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Supplementary materials for
General Proximal Incremental Aggregated Gradient Algorithms: Better and
Novel Results under General Scheme

Lemma 5 Let F = (]—'k)k>0 be a sequence of sub-sigma algebras of F such that Yk > 0, F* C
FHHL Define {1 (F) as the set of sequences of 0, +00)-valued random variables (&)1, where &,
is F* measurable, and (1 (F) 1= {(&k)k>0 € €+ (F)| >k &k < +00 a.s.}. Let (o) k>0, (Vi) k>0 €
04 (F), and (1)k>0, (&f)kzo € 1. (F) be such that

E(cvp41 [F*) + o < (1+ &), + g
Then (vi) k>0 € L% (F) and oy, converges to a [0, +oc)-valued random variable a.s..
Proof of Lemmal(l]

Updating 2**1 directly gives

k _ o k+1
T e dg(xFT1). (18)
v
With the convexity of g, we have
k+1 k Ak k k
g(@") = g(a") < (T +o*, 4% (19)
With Lipschitz continuity of V f,
L
F@ ) = f(a") < (Vf(*), A%) + 5\\Ak||2~ (20)
Combining (19) and (20),
©+Ey L 1
Fa™h) = F(®) 7 <7 (V") —oh AR + (5 - *)HA’“IIQ
= (Vf(@*) = Vfi(a" ), AF) +( HA’“H2 Zsz BT — ok AR
i=1
I I
(21

In the following, we give bounds of I, I (or expectation). By Cauchy’s inequality with 9,

e vfl k— Tik 2

11 < 22
< 55 (22)
On the other hand,
a) m L
I o< Y Lillab — b Ak
i=1
b) m k—1 J .
< D Ll YD AY) Ak
=1 d=k—T1
0 k—1
< LY aY Ak
d=k—r1
) L 2 Tel
S 35 > 1aY”P+ IIA'“H2 (23)
d=k—T1

where a) depends on the Lipschitz continuity of Vf;, b) is obtained from the inequality ||z* —
gh=mk|| < SR - AL < S5 |IAY]), ¢) is due to the fact L = 37", L;, and d) uses

11
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374

Cauchy’s inequality with & [| A4 - [|A*]| < L [|A||? + § [ A¥|[2. Combining (21). (22) and (23) and
taking conditional expectation over x*, we have

L5
B 1)~ Pt < 5 3 1
(e +1)L l é L2 iﬁ
+[2 S ] AN 1y + . 24

Ify < @T%)L,we can choose €, § > 0 such that
1 1,1 1 11 L
ot Ly st
ER el T LA vl S

Then, with direct calculations and substitutions, we have:

6(,6) — E(€(2,0) | ) & F(*) — B(P "+ | x*)

I k—1
+t 5 > d—(k—7)+1)Aad)?

d=k—T1

k—1
L T a2 _ L K2 | k4 Tk
= > (A= (k=)A= ZTE(IAR? [N + 2

d=k+1—71

L = L o2

<) ky k41 k ~ a2 En2 | Lk 9k
= F(z") - E(F(z )|><)+2€d:;77|\A | QT]’E(IIA | |x)+25
@11 L
> (=== —7L) -E(||A%)? | x* 2
_4(7 5 TL) - E([[A"]]7 | x¥), (25)

where c) follows from (d— (k—7)+1)||A%||2—(d— (k—7))[|A?|?> = ||A?||?. Taking expectation on
both sides of (25), we then prove the result. Therefore we have E[|AF||2 € ¢! by using a telescoping
su

Proof of Theorem [
Obviously, we have
(z% — ") /1y — ok € Bg(aF ). (26)
That means
(2" = ")y + V(@) —oF € V@) + 0g(a" ) = OF (2. (27)

Thus, we have
E[dist(0, OF (z*11))]

<E|(@* — o) /y + V) Zwl b +sz Bk — of|

k
<E|A*/v+L Y EIAY + 0% (28)
d=k—T1

Taking the limitation k — +oo and with Lemmal[T] the result is then proved.

Proof of Theorem
SlnceO<7<27+1,wecanchoose€,(5>OSuchthat
1 1.1 1 L1 1
- =1 —— )= —(=== = . 29
HI=l4 - gi= g 29)

'We say a sequence a” isin ' if 372 | |a*| < oo.

12
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385

With direct computations, we have

€i(e,0) —Elék(e,0) | X" + gE(IIAkH2 | x")

a) k—1
> F(a*) —E[F(=") [ X" + & (d— (k —7) + DE[AY|
d=k—1
= a4
-k Y (d—(k=7)E|AY]* — kTE| A*| + 2*’5 + §]E(||Ak||2 | x")
d=k+1—71

k—1
= F(z*) —E[F(* ) [ XM+ 3 sllA’)?
—k—

d T

kN2 | Lk U}% J k2| Lk
= RTE(|A%]7 [ x7) + 55 + SE(1AT]7 | x7)

20 2
b) L. 1 (re+1)L .
2 (- ) ( 3 18T+ 2= DL gt |

Y
d=k—T1

k—1
9L 1 L apzy , L1 L kyj2 |k
250G 5 O 1A+~ g L) E(IARP 1)

d=k—T1
)11 L = 1,1 L
> (= -2 —7L)- AYP)+ —(= = Z —7L) - E(||A%] | ¥
> 553 0 CX 1A+ G =5 = L) EUANE 1)
11 L — 5
_ sz _t_ ) d)2 9 k)2 | Lk
=5G-3-7D (d:;THA 1) + SEUIA* | x*), (30)

where a) follows from the definition ék(s, d), b) is from , c) is a direct computation using (7)) and
(29). ) is due to that E(||A¥||? | x*)) > 0. Applying Lemma (5) to (30), we then have

lim | A% = 0,a.s. (31
Using the deterministic form of (28], we then prove the result.
Proof of Theorem 3]
Consider an auxiliary function
L T
P(yi,y2, .- yr41) = F(yr41) + % Zdllydﬂ - yall? (32)
d=1
and auxiliary point
Yt o= (P L, (33)

where ¢ is given as the same way in Lemmal[T] It is easy to see that P is also semi-algebraic. With
(23), we can see that

1,1 L o?
P k:_P k+1 > (Z_Z_7I)- k+1_k2_7k. 34
(y") — Py )_4(7 5~ TL) - llz il iy (34)
On the other hand, with direct calculations and (28],
k
dist(0, 0P(y*)) < [la¥ — 2" Y| /y + L(r +1) D (2t =2 + oy (35)
d=k—71

Thus, [(1.6), [26]] is satisfied, and with [Theorem 1, [26]], Y, [lz**1 — 2*|| < +oo. Then,
S ll¥* T — y¥|| < +oo; that means the sequence (y*);o is convergent. Using (35), (y/*) 0 con-

verges to some critical point of P, we denote as y* = (y7,¥5,...,¥s ). Noting dist(0, 0P (y*)) =
O,thenyy =y5 =...=y7,; and

0 = dist(0, 0F (y7)) = dist(0,0F (y3)) = ... = dist(0, 0F (y5,,))-
Thus, (z*),>0 converges to y} (= y3 = ... = y},) which is a critical point of F.

13
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Proof of Proposition ]

We just need to prove that there exist €, 6 > 0 such that

1 L 7L .
Egi(e,0) ~Blin(e.0) 2 (g2~ 5~ 1) E[A®]?,  lmE[A*|| = 0. (36)
Updating **1 directly gives
.1
P e argmin{5[Ja" — vt —y|* +19(y)}, (37)
which directly yields
1 1
St =0t = 2B 4 g (2t ) < o = 0 + gt (38)
After simplification, we have
1
gy llet = TP+ g(@™) < (o 2t — ™) 4 (o). (39)
With Lipschitz continuity of V f,
L
P = f@h) < (=9 F(@h), 0t — 2t + et - a2, (40)
Combining (39) and (40),
9D+ ED . L 1
F(z"*) — F(a") < Vf(wk)—v",Ak>+(§ —E)HMH2
i L 1
= (VI = Do VAETT, AN (5 AN
i=1
I
+ O ViakTT) =k AR A1)

(42)

IT
The terms I and IT has been bounded in Lemmal[T] With the bounds and taking conditional expectation
over x¥,
L5
E(F (") | x") - <3 Z 1A
d=k—
(re+ 1)L 1 ¢t K2 ks 0%
— - — + - E(A .
7 5t | ORI X + 3
fo<y< m, we can choose €,% > 0 such that
1 1,1 1 1,1 L
—=l4+—(—-)ht==(——-= - L
ettt —ht=5lg o -7

Then, with direct calculations and substitutions, we have:

%k
2t

(43)

k—1
L
r(e) — E(Eky1(e) Ix’“)@F(x’“)—E(F(x’““)IX’“HQZ > (d—(k—7)+1))A%Y?
d=k—71
L L o2
_ (1 _ djz L k2 Jky . %k
5 > (d-(k—7)Ad 5 TEUIATIE IXT) + 5
d=k+1—7
) L L
= F(a") = E(F(a"1") | x’“)+% D N 2*T1E(IIA’“II2 | X"
d=k—T1
11 L eio
> 1(27 =5 — L) -E(IATF X,

where c) follows from (d — (k — 7) + 1)[|A%||? — (d — (k — 7))||A%||? = ||A|]%.

expectations on both sides of [@3)), we then prove the result.

14
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Proof of Lemma
Sketch of the proof: The proof consists of two steps. First, we prove

k
1 1
EFi(c,6) — EFpi1(c,6) > mm{—(; - - ()] EIAYP +¢7), (44
=k—

d T

Second, we prove

k
1
(EFj41(e,0))* < max{= + L+ 7, 2D} - ( > E[AY? + ¢7)
d=k—T1

k—1
1 I
. ([(T +1)(= + L) + 1E[a* T — oM 4 w7 Y EJJAY* + )\k> . (45)
v d=k—r1
Combining (#4) and [@3) gives us the claim in the lemma.

Proof of (44)

Since 0 < v < ﬁ, we can choose €, > 0 such that

1 1, 1 1 1,1 L
- =1 — =), 0= —(——=—17L). 4
5+€ +T('yL 2)’6 4T<'y 2 L) (46)
Direct subtraction of F}, and F} 1 yields:
a) k—1
E[Fi(e,1) - Fii(e,t)] = EF(a*) —EF(@*) 4+ 1 3 (d— (k —7) + DE|AY]?
d=k—1
>y (d—(k—T))EIIAdH%—KTE\\A’“II2+§+¢%
d=k+1—71
k—1
=EF(z*) —EF@**) + Y sE|AY? - HTEIIA’“II2+ +¢k
d=k—T1
% L = 42 1 (re+ 1)L k2 0 kN2, 42
> (k—92)( E[[AY%) + |- — ———— — w7 | E|A%[]" = SE[A"]" + 6%
¥ 2 2
d=k—r
ol 1 L d L Kz _ 0 k2 | 42
=—(——=— E||A f———L-A — =E|A
PR d; IAYR) + (2 = 5 = 7L} - IAH? - GEIAYE +
911 L = 11 L 5
> —(=—=—71L)" E||A¢ — — 2= —7L) -E|A*|? - ZE||A*)? + ¢2
> 53 03 BIA) + 1 5 = oL EIANE - SEIAN 4 of
11 L b
= 1 — (= — — — 7). 1} E Ad 2 2 4
min{g (=5 ~TON (30 BIAYE o) 47

where a) follows from the definition F}, b) from taking expectation on both sides of @), c)isa
direct computation using definition of Ag, d) is dueto 7 > 1.

Proof of (45)
The convexity of g yields
g(aHh) — g(aFHT) < (Vg(ahHh), 2k H! — okt (48)
where Vg(z*1) € dg(2*T1) is arbitrary. With , we then have
o ok ket -
g(a™th) = g(akt1) < (F— —F T ki), (49)
Y

15



410 Simiarly, we have
FEY) = @) < (Vf (R, 2R — k), (50)

411 Summing (@9) and (50) yields

m

P = PR < 3 (VA = Dhi(ah 70,8 =2 )

k _ . k+1 _
a<) S L k‘+1 k—‘l’i‘k k+1_ k+1
<Y Lifle [RE2 k|

=1

2t = 0 et ) 4 (3 VA (b — o, b e
+< ~ , T xz >+<Z fz(x ) v,T T >

=1
k

b<) - I Ad k+1  TRPT [N k+1 _ ThT1
<> Ll Do 1AM e gkt + = |z k]|

i=1 d=k—r "

m
(3 Vi) — ok gt o)

i=1

k k
= 3 DAt = St -

d=k—1

m
+ (O Vfilah TRy = oF g — gk, (51)

a1z where a) is due to the Lipschitz continuity of V; fi, b) depends on the fact ||zF+1 — zk=Tir|| <

s b, ||AY,and L = 37, L;. With (8) and , we have

k—1
- 1 -
Fun(et) < Y LIAY| - a*+ — a1 + (; + L) AR -l - ok
d=k—r

+ k- Z (d— (k—7)||AY)? + sz F=Tin) — g ghtl gkt 1) 4,

d=k+1—71
@ k-1 - 1 - k
< ST LJAY -t =TT 4 (= 4 DAR] - et - e Y AY?
d=k—r v d=k—1+1
1)V iRy — ok flaF T — 2B 4 A, (52)
#14 where a) is from thatd — (k — 7) < 7whenk — 7+ 1 <d < k. Let
V2 + LAk \/ 5+ Lllz*tt — k|
VI[A V[t tt = 2R
k VL[| AR X VL||zh+t — k41|
T VAT AF] 0= VETIAR] SR
VET[| AR VET||ARTH
|22 Vil ms) = R
Ak VK
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423

424

425

426
427

428

429

430

431

432

433

Using this and the definition of F}, (]g[), we have:
(EFis1(,0))® < E[Frsn (2,07 < E [(a*,55)]” < E[la* |PE[I6* . (54)

Direct calculation yields

k

1
E|la*|? Smax{;+L+KT,2D}-( > EIAYP + 67) (55)
d=k—T1
and
1 k—1
B < [+ D + L) + UE[a™+ = 2B 4 ST OEIAYP + Xk (56)
d=k—71

Thus, we prove the result.

Proof of Theorem [
For a given C' > 0, we set
¢k = c Ck’
V20
If C'is large enough, we have % < ¢k. Thus, for any k
ng o1 - (57)
qbk 1- C

Therefore, Lemma 2| holds. It is easy to see that (k7 Yot E[|A%|2 4 BE[[zF+1 — 2FFT||2 4 \p)
is bounded; and we assume the bound is R, i.e.,

k—1
a(kr Y EJAY)? + BE[a* T — 21|12 4+ Ap) < R. (58)
d=k—T1

With Lemma 2] we then have
[EF)11(c,0)]> < R- (EFy(c,8) — EFjq1(e,0)). (59)

From [Lemma 3.8, [2]] and the fact EF (2*) — min F' < EFy (e, §), we then prove the result.

Proof of Proposition[d]
In the deterministic case, Lemma [I] can hold without expectations, sup, {¢x(e,t)} < oo, thus,
sup, {F(z*)} < +oo and ZZ;;_T |A?||2 < +o0c. Noting the coercivity of F, sequences (z¥)x>
J— _— 2
and (2%)y>¢ are bounded. Thus, (OZ(I{T SR A2 4 Bkt — 2R T2 4 ;—é))k is bound-
> 7)) kor
ed; and we assume the bound is R, i.e.,

k—1
alkr > IAY? + Bzt - ZFFT|2 + )y) < R. (60)
d=k—r1

In the deterministic case, Lemma|2| can hold with deleting the expectation, we then have
Fiy1(e,1)” < R(Fi(e,t) — Frqa(e, 1) (61)

From [Lemma 3.8, [2]]] and the fact F'(2*) — min F' < F}, (e, t), we then prove the result.

Proof of Theorem

With (T2), we have

afE||zF T — gh+1)12 < O‘—f(EF(xk“) —min F) < ?Fkﬂ(g,&) < ?EFk(g,é). (62)

17



434 On the other hand, from the definition of (@),

k—1
arkt Y E|AY)? < arEFy (e, 6) (63)
d=k—1
435 and
al, < oEFy(e,9). (64)
436 Letting H = a7 + a—f + « and with Lemrna
[EFyy1(g,0)]? < HEF,(e,6) — EFy1(c,0)) - EFy(e, ). (65)
a7 If EFy(e,d) = 0, we have 0 = EFy41(e,d) = EFg12(g,0) = .... The result certainly holds. If
as EFy(g,0) #0,
EFky1(e,0) 5 EFj41(e,0)
— ——2)—H<O0. 66
FrReo ) T EREe ) HS (66)
439 With basic algebraic computation,
EF, ) 2H
k+1(87 ) S . (67)
EFy(e,6) — VH2+4H + H
440 By defining w = ﬁ, we then prove the result.
441 Proof of Lemma
a2 DIfn, = @fﬁ, we then have
k—1
L (re+1)L (27+1)L
F k+1 k - Ad 2 o Ak 2. 68
R R R Y e e TS S
443 2) If the ng > (szcl)y with the Lipschitz continuity of V f, we have
F(aMh) = F(a%) < (Vf(a?), 2" —2%) + g(a*) — g(¥)
= (O Vfi(ahTmer), ab T = 2y 4 g (@) - g(a¥)
i=1
T
¢ L
FAV (") = D Vi) AN 4 T AFR (69)
i=1
as4  Based on the line search rule, T < —% ||z — 2¥||2, thus,
F(a") = F(a*) < (Vf(z Zsz KTk, AR) 4 222 A
i=1
2V Zsz |- AR+ E Ak
) _
< (L Z IA]) - (AR + =52 Ak
d=k—71
C)(75+1) B2 4 L a2 _ G2 Aky2
< JAIZ+ o0 32 1A% = FZIa*)?, (70)
d=k—T1

445 where a) is from the Cauchy inequality, ) is the triangle inequality, ¢) uses the Schwarz inequality.

By setting . a1 1
-

- =14+ = i

A

18



446 with direct computation, for both case,

€n() — Erar(c) > 14—_00(L+2TL) AR, 71

447 That means
lim | A% = 0. (72)

s Noting that (28) still holds here. With (72) and (28)), we then derive the result.
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