Convergence of Adversarial Training in
Overparametrized Neural Networks (Appendix)

A Proof of the Convergence Result for Deep Nets in Section 4]

We first present some useful notations and lemmas for this part. Denote the diagonal matrix D(") =
D" (W, x) as D) = diag (]I(i(h) > O)) for h € [H], where I is the entry-wise indicator function.

Sometimes we also denote D(®) = T which is the identity matrix. Therefore, the neural network has
the following formula

f(W,x) =a DEWU ... pOWDx(O

and the gradient w.r.t. W) is
f/(h) (W,x) = (X(h—l)aTD(H)W(H) e D(h))T , h € [H]. (1)

First, we will restate some basic results at initialization.
Lemma A.1. [fm > d, with probability 1 — O(H)e=*"™) at initialization, we have ||A||, = O(1),
||VV(h)H2 = O(1),Yh € [H], and ||a||, = O(y/m).

Proof. This is a well-known result of the /s-norm of Gaussian random matrices (Corollary 5.35 in
[8]]), which states that for a matrix M € R*? with i.i.d. standard Gaussian entries, with probability

1—2e~*"/2 we have M|, < v/a+vb+t. Combined with the scaling of A, W) and a, we easily
know that each of A, = O(1), [[W®"||, = O(1), and ||a||, = O(y/m) holds with probability
1 — 20" and we obtain our result by taking the union event. O

Lemma A.2. For any fixed input x € S, with probability 1 — O(H)e‘ﬂ(m/H) over the randomness

of initialization, we have for every h € {0,... , H}, Hi(h) € [2/3,4/3] and ||x" H2 €[2/3,4/3]
2

at initialization.

Proof. This is a restatement of Lemma 7.1 in [1]] taking the number of data n = 1. O

Lemma A.3. Ifm = Q (H log H), for any fixed input x € S, with probability 1 — e~ /1) gt
initialization we have for every h € [H),

=O0(VmH).

HaTD<H>W<H> . DOW®
2

Proof. Note that HaTD(H)W(H) . ..D(h)vv(h)H2 < HaTHQ HD(H)H2 Hw(H) . ..D(h)vv(h)H2

and HD(H ) H < 1. This lemma then becomes a direct consequence of Lemma and Lemma 7.3(a)
in [1]] with number of data n = 1.

Our general idea is that within the local region (where R = (1))

B(R) = {W : HW(h) - Wg’”HF < %,Vh e [H]}
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the gradient f'(") (W) remains stable over W when x is fixed, and the perturbation of f'(*)(W)
is small compared to the scale of f/(") (Wy). This property has been studied in [1] extensively.
However, in the non-adversarial setting, they only need to prove this property at finitely many data
points {x;}? ;. In our adversarial training setting, though, we also need to prove that it holds for
any x; € B(x;). Specifically, in this section we would like to prove that it holds for any x € S.
Our method is based on viewing the perturbation of x as an equivalent perturbation of the parameter
W) and then we will be able to make use of the results in [[1]. This is elaborated in the following
lemma:

Lemma A.4. Given any fixed input x € S. If R = O(y/m), with probability 1 — O(H)e~m/H)
over random initialization, for any x' € S satisfying ||x — x'||, < 0, and any W € B(R), there

exists W € B(R + O(y/md)) such that W = W for b =2, ... H, and for all h € [H] we
have

MW) =xM(W), xX®W)=xMW), DM W)=D"(x W).

In other words, the network with a perturbation from x to X' is same as the network with a perturbation
from W to W since layer < and up.

Proof. By LemmalA.1| with probability 1— O(H)e 2™ ||A]l, = O(1) and HW&”H2 — 0(1).
Thus HW(l)H HW(l H —~ =0(1). By Lemma with probability 1 — O(H )e~m/H),
[|x@]|, € [2/3,4/3]. Let

WO (/O — xO0) (xO)T

@1,

WO — W

WO obviously satisfies WHx(© = WOUx/()  Then setting W®,..., WH) equal to
W@ . WU will make all the following hidden layer vectors and D equal. It is also easy to
verify that

[ —wo| < WO, Al 1% = x|l
ro ERIE

= 0(9),
so we know that W € B(R + O(y/md)). O

By Lemma[A.4] we can directly apply many results in [I] which are only intended for the fixed data
originally, to our scenario where the input can be perturbed, as long as we take the parameter radius
as \/% + O(9) in their propositionsﬂ This can give us the following important lemma:

Lemma A.5 (Bound for the Perturbation of Gradient). Given any fixed input x € S. If
m > max(d, Q(H log H)), \/—% +40 < m for some sufficiently small constant c, then

with probability at least 1 — O(H)e_Q(m(R/\/m+5)2/3H) over random initialization, we have for any
W € B(R) and any x' € S with ||x — x'||, <6,

| 770 (W) = 0 (W, x)|| =0 ((\/Rm i 6)1/3H2¢mlogm)

and

f/(h) (W, X/)

|

'Note that in [T]] the corresponding region B(R) is defined by the 2-norm instead of the F-norm: Ba(R) :=
(n) R : , : ,
{W: HW(h) - Wy H < 7 Vh € [H]}. Since obviously B> (R) C B(R), we can still apply their results
2

to our case directly.

o O(vVmH).




Proof. By Lemma 8.2(b)(c) of [1]], using the method of Lemma stated above, when \/—% +6 <
¢ with probability 1 — e~ m(R/Vm+)**H) for any W € B(R) and any x’ € S with
H97%(log m) p y y y

Ix —x'||, < 4, we have for h € [H]E]

HD(h)(W,X') - D(h)(WO’X)Ho =0 (m(]jn * 6)2/3H> ' @
and
[ W) —xmwo) | =0 ((f% + 6)H5/2@> , (3)

where (3)) is also easily verified to hold for ~ = 0. Next, according to Lemma 8.7 of [lﬂ when the
bound u satisfies O(m( L +6)*/2H) < g, with probability 1 —e~*((%/ Vm+8)*/*Hmlogm)
we have for any W € B(R) and any x’ € S with ||x — x'||, < §, Vh € [H],

HaTD<H>(W, X YWH) .. DO (W, xYWH — aT DI (Wy, x)W D ... DM (W, x) W H2

=0 (% 405112 o @

Note that with our condition im +0< W, the previous requirements are all satisfied. Also,
combining (3) with Lemma we know for h = 0,--- , H,

‘ x’<h>(W)H2 <0(1)+0 ((fa + 5)H5/2\/logm> ~0(1) )

Combining Equation (3), @), (5), and Lemma[A.3] we obtain

< HaTD(H) (W, x )W ... DO(W, x YW — aTDE (W, x) W ... DM (Wo,X)WémHQ
=0 (e +oy2m?mtogm ) + O - 0 (7 +9)1°/% fogm |

Jm
—0 ((% + a>1/3mm> .

In addition, also by (5) and Lemma[A.3]

|

Therefore,

70 (W) = £ (W) |

KD W)+ {2 DO (W, )W - DI (W, )WY |
2 2

XD (W) = xD (W) |
2

7 O’X)HFSHaTD(H)(WO,X)W(()H)"'D(h)(wovx)w(()h)H Hx(hil)( O)H
2
=O(VmH).

2

FW,x)

= O(WmH) +0 ((\/RE +6) 3 H2/m logm> — O(v/mH).
O

With Lemma[A.3] we are ready to state an important bound that implies the loss function is close to
being convex within the neighborhood B(R) for any x € S. We use the e-net to turn the result from
afixedxtoallx € S,

*Here the zero norm ||-||, denotes the number of non-zero entries of a matrix or a vector.
3We only use the setting when the network output is a scalar.



Lemma A.6. If m = (%) and R = O (m) then with probability at

least 1 — O(H)e_Q((mR)z/SH) over random initialization, we have for any W1, Wy € B(R), any
x € Sandanyy € R,

l(f(W25X)ay) > l (f(Wlax)ay) + <le(f(W1,X),y),W2 - W1>
— W2 = Wil O((mR)"/*H>?\/logm).

Proof. A d-netof S is a group of points {x;}¥ ; in S that satisfies: for any x € S, there exists some
x; that satisfies || x — x;||, < d. From classic covering number results we know that we can construct

such a d-net with the number of total points N = (O(1/6))<, where d is the input dimension. As
long as \/—RE +0 < m for some sufficiently small constant ¢, we can derive that for any

i € [N], with probability 1 — O(H)e~Xm(R/Vm+0)**H) for any W1, Wy € B(R), any X, € S
with ||x; — x}||, < d,and any y € R,

l(f(WQ,X;)7y) —1 (f(Wl,X;)7y) — <le(f(wl’xg),y)’wg _ W1>
Z%l (FW1,x5),y) [f(Wa,x}) — f(W1,x}) — (Vw f(W1,x}), Wy — W1)]
0

—of
R
— W2 = Wy O((ﬁ +6)/2H\/mlogm),

L(f(W,x ),y)(/o (Vw f(tW2 + (1 — t)W1,x;) — Vw [(W1,x;)) dt, Wy — W)

where the first inequality uses the convexity of [ w.r.t f and the last inequality is due to the boundedness
of |0l/Jf] is bounded, Lemma and Vwf = (f/M,..., fUD), We take § = \/» With

R=0 (#gn@)?’) the requirement \/% +4 < W can be satisfied. Therefore, taking union
event over all N points, our proposition holds with probability

1 — O(H)(O(\/m/R))%eM(mR)**H)
-1 O(H)e—9<<mR>2/3H)+d1og(0<m/R))

=1 — O(H)e UmR*/*H)

. . L. 3/2 3/2
where the last equation is due to the condition m = 2 (dlmgH—B(/‘f/R)) O

With the above preparations, we are ready to prove the main theorem.

Proof of Theorem[{.1] We denote W as the parameter after ¢ steps of projected gradient descent,
starting from the initialization W. We perform a total of T steps with step size «.



For projected gradient descent, W; € B(R) holds forall¢t =0, 1, --- , T. Recall that the update rule
is Wt+l = PB(R) (Vt+1) for Vt+1 =W; — CYVWL_A(Wt). Letd; := ||Wt — W*HF We have

A7y = Wi — W%
< Vi — Wo7
=[|Wi = W[5 +2(Vipr = Wi, Wy = W) + [V — Wi[F
=d} + 20(Vw La(Wy), (W = Wy)) + o[ VwLa(Wy) %
2«

i+ 2 S (Tl (W, AWe, ), (W = W) 0?5 2 T £ (Wa AW )
i=1

n

i=1
2 n
<d? + ;a ;[Z(W*,A(Wt7xi)) — (W, AW, x1))
+ |W. — Wz O((mR)Y3H®2\/logm)] + o> O(mH?)
200 —
<d? + — > UW., Ad(Wo, i) — LW, AW, )

=1
+ O(am™YSRY3H?/2, flogm + o®>mH?)
=d? 4 20 (L. (W.) — Lx(W;)) + O(am™YSRY3H5/2, flogm + o*mH?)

where the second inequality is due to Lemma[A.6]and Lemmal[A.5] the third inequality is due to the
definition of \A,. Note that in order to satisfy the condition for Lemma[A.6] and Lemma[A.5] our

choice m = max{Q (H 1:7R9) ,Q(d?)} suffices. By induction on the above inequality, we have

T-1
d <dj+2a > (L (W.) = La(Wy)) + O(T(am™ S RY3H/?\/log m + o*mH?)),
t=0
which implies that
Az — d?
min (L.(W,) — La(W,)) < 2—L 4+ O(m~YSRY3*H>/2\/logm + amH?)
0<t<T o
2
< +O(m_1/6R4/3H5/2\/10gm+amHQ)
maoT
<e,
where in the last inequality we use our choice of & = O (ﬁ), T = © ( 75”;), and also

m—1/5RY/3 FI5/2, flogm < O(e), which is satisfied by m = Q (Hfﬁg )

B Proof of Theorem 5.1 Convergence Result for Two-Layer Networks

Proof. We denote W, as the parameter after ¢ steps of projected gradient descent, starting from
the initialization W. We perform a total of 7" steps with step size «, where each step is an update
W1 = Wy — aVwL4(Wy). Firstly, the formula for the network gradient is

1
Vw f(W,x) = NG diag
where a = (a1, -+ ,am,aj, -, a’% )T is the parameter for the output layer. We can compute the
Lipschitz property of Vw f w.r.t W: For any fixed x € S,
1
Vwf(W)=Vwf(W)|r<—
[Vw f(W) = Vw f( )||F_\/T»n
1

1
< ) W W
<0 ( /*m) H ||F,

(a)o’ (Wx)x ",

[diag(a) |l [lo"(Wx)) — o’ (W) [2]1x]|2



For a fixed data point (x, y), we denote £( f(W)) as short for £(f(W,x),y). Since ¢ is convex and
has bounded derivative in f, we have

(W) = L(f(W))
U (f(W))(F(W') = f(W))

0 (F (W) (T (W), W' — W) + { / (Vw F(5W + (1 — 5)W') — Ty f(W))ds, W' — W)

> (Vwl(f(W)), W — W) — 0 (j%) W - W ©)

In addition, we can also easily know that for W € B(R) and R = O(vV M), x € S, we have
1 .
IVwe(f(W))[l, < Iﬁ'lﬁ [diag(a)ll, (v'mlo’(0)] + C[Wx]|,) [[x[l, = O(1)  (7)

since the initialization satisfies ||[Wyl|, = O(y/m) with high probability given m = Q(d) (see
Lemma |A.1), thereby |[W||, = O(y/m).

Denote d; = |W; — W,|| . Without a projection step, there could be two possible scenarios during
the optimization process: Either W, € B(3R) holds for all ¢ = 1,--- , T, or there exists some
Ty < T such that W; € B(3R) fort < Ty but W, 1 ¢ B(3R). Either way, while W is still in
B(3R) up tot — 1, we have

di = |W; — W, |
= Wit = W7 +2(Wy = Wi_1) - (Wi — W) + [[W, — W13
=di | +2aVwLa(Wi_1) (W, = Wi_1) + o[ VwLa(Wi_1) |7

n

ey 2 [ AW )0~ S (Wt AW 300 0 () IW- = Wena ] + 00

co
< (14 ) 4 20(L(W.) - La(Wi1)) + Ofa?), ®)
where the first inequality is based on (6)) and (7)), the second inequality is based on the definition of
L.(W.,), and c is some constant. Let S; = (1 + \j%)t which is a geometric series, and dividing
by S; we have

di_diy, LaWir) = L(W.) | O(a?)
St St—l St St
which, by induction, gives us
d? S LA(W;) — L (W) =
Y2 —2a + O(a?
St 0 ; Sit1 (o) = Sit1
s =1
<d?—2a min (LA(W;) = L.(W,)) +0(a? :
7=0,--- ,t—1 = Si+1 e Si+1

=0 S ca

and note that S L = vm (1 - s%)’ which yields

min_lLA(Wi) — L.(W,) <O(a) + )

i=0,- .t

Now we will consider the two cases separately:

Case 1. W € B(3R) holds forallt = 1,--- ,T. We have chosen T' = g, and then ST ~ e. Also,
since d3 — % < d3 = O(R?), by choosing m = Q(R*/e?) and o = O (e), and taking ¢ = T in @),
we can obtain miny—q ... 7 La(Wy) — L.(W,) <e.



Case 2. There exists some Ty < T such that W; € B(3R) fort < Ty but W11 ¢ B(3R).
Since W, € B(R), we know that dy < R and dg,4+1 > 2R. Still using the choice of parameters
2

d
above, we have d% — % < R? — (4/e)R? < 0. Hence, taking t = Ty + 1 in (H), we obtain
0
ming_o,... 7 La(Wy) — Ly(W,) < ming_q.... 7, La(Wy) — L. (W,) < e.

So in any case the result is correct, thus we have proved the convergence without the need of
projection. O

C Proof of Gradient Descent Finding Robust Classifier in Section

C.1 Proof of Theorem[5.2]

As discussed in Section we will use the idea of random feature [7] to approximate g € H(K,) on
the unit sphere. We consider functions of the form

h(x) = /Rd c(w) "xo' (wx)dw,

where c¢(w) : R? — R? is any function from R? to R?. We define the RF-norm of h as
- H;f)\zvvil)lz where po(w) is the probability density function of A/(0,1;), which is
the distribution of initialization Define the function class with finite (0, I4)-norm as Frg =

{h(x) = [a (W) x0" (W x)dw : ||h||gp < 0o} . We firstly show that Fgp is dense in H(K,).

Hh”RF = Ssup

Lemma C.1 (Universality of Frg). Let Frr and H(K,) be defined as above. Then Fgr is dense in
H(K), and further, dense in H(Ky) w.rt. |||, s where || ||, s = subPxes | f(%)].

Proof. Observe that by the definition of the RKHS introduced by K, functions with form h(x) =
Zt at K(x, xt) xt e S are dense in H(K ). But these functions can also be written in the form
= [pac(w (wTx)dw where c(w) = po(w) >, atxta "(wTx¢). Note that [|e(w)||, <

( Zt Hatxta (W Xt H2 < oo since S is a compact set and ¢’ is bounded, this verifies that h
is an element in Fgg. So Frr contains a dense set of H (K, ) and therefore dense in H (K, ). Then
note that the evaluation operator K,  is uniformly bounded for x € S, and h(x) = (K x, h)3, S0
the RKHS norm can be used to control the norm ||| , 5 and is therefore stronger, thus the proof is
complete. O

We then show that we can approximate elements of Fgr by finite random features. Our results are
inspired by [[7]. For the next theorem, recall Assumption [5.1] [5.3] the constant C satisfies o’ is
C-Lipschitz, |o’(-)| < C.

Proposition C.1 (Approximation by Finite Sum). Ler h(x) = [p. c(w Txo'(w'x)dw € Fgp.
Then for any § > 0, with probability at least 1 — 6 over w1, - - - WM drawn iid. from N(O 1;), there
exists c1,- - ,car where ¢; € R% and ||c;|, < ”hHRF , so that the function h = Zz Ll xo! (w] %),
satisfies

o] = e (i i)

Proof. This result is obtained by importance sampling, where we construct h with ¢; = clw;)

Mpo(wi)*
We first notice that ||¢;||, = y\;;‘:(’ )”2) < % which satisfies the condition of the theorem. We then
define the random variable
v(Wy, -, W) = Hh - hH

We bound this deviation from its expectation using McDiarmid’s inequality.



To do so, we should first show that v is robust to the perturbation of one of its arguments. In fact, for
wi,- -, Wy and w; we have

[o(Wi,- -, War) —v(Wr, oo Wy, , Wiy
Si ax c(w;) Txo! (w, x) B c(vﬁi)Txai(vGiTx)
x€S po(W;) Po(W;)

1 / T 1 T
<7 Illee max (o’ (wl )| + |0’ (. 7))
20
M
by using triangle, Cauchy-Schwartz inequality, |o’(-)| < C and ||x||, = 1.
Next, we bound the expectation of v. First, observe that the choice of cj,--- ,cps ensures that

Ew,, . waiL = h. By symmetrization [5], we have

Ev =E sup
X€ES

h(x) — Eﬁ(x)‘

M

Z eic] xo' (w; x)|,

=1

<2Ew e sup
XES

(10)

where €7, - - - , )7 is a sequence of Rademacher random variables.

Since |¢] x| < |le;, < % and o’ is C-Lipschitz, we have that ¢ xo'(-) is %-Lipschitz in
the scalar argument and zero when the scalar argument is zero. Following (I0), by Talagrand’s lemma
(Lemma 5.7) in [6] together with Cauchy-Schwartz, Jensen’s inequality, we have

M
Z eic; xa' (w; x)

=1

Ev <2E, . sup
xeS

M

E GZ'WZTX

i=1

M
E €W,

i=1

2C || lgg
<———=FEsup
M xeS

2C || hllge
< E
- M

2C ||n|| 2
gﬁ\ﬁ@ww(om w3 =:

Then McDiarmid’s inequailty implies

2

2 2
Plo>pu+e <Pv>Ev+¢ < exp(—i),
Mg
The proposition is proved by solving the ¢ while setting the right hand to the given 4. O

Proof of Theorem[@] . Finally, we construct W, within a ball of the initialization W, that suffers
little robust loss L, (W..). Using the symmetric initialization in (@), we have f(Wy,x) = 0 for all x.
We then use the neural Taylor expansion w.r.t. the parameters:

m/2 m/2

1
f(W, X) — f(W(h X) ~ ﬁ Z ai(wi — WiO)TXJI(W;—()X) + Z a;(v_vl — V_Vi())TXJI(V_V;—OX) s
i=1 i=1

(4)
where w; denotes the value of w; at initialization. We omitted the second order term. The term (i)

has the form of the random feature approximation, and so Proposition [C.T|can be used to construct a
robust interpolant.

In summary, we give the entire proof of Theorem [5.2]as follows.



Proof. Let L be the Lipschitz coefficient of the loss function ¢. Let € = 3%
By Assumptionwith €, there exists g1 € H(K,) such that
lg1(x7) — yil <
for every x;, € B(x;), i € [n], where B(x;) is the perturbation set.
By Lemma for € there exists g2 € JFrr such that ||g1 — ga|, 5 < € Then, by Theorem we

have c1,- -+, ¢, /2 Where ¢; € R? and

g2
feal < 192lee,

such that g3 = Zm/12 ¢ xo'(w] x) satisfies

Cllgallge
llg2 — 93||0C73 < W (2\/Cj+ m) ,

with probability at least 1 — § on the initialization w;’s.

We decompose f into the linear part and its residual:

m/2 m/2
1
fW,x) =—= Zai(wi—wio) xo' (W x) +Z — Wio) | x0’ (W)
v\ S
m/2
Jri Z al/ ((twi + (1 — t)wio) ' x) — o’ (Wyx)) dt
m/2

+Z / ((tw; + (1 = )wig) Tx) — o’ (Wihx)) dt)

Then set w; = wio + /FCi, Wi = —y/FC; + W40, we have

g2
W, — Wr0||2 < %7
1 m/2 m/2
and — Z ai(w; — wig) | xo’ (wpx) + Z —Wio)  x0' (WHx)
i=1
m/2

s %

m/2
fm [m
g a; Zc;-rxo WihX) — E a; 4G T xo! (Whx)
i=1

m
= Z ¢l xo' (w] %)
i=1

=93,
So

1F(OW,2) — gsllos = H\r Zal/ ((tw: + (1 = t)wio)Tx) — o’ (wihx))

3l [ (00w (1= 1) ) = o () )|

i=1 00,8

g\% m x € |(bws + (1 = ywio) Tx = wix] x| lws = wiol| .
C llgallze

4ym

<



and therefore

Cllgalize . Cllgall
IF(W,2) = galloe,s < =5 72K + m (2vd+ v/2108(1/3)) aan

4
Finally, set m to be large enough (= Q2 <”g§#)) so that the left hand in Equation (TT)) no more than
€and let Rp 3 . to be ||g2||gr /2. Then

L(W) =2 swp ((f(W.x),5)
i=1 XE5 X
< sup C(f(W,x),9i)

- i€[n],xeB(x;)

<L sup  ([f(W,x) = g2(x)] + |g2(x) = g1(x)[ + [g1(x) — wi)
1€[n],x€B(x;)

<3Le

—€.

The theorem follows by setting § = 0.01. O

C.2 Example of Using Quadratic ReLU Activation

Theorem [5.2] shows that when Assumption[5.2] [5.1] [5.3] hold, we can indeed find a classifier of low
robust loss within a neighborhood of the initialization. However, these assumptions are either for
generality or simplicity, and for specific activation functions, we can remove these assumptions. As a
guide example, we consider the quadratic ReLU function o(z) = ReLU (z)* = 22 - 1z>0 and its
induced NTK. Following the previous work [3} 2], we consider the initialization of each w,. with the
uniform distribution on the surface of the sphere of radius \/d in this sectionE] We can verify that
this induced kernel is universal and quantitatively derive the dependency of € for Rp 5 . and m in
Theorerirg] for this two-layer network. In order to do so, we need to make a mild assumption of the
dataset

Assumption C.1 (Non-overlapping). The dataset {x;,y;}_, C S and the perturbation set function

B satisfies the following: There does not exist x,X and i, j such that x € B(x;) U (—B(x;)),X €
B(x;) U (=B(x;)) but yi # y;.

And then we can derive the finite-sum approximation result by random features.

Theorem C.1 (Approximation by Finite Sum). For a given Lipschitz function h € H(K,). For
€>0,0€(0,1), let wy,- - ,wps be sampled i.i.d. from the uniform distribution on the surface of
the sphere of radius \/d where

1 1

and Cp g, Cé?, g 18 a constant that only depends on the dataset D and the compatible perturbation
B. Then with probability at least 1 — 0, there exists c1,--- ,cp where ¢; € RY such that h =
M ¢TxReLU (W, x) satisfies

r=1"r

M /
C
2 D,B
= 2 1
;HCTHZ O( i )7 (13)

Hh—BH <e (14)
00,8

*It is not hard to see that Theorem still holds under this situation by the same proof.

>Our assumption on the dataset essentially requires x; 7 4x; since the quadratic ReLU NTK kernel only
contains even functions. However, this can be enforced via a lifting trick: let X = [x, 1] € R**! | then the data
% lie on the positive hemisphere. On the lifted space, even functions can separate any datapoints.
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To prove this theorem, we use the /5 approximation result in [3]] and translate it to an /., approxima-
tion result by using Lipshitz continuity. We first state Proposition 1 in [3].

Lemma C.2 (Approximation of unit ball of H (K, ), Corollary of Proposition 1 in [3]). Let h €
H(K,). For € > 0, let dp be the uniform distribution on S. Let w1, - -+ , Wy be sampled i.i.d. from

uniform distribution on the surface of the sphere of radius \/d, then for any § € (0,1), if

M = expl§d) heni log <||h|i> |

€d
with probability at least 1 — 6, there exists ¢y, - - -, ¢pr € R® such that h = Ziw:l ¢ xReLU (W,Tx)
satisfies
M 2
T T2 M )
|n—h . /(h H)zd (16)
— = - <e
Lo (dp) S p=

Then we can give the proof of Theorem|[C.1]

Proof. Let Lip(f) denote the Lipschitz coefficient of f. We consider h in Lemma by the
property of Lipschitz coefficient, we have

M
Lip(h) =Lip <Z ¢ xReLU (wjx))
r=1
M
< Z Lip (c:xReLU (W:X))

r=1

M
<D lerlly Ix]ly Lip (ReLU (w,"x))

r=1
M

< lerlls el
r=1

M M
2 2
< (Z ||C7"||2> (Z ||WT|2>7
r=1 r=1

Lip(h) = |||y, exp(O(d)),

So

which means / has finite Lipschitz coefficient and therefore so does h — h, and the upper bound of
Lipschitz constant ¢y, only depends on the data and the perturbation. Then we can bound the /.,

approximation error. Suppose for some x € S, |h(x) — ﬁ(x)‘ > ¢, since h — h is Lipschitz, it is not

hard to see that, when ¢ is small,
d

N2 2 d+1 d+1 (9
[ (=i) 2 g < - B (a7
s I'(d/2+1)c§ ¢ d=

By Lemma , for some constant C'p 3, when M = Q (% log ﬁ), Equation (T7) fails, so

~ . C/
Hh - hH < € holds and at the same time we have 2%1 ||CTH§ =0 ( ]7\345) for some C, ;5 that
c0,S - ?

only depends on the data and the perturbation. O
Now, we get a similar but more explicit finite-sum approximation result for quadratic ReLU activation,

we are then going to show that the RKHS is rich enough that Assumption[5.2]can be derived. We
have the following lemma to characterize the capacity of the RKHS.
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Lemma C.3 (RKHS Contains Smooth Functions, Proposition 2 in [2], Corollary 6 in [4]]). Let
f 8 = R be an even function such that all i-th order derivatives exist and are bounded by 1 for
0<i<s withs> (d+3)/2. Then f € H(K,) with | f|,, < Can where Cy is a constant that
only depend on the dimension d.

Then, by plugging-in the finite-sum approximation theorem (Theorem[C.T)) and the theorem of the
capacity of RKHS (Theorem [C.3) to the proof of Theorem [5.2]and combining with the optimiza-
tion theorem, we can get an overall theorem for the quadratic-ReLU network which is similar to
Corollary [5.1] but with explicit € dependence:

Corollary C.1 (Adversarial Training Finds a Network of Small Robust Train Loss for Quadrat-
ic-ReLLU Network). Given data set on the unit sphere equipped with a compatible perturbation
set function and an associated perturbation function A, which also takes value on the unit sphere.

Suppose Assumption are satisfied. Let C%y g be a constant that only depends on the dataset D

and perturbation B. Then for any 2-layer quadratic-ReLU network with width m = Q( fﬁf log %),

if we run gradient descent with stepsize « = O(¢) for T = Q(@) steps, then with probability 0.99,
in La(Wy) <e. 1

i La(We) < (18)

D Proof of Theorem

n

Proof. We prove this theorem by an explicit construction of [5] % d data points that F is guaranteed

to be able to shatter. Consider the following data points
X;j = ¢ +ee; fori € {1, , [g}},j € [d),

where ¢; = (6i6,0,---,0)" € R% ¢ is a small constant, and e; = (0,---,1,---,0) € R?
is the j-th unit vector. For any labeling y; ; € {1,—1}, welet P, = {j € [d] : y;; = 1},
Ny ={j €[d] : yij = —1}, and let #P; = k;. The idea is that for every cluster of points {x; ; }"_;,
we use 2 disjoint balls with radius § to separate the positive and negative data points. In fact, for
every such cluster, if P; and N; are both non-empty, the hyperplane

Mi = {X : (yi,la e 7yi,d) : (X - Ci) = 0}7
clearly separates the points into {x; ; : j € P;} and {x; ; : j € N;}. Then we can see easily that
there exists a vy, > 0 such that for any 7 > 7€, there exist two Euclidean balls B,.(x} ; ), B (x] 5)

in R? with radius r, such that they contain the set {x; j : j € P;} and {x; ; : j € N;} respectively,
and that B,.(x; ;) and B,.(x] ,) are also separated by M. Therefore, as long as we take

1 1
e<dmax | —, -, .1,
71 Yd—1

we can always put r = J. This also holds in the case that P; or V; is empty, where we can simply
put one ball centered at x;; = c; and put B, (Xi,2) anywhere far away so that it is disjoint from
the other balls. Recall that we have chosen ||c; — c;/||, > 69 for ¢ # i’. Such balls B,.(x;;) : i €
{1,---, [%}},l € {1, 2}, are disjoint since € < ¢, and Hx;l - clH < 20 for I = 1,2. In this way,
' 2
since F is an n-robust interpolation class, we can use the fact that there exists a function f € F such
that forany i € {1,---, [2]}, f(x) = 1 for x € B(x;,1) and f(x) = —1 for x € B,(x;2). In this
way, f(x; ;) = i, holds for all 7, j. Since the labels y; ; can be picked at will, by the definition of
the VC-dimension, we know that the VC-dimension of F is always at least [%] X d. O
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