
k=1h=1 k=1h=1 as

VH7SA- ¢
®)
by our choice of 3; in Algorithm 1. We first upper bound summation the W.
follows

Tlabt( k)
Yy w

np,
. (n’;)(fl?, a, h) term as
Tlast (1 ,)(x a, h)
k=1

SAVHTY
V}LV]—L_F]_(':Z:) a) + 2H(5Z+1 + glfi-i-l) =+ (

n SAH¢
Tast (nl}i) Tlast (’ﬂﬁ)
ViVt (2, a) + 2H (851 + &5 1) + c(1+ 1) (

SA\/ E

SAH™?
h n];L
[VaVity (@,a) + 2H (8 4y + €6,0)] + (1 + 1) (S2AVHOP + SAVESTY)
k=1

H
Z Sy + &)+ (HT 4 H3 4 S2APHB + SAY )

) )
where 1nequal1tles (i) and (iv) follow from Lemma B.4, inequality (ii) follows from Tlast(nh) >
n¥/(1 + n), and inequality (iii) uses the properties that Zle(nh)_l and Zk Lk~
maximized when N (x,a) = K/SA for all z, a (similar to (7))

1/2 are



We now consider the first term in (9). By the Azuma-Hoeffding inequality, we have

<

Z Z [(Ph: —Pn) (Vg — Vi D@k, ap)| < O(HVTE),  (10)

=h k=1

=h k=1

w.p. 1 —pforall h € [H]. Recall B;(z,a,h) < c\/H?3{/t, we can simply obtain
K
> 6k < O(VH*SATY), (11)
k=1

for all h € [H] by adapting the proof of Theorem 2. Then, using (10) and (11), we obtain the upper
bound of the summation of W (x,a,h) term for h € [H] and k € [K]

t(n

K H
Wnast(n’}j)(xa a, h)
k=1h=1
K H
2H Y N 6k, + &) + ¢ (HT + H30 4 S2A2VHOS + SA\/H8T€>
k=1h=1
<0 (HT +S2AZHTY 4 S2A2\/H9€3> . (12)

Now it is ready to upper bounded the summation of the first term in (8),

K H H
> \/(k)(anmﬁ)(zv a,h) + H){

y(@,a,h) - VH2SAL + (1 +n)VH3SAT(?

InE
in
=

]~

NE
=

Tlast (nh

(iii)
<O(VH3SAT(?) (13)

where inequality (i) follows from the Cauchy—Schwarz inequality, inequality (ii) follows from the

facts that Ti,e (n%) > nk /(1 +n) and Y p, (nf) =" is maximized when N/ (z,a) = K/SA for all
x, a, and inequality (iii) follows from (12).

The summation of the second term in (8) can be upper bounded by

oy VISAL Y Z UL (1 IPSAE, (14)

k=1 h=1 Tiast (15 k=1 h=1

??‘

by following Tiast(nf) > nf/(1+n)and 1 +1/2+1/3 +--- < L.
Putting (8), (13), and (14) together, we have

Browinsy <O (VH3SAT? + VS3ASHI4) |
st (1)

k=1h=1

For the remaining terms, we can adapt the proof of Theorem 2 in [1] and obtain a propagation of
error inequality. Thus, we deduce that the regret is bounded by O(V H3SAT(2 4 v/ S3A3H9¢4).
The bound on local switching cost can be adapted from the proof of Theorem 2. This concludes the
proof. O

10



C Proof of Corollary 4

Consider first Q-Learning with UCB2H exploration. By Theorem 2, we know that the regret is
bounded by O(v H*S AT') with high probability, that is, we have

K
Zvl*(xl) — V™ (x1) < 5(@)
k=1

Now, define a stochastic policy 7 as

By definition we have

K 5
E [Vl*(xl) o Vf(xl)} — [];V]; [Vl*(xl) — Vlﬂ'k (1’1)] S 5 <@> = 6 (W) .

So by the Markov inequality, we have with high probability that

) . ~( [H?SA
Vl(l‘l)—‘ﬁ(xl)SO( % )

Taking K = O(H®SA/<2) bounds the above by «.

For Q-Learning with UCB2B exploration, the regret bound is 6(\/ H3SAT). A similar argument

as above gives that K = 6(H 4SA/e?) episodes guarantees an & near-optimal policy with high
probability. O

D Proof of Theorem 5

We first present the concurrent version of low-switching cost Q-learning with {UCB2H, UCB2B}
exploration.

Algorithm description At a high level, our algorithm is a very intuitive parallelization of the
vanilla version — we “parallelize as much as you can” until we have to switch.

More concretely, suppose the policy @y, has been switched (¢ — 1) times and we have a new policy
yet to be executed. We execute this policy on all M machines, and read the observed trajectories
from machine 1 to M to determine a number m € {1,..., M} such that the policy needs to be
switched (according to the UCB2 schedule) after m episodes. We then only keep the data on machines
1,...,m, use them to compute the next policy, and throw away all the rest of the data on machines
m+ 1,..., M. The full algorithm is presented in Algorithm 2.

D.1 Proof of Theorem 5

The way that Algorithm 2 is constructed guarantees that its execution path is exactly equivalent (i.e.
equal in distribution) to the execution path of the vanilla non-parallel Q-Learning with UCB2{H, B}
exploration, except that it does not fully utilize the data on all M machines and needs to throw away
some data. As a corollary, if the non-parallel version plays L; episodes in between the (¢ — 1)-th and
t-th switch, then the parallel/concurrent version will play the same episodes in [L; /M rounds.

Now, suppose we wish to play a total of K episodes concurrently with M machines, and the
corresponding non-parallel version of Q-learning is guaranteed to have at most Ngyitch local switches
with L; episodes played before each switch. Let R denote the total number of rounds, then we have

_Nswitch _Nswitch L <Nswitch X L N K
P ST SHET D Sl (P PV
t=1

t=1 t=1
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Algorithm 2 Concurrent Q-learning with UCB2 scheduling

input One of the UCB2-{Hoeffding, Bernstein} bonuses for updating Q).
Initialize: Q,(z,a) < H, Qp < Qpn, t < 1.
while stopping criterion not satisfied do
for rounds r; = 1,2,... do
Play according to )}, concurrently on all M machines and store the trajectories.
Aggregate the trajectories and feed them sequentially into the UCB2 scheduling to determine
whether a switch is needed.
if Switch is needed after m € {1,..., M} episodes then
BREAK
end if
end for _
Update the policy @}, from all the M (r; —1)+m stored trajectories using {Hoeffding, Bernstein}
bonus. _
Set Qn(+,+) < Qn(-,-) andt « t + 1.
end while

Now, to find € near-optimal policy, we know by Corollary 4 that Q-learning with {UCB2H, UCB2B}
exploration requires at most

K—0 (H{sv‘*}silzog(HSA))
episodes. Further, choosing K as above, by Theorem 2 and 3, the switching cost is bounded as
Nawiteh < O (H*SAlog(K/A)) = O (H*SAlog(HSA/e)) .
Plugging these into the preceding bound on R yields
H{4 S Alog(HSA ~ HASA
€2Mg( )> =0 <H3SA t = ) :

the desired result. 0

R<O (H3SA log(HSA/e) +

D.2 Concurrent algorithm with mistake bound

Our concurrent algorithm (Algorithm 2 can be converted straightforwardly to an algorithm with low

mistake bound. Indeed, for any given €, by Theorem 5, we obtain an € near-optimal policy with high
probability by running Algorithm 2 for

~ HBA4 g4

O(H3SA+————

(sa+ )

rounds. We then run this € near-optimal policy forever and are guaranteed to make no mistake.

For such an algorithm, with high probability, “mistakes” can only happen in the exploration phase.
Therefore the total amount of “mistakes” (performing an ¢ sub-optimal action) is upper bounded by
the above number of exploration rounds multiplied by H M, as each round consists of at most M
machines' each performing H actions. This yields a mistake bound

H{G’E’}SA)

0 (H‘*SAM +—
3

as desired.

E Proof of Theorem 6

Recall that M denotes the set of all MDPs with horizon H, state space .S, action space A, and
deterministic rewards in [0, 1]. Let K be the number of episodes that we can run, and .A be any RL

'To have a fair comparison with CMBIE, if a round does not utilize all M machines, we still let all M
machines run and count their actions as their “mistakes”.
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algorithm satisfying that
Nawiteh = Y Newiten(h, 2) < HSA/2
(h,)
almost surely. We want to show that
K
sup Eoar |3 V(1) = Vit (a1) | = QEK),
MeM Pt

i.e. the worst case regret is linear in K.

E.1 Construction of prior

Let a* : [H] x [S] — [A] denote a mapping that maps each (h, x) to an action a*(h, x) € [A]. There
are A™S such mappings. For each a*, define an MDP M, where the transition is uniform, i.e.
z1 ~ Unif([S]), zpt1lzn =z, ap = a ~ Unif([S]) forall (z,a) € [S] x [A], h € [H]
and the reward is 1 if ap, = a*(h, x) and 0 otherwise, that is,
re(xz,a) =1{a =a*(h,z)}.
Essentially, M« is just a H-fold connection of S parallel bandits that are A-armed, where a*(h, )
is the only optimal action at each (h, z).

For such MDPs, as the transition does not depend on the policy, the value functions can be expressed
explicitly as

1
E,0F@)=3 Y Um@)=aha)},
(h,@)€[H]x[S]

and we clearly have
E., [Vi*(x1)] = H.

E.2 Minimax lower bound

Using the sup to average reduction with the above prior, we have the bound

K
KH =Y V™ (xl)]

K
sup Eq, > V(@) - W (:171)] > Eo-En,,
k=1

Me k—1

K
=KH -~ Eq 1. [V (21)].
k=1

It remains to upper bound E+ a7, [Vi™* (21)] for each k.

Forall £k > 1, let

k—1
nfwitch(h’x) = Z 1 {TFJh(J}) # 7T§L+1 (l‘)} and Nskwitch = anwitch(h’x)
j=1

h,x

denote respectively the switching cost at a single (h, ) and the total (local) switching cost. We use
the switching cost to upper bound Eq+ a7, [V™].

Let
Ag(h,z) = {rl(@),..., 7} (2)} C [A]

denote the set of visited actions at timestep h and state x. Observe that

Bor . V7] = g SOE[1{a* (h2) = w@)}] < 5 D EIL{a* (h,2) € Ax(h )}
h,x

h,z =Py (h,z)

Therefore it suffices to bound Py (h, ).
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It is clear that algorithms that only switch to unseen actions can maximize the value function, so we
henceforth restrict attention on these algorithms. Let a* = a*(h, x) and nf, ., = n¥ . . (h, ) for

] switc switch
convenience. Let

k
Ag(h,x) = {al, a?, ..., a"swimh“}

be the ordered set of unique actions that have been taken at (h, ) throughout the execution of the
algorithm. We have

Dy (h,z) =P(a* € Ap(h,x)) = U {nfien +1>4,0" ¢ {a',a®,...,a" '}, a* = a’}
j>1
72]1) iwltch+1>] ¢{a a jil}ﬂa*:aj‘n{:witch+12j)'
7>1
Now, suppose we know that nswmh +1 > j, then the algorithm have seen the rewardona', ..., a/ L.
By the uniform prior of a*, if the algorlthm has observed the rewards for all ¢ € S and found that
a* ¢ S, the correspondmg posterior for a* would be uniform on [A] \ S. Therefore, we have

recursively that

1 1

* 1 j—1 * _ ] k
Pla* ¢ {a',...,a’ '},a* = | nlyyen +1>J) = HA g+1 A-j+1 A

Substituting this into the preceding bound gives

E [négwitch + 1]

(I) (h.’I} ZP sw1tch+1>]> A
j>1
and thus
sw1tch ) + 1] H E[Nskwitch]
Ea* M, V1 Z h 37 <= Z < Z + T
h h
As NE . o < NE. . < HSA/2 almost surely, we have for all k that
Eoo i, [V < H/A+ H/2 < 3H/4
when A > 4 and thus the regret can be lower bounded as
K
KH = Eq . [V*] > KH/A4,
concluding the proof. O
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