The spiked matrix model with generative priors
Supplementary materials

Contents
[ Definii I ond
1.1 Modelsl . . . . . e

2 Mutual information from the replica trick|

2.1 Derivation of the replica free energy for the vw! model| . . . . . .. .. .. .. ..

2.2 Free energy for theuv' modell . . . . . . ... ... oL oL

2.3 Application to generative priors| . . . . . . . . . ..ot e e

B Proofof i [inf ron for T |

3.1 Notations, free energies, and Gibbs average| . . . . . . ... .. ... ... ....

3.2 Guerra Interpolation for the upperbound,. . . . . . . ... ... ... ... ...

4.2 Summary of the AMP algorithms - vw" andwuv™| . . . . . .. ... o000

4.3 Simplified algorithms 1n the Bayes-optimal setting|. . . . . . .. .. ... ... ..

4.4 Derivation of the state evolution equations| . . . . . . . .. ... ... ... ...,

B Heuristic derivation of LAMP]

B.1 Wignermodel: vw'| . . . .. ...

|6 Transition from state evolution - stability|

33rd Conference on Neural Information Processing Systems (NeurIPS 2019), Vancouver, Canada.

~ B~ LW W

10

13
13
14
15
16
18
18

20
20
21
22
23

29
29
30
32

34



6.1 Conditions for fixedpoint| . . . . . . ... ... ... ... .. 34

6.2 Stability analysis| . . . . . .. ..o 35
[6.3 JacobianfortheuwvTmodell . . . . . ... ... ... ... .. L 37
6.4 Transition points for specific activations| . . . . . . ... ..o oo 37
[7~ Random matrix analysis of the transition| 38
[7.1 A reminder on the Stieltjes transform|. . . . . . ... ... 0oL 38
7.2 The symmetric vv' linearcase| . . . . . .. .. ... ... ... ... ....... 38
7.3 The non-symmetricuv' linearcasel. . . . . . . . ... ... ... ... ...... 40
[7.4 " Proof of Theorem|[/.2land Corollary|/.1} . . . . . ... ... ... ... ... .... 41
[Z5 Proofof Theoreml73 . . . . . . . ... ... . . 44
[7.6  Proof of Theorem|/.4Jand Corollary|/.2[ . . . . . . .. ... ... ... .. .... 52
[1.7__A note on non-linear activation functionsl. . . . . . . ... .. ...... ... .. 53
[ Phase diagrams of the Wishart model| 55




1 Definitions and notations

In this section we recall the models introduced in the main body of the article, and introduce the
notations used throughout the Supplementary Material.

1.1 Models

Spiked Wigner model (vvT): Consider an unknown vector (the spike) v € RP drawn from a
distribution P,, we observe a matrix Y € RP*P such that:

Y = \}ﬁv*v” +VAE, (1.1

with symmetric noise £ € RP*? drawn from §;; -~ N (0,1) and A > 0. The aim is to find back the

hidden spike v* from the observation of Y.

Spiked Wishart (or spiked covariance) model (uvT): Consider two unknown vectors u* € R"
and v* € RP drawn from distributions P, and P,, we observe Y € R™*? such that

Y = \}ﬁu*v” +VAE, (1.2)

with noise { € R"*? drawn &;,, -~ N (0,1), A > 0, and the goal is to find back the hidden spikes
u* and v* from the observation of Y We define the ratio between the spike dimensions § = n/p.

In either models, we are interested in the case where v* is given by a generative model. In the

setting studied here the generative model is a fully-connected single-layer neural network (a.k.a.

generalised linear model) with Gaussian random weights W € RP*F TV, -~ N(0,1) and latent
1.1.d.

variable z* € R* drawn from a given factorised distribution P.,
1 .
vVi=1¢p (Wz*) with 2 ~ P, (1.3)
VE iid.
where ¢ : R — R is the activation function, a real-valued function acting component-wise on RP that
can be deterministic or stochastic. An equivalent formulation of eq. (T.3) is

VP (~‘\}EWZ*> . (1.4)

For instance, a deterministic layer with activation ¢ is written in this formulation as Py, (v|z) =
d(v — ¢(x)). We define the compression rate of the signal as o = p/k.

Although we will mainly focus on the single-layer model, some of our results apply more broadly to
any generative prior with a well-defined free energy density in the thermodynamic limit. In particular,
we will mention the example of a fully-connected multi-layer generative prior, given by

1 1

* — L) [ D) O —w® i *

V= W ( w z>> with 2 ~ P, (1.5)
( Vv kL vV kl ! ii.d.

where now {(p(l)}lglg 1 are a family of real-valued component-wise activation functions and

W,Sll )Vl,l > N (0, 1) are independently drawn random weights. The equivalent probabilistic formula-

tion of the multi-layer case is

(L) L rmp@ p
v~ P <'W h ), vVER
Vkr
h(®) ~ pD <‘ kl W(L—l)hw—l)) , h@) ¢ Rk
L—1
1
h® ~ p (.‘\/EW(I)Z> 7 h® e Rk
z ~ P, z ¢ RF (1.6)

iid.



where we introduced the hidden variables h) € R* for 2 < [ < L and the family of densities

{Po(fn) } e In this case, we define the compression rate as the ratio between the dimensions of the
1<I<L

latent variable in the first layer z € R¥1 and the signal v € RP, a = p/k;. It is also useful to define

the compression at each layer, oy = k;/k1. The thermodynamic limit for this generative model is

defined by taking p — oo while keeping all a, oy ~ O(1), 1 <1 < L. As one might expect, the
single-layer generative prior is a particular case with L = 1.

1.2 Bayesian inference and posterior distribution

Since the information about the generative model P, of the spike is given, the optimal estimator for
v* is the mean of its posterior distribution, VP =E P(v+|v)V> Which in general reads

PEIY) = o Pv) [ —= o0 (1.7)

V2T A ’

for the vvT model and by

* . x 2
L (i)
P(v*|Y):7PU(v*)/ duP,u) [ =" VP (1.8)
P(Y) " 1<i<pi<usn V2TA

for the uvT model. In both cases the evidence P(Y") is fixed as the normalisation of the posterior. In
the specific case of a single-layer generative model from eq. (I.3)), we can be more explicit and write
the prior for v* explicitly

p
P,(v¥) = / dz* P, (z*) [ | Pou <v;

i=1

1 & )
N wiz ). (1.9)

The multi-layer case is written similarly by integrating over the intermediate hidden variables and
their respective distributions. It is important to stress that we assume the structure of the generative
model is known, i.e. (P, Poy, W) (and P, in the uvT case) are given and the only unknowns of the
problem are the spike v* and the corresponding latent variable z*. This setting, in which the Bayesian
estimator is optimal, is commonly refereed as the Bayes-optimal inference.

In principle egs. and (I.8) are of little use, since sampling from these high-dimensional distribu-
tions is a hard problem. Luckily, physicists have been dealing with high-dimensional distributions -
such as the Gibbs measure in statistical physics - for a long time. The replica trick and the approx-
imate message passing (AMP) algorithm presented in the main body of the paper are two of the
statistical physics inspired techniques we borrow to circumvent the hindrance of dimensionality.

Summary of the Supplementary Material: A detailed account of the derivation of eq. (/) from
the replica method is given in Section 2} Although the replica calculation is not mathematically
rigorous, it gives a constructive method to compute the mutual information. The final expression can
be made rigorous using an interpolation method, which we detail in Section|3| The sketch for the
derivation of the AMP algorithm [T] and its associated spectral algorithm in eq. (I6) are discussed
respectively in Section[d]and[5] We detail the stability analysis of the state evolution equations leading
to the transition point for generic activation function in Section[f] and finally we present a rigorous
proof for the transition in the case of linear activation in Section

1.3 Notation and conventions
Index convention: In the whole paper, we use the convention that indices u, ¢« and [ correspond
respectively to variables u, vand z such that p € [1 : n],i € [1 : p]andl € [1: k].

Unless otherwise stated, £, 77 € R denote independent random variables variables distributed accord-
ing to A/(0, 1).



Normalised second moments

We define p, as the normalised second moments of the priors P,, P, and P, respectively,

T T T
po = lim Ep, {VV} . pu= lim Ep, [““} . p.= lim Ep, {”] . (1.10)
p—oo P n— 00 n Z2—00 k
k
In the case we consider P, (z) = [[ P.(z), p- is simply the one-dimensional second moment of P,
1=1

p. = Ep 22 (1.11)
In the case P, is the single-layer generative model in eq. (I.9) with W ~ N(0,1) and 2 ~ P,
Py 18 self-averaging in the thermodynamic limit and is given by

po =Ego v*, (1.12)

out

where QY,, is defined below in eq. (.T6).

Denoising distributions

The upshot of the replica calculation is that the high dimensional mutual information between the
spike and the data (Y, v*) is given by a simple one-dimensional expression, c.f. the right-hand
side of the main part eq. (7). This expression can be interpreted as the mutual information of a
one-dimensional denoising problem.

Below we introduce the one-dimensional probability densities appearing in the factorised mutual
information, from which the free energy and the AMP update equations are derived from:

1

w(u;B,A) = —— P, (u)e 24" +Bu 1.13
Qu(u:B.4) =z Pulu)e 7 (113)
1 14,2
Q.(z;7,A) = =———P.(2)e 24 7% (1.14)
( ) Z.(v,A) =)
1 142 efév_l(wfwf

Qout (v, 75 B, A,w, V) = me 3 Av +BUP0ut (v]x) NoTi , (1.15)

1 2

1 e 2"
lelt(anSQPZ) = Qout(v,7;0,0,0,p,) = ZTpout (v|z) o) (1.16)

out Pz

Free entropy terms

The mutual information density can be written in terms of the partition functions of the denoising
distributions above as:

U, () =E; [Zu (x1/2£,x) log (Zu <x1/2§7m>)] , (1.17)
U, (z) = Ee [zz (xl/%,x) log (zz (;zzl/?g,x))] , (1.18)
Vout(z,y) = Ee [Zout (x1/2§, v,y %0, p. — y) log (Zout (xl/gi,fmymm pe — y))}
(1.19)
AMP update functions

Similarly, the update functions appearing in AMP are also given in terms of the moments of the above
denoising distributions:

fu(B,A) = 0plog (2,) =Eq, [u], 0pfu(B,A) =Eq, [v*] — (f.)* (1.20)
f(v,A) = av log (ZZ) = Eq. [Z} ) 8'yfz('YaA) =Eq. [22} - (fZ)2 (1.21)
fo(B,A,w,v) = 0plog (Zow) = Eq,., [v] , 9pfo(B,A,w,v) =Eq,,, [v*] —(f.)* (1.22)
)

fout
o (1.23)

fout (B, A,w,v) = 0, log (Zout) = V_lEQOm [ —w], Oufout(B,Aw,v)=



2 Mutual information from the replica trick

In this section we give a derivation for the mutual information formula in main part eq. (7)) from the
replica trick. The derivation is detailed for the symmetric vvT model, since the derivation for the
asymmetric uvT model follows exactly the same steps. In both cases, it closely follows the calculation
of the replica free energy of the spiked matrix model with factorized prior in [[1]].

Before diving into the derivation, we note that the formula in main part eq. (7)) actually holds for any
channel of the form

P(Y|w) = H e9Yiswi) 2.1)
1<i<j<p
where w € RP*P is a matrix with components w;; = v\/vﬁ and g : R? — R is any two-dimensional

real function such that P(Y\w) is properly normahsed The gaussian noise in eq. (I is a particular
case given by g(Y,w) = — 5 (Y — w)? — S log 2mwA.

The first step in the derivation is to note that the mutual information I (Y, v*) between the observed
data Y and the spike v* can be writen as

1
IY.v) = ;1 Ep, VTV —Ey log Z(Y), 2.2)
where
Z(V) = / Py J[ oo -oin0, 2.3)
ke 1<i<j<p

Note that since the data is generated from a planted spike v*, we have Y = Y (v*), and therefore the
partition function Z depends on v* implicitly through Y.

2.1 Derivation of the replica free energy for the vvT model

The partition function Z is a p-dimensional integral, and computing the average over Y (ap X p
integral) of log Z seems hopeless. The replica trick is a way to surmount this hindrance. It consists
of writing

1
EylogZ = lim — (Ey 2" —1). (2.4)
r—0+t T

Note that Z" is the partition function of  non-interacting copies (named in the physics literature and
hereafter replicas) of the initial system. The average over the replicated partition function Z" can be
conveniently written as

]EYZ’":/ H dv;; eg(Yuao)/

1<i<j<p Rex(r+d)

H dveP, ( H H Yijwi (Yn,O)

a=01<i<j<p
(2.5)

where in the second line we have defined

* fora=0

o v
v _{va forl<a<r. (2.6)

Averaging over Y

The key observation to simplify the integrals in eq. (2.5) is to note that w;; is of order 1/,/p, and
therefore in the large-p limit of interest, we can keep only terms of order 1/p,

eXP(Z[(K]7w) 9(%:5,0) >_1+Z wgw0w1J+ Z ng )2

a=0
+= Z wiw?; +O< ‘3/2) 2.7

abO



From the normalisation condition of P(Y |w), we can derive the following relations

/ H dy;; e9(Yi:0) — 1,

1<i<j<p
/ [ vy e (0ug),_y =0,
1<i<j<p
/ [] av,esta0 [33,94— (awg)ﬂ —0. 2.8)
1<i<j<p “
Further defining
A :/ [T v ™9 (0u9)% 2.9)
1<i<j<p

allows us to evaluate the integral over Y term by term in the expansion in eq. (2.7),

r

1
EyvZ" = /]R H dv® P, (v%) H 1+ A Z wfjwfj + O (p_3/2>

pX(r+1)
a=

0 1<i<j<p 0<a<b<r
T 1 a b
2A > WijWij _
_ / [[ave pove) [ e osisver o) (p 3/2) . (2.10)
Rpx(r+1) ;g 1<i<j<p

The upshot of this expansion is that on the large-p limit A is the only relevant parameter we need
from the channel. Therefore, from the perspective of the mutual information density, a channel with
parameter A is completely equivalent to a Gaussian channel with variance A. This property is known
as channel universality [1]].

Rewritting as a saddle-point problem

Note that we can rewrite

1 P 2
a, b __ a,,a, b b __ ab
E Wi Wi = 2; ViU 005 = 5 (qv ) ) (2.11)
1<i<j<p 1<i<j<n

P
where we defined the overlap between two replicas as ¢?° = p~! > v%v?. This allows us to write
i=1

the average over the replicated partition function as a function of a set of order parameters ¢2°, and
therefore to factorise all the index ¢ dependence of the exponential,

T ﬁ (ng)Q

EyZ" = / [T ave P, (ve)e ™ osecesr 7 2.12)
RpX(r+1) a=0

Since the expression above only depends on ¢%® now, we exchange the integral over the spike for an
integral over this order parameter by introducing

p
1o d ab S ab _ _ab
fo It T (X0

0<a<b<lr 0<a<b<lr i=1
“ /
R(r+1)x (r+1)

Note that we neglected some constants and made a rotation to the complex axis over the Fourier
integral. These will not be important for the argument that follows.

D
e S A e D DI D SR U

dng/ H nge 0<a<b<r 0<a<b<r | i=1
(iR)(T+1)><(T+1)

0<a<b<lr 0<a<b<lr
(2.13)



Inserting this identity in eq. (2.12)) yields

b ab _p®(M (qob gab
EYZ’"M/ dq;‘/ [T s er @),
RO+1)% (r+1) (iR) (T D)X (r+1)

0<a<b<lr 0<a<b<lr
i = S @) - Y e e ), (2.14)
0<a<b<lr 0<a<b<lr

where U{" )( 7%%) contains all the information about the prior P,:

asab, b
Vidy, Vi

PO
) (Gav) 10 / dv® P, ( eV<a<b<p . 2.15
g H H 2.15)

i=1

Note that when the prior factorises, P, (v) = H P,(v;), o s given by a simple one-dimensional
integral. However in the case of a generative model for v, P, is kept general.

We are interested in the mutual information density in the thermodynamic limit. According to
eq. (2.39), this is given by

o1 . 1 v*Ty*
lim i, (Y,v*) = lim —I(Y,v*) = lim Ep, — lim ]Ey log Z (2.16)

p—>00 p—oo P A p—r00 P p—oo P
2
Py N A
= -1 — (1 ~EvZ" ). 2.17
AN Do (pggo p ) @17

where we assumed that p,,, the re-scaled second moment of P,, remains finite and that we can
commute the 7 — 07 and the p — oo limit. Since Ey Z7 is given in terms of an integral weighted

by er?” , in the limit p — oo the integral will be dominated by the configurations of (¢?°, §%°) that

extremise the potential ("), This extremality condition, known as the Laplace method, yields the
following saddle-point equations,

~Q 1 T) (A0
G = 2Aqv , = hm aq“\?[ﬂ (42°). (2.18)

where we also assume that P, is such that ‘Ilq(,r) remains well defined in the limit p — oo.

Replica symmetric solution

Enforcing the first saddle-point equation allow us to write

: 1 r 1 ab r ab
lim —EyZ" = extr “5A Z (qv ) + lim \Il( ) ( A> (2.19)

p—00 ab 2 pP—00
p 9v 0<a<b<r

Solving this extremisation problem for general matrices is cumbersome. We therefore restrict
ourselves to solutions that are replica symmetric

ng = q, for 0<a<m. (2.20)

The replica symmetry assumption might seen restrictive, but it is justified in the Bayes-optimal case
under consideration - see [2]]. Replica symmetry allow us to factor the r dependence explicitly for
each term,

>oo(a)’ ,ﬁqg, D vl =g Zv + Z viol (221

0<a<b<r 0<a<b<r a=1 a,b=1

the last sum that couples a, b can be decoupled using

5 i U?vf —V@§ 3 U?Q
P g, le Va2, () (2.22)




where £ ~ N(0,1). This transformation factorise \I/q(,r) in replica space,

1 df _1g2 P Qw2 4 (ug* "
\I/gT) v) = —1lo / dv* P, (v* /76 3 / dv P, (v e 2aY ( +\/7£)
(qv) ple ) (v¥) NoT s (v) 1;[1

P
iIE?,&p,U(U*)log/ dv P, ( H — gl (Rl En +0 (r?). (2.23)

r—0t D

allowing us to take the r — 07 limit explicitly, and giving the following partial result

Py Qo
lim i, (V.¥) = %+ extr [4Aqu - lim ¥, (Aﬂ : (2.24)
where
q ) _ L (‘Iv, *_,_\/Eg)
Yo (Z) = lim @7 *Es,mv*) log Ep, (v) [1:[1 i 1 (2.25)

Interpretations of ¥, as a mutual information

The prior term ¥, in the free energy has an interesting interpretation as the mutual information of
an effective denoising problem over v. To see this, we complete the square in the exponential of

eq. (2.29),

1 P © . 2wl - 2
\I}v (x) = 7E§,Pﬂ(v*) log/ dv Pv(v) Heff[vi*(vi +x 1/25)] +§(U-; +x 1/25) ,
p RP i1
2 p - -1 2
= Qi)]Ef P, (v*) Z (U —+x 1/25) + ]E§ P, (v*) log/ dv P H 675 'u ite /25)]
i=1 R =1
x viv 1 1 P © w g —1/2£)]2
= SEp, { } + =+ -Eep, 1og/ dv P, ( el (vi+aT 2] (2.26)
2 p 2 " p &Py (v¥) - E

The last integral is a convolution between the prior P, and a un-normalised Gaussian. Up to an
aditive constant it admits a natural representation as the mutual information of a denoising problem,

1 B e .y pm1/26)]2 1 1
~E¢ p, (v) log/ dv P,(v) H e~ Elo= (ot 2O _ L pyrvr V2 - 2 2.27)
P RP paiey p 2

Putting together with eq. (2.26)) and taking the limit,

. G\ _ Qpo L A
pIEEO‘I’U(A)_ R plggopf<v,v +,/qvg>. (2.28)

Together with eq. (2.24), this representation lead to eq. (6] in the main article.

Interestingly, the signal to noise ratio in the effective denoising problem is proportional to A and
inversely proportional to the overlap ¢,,.. This is quite intuitive: when A > 1 (or the overlap with the
ground truth is small), denoising is hard. On the other hand, when A = 0 the mutual information
reaches its upper bound, given by the entropy of P,,.

2.2 Free energy for the uv™ model

The exact same steps outlined above can be followed for the spiked Wishart model with spikes
u* € R™ and v* € R? drawn from non-factorisable priors P, and P, respectively. In this case, the
free energy density associated with the following partition function

zZm(y) = / dv P, (v) / () [T T o0 65) o) (2.29)
RP n

pn=1li=1



is given by

1
b 2B e 2 = g [ B (0%) (%)) e
with 8 = n/p fixed. The functions ¥,,, ¥,, are given by
qu 1 . q“u A/ BIE)u,
\Ilu (ﬁz) = 7EE P, (u*)log/n du H (& ﬁ + ﬁ 5) !
p=1
P
v, (%‘) _ 71E5 P e log/R av P,(v) [T e %" B (%o eV 2.31)

=1
2.3 Application to generative priors
Generalised linear model prior

The expression we derived for the mutual information density in the vvT model is valid for any prior
P, as long as ¥,, is well defined in the thermodynamic limit. For the specific case when

k p k
1
= ng PZ(Zl)> Pou (Ui — Wilzl> 5 (2.32)

with Wy ~ N(0,1), ¥, is, up to a global 1/« scaling, the Bayes-optimal free energy of a

generahsed hnear model with channel given by

Pou (0|56, gy) = Pou(v]ar)e™ 3504V 560 2.33)

and factorised prior P,. The expression for this free energy is well known - see for example [3]] for a
derivation and [3]] for a proof - and reads

p—0 A qz,q=

1 1 v A~
lim ¥, = ~extr {—quqz + oo (Ba.) + 0. (qz)} (2.34)

where the functions W, and ¥, are defined in eq. (T.3). Inserting this expression in our general
formula for the mutual information density eq. (2.24) give us

1 Qv 1 R
fim o= o [ g~V (§0) - w03
which is precisely the result from eq. (7). The extremisation problem in eq. (2.33)) is solved by looking
for the directions (gy, ¢, g ) of zero gradient of the potential ¥,,. These saddle-point equations are
known in this context as state evolution equations, and they can be conveniently written in terms of
the auxiliary function we defined in Section[I.3] equations (I.T6}{T.23) as

qv = 2aql,\llnut (A I QZ) Ef n

2
Qv . Qo Qv . Qv
0ut< Af’ Amﬁ?ﬂ%f& QZ) fv( Afv A»\/Q?%Pz QZ> ‘|

A Qv
4z = 2048(12 Wout (ja QZ) = E&,n

Zout< Lo, & A V=N, P —qz) fout( e N VG Pz — 2)21
¢: =20,V (d: { (Vag.d.) £. (\/fT d:) ] (236)

Multi-layer prior
The multi-layer prior can be conveniently written as

/ H H dh P [ hD) | ——

=1y=1 _11/11 1

ki—1

v =1

p
L
Wit o HP&R( = Z WWLhL> ,
i=1

(2.37)

10



where we define h!) = z € R* and P(,(L(,)t) = P,. As in the single-layer case, the Bayes-optimal free
energy of P, has been computed in [4], and in our notation it is written as

. 1
lim U, = — extr —fzazqzqﬂra\l/om (A,QL) +Zaz\llom (G a-1) + 9. (G)]

p—roo a{a,
{dahi<i<e = =

(2.38)

where in this case & = p/k; and we defined oy = k;/k; for 1 < [ < L (note in particular that
ay = 1). The (§i, q;) are the overlaps of the hidden variables h® at each layer, and to be consistent
with the shorthand notation introduced we have (¢1,¢1) = (g, ¢-). Inserting this expression in our
general formula for the mutual information density eq. (2.24):

li
pggozp 4A+
Qv 1 .
qv,?ﬁgl}l 4Aq“ E aqigr — — E a1 Vou (41, q1-1) — Your (KaQL> - a\Dz (ql)]-

(2.39)

Taking the extremization over ¢, and (§;, ¢;)1<i<r, in eq. (2.39), we obtain the following system of
coupled fixed point equations:

qv = A:v ((X ) qL) QL - &LAout (%qu)
qr = N (. qr—1) Gr—1 = &r—1Mouw (4r,qL-1)
C L . (2.40)
@ =N (G, q1-1) Gi = &hou (Git1, @)
4> = Az (QZ) QZ = CNVleut ((j27 QZ)

where we have defined the update functions A, (x,y) = 0, You(z, y) and Aoy (2, y) = Oy Pou(z, y)
and the layer-wise aspect ratios &; = ki11/ki = a1/ .

An important first question that can be answered from egs. (2.40) is when does the Bayes-optimal
estimator performs better than a random guess from the prior distribution P,. For instance, we
intuitively expect that when the prior is not biased towards a particular direction in R? and for
very high noise A >> 1 better-than-random estimation is not possible. In terms of fixed points of
eqs. (2.40), this situation corresponds to the existence of the non-informative fixed point ¢ = 0 (i.e.
maximum MSE, = p,, or zero overlap with the spike). Evaluating the right-hand side of egs. (2.40)
at ¢, = 0, we can see that ¢} = 0 is a fixed point if

Ep, [2]=0 and E_u.ov] =0, (2.41)

out

where Qout ( v,x) = (()f,)t(u z;0,0,0, p;) from eq. . Note that for multi-layer network with
deterministic channels and ¢! = ¢ for all I, the second condition is equivalent to ¢ being an odd
function.

When the condition (2.41] - ) holds, (¢v,qr,4qL,---,42,9:) = (0,0,0,...,0,0) is a fixed point of
eq. - The numerical stability of this fixed point determines a phase trans1t10n point A, defined
as the noise below which the fixed point 0 € RL*! becomes unstable. The transition w111 then
correspond to the value of A for which the largest eigenvalue of the Jacobian of the eqs. at0
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becomes greater than one. This Jacobian is given explicitly by

Qv qr qr qr-1 qr—1 e Q1 @ G aQ G g
Ly 0 pizmié) 0 0 0 0 0 0 0 0\ ¢
L
armfy) 0 S 0 0 0 0 0 0 0 0| g
L
0 mis 0 0 Am{ 0 0 0 0 0 0 a
L—1
0 apmisY 0 0 Sl 0 0 0 0 0 0| da
L—-1
0 0 0 miE=? 0 0 0 0 0 0 0] g
0 0 0 g _omSE? 0 0 0 0 0 0 0 dros
0 0 0 0 0 om0 00 Lm) 0 0| gn
1
amid 0 0 Hml - 0 0 G
0 0 0 0 0 o0 0 0 0 - m, 0/ g
(2.42)
. 1,0
where we have defined the following shorthand for the second moments of Q‘()u)[ (v, x):
2 2 2
l 2 ! l 2 2)2
mT(”Z = (IEQ;z‘[),ov ) , mgmg = <E (()Ll")o’Ul‘) , mgm)c = (IE 0T —pl) y My, = (]Epzz )
(2.43)

This result is given in full generality, and it is instructive to compute A.. in specific cases. Consider
P.(z) = N,(0,1) and layer-wise constant activation Po(éz (v|z) = d(v — ¢(x)). For the previous odd
activation functions discussed, we find that

Linear activation: For p(z) = « the leading eigenvalue of the Jacobian becomes one at
Lo
A.=1 —. 2.44
+ ; o (2.44)

Note in particular that for L = 1 and in the limit & = 0 we recover the phase transition
A. = 1 known from the case with separable prior [1]. For « > 0, we have A, > 1 meaning
the spike can be estimated more efficiently when its structure is accounted for. In particular,
the deeper the generative network for the spike, the easier estimation becomes.

Sign activation: For o(x) = sgn(z) the leading eigenvalue of the Jacobian becomes one at

L l
4 o
=1

For L = 1 and a = 0, P, = Bern(1/2), and the transition A, = 1 agrees with the one
found for a separable prior distribution [1]]. As in the linear case, for & > 0, we can estimate
the spike for larger values of noise than in the separable case, and depth also improves
estimation.

12



3 Proof of the mutual information for the vvT case

In this section, we present a proof of the theorem|l|in the main part, for the mutual information of
Wigner model eq. (I.I)) with structured prior

1
Y = —v'v'T + VAS, (3.1
VP
where the spike v* € R? is drawn from P,,.

3.1 Notations, free energies, and Gibbs average

The mutual information being invariant to reparametrization, we shall work instead inside this section

with the following notations:
)\ * o *xT
Y =4/ =vvVT ¢, (3.2)
p

where A is the signal to noise ratio. Up to the reparametrization, it corresponds to our model with

A = A~1. We thus aim to compute w for this model.

While the information theoretic notation is convenient in stating the theorem, it is more convinient to
use statistical physics notation and "free energies" for the proof, that relies heavily on concepts from
mathematical physics. Let us first translate one into the other. The mutual information between the
observation Y and the unknown v is defined using the entropy as I(Y;v) = H(Y') — H(Y|v). Using
Bayes theorem one obtains H(Y) = Ey{log Ep, Py (Y|v)} and a straightforward computation
shows that the mutual information per variable is then expressed as

I(Y;v E[vTv
( ):fp+)\ : ]7 (3.3)
4p
where, using again statistical physics terms, f, = —Ey [log Z,(Y)] /p is the so called free energy
density and Z,(Y") the partition function defined by
Z,(Y) = / av P,(v)exp [ 3 LU Yy (3.4)
D = e v o 2p \/I) . .

Correspondingly, we define the Hamiltonian:

A A A A A
—H(v) = Z ;Yijvivj - %v?vf = Z \/;&jvivj + ;ijv;-‘v; - %vaf

i<j i<j
so that the partition function (3.4) is associated with the Gibbs-Boltzmann measure e~ / Z,,(Y').

Consider now the term [ (V; v+z/ \/qvx\) that enters the expression to be proven eq. (6). This is the
mutual information for another denoising problem, in which we assume one observes a noisy version
of the vector v*, denoted y such that

S
y = ;V +z, 3.5)

where z ~ N(0,,1,) and 0 = 1//q, A, where we shall assume that the limit exists. Again, it is
easier to work with free energies. We thus write the corresponding posterior distribution as

1 2 V1Y
PO) = gy P exp (— I Y) , (3.6)

where Zy(y) is the normalization factor. For this denoising problem, the averaged free energy per
variables reads

folo) = —%Ey [log Zo(y, 0)], (3.7)

13



and a short computation shows that

. 1 0 pUAQU
I(”*m) f(m)* 2

Putting all the pieces together, this means that we need to prove the following statement on the free
energy f,: the free energy f, = —Ey [log Z,(Y)] /p is given, as p — oo by

2
phgn fp = min ¢rs (\/%) with ¢grg (1) = plLrgo fg (r) + /\Zv ) 3.8)

This statement is equivalent to theorem [T} and we shall present a proof for the case where the prior
over v has a "good" limit: we shall assume that the limiting free energy exists and concentrates over
the disorder, and that the distribution over each v; is bounded. To do so, it will be useful to consider
Gibbs averages, and to work with r copies of the same system. For any g : (RP)"*! — R, we define
the Gibbs average as

T _H((v®
(g0, v = Lo, v v iy e DdR(E)
’ ) ) (f eiH(V(L))dP’U(V(Z)))T

(3.9)

This is the average of g with respect to the posterior distribution of 7 copies v(1), - - v(") of v*. The
variables {Vl}lzl___r are called replicas, and are interpreted as random variables independently drawn
from the posterior. When r = 1 we simply write g(v, v*) instead of g(v(!), v*). Finally we shall
denote the overlaps between two replicas as follows: for [,I" = 1...r, we let

Ry =vh .yl Z Dy ™ (3.10)

A simple but useful consequence of Bayes rule is that the (r + 1)-tuples (V(l), oo ,vr ) and
(vD ..., v(") v*) are the same law under E(-) (see [3]] or proposition 16 in [6]). This bears the name
of the Nishimori property in the spin glass literature [2]].

3.2 Guerra Interpolation for the upper bound

We start by using the Guerra interpolation to prove an exact formula for the free energy. Here the
proof is a verbatim reproduction of the argument of [3]] for non-factorized prior based on Guerra’s
interpolation [[7].

Lett € [0, 1] and let ¢, be a non-negative variable. We now consider an interpolating Hamiltonian

tA A
—H(v Z ZJU v + Uivf'ujy _ 271}2,02
i<j p D

1—1t)Aq,
—I—Z\/ (1 = t)Aquziv; + (1 — ) Aguuiv} —%U?.

The Gibbs states associated with this Hamiltonian — /{1, correspond to an estimation problem given
an augmented set of observations

Yij =/Bvivi+&j, 1<i<j<p,
gi =V (1 - t))\q'uvi +zi, 1<i<p.

Reproducing the argument of [3]], we prove using Guerra’s interpolation [[7]] and the Nishimori
property that

K
fpScﬁRs(/\)Jr;- (3.11)

for some constant /. We define

o(t) = —%Elog/e—HM)dPy(v). (3.12)
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A simple calculation based on Gaussian integration by parts (in technical terms, Stein’s lemma) shows
that

A A 2 2
tpl(t) :ZE«RL? - Qv)2>t _ qu 2 ZE< & (2) >t

A A A ”
— EE <(R1,* - Q1l)2>t + qu + ﬁ ;E <'Ui2'Ui 2>t )

We now use the Nishimori property, and the expressions involving the pairs (v, v*) and (v(1), v(?))
become equal. We thus obtain

d@%:—iE«Ruc— )>+ 16+ s }:E<m2fh- (3.13)

Observe that the last term is O (1/p) since the variables v; are bounded. Moreover, the first term is
always non-negative so we obtain

A, K
/ = 14
¢'(t) < 4% + P (3.14)

Since (1) = f, and ¢(0) = fJ(1/+/Aqy), integrating over ¢, we obtain for all ¢, > 0, f, <
drs(A, @) + %, and this yields the upper bound:

Proposition 3.1 (Upper bound on the Free energy). : There exists K > 0 such that for all ¢, € R
we have
A2 K
fo S SV Aq) + S (3.15)

3.3 A bound of the Franz-Parisi Potential

To attack the lower bound, we shall adapt the argument of [8]], that uses the Franz-Parisi potential
[9]], and this will require additional concentration properties on the prior model. For v* € RP? fixed,
m € R and € > 0 we follow [8]] and define

1
P (m,v*) = —f]Elog/ 1{R1 . € [m,m+ €)}e HMAP,(v). (3.16)
p RP

This is simply the free energy with configurations forced to be at a distance m (to precision €) from

the ground truth. Note that since the measure is limited to a subset of configurations, it is clear that
Ey ®2(m, v*) > fp.

We are now going to prove an interpolating bound for the Franz-Parisi Potential. Let ¢ € [0, 1] and
consider a slightly different interpolating Hamiltonian

tA tA
7Ht Z gzjvzv] UZ‘"U;U]‘ ; — 71)1_2@]2
> D 2p
J
1—)A
—1—2\/ 1 =) Agpzivi + (1 — ) Amuvf — %vf,

Notice the subtle change: in front of the term (1 — ¢)v; v} we replace the ¢, from the former section
by m. We define now

1
Yem(t) = —=Elog / e IR, . € [m,m + €)}dP,(v). (3.17)
p RP

Denoting now the Gibbs average with the additional constraint 1{R; . € [m,m + €)} as ();", we
find when we repeat the former computation:

A me A A A m,e
©em (t) :ZE«RL? —q)?) " - qu + §m2 - §E<(R1,* —m)*)™" +o(1)

t t
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The trick is now to notice that, by construction, the E <(R1’* — m)2>zn’€ < €2 given the overlap
restriction, and therefore

/ A me A A Ae?
Dem () ZZE ((Ri2— (Iu)2>t - qu + §m2 - % +o(1),

and

/ A 2 A 2 )\62

>-Z 4 om? - 2 .
Pem(t) 2 =70 +5m 5 to(l)
We now denote
1 -
fp(0,v") = = 7Bz [log Z0(¥, )], (3.18)

with the previous f{ being the expectation fJ(c) = Ey«[f)(0,v*)]. Then, since @c (1) =
P2 (m, v*) and @ m(0) < f)(1/+/Aqy) (again, this is an obvious consequence of the restriction in
the sum) integrating over ¢, we obtain a bound for the Parisi-Franz potential for any ¢, and m. Using,
in particular, the value m = q,, this yields yields the following result:

Proposition 3.2 (Lower bound on the Franz-Parisi potential). : There exists K > 0 such that for any
m = q, and € > 0 we have

A2 A, K
F(m = qu,v*) = f) (1/\//\qv,v*) + Z” -2+ > (3.19)

2

3.4 From the Potential to a Lower bound on the free energy

It remains to connect the Franz-Parisi potential to the actual free energy. This is done by proving
a Laplace-like result between the free energy and the Franz-Parisi free energy, again following the
separable case in [8]]:
Proposition 3.3. There exists K > 0 such that for all € > 0, we have

log(K/¢)

> E,- i PP (le, v* —_— 3.20
fo 2 By [lez%gf{/e (e, )} NG (3.20)

Combining this proposition with the bound on the Franz-Parisi potential, we see that

. A2 A, log(K/e)
fp > Byl min f0(1/3/ Mgy, v*) + 22| — 2 — =L, (3.21)
P |:|;1u<=Kl;E p( ) 4 i| 2 \/ﬁ

At this point, we need to push the expectation with respect to the spike inside the minimum. This
is the only assumption that we are going to require over the generative model: that its free energy
concentrates over the distribution of spikes. This finally leads to following result:

Proposition 3.4 (Laplace principle). Assume that the free energy fz? (v*) concentrates such that
E [ fU=v*)—E [fg( L ,v*)} H < C/+/p for some constant C for all q, in [0, p,), then:

VAqw VA
log p>
+ o0 . (3.22)
} ( VP

fp = min [ £2 (1/v/a,) +
av
which gives us the needed converse bound. To conclude this section, let us prove these propositions.
Proof of Proposition[3.3] Let e > 0. Since the prior P, has bounded support, we can grid the set of
the overlap values R, . by 2K /¢ many intervals of size € for some K > 0. This allows the following
discretisation, where [ runs over the finite range {—K/e,--- , K/e}:

f = ;Elogzl:/m 1Ry, € [le, 1+ 1)e) e FOdP, (v)

Ag?
4

1 2K
< -Elog — mlax/ 1{R; . € [le, (I + 1)e)}e HMAP,(v)
p RP

n log(2K/6).

1
~ Bumpxlog / 1{Ry. € [le, (L + 1)e) e M dP, (v) (3.23)
RP
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Note that in the above, the expectation E is taken with respect to both the noise matrix £ and the spike
v*. We shall now use concentration of measure to push the expectation over £ to the other side of the
maximum in order to recover the Franz-Parisi potential as defined in the previous section.

Let
7z = / 1{R1. € [le, (I + 1)e)Ye HEM AP, (v). (3.24)
RP
One can show that each term X; = % log Z; individually concentrates around its expectation with

respect to the random variable . This follows from the following lemma
Lemma 3.1. [from [8]] There exists a constant K > 0 such that for all v > 0 and all |,

Eee(Xi—EelX) < Ky kv p (3.25)

VP
that is a direct consequence of the Tsirelson-Ibragimov-Sudakov inequality [LO], see [8]], Lemma 7.

Given that all X; concentrates, the expectation of the maximum concentrates as well:
1
E¢ mlax(Xl —E¢[X;]) < 5 log E¢ exp (7 mlax(Xl - E; [Xl])>

= 1 log E¢ max eV (Xi—E'[X1])
0% 1

IN

L log Ee 3 eri-Eelxi)
v l

< llog <2K’YK€72K/1?)
v € p
log(2K 1 K K
_ log(2K/e) 1) 0K K
v SRV
We set v = ,/p and obtain
log(K/¢)
Ee max(X; — E¢| X]) < ———=. (3.26)
max(Xi — Be[xi) < £

Therefore, inserting the above estimates into (3.23)), we obtain

log(K log(K loo(K
7fp < Ey- mangXz + Og( /6) + Og( /6) < E,+ max @E(ZG,V*) + 2M
! \/T9 p 1 \/13
so that finally
log(K
fp > Ey« min @, (le, v*) — M7

: VP

for some constant kK. .

Proof of Proposition We now wish to push the expectation with respect to v* inside the minimum.
We start by using again ¢, = le and defining the following random (in v* variable):

2
%= - (1 (1vaiew) + 2 (3.27)

and start from Proposition 3.3}

~ log (K
£ < IEV*[ max Xl} LAyl (3.28)

[HSK/e 2 \/]5

We now wish to push the max inside. We proceed as follow:

e [' e (Xl N ]E[XID |] < By {Z | (f(z - E[f(z]) I] (3.29)
l

= > B [| (%o - ELX]) | (3.30

<> \% = :jﬁ (3.31)

l
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Inserting this in eq.(3.28) we find that

~ K’ log( K
_f < max B %)) 4 22y K ToslR/e) (3.32)
p =le 2
1 r e 6\/]3 \/ﬁ
and therefore,
A
f,> min [— IEV*)NQ} e K log(K/e) (3.33)
W 2 &b VP
so that choosing finally € = p~'/* we reach
. Ay log p
£, > min [fo (1/\/)\q7j) + ”} + 0( . (3.34)
AL U 4 VP
| ]

3.5 Main theorem

We can now combine the upper and lower bound to reach the statement of the main theorem, presented
in the main as theorem [Tt

Theorem 3.1. [Mutual information and MMSE for the spiked Wigner model with structured spike ]
Assume the spikes v* come from a sequence (of growing dimension) of generic structured prior P, on
RP, such that

1. The free energy fz?()\qv) = —+Egllog Zo(y,1/v/Aqu)] has a limit fo(Agy) for all ¢, €
[0, po] as p — oo

2. The free energy f)(v*) concentrates such that [|fg(1/\/)\qv, v ) —E [fg(l/\/)\qv, v ]
C//p for some constant C for all q, € (0, p,] as p — oo:

then V)
o v
pli)nolo ip = pli}nolo — - pvgéfzolRS(A’ qv), (3.35)
with
1 v~v+,/éz
. (v — %)2 : ( ’ Qv )
A qy) = —-7— | _ 7 3.36
irs(A, gv) A T hm ’ (3.36)

with z being a Gaussian vector with zero mean, unit diagonal variance and p, = lim Ep, [vTv]/p.
p—0o0

3.6 Mean-squared errors

It remains to deduce the optimal mean squared errors from the mutual information. These are actually
simple application of known results which we reproduce here briefly for completeness. It is instructive
to distinguish between the reconstruction of the spike and the reconstruction of the rank-one matrix.

Let us first focus on the denoising problem, where one aim to reconstruct the rank-one matrix

X* = v*v*T_ In this case the mean squared error between an estimate X (Y') and the hidden one X*
reads

A 1 N
Matrix — mse(X,Y) = < |[v'v*T — X (Y)||3 (3.37)
p

It is well-known [11] that the mean squared error is minimized by using the conditional expectation
of the signal given the observation, that is the posterior mean. The minimal mean square error is thus
given by

1
Matrix — MMSE(Y) = = [|v*v*T — E[wT|Y]||% (3.38)
p
We can now state the result:
Theorem 3.2. [Matrix MMSE, from [12 |13 [4]] The matrix-MMSE is asymptotically given by
lim Matrix — MMSE(Y) = p? — (¢*)? (3.39)

pP— o0

where ¢ is the optimizer of the function igs (A, qy).
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Proof. This is a simple application of the -lMMSE theorem [[15]], that has been used in this context
multiple-times (see e.g [12, 13} [14]). Indeed, the -MMSE theorem states that, denoting A = A~!:

dIl 1
— — = —Matrix — MMSE(Y 4
Dy 1 atrix SE(Y) (3.40)

We thus need to compute the derivative of the mutual information:

d - * . * . *

oy rs(@y, A =1/A) = Oxirs(y, A = 1/X) + 0g,irs (0, A& = 1/A)lq; 02 (4) (3.41)
= Oxirs(q;, A =1/2) (3.42)

I (v;v+ ﬁvz)
p

where we used 9, irs(q, A = 1/A)|4 = 0. Denoting then Z(\,, ¢,) = lim we find
p—o0
. * _ _ (pv — QU)Q
Onirs(qp, A =1/)) = — * NI Mo, qv)lgr (3.43)
We now use the fact that the derivate of the replica mutual information is zero at ¢*. This implies
A N A
§(pv - qv) = aqu()\va QU) qr = qja)\I(Ava Qv)‘q; (344)
v
so that
. —q)? 1 . 1
duins(as A =1/ = L0 L g L@ )
which proves the claim. |

‘We now consider the problem of reconstruction the spike itself. In this case the mean square error
reads

5 1

Vector — mse(X,Y) = ];Hv —v(Y) I3 (3.46)
1

Vector — MMSE(Y) = ];Hv —EvY]|3 (3.47)

(3.48)

Taking the square and averaging, we thus find that the asymptotic vector MMSE reads
E[v|Y]|3 E[viv]Y E[viv]Y
Vector — MMSE(Y) = p, + IENYIIE  ENVTVIY] Oy — EpTviY] (3.49)
p p p
where we have use the Nishimori identity. In order to show that the MMSE is given by p,, — ¢}, we

thus needs to show that ¢ is indeed equal to W.

Fortunately, this is easy done by using Theorem 7 in [16], which apply in our case since it only
depends on the free energy and the Franz-Parisi bound, that we have reproduced in the coupled cases
in the present section. This proposition states the convergence in probability of the overlaps:

Theorem 3.3 (Convergence in probability of the overlap, from [16]]). Informally, for the Wigner-
Spikel model:
lim E(L(|R1«| — gy > €)) =0 (3.50)
p—o0

Note that the absolute value is necessary here, because if the prior is symmetric, is it impossible

to distinguish between v* and —v*. If the prior is not symmetric, then the absolute value can be
removed.
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4 Heuristic derivation of AMP from the two simples AMP algorithms

In this section we present the derivation of the AMP algorithm described in sec. [3| of the main part.
The idea is to simplify the Belief Propagation (BP) equations by expanding them in the large n, p, k
limits. Together with a Gaussian ansatz for the distribution of BP messages, this yields a set of
@ (kz) simplified equations known as relaxed BP (tBP) equations. The last step to get the AMP
algorithm is to remove the target dependency of the messages that further reduces the number of
iterative equations to O (k).

Our derivation is closely related to the derivation of AMP for a series of statistical inference problems
with factorised priors, see for example [1]] and references therein. In the interest of the reader, instead
of repeating these steps in detail here we describe how two AMP algorithms derived for independent
inference problems can be composed into a single AMP for a structured inference problem. In
particular, this is illustrated for the case of interest in this manuscript, namely a spiked-matrix
estimation with single-layer generative model prior. In this case, the underlying inference problems
are the rank-one matrix factorization (MF) [[1] and the generalized linear model (GLM)[3]]. We focus
the derivation on the more general Wishart model (uvT) as the result for the Wigner model (vvT)
flows directly from it.

Factor graph: In order to compose AMP algorithms, the idea is to replace the separable prior P,
of the variable v in the low-rank MF model by a non-separable prior coming from a GLM model
with channel P, (see definition in eq. @)), while keeping separable distributions P, and P, for
the variables u € R” and z € R*|'| Hence to obtain the factor graph of the uv™ model, we connect
the factor graphs of the MF (in green) and GLM (in red) models together by means of P, (in black)
(See Fig. [1).

P (uy,) Uy P(YM%WD@) Vi Py (mﬁwgz) 21 P.(z)
|

Figure 1: Factor graph corresponding to a low-rank matrix factorization layer (green) with a prior
coming from a GLM (red). We stress that in the classical low-rank layer, red part does not exist and
black nodes Py, (v;|.) are replaced by separable prior P, (v;).

4.1 Heuristic Derivation

We recall the AMP equations for the two modules and we will explain how to plug them together.

AMP equations for the MF layer (variables vand u): Consider the low-rank matrix factorization
model eq. (I.2) with separable priors P, and P, for the variables u and v. The corresponding non-

"Note that differently from the replica calculation in sec. [2] to write down the factor graph and derive the
associated AMP algorithm we need to fix beforehand the structure of the prior distribution.
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Bayes-optimal AMP equations, given in [[1]], read:

0 = fu(BL, AL, B, = JpST - S(S)TELIT
& = Opfu(BL, AL, A= (ST - SR (€, + (@)2)] 1,
¥ = (B ALY and B, — %Sf’t B %S%ilnﬁt_l, 4.1
At+1 8 fv( )7 At _ [ls2({,t)2 _ lR (ét + (‘A,t)2>:| I
N Y p v no
with matrices S and R defined as
Y. 1
Sl“' = f and R,”' = —Z + Sf“ 5 (42)

and the operation ()2 is taken component-wise. The update function f;, is the mean of Q,,, defined
in sec. and f, is the mean of the distribution Q,,(v; B, A) =

71311 —%AUQ-"-B’U.
z.E.A) e

AMP equations for the GLM layer (variable z): On the other hand, the non-Bayes-optimal AMP
equations for the GLM model in eq. (T.3)), given in [3], read

it+1 = fz('ytht) ¢
A= —L(W2)To,e, and ~' = LWTgl + Az

&t =0, f.(v4 AY) and vE
Vi= 1 (W?El, and ' = Wiz —Vig™!
gt = fout (V*7wta Vt)
4.3)
where f, is the mean of . defined in SM. |1.3|and f,; is the mean of V ~!(x — w) with respect to
Qout (730", w,V) = ostu(tlg alx\)/)eié‘/il(mﬂ‘})z'

Plug and play: In principle composing the AMP equations for the inference problems above is
complicated, and require analyzing the BP equations on the composed factor graph in Fig.[I] However,
the upshot of this cumbersome computation is rather simple: the AMP equations for the composed
model are equivalent to coupling the MF eqs.(4.1I) and the GLM eqs.(@.3) by replacing @, (v; B, A)
and Qout (z; w, V') with the following joint distribution:

1 )e_lAq; +B”Pout( \m)e vl (z—w)? (4.4)

ou ) ;B7A7 >V =75 4
Q t(vx v ) Zout(B7Aaw7V

The associated update functions f,, fout are thus replaced by the mean of v and V~!(z — w) with
respect to this new joint distribution Q... Replacing this distribution in both AMP algorithms
eq. @.I)-(@.3), we obtain the AMP algorithm of the structured model, summarized in the next section.

4.2 Summary of the AMP algorithms - vvT and uvT

Replacing the separable distributions Q,, and Q¢ by the joint distribution eq. (#.4) and corresponding
update functions as described above, we obtain the following AMP algorithm for the Wishart model:

4.2.1 Wishart model (uvT):

Input: vector Y € R"*P and matrix W € Rp k.
Initialize to zero: (g,4,V,B,, Ay, B,, A,)'=

Initialize with: @"=" = N'(0,02), v'=" = N(0,02),2"=" = N(0,02),
&=l =1, =1, =1yt =1
repeat
Spiked layer:

Bl = LSV - 152/, and AL = [1S2(+)? — LR (&) + (+)?)| L,
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Bl — LSl - L($H)TEL v and AL = [1(S%)T@")2 - LRT (€, + @)?)] 1,

Generative layer:

Vi=1W?)ell, and w'= ﬁwzt —Vigt=! and g' = fou (BL, AL Wt V)

A= (W?)T0,g'T; and ~' = -WTg' + A7’
Update of the estimated marginals:
't = f,(B,AY)  and & =0pf.(Bl,AL)

VT = Bl AL WL V) and & = 0pfy (B, AL, W! V)
it+1 = fz(’yt7At) and é?rl = 8’yfz(’7taAt)

t=t+1
until Convergence
Output: u, v,z

4.2.2 Wigner model (vvT):

The AMP algorithm for the Wigner model can be easily obtained from the one above by simply
taking taking u* = v?, and removing redundant equations:

Input: vector Y € RP*P and matrix W € RP**:

Initialize to zero: (g,v,B,, A,)!=°

Initialize with: v'=" = N'(0,02), 2"=" = N(0, 02),

&l =1, =1y t=1
repeat
Spiked layer:
At—1 N ~ N
B, = 55V — L% LV and Al = ;52(vt)2—%R(cz+(vt)2)}Ip

Generative layer:

Vt=1W?)ell, and w %Witvtgtfl and g' = fou (BL, A, w!, V?)

At =—2(W)T0,8'T; and ~' = \}EWTgt_FAtit

Update of the estimated marginals:
VT = f,BL AL WP VY and ¢ = 8 f, (B!, AL, wt V)
2= [y A and & =0, (440

t=t+1
until Convergence
Output: u, v,z

4.3 Simplified algorithms in the Bayes-optimal setting

In the Bayes-optimal setting, it can be shown using Nishimori property (See sec. E]of 11D that:

(R)=0 <= (5% = 1. (0.8) = (")) @5

where (-) denotes the average with respect to the posterior distribution in eq. (I.8).

Note that the AMP algorithm derived above is also valid for arbitrary weight matrix W € RP**_ In
the case of interest where W, ~ N(0,1), we can further simplify E [Wfl] = 1. Together, these

simplifications give:

4.3.1 Wishart model (uvT) - Bayes-optimal
Input: vector Y € R"*P and matrix W € RP*F:
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Initialize to zero: (g,0,V,B,, Ay, By, A,)=
Initialize with: =" = N(0, c ) vl =

o= 1_]17“ & ]lp,AtZ_ =1;. t=
repeat

Spiked layer'

b1y b a1 i _ I3
B, = 4250 - £ e - 450,

t YT s 178, ¢t—1 B
B, = ;750" - MLV and 4 = 315
Generanve layer:
Vi=t (e, and wf = 2Wa' —Vig! and g’ = fou (B
A= L|g 3T and At = LwTgl 4 A%

Update of the estimated marginals:
ﬁt+1 = fu(Btu7 AZ) and éZH = anu(Btuv AZ)

{7t+1 = fv(Bf7;7Af)7Wt» Vt) and éi-i_l = anv(Banfﬁwta Vt)

27 = £y A and &7 =0, f.(+ A

t=t+1
until Convergence
Output: u, v,z

4.3.2 Wigner model (vvT) - Bayes-optimal
Input: vector Y € RP*P and matrix W € RP**:
Initialize to zero: (g,V,B,, A, )t_O
Initialize with: v'=" = N'(0,02),2"=" = N(0, 02),

=1, =1t =1
repeat
Spiked layer:
Tt st12
Bt _ \}}‘A’t _ %]li)cq){’t_l and AZ — %HVPHQIP
Genemtzve layer:
Vi=1(1]e))I, and ! \}EWit —Vig=! and g' = fou (B
A= @30 and ' = SWTe 4 A
Update of the estimated marginals:
Vit = fBEL AL W V) and &t = 0 f,(BL, AL Wt V)

27 = [y AN and & =0, f.(40 A

t=t+1

until Convergence
Output: v,z

4.4 Derivation of the state evolution equations

The AMP algorithms above are valid for any large but finite sizes k, n, p. A central object of interest
are the state evolution equations (SE) that predict the algorithm’s behaviour in the infinite size limit
k — co. We show in this section the derivation of these equations, directly from the algorithm to
explicitly show that it provides the same set of equations as the saddle point equations obtained from
the replica free entropy eq. (2.36). As before, we focus on the derivation of the more general Wishart
model uvT, and quote the result for the symmetric vvT. We first derive the SE equations without loss
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of generality in the non-Bayes-optimal case, and we will state them in their simplified formulation in
the Bayes-optimal case.

The idea is to compute the average distributions of the messages involved in the AMP algorithm
updates in sec. @.2), namely By, A,,B,, 4,,w,V,~ and V. The usual derivation starts with rBP
equations that we did not present here, see [1]. However this equations are roughly equivalent to
AMP messages if we remove the Onsager terms containing messages with delayed time indices

()

Definition of the overlap parameters: We first define the order parameters, called overlaps in the
physics literature, that will measure the correlation of the Bayesian estimator with the ground truth
signals

~t * ~ft\ At Au,t
. u)Tu . u)Tu . 1Te™
m! =Ey lim (7 , ¢, =Ey lim L , XL =FEy lim -2 ,
n—00 n n—00 n n—o0 n
~t * ~t\tot TAv,t
. v)Tv . V)TV o 1Te
mf] = Ey+ lim L , qf} =E,~ lim ) , Ef] =Ey lim -2 , 4.6)
AENT % Atyrat Tazt
. 7 )7z )7z . 1)c¢
m! =E, lim ) ¢ =E, hm ) > =K, lim —£ .
z ) V4 ) z

As the algorithm performance, such as the mean squared error or the generalization error, can be
computed directly from these overlap parameters, our goal is to derive the their average distribution
in the infinite size limit.

Messages distributions: As stressed above, we compute the average distribution of the messages,
taking the average over variables W, &, the planted solutions v*, u*, z* and taking the limit & — oo.
Note that we use the BP independence assumption over the messages and keep only dominant terms
in the 1/p expansion.

e B,,A,: Starting with (4.2.1), we obtain

E[B!] = \;AIE [vv'] [( "+ \/Zg) W} e %Zu*, 4.7
E [BL(BL)T] = pNE[wmryq - ilEkA G to(in) — b1 @)
E[A)] =E {ps%vtf - %R (e + (vt)Q)} L — %In —RY'I,. (4.9)
where we defined, see [T,
R=Epvi [g+@u0°]_ = [ TI  aue @029+ 007

1<i<p,1<pu<n

with P (Y|w), g defined in sec. and g* the ground truth channel function. Note that in the
Bayes-optimal case, g* = g that yields R = 0 as mentioned in eq. (2.8).

e B,, A,:  Similarly,

E[B!] = \/;AE [YTa'] = \/;AIE K“*E;;T + \/&)Tﬁt] wd 5’%@*, (4.10)

1 .
B [B(B)7] =GB [YT@)TY] ﬁqul (4.11)
E[A}] =E 2;(ST)Z(ﬁt)Q — ];R (€, + (ﬁt)z)] L —> 8 (qAL — Rz;) L. (412
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0w | L at]
E[w}—E_\/EWZ]— p s

1

n—0o0

E [w'(w")T] =E Wzt(it)TWT} — q'1,,

k

1
E[V]=E k(WZ)étZIp] T

Conclusion: Finally we conclude that to leading order:

mt qt qt _
B, ~ —~2u* =z At ~ 221, — EtIn

Au + A&uv U A R v )

my a, ¢ QG et
BvNﬂXV + Bxgva Avmﬁ<A_RZu) Ip»
w~/gn, VNEZIP,

with £u ~ N(Onaln) aEv ~

4.4.1 State evolution - No

N(OnvIn) M NN(OpaIp)-

n Bayes-optimal case

4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

With the averaged limiting distributions of all the messages, we can now compute the state evolution
of the overlaps. Using the definition of the overlaps eq. (4.7) and distributions in eq. (4.18), we

obtain:

Variable u:

1 1
¢ =By lim ~ @) Te = By lim £, (BL, AY)Tf. (B, AY)

n—,oo M n—oo N

= Bueg

mffl = Eu lim

2
mf) * qf) qf} t
Tu (u + 76’7 —REU

1

n—o00 N,

= Bue g

N
S =By lim ~17¢"" =K
n—oo n

=Eus ¢

mt qt qt _
R v ¢ dv Et *

2
My s B B pse
On (A“ VA A T
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. .1 *
7(ut+1)Tu* = Eu* nlL)H;o Efu(Bz, AZ)TH

1
ue lim *anu(BtuvAZ)T]ln
n—oo N

(4.19)

(4.20)
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Variable v:

¢ttt =E,. lim f( LT — B lim fv(Bt AL W VHTF(BE AL Wb VY (4.22)

v

p—00 P p—ro0
2
Bm, B4,
= Ev*,ﬁ,?’] f’U ( A ’U 5 ﬁ th ) thztz
1 1
mhtl = By Jim 5(9”1)@“ =Ey plgn ~fu(BE AL W V)T (4.23)
D Bd, .
=Eye e [ fo (AU 5 I6] —RXE ) \ain, L | v
t+1 . 1 Taz,t+1 : 1 t t t t\T
b)) =Ey+ lim —-1T7¢ =Ey+ lim -9, f,(B,,A4,,w", V)71, 4.24)
v p—oop P p—oo P v

2
pmt, B4,
=Ey £ f%fv( A AEO (X —BE ) VX

Variable z: We define intermediate hat overlap parametersE] that will be useful in the following.
The hat overlaps don’t have as much physical meaning as the standard overlaps that quantify the
reconstruction performances. Though we might notice anyway that all the overlap parameters are
built similarly as function of the update functions f,, fu, f» and fout (See eq. (I.23)

M 2
t
&L= 0B | o (ﬁ oo e (% - ). qzmzi) @29)

[ t
M = aEye ¢ | O fout (BZ“ v+ ﬁquf B < RZt) sV ain, Ei) v*} (4.26)

i t
$1 = By ey | ~Oufout (52"7}* /3‘1"55( R2t>, qzn@i)] (427)

Variable z: Averages are explicitly expressed as a function of the hat overlaps introduced just
above:

E fyt} ~ mlz* (4.28)
E [v'(v)T] ~ ¢'1, (4.29)
E[Af] ~ 211, (4.30)
And we conclude that at the leading order:
vt~z /g, At ~ ST (4.31)

with & ~ N(Ok, Ik)

These variables appear as well in the replica computation through Dirac delta Fourier representation.
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From these later equations, we obtain

1 1
¢t =Eyp lim —(27HTE T = B, Jim 0 o L ADTF (4t AY (4.32)

k~>_oo
=E.c|f _ (At *+\/i§,2t) }

1 1
mit = By lim — (272" = B, Jim fz(vt,At)Tz* (4.33)

k~>oo

=E.c|f (At*-g—\/agzt) }

1 1
= E, lim k]l“““ E,. lim ]1 TO, f-(~, AY) (4.34)

— 00

= Eae [0, f. (lz" + \/@6,22)}

t+1
Zz

Equations (.19} .27} F-321{4.34)) constitute the closed set of AMP state evolution equations in the
non-Bayes-optimal case.

4.4.2 State evolution - Bayes-optimal case

In the Bayes-optimal case, the Nishimori property (See sec. ﬂ;f[) 1mphes My = Qu» My = (2,

My = qy and 7, = ., R = 0 and we also note that ©¢ = p, — ¢, ¢ = G%. The set of twelve state
evolution equations reduce to only four, and they can be rewritten using a change of variable.

Wishart model
[ t t t t 2
t+1 _ W, W W, W
qy Ef Zu( A aA>fu< AS,A> (4.35)
=20, V. (¢}) ,
[ 2
d = Ee | 2. (VS dL) £ (\/qzmi” (4.36)
= QBQZ\IJZ (Aﬁ,) 5
2
. Bqt q. B4 q,
¢t = aEe, | Zow ( “5 B L@, e — L | fout “rS ﬁ LN, ps — ¢
(4.37)
t
= 200g, You <ﬂZ", qi) ,
B4 Bq: ’
@ =Eey | Zous ( —2E, 5 qin, p. — qi) fo ( —2E, ﬂ qin, p. — qi)
(4.38)

t
= 28qu\IJout (Bzu’ qz) .
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Wigner model

The state evolution for the Wigner model (vvT) is a particular case of the state evolution of the
Wishart model discussed above, obtained by simply restricting ¢, = ¢, and § = 1. It finally reads

¢ = Ee [zz (Vate.at) £. (V. 42)2} (4.39)
=20,. % (42) ,

t

" a . d ’ a . d ) ’
A v v v v
4, = aBe | Zout Z& A atn,p: — a. | fout ZE A an, p. —q. (4.40)

qt
= 20[8112 \Ilout <AU7 qi) b

t t

2
q . q, a . 4@
0" =By | Zous ( RE A Vb - qi) fo < ARV ps - Qi> @.41)

qt
= 28qv\Ilout (£7qi) bl

which are precisely the state evolution equations derived from the replica trick in sec. 2} eq. (2.36),
except that the algorithm provides the correct time indices in which the iterations should be taken.
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5 Heuristic derivation of LAMP

We present in this section the derivation of the linearized-AMP (LAMP) spectral algorithm. This
method, pioneered in [17]], relies on the existence of the non-informative fixed point of the SE
equations eq. (2.40), g, = 0 that translates to v = 0 in the AMP equations. Linearizing the Bayes-
optimal AMP equations for the Wigner and Wishart models eq. (4.3.2)-@.3.1)) around this trivial
fixed point will lead to the LAMP spectral method. First, we detail the calculation for the simpler
Wigner model, and then generalize the spectral algorithm in the Wishart case. Finally, we derive the
state evolution associated to spectral method in the case of linear activation function.

5.1 Wigner model: vvT

We start deriving the existence conditions of the trivial non-informative fixed point in the Wigner
model eq. (I.I)), that refers to eq. 2.41)) in the main part. These conditions can be alternatively
derived from the SE eqs. (6.8)-(6.9) - see sec.[6]

Existence of the uninformative fixed point: Consider v = (. We obtain easily from the algorithm
@’ (BU? AU) = (07 0)’ leading to g = fout (07 0,(4), V) = Equt [(X - w)] = 0’ and (’77 A) =
(0,0). Finally, inserting these values in the update functions fo, and f,, defined in eq. (I.23), we
obtain sufficient conditions to get the trivial fixed point in the Wigner model:

(¥,2) = (0,0) isz{ Ego [0]=0 and Ep, [2] :0} . (5.1)
Linearization: To lighten notation, we denote with |, quantities that are evaluated at

(By, Ay, w, V,v,A) = (0,0,0,p.1,,0,0), and we linearize the equations of the AMP algorithm
around the fixed point

(€’, év) = (Oa vap)a (iv éz) = (Oa szk)v (52)
(By, A,) =(0,0), (v,A)=1(0,0), (w,V,g)=1(0,p.1,,0). (5.3)
In a scalar formulation, the linearization yields
SV = O ol OBV + Oafo|BAY" + Oy fo| 0wt 4 By fo] LOVE, (5.4)
86, = 0f pfoloBy + 0% pLolk0A] + 82 g fol 0w} + 00 5 ful 6V, (55)
02, = Oy f.|.07] + Onf2|L0A] (5.6)
86" = 92 f.1.07h + 0% o f2|L0A] (5.7)
5gf = anout|*5B?t + aAfout|*§A;)715 + awfout|*5w§ + anout|*5‘/it P (58)
with
1 Y 1[N, 1 [ & aet
gBUt = =3 Litggt o J L — — Vi, (9
2 & €'t'|*6‘ﬁ’t'
JAT = 2N =0, (5.10)
A = »
k
dwt = LZWH&; — oVt = Vot (5.11)
VE i
k
1
SVt = - Z(Sé‘f’t , (5.12)
=1
5At—g§p:t|5t—0 (5.13)
% g:1x08;, = U, .
=1
1 & X R
5t = 7 > Widg! + 6AV |, + Aj].07] . (5.14)
=1
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These equations can be simplified and closed over three vectorial variables v € R?, 2 € R¥ and
w € RP, where we used the existence condition C that leads to 9, fout|+ = Ov fout|« = 0. Finally,

injecting eq. (3.9)-(5.14) in (5.4), (5.6), (5.11) we obtain

N 3va|* fZ|* ]l ]l ~

1 _ i—1 ¢ A kg3t

N * v I wJv *I

ov anv| (\[ — 0B folIp0V )-l-a folIpdw® + AR ; 57
(5.15)

1 WY )
(Szt-'rl = — ,Yfz|*8Bf0ut|*ﬁ %6 an’U' I 6 t— 1:| (516)
T
Sw'tt = <8 f2140B fout |« TW [\l/;ﬁt —8va|*1p5\7t_1D —~ (5.17)
Oy £-105 Fou» %W PR 2} .

Conclusion: This set of equations involves partial derivatives of f,, f. and f,,; that can be
simplified using the condition C, and rewritten as moments of the distributions P, and Qoy:

a’YfZ|* :EPz [22} =Pz, 8va‘* —EQU“[ } = Pu
3377f2|* = =207 f:|+ = Ep, [Zd] * and Oufols = OB foutlx = pZ_IEQSut [va],
awfout‘* = anout‘* = 07 (9va|* = %pZ_QEqut [’U!EQ] .

(5.18)

Injecting eq. (5.17)-(5.16) in (5.13), we finally obtain a closed equation over v. Forgetting time
indices, it leads the definition of the LAMP operator as

1 WwT 1,17 W Y
v = = ((a—b)I, + b I 1
. A((a b)L, +b . +c ’ f) (f a) (5.19)
with
1
a=Eq [v v =p,, b= pz_lEqut [vz]?, c= §pz_3Epz [2°] Eqo [U:JCZ]IEQgut [vz]. (5.20)

Note that in most of the cases we studied, the parameter ¢, taking into account the skewness of
the variable z, is zero, simplifying considerably the structured matrix as discussed in the main part.
Taking the leading eigenvector of the operator I')" leads to the LAMP algorithm.

Applications:  Consider a gaussian P, = N, (0, 1) or binary P, = 1 (§(z — 1) + 6(z + 1)) prior,
for which p, = 1. Taking a noiseless channel Py (v|z) =6 (v — <p(x§), condition C is verified, and
we obtain simple and explicit coefficients

e Linear activation (p(z) = x): (a,b,¢) = (1,1,0).
e Sign activation (p(z) = sgn(x)): (a,b,¢) = (1,2/7,0).

5.2 Wishart model: uvT

In this section, we generalize the previous derivation of the LAMP spectral algorithm for the Wishart
model in eq. (T.2). The strategy is exactly the same: it follows from linearizing the AMP algorithm
4.3.1]in its Bayes-optimal version around the trivial fixed point. Except that in this case there are
more equations to deal with.

Existence of the uninformative fixed point: Consider (@, V) = (0, 0). Injecting this condition in
the algorithm’s equations, we simply obtain (B, A,,B,, A,) = (0,0, 0,0). However, we now need
Ep, [u] = 0 for this to be consistent with the update equation for a'™!. Besides, this also implies
g = four (0,0,w,V) = Eqo [(x —w)] =0,and (v,A) = (0,0). Finally, putting all conditions
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together in the update equations involving f,, f, and fout, defined in eq. (I.23), we arrive at the
following sufficient conditions for the existence of the uninformative fixed point in the Wishart model:

(¥,2) = (0,0) ifC z{ Ego [0]=0, Ep,[:]=0 and Ep, [u] = o} .

(5.21)

Linearization: As previously, to lighten notations we denote |, quantities that are evaluated at
(By, Ay, By, Ay, w, Vv, A) = (0,0,0,0,0,p.1,,0,0). We linearize AMP equations algorithm
M.3.T|around the fixed point
(8,60 = (0,puL), (V,&) = (0,p,,), (2,&) = (0, p.I4), (522)
By, Ay) = ( ) By, Ay) =(0,0), (7,A) =(0,0), (w,V,g8)=(0,p:1,,0). (5.23)
In a scalar formulation, linearization yields four additional equations over the u variable:
S0 = Op ful OB + O ful AL (5.24)
St = 0% pful«0B" + 0% pful ALY, (5.25)
Vit = Op fulwOBY + 0a ful0AY" + 0y, folsbw! + Ov ful OV, (5.26)
067" = 0f pful OB + O pful AT + OF g ful ] + Y p ful V] (5:27)
02 = Oy f2]407) + Onf2|L0A] (5.28)
§E7TH = 02 f.| 07 + 03 4 flOA] (5.29)
6gf = anout|*5B;}7t + aAfout|*5A;}7t + awfout|*5w§ + anout‘*(SV;‘t ) (530)
and
1 Y, 1 (& 1 (&t
OBl = = > \;ﬁaeg - <Z Clp'*) 5i, ! - ¢ (Z —CI; al,, (5.31)
i=1 i=1 i=1
2 & 9t,6¢
SA = AZ“'p Yi_o, (5.32)
i=1
1 Y RN 1 [ o= dewt
0B = =) sn, — ( " )  —— (Z —£ ) Vi (5.33)
[ i 7 7 ’
Auzl\/ﬁ A p=1 p A p=1 p
n At ~1
2 a,, |00
AVt = 2 RE B0, (5.34)
A ; P
5 —izk:w 53t — sVig=l|, — V|5 ! (5.35)
wz - \/E il 04 1g1 * 7 Ix gz' 9 .
=1
k
1 ~z,t
=1
P
5At—gz Y08t =0, (5.37)
=% 9: 108 .
(5.38)

5t = ﬁzwuégf—l—é/\ 7|, + Al|,07;
1=1

These equations can be closed over four vectorial variables a € R, v € R?, Z € R and w € RP,
where we used the existence condition C leading again to 9, fout|« = Ov fout|« = 0. Finally, injecting
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eq. (5.31)-(5.38) in 5.24), (5.26). (5.28). (5.35) we obtain:

saltt :%63 fuls (jﬁw — 05 fv|*ln6ﬁt_1) , (5.39)
s :%33 ol (5&;5& - ﬂagful*lpaet*) o fuliowt + 2 ‘gﬁj’jf 2l ]lf%iz;,
(5.40)
5t :%mfzwgfoum% %aﬁt - ﬂanumpé@“] , (5.41)
bt = (on 0ol [T = om0 ) - (5.42)

YT _ ot
a’yfz'*anoutl* |:\/§6ut ! _ﬁanu|*Ip6Vt 2

Conclusion: This set of equations involves partial derivatives of f,, f,, fout that can be simplified
using the condition C and rewritten as moments of distributions P,, P, and Qoyt:

8‘Yfz|* = EPZ [ZQ] = Pz,
82/7'yfz|* = _28Afz|* =Ep, [ZS] )
6wf0ut‘* :anout‘*:Ov

8Bfu|* :EPH[UZ] = Pu s

OB fulx =Eqo [”2}:/’%

out

and Oufols = OB foutlx = pgl]EQO [vx],

out

ov folx = %PZQEng [sz] :

(5.43)

Injecting eq. (3.42),(5.41)-(5.39) in (5.40), we finally obtain a self-consistent equation over v that,
forgetting time indices, leads to define the following LAMP structured matrix, from which we need
to compute the top eigenvector:

1 WwT 1,17 WT 1 YTY
re = —((a—b)l,+b—— Pk ——— —dpl 5.44
e (o ey \/E)x<a+§p 5,))7 (5.44)
with
1
a=p,, C= inBEpz [#%] Eqo [vxz]]Eng [vz], b= p;lEng [vz]?, d=p,. (545)

Applications: Consider a gaussian P,, P, = N (0,1) or binary P,, P, =
prior, for which p, = p, = 1. For a noiseless channel P, (v|z) = § (v
following simple and explicit coefficients:

36z —1)+6(z+1))
— (7)), we obtain the

e Linear, ¢(z) = z: (a,b,c,d) = (1,1,0,1)
e Sign, p(z) = sgn(x): (a,b,¢,d) = (1,2/7,0,1)

5.3 State evolution equations of LAMP and PCA - linear case

In this section we describe how to obtain the limiting behaviour of the LAMP spectral method for
the Wigner model in the large size limit p — oo. We will show that in the linear case, mean squared
errors of LAMP and PCA are directly obtained from the optimal overlap performed by AMP or its
state evolution. Recall that the numerical simulations of LAMP and PCA are compared with their
state evolution in Fig. 3] with green and red lines respectively.

LAMP: For the noiseless linear channel P,,;(v|z) = 0 (v — x), the set of egs. (5.15{5.17) are
already linear, and do not require linearizing as above. Hence the LAMP spectral method flows
directly from the AMP eqs. (#.3.2). As a consequence, this means that the state evolution equations
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associated to the spectral method are simply dictated by the set of AMP state evolution equations
from sec.[5.1] However, it is worth stressing that the LAMP MSE is not given by the AMP mean
squared error, as LAMP returns a normalized estimator. We now compute the overlaps and mean
squared error performed by this spectral algorithm.

Recall that m, and g, are the parameters defined in eq. (4.7), that respectively measure the overlap
between the ground truth v* and the estimator v, and the norm of the estimator. In eq. (3.49), the
MSE is given by:

1. N O
MSE, = p, + Ey lim —||V||? — 2B+ lim —¥Tv (5.46)
p—o0 P p—o0 P
= py + qp — 2my, (547)

However the LAMP spectral method computes the normalized top eigenvector of the structured matrix
I',. Hence the norm of the LAMP estimator is ||[V||Z \yp = ¢uv,Lamp = 1, while the Bayes-optimal
AMP estimator is not normalized with ||V||2yp = ¢ amp = 75 amp 7 1. solutions of eq. (5-1). As
the non-normalized LAMP estimator follows AMP state evolutions in the linear case, the overlap
with the ground truth is thus given by:

1. 1/ v T
My tamp = Bys lim =97, oV = Eyv lim — ( Vamp > v (5.48)
p—oo p=oo p \ |[V][amp
5 AMP . 1/2
=17 = (miawe) - (5.49)
(qZ,AMP)

Finally the mean squared error performed by the LAMP method is easily obtained from the optimal
overlap reached by the AMP algorithm and yields

1/2

MSEu,Lamp = po + 1 — 2 (¢} amp) (5.50)

PCA: Similarly, in the noiseless linear channel case, we note that at « = 0, LAMP reduces exactly
to PCA, i.e. it consists in finding the top eigenvector of YV, instead I',,. As LAMP follows AMP in

this case, we can simply state that the mean squared error performed by PCA is computed using the
optimal overlap reached by AMP at o = 0:

1/2
MSE, poa = po + 1= 2 (¢} awplazo) /- (5.51)
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6 Transition from state evolution - stability

In this section we derive sufficient conditions for the existence of the uninformative fixed point
(qv, 4z, q2) = (0,0,0) from the state evolution egs. (I3). In the case (0,0, 0) is a fixed point, we
derive its stability, obtaining the Jacobian in eq. (2.42). Its eigenvalues determine the regions for
which (0, 0, 0) is stable and unstable, and therefore the critical point A, where the transition occurs.

For the purpose of our analysis we define the following shorthand notation for the update functions,

fl (7”‘,8)
£rtos) = (12 (ros) oD
f3(t)
where (f1, f2, f3) are explicitly given by
, 2
<f dv e~ 507 FVIE f Jﬁi—)e_éwpom(w@v)

fl (7"7 s) = 2ar\110ut(r7 S) = ]EEJ] T2 l:: _LM

Jdvezv +ﬁvff\/ﬁe © o Bulvln)

2
. _1(e—vEm?

(avemssvive f te WS R el o - v )

f2(7‘, 3) = 2@83‘1/out(7”7 S) = aEfa”l r § (a/En)
fdv o= 5Vt f \/ﬁeﬁﬁﬂm(v\x)

2
(f dx Pz(z)e’%z2+\/zzﬁz>
fd.l? PZ<Z)67%z2+\/{§z

f3(t) =20,V (t) = E¢ 6.2)

In terms of these, the right-hand side of the state evolution equations is given by evaluating (r, ¢, s) =
(%0 42)-
6.1 Conditions for fixed point

Note that the denominator in the first two state evolution equations is actually constant at r = 0,

de _ 1 .2 dr  _ 1 2 dr  _ 1 2
/dv/ me 7 Py (v|x) = me 7 (/dv Py (v|x) = me 7 ) =1.

(6.3)
And in particular, this means that
f2(0,8) = E¢,, (/ dv/ \/;:?e_ e ”’ZPgm(v\x) (x — \/En))Q
=E¢, ( \/;1:?67 e (z —/sn) /dv Pou[(vx)>2
= B¢, ( \/%efziz (2 - \/gn)>2 =0 (6.4)

for any value of s € R. In terms of the overlaps, this means that if g, is a fixed point, we necessarily
have ¢, = 0. What is the implication for ¢, ? We need to look at f5(¢, = 0), which is simply given

by
2
f3(0) = E¢ ( / dz Pzz) . (6.5)

This means that if ¢, = 0 and P, has zero mean, then ¢, = 0. It remains to check what is a sufficient
condition for ¢, = 0 to be a fixed point. This is the case if

d e 2
£1(0,0) = E¢ (/ dv/ \/%67 202 * Pout(v|x)v) =0 (6.6)

34



implying

22 dz Ll 2 |
/ /\/m 502 T P (v|z)v = \/me P </dv Pout(v|:(;)v) Lo 6.7)

Therefore a set of sufficient conditions for (qy,d.,q.) = (0,0,0) to be a fixed point of the state
evolution equations are

Ep,z= /da: P,(z)z=0 (6.8)
dz  _ 1 »
Eg v= [ dv me 20z " Pow(v|x)v =0 (6.9)

note that the last condition is equivalent to requiring the function m(z) = Ep, v to be odd.

6.2 Stability analysis

We now study the stability of the fixed point (r,¢,s) = (0,0,0), which is determined by the
linearisation of the state evolution equations. But before, to help in the analysis we introduce notation.

Some notation It will be useful to introduce the following notation for the denoising functions in
eq. (I.16) evaluated at the overlaps:

T 1 _r 1 xT 7]
G (v €m) = ———e BN L ERE R ) (6.10)
Zou " (€:m) 2m(pz — s)
1 .o
QL(z:¢) = Zi(6)¢ R 6.11)

where Zé:;s) and Z, are the normalisation of the distributions, given explicitly by

(rys _ T2 ) dx 1 (z—Em)?
Zout )(5 77) /dve 2 +\[£/ 27 () 75 pz=s Pout(v‘x)

ZL(€) =/drv QL(%¢) =/dx P,(z)e 5% V2 (6.12)

Note that Qo is a family of joint distributions over (v, x), indexed by r, s € [0, 1]. It will be useful
to have in mind the following particular cases,

s 1 _1(e—vEm)?

Qgg{ )(0795;77) = me 3 Pou(v]z) (6.13)
0y gy = — L gty L b’ (6.14)
out b b r. .

() V2mp.

where we have used that Z(SS{S) (n,€) = 1 (as shown above). It is also useful to define short hands to
the associated distributions when we evaluate both (7, s) = (0, 0),

Q0 (v,2) = Q% (v, 256,1) =

1 2

e 20:" Poy(v|x) (6.15)

1
V2Tp,

while Q%(2;€) = P.(z). Note that they are indeed independent of the noises, and that in particular
we have Z0(¢) = 1.
In this notation the condition in eq. (6.9) simply reads that v has mean zero with respect to the Q9.

Ego v =0 (6.16)

Expansion around the fixed point

We now suppose (r,t,s) = (0,0,0) is a fixed point of the state evolution equations, i.e. that the
conditions in eqgs. (6.8) and (6.9) hold. We are interested in the leading order expansion of the update
functions (f1, fo, f3) around this point.
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Expansion of f;: Since (fi, f2) are functions of (r, s) only, we look them separately first. Instead
of expanding around (7, s) = (0,0) together, we first expand around r = 0 keeping s fixed. This
allow us to take the average over & explicitly simplifying the expansion considerably,

2 4 9 2 2 9 3/9
710:8) =, B { (Bqgov) + | (Bqgo) + (Bqgor?) -2 (Bggv) Eqgor?|r+0 ()}

(6.17)
We can now focus on the leading order expansion around s = (0. Note we have,
1 (z—vEm)?
0,5V = /dv/ p==s  Pyy(v]z) v
out 271- pz — S
Vsn sn® —1 2 3/2
A Ly Y By - 5z (PeBogv—Egya*v) + 0 (%) ©18)
- ﬁ”EQo ot 5" ; Ego o u+0( 3/2) (6.19)
pz out pz out

where we used the consistency condition in eq. (6.16) that ensures (r,s) = (0,0) is indeed a
fixed point. Moreover, the leading order term in the expansion of E Q) is O(sl/ 2), therefore
out

(]EQm s>v) ~ O(s) and ( QO sw) ~ O (s®). Expanding now eq. (6-17) to leading order in y

out out

gives

hlrs) = B [82772 (Eqg,vx)” +7 (Egyv?)” +0 (72, 33/2)]

r,s<K1

p (EQD vx) +r (Epg v2)2 + 0 <r3/2, 53/2> (6.20)
4

From this expansion we read the first two entries of the Jacobian,
2 1 2
Oy f1li0,0) = (Ego,v?) 95 f1l(0,0) = 2 (Ego v) (6.21)

Expansion of f;: For f,, we start by expanding with respect to s, allowing us to take the average
with respect to 7 explicitly,

2 4 2
fg(T, 3) 21 ale {(E (7\0)1‘) + TPQ [2 (E (r,()):E) —4 (]E (7~,o)$) E (r,o>$2 +2 (E (7‘,0)172 —

S out out out out out

(6.22)
We can now focus on the leading order expansion around r = 0. Note that
E oz = E E —1)E () 6.23
(()“‘0):1: ot qut$+f§ Qo TV + 5 (f ) Q0 22+ 0 ( )
— Vi€Eqgav + £(62 — DEqgav® + 0 (r7/2) (6.24)
since
dx 1,2 dx 1,2
E d 202" Py = T2 = 0. 6.25
Q0. T = / v/ \/me out (V| T) T \/me x (6.25)
Therefore the leading order term is of order O(r'/?), and (IEngz)Z ~ O(s), (Eqo )4 ~ O(s?).
Expanding now eq. (6.22) inr < 1,
fa(r,s) =, o [x§2 (EQO vx)2 + % (]EQO z? — pz)ﬂ + 0 (r3/27 33/2) (6.26)
,s out pz out
—ra(E vm)z—i—ia(]E % — )2—|—O r3/2 g3/2 (6.27)
- Qdu pg Qo Pz ? :
From this expansion we can read the second two entries of the Jacobian,
2 e
O f2l(0,0) = @ (Ego, vi) s fal(0,0) = = (Ego a” — p:)’ (6.28)

Z
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Expansion of f3: Note that f5 is independent of (r, s), so it can be treated separately. Expanding
int < 1 gives

2
1 t 2 2
_ -5z +\/fzf _ 2 3/2
f3(t) = E¢ z (/ dz P.(z)e z) 1 = (Ep.2*)"t+O(t /2) (6.29)
where we have used the consistency condition in eq. (6.8). Therefore
2
O f3lt=0 = (Ep,2?) (6.30)

Bringing the overlaps back

In our problem, we have

- %u t =g, sS=q. (6.31)
and therefore the partial derivatives have to be re-scaled,
Or = Ady, Oy = 04, 0s = 0q, (6.32)
And therefore the Jacobian of the problem is
1 2 1 2
% (Ego,v?) , 0 o7 (Egy,vr) ,
df(0,0,0) = [ & (Eg vz) 0 o (Eqo,a® — pz) (6.33)
0 (Ep, 22)” 0

6.3 Jacobian for the uv™ model

The main difference in the Wishart model is that the state evolution is given in terms of four variables
(p,r,t,8) = (qK“, BE,q., q}), with the update functions given by

fo(r) Wy (1)
o= £ =2 et )
f3(t) 0 (t)

Note that (f1, f2, f3) are exactly as before, with the only difference that (f1, f2) are now evaluated
at p instead of r. The only new function is f,, which depends only on r. This means that the new
column in the Jacobian is orthogonal to all the other columns, with a single non-zero entry given by
Or folr=0. An easy expansion of fj to first order together with the definitions of (p, r,t, s) yield

0 L(Ep,u?)® 0 0
£ (Bgo v?)? 0 0 1 (E ?
af(0,0,0,0) = | 2 (g, )2 N ( Qggm) , (6.35)
& (Bqp,vz) 0 0 & (Ego,»” — p)
0 0 (Ep, 22)” 0

6.4 Transition points for specific activations

The transition point A, is defined as the point in which the uninformative point goes from being
stable to unstable. The stability is determined in terms of the eigenvalues of the Jacobian: a fixed
point is stable when the eigenvalues are smaller than one, and is unstable when the leading eigenvalue
becomes greater than one.

It is instructive to look at A, in specific cases. We let P, = P, = N(0, 1) together with Py, (v|z) =
d (v — ¢(x)) and look at different (odd) activation functions .

Linear activation: Let ¢(x) = . In this case the transition is A, = « + 1 in the Wigner model
(vwT)and A, = /B(«a + 1) in the Wishart model (uvT)

4
72

Sign activation: Let p(x) = sgn(x). In this case the transition is A, = 1 +
model (vvT) and A, = /0 (1 + %a) in the Wishart model (uvT).

« in the Wigner
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7 Random matrix analysis of the transition

In this section, we describe how we can derive the value A, at which a transition appears in the
recovery for a linear activation function, for both the symmetric vvT and non-symmetric uvT case,
purely from a random matrix theory analysis. This transition is in essence similar to the celebrated
Baik-Ben Arous-Péché (BBP) transition of the largest eigenvalue of a spiked Wishart (or Wigner)
matrix [18]].

7.1 A reminder on the Stieltjes transform

Let Cy = {z € C, Im z > 0}. For any probability measure v on R, and any z € C\supp v, we can
define the Stieltjes transform of v as:

1
"X -2
Note that g, (z) is a one-to-one mapping of C. on itself. The Stieltjes transform has proven to be
a very useful tool from random matrix theory. One of its important features, that we will use to
compute the bulk density (see Fig. (3] of the main material) is the Stieltjes-Perron inversion formula,
that we state here (see Theorem X.6.1 of [[19]]):

Theorem 7.1 (Stieltjes-Perron). Assume that v has a continuous density on R with respect to the
Lebesgue measure. Then:

g.(z) =E

dv .1 .
Vz € R, e E1_1%1+ ;Imgy(x + ie).

Informally, one has to think that the knowledge of the Stieltjes transform above the real line uniquely
determines the measure v. The Stieltjes transform is particulaly useful in random matrix theory.
Consider a (random) symmetric matrix M of size n, with real eigenvalues {\; }. Then the empirical
spectral measure of M is defined as:

1 n
= _ . .1
Vn, n;(u (7.1)

For some random matrix ensembles, the (random) probability measure v,, will converge almost surely
and in the weak sense to a deterministic probability measure v as n — co. In this case, we will call v
the asymptotic spectral measure of M.

7.2 The symmetric vvT linear case

In this setting, the stationary AMP equations can be reduced on the vector Vv as:

1 1 1 wvT 1
v=|-WWT| | — — =L, V. 7.2
=[] [ ser sy - av) 2
We assume in the following that p,, = 1 to simplify the analysis (in this linear problem, it does not
imply any loss of generality). Here £/, /p is a matrix from the Gaussian Orthogonal Ensemble, i.e. £
is a real symmetric matrix with entries drawn independently from a Gaussian distribution with zero
mean and variance E £7; = (1 + 6;;). We denote:

1 1 1 wvT 1
v — | T _
=[] (e sy - ah] o

From the state evolution analysis we expect that the eigenvector of I'" associated to its largest

eigenvalue has a non-zero overlap with v in the large p limit as soon as A < A.(«) = 1 + «. In this
section, we show this fact using only random matrix theory.

Informally, we first demonstrate that the supremum of the support of the asymptotic spectral measure
of I') touches 1 exactly for A = A.(«). Then, for A < A.(«), the largest eigenvalue of I')? will
converge to 1, which is separated from the bulk of the asymptotic spectral density. The corresponding
eigenvector is also positively correlated with v. This gives more detail to the mechanisms of the
transition. We show first the following characterization of the asymptotic spectral density of I')":
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Theorem 7.2. For any o, A > 0, as p — +00, the spectral measure of I')" converges almost surely
and in the weak sense to a well-defined and compactly supported probability measure (o, A), and
we denote supp p its support. We separate two cases:

(i) If A< 1, thensuppp C R_.

(i1) Assume now A > L and denote 21 (A) = —A~' + 2A71/2 > 0. Let pa be the probability

measure on R with density

_ VA 1\? 1 2
s =B a (Y ifle < e 0w

Note that the supremum of the support of pa is z1(A). The following equation admits a
unique solution for s € (—z1(A)~1,0):

2
a/pA(dt) <1fst) ~ 1. (1.5)

We denote this solution as Seqge(at, A) (or simply Sedge). The supremum of the support of
(e, A) is denoted Apax(a, A) (or simply Amax)- 1t is given by:

t
— +a/pA(dt)7 ifa<l,
Ay = 4 cdee L Sedgel t (7.6)
max | 0, — + « dt) ——— ifa> 1.
< Sedge /pA( )1 + Sedget) f

Before proving Theorem[7.2] we state a very interesting corollary:

Corollary 7.1. Let o > 0. As a function of A, Amax (see Theorem[7.2)) has a unique global maximum,
reached exactly at the point A = A (o) = 1 + a. Moreover, Apax (o, Ac(a)) = 1.

We can then state the transition result. Its method of proof is very much inspired by [20] El

Theorem 7.3. Let v, A > 0. Let us denote \y > Az the first and second eigenvalues of I')". Then
we have:

o IfA > A (), then as p — 0o we have \1 — Amax and A2 — Apax.
a.s. a.s.

o IfA < A.(a), then as p — oo we have \y — 1 and g — Apax-

Moreover, let us denote v an eigenvector of I',)" with eigenvalue X1, normalized such that |\17H2 =
Then:

1
FWTV'Q = e(A). (1.7)

The function e(A) satisfies the following properties: e(A) = 0 for all A > A.(«), e(A) > 0 for all
A < A.(a) andlima_9e(A) = 1.

Our method of proof for Theorem allows us to compute numerically the squared correlation €(A).
It is given, for all A < A («), as

1 [s®1))°
e(A) = o ST

The S(?) and S functions are defined in Lemma and formulas are also given that allow to
compute them numerically. A non-trivial consistency check is to verify that ¢(A) coincides with the
variable ¢, given by the mutual information analysis of Theorem [I]of the main material. We show
numerically that they indeed coincide in Fig.[2]

3Note that while all the calculations are justified, refinements would be needed in order to be completely
rigorous. These refinements would follow exactly some proofs of [21] and [20]], so we will refer to them when
necessary.
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— Information theory analysis
-- Random matrix analysis

Figure 2: The function e(A) computed in the linear case by Theorem [I| of the main material
(information theoretic analysis) and Theorem@ (random matrix analysis) (o = 2).

Remark (The nature of the transition). As was already noticed in some previous works (see for
instance a related remark in [20]), the existence of a transition in the largest eigenvalue and the
corresponding eigenvector for a large matrix of the type M + P (with P of finite rank and 6 > 0)
depends on the decay of the asymptotic spectral density of M at the right edge of its bulk. For a
power-law decay, there can be either no transition, a transition in the largest eigenvalue and the
corresponding eigenvector, or a transition in the largest eigenvalue but not in the corresponding
eigenvector. The situation in our setting is somewhat more involved, as both the bulk and the spike
depend on the parameter A, and they are not independent (they are correlated via the matrix W).
However, this intuition remains true: if we do not show and use it explicitely, the decay of the
density of u(c, A) at the right edge is of the type (Amax — A)'/2, which is the hidden feature that is
responsible for a transition both in the largest eigenvalue and the corresponding eigenvector, which is
what we show in Theorem

7.3 The non-symmetric uv' linear case
The analysis is very similar to the one of the symmetric case of Section[7.2] The counterpart to the

matrix of eq. (7.3) is here:
1 T 1 T
oo LWWT < vy _ ,61,,) € RP*P, (7.8)

ry ==
p Ak 1+A p

Recall that we have here o = I and 8 = %. W € RP** is an i.i.d. standard Gaussian matrix, and
the matrix y € R™*P is constructed as:

_ VAL W 7.9
Y §+\/ﬁ (7.9)

Here, £ € R™*P is also an i.i.d. standard Gaussian matrix, independent of WW. As it will be useful for
stating the theorem, we recall the Marchenko-Pastur probability measure with ratio 8, denoted pyp g
[22]:

2
Ar(B) = (1 + \/13> : (7.102)
1 2
A-(8) = (1 - \/B> ’ (7.10b)
A — ][t = A
WS _ (1 gyt + %%[ AT, e @00

We can now state the couterpart to Theorem[7.2]in the uvT setting:

Theorem 7.4. For any «, 8, A > 0, the spectral measure of I')" converges almost surely and in the
weak sense to a well-defined and compactly supported measure (A, o, ). We denote supp p its
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support. We introduce a function z1 and a probability measure pg a as follows:

_ —B+A+2AB
= = : . 11
dt 3 at 5 'tTTA .10
Note that z1(8, A) is the supremum of the support of pg,a. Let finally
B
Apos(f) = ———. 7.12

We separate two cases:
(1) If A < Apos(B), then z1(8,A) < 0and suppu C R_.

(13) Assume now A > Apos(B). Then z1(8,A) > 0. The following equation admits a unique
solution for s € (—z1(8,A)71,0):

¢ 2
a/pm(dt) (1:%) =1 (7.13)

We denote this solution as Seage(cv, 5, A) (or simply sedge). We denote Amax(cv, 5, A) (or
only Amax) the supremum of the support of (A, «, 8). Then we have:

1 t
- +OZ/PB,A(dt)7 fa<l,
Amax = e 1+ Sedget t (714)
max ( 0, — —l—oz/ Adt ) ifa>1.
( Sedge pe ( ) 1+ Sedget

We can state the corresponding corollary to this theorem:

Corollary 7.2. Let «, 3 > 0. Seen as a function of A, Aax (see Theorem[7.2) has a unique global
maximum, attained exactly at the point A.(«, 8) = /B(1 + «). Moreover,

)\max(aa Ba Ac(avﬂ)) =1

We can then describe the complete transition. Proving this transition would follow the same main
lines as the proof of the transition in the vvT case (Theorem[7.3)), but would be significantly heavier.
This is left for future work, so we state the transition in this setting as a conjecture:

Conjecture 7.1. Let ., 3, A > 0. Let us denote \1 > Ao the first and second eigenvalues of F;”.
Then we have:

o IfA > Aa,B), thenas p — oo we have A1 — Amax and A3 — Amax.

o IfA<A.a,p), thenasp — oo we have \1 — 1 and Ay — Apax.

Let us denote v an eigenvector of ')V with eigenvalue \1, normalized such that Hf)||2 = p. Then:
L2
]?|vTv| = e(A). (7.15)
It satisfies e(A) = 0 for all A > A.(a, B), e(A) > 0forall A < A.(«, 8) and lima_,0 €(A) = 1.
7.4  Proof of Theorem[7.2]and Corollary[7.1]

7.4.1 Proof of Theorem

Proof of Theorem|[7.2](ii). We begin by treating the more involved case (i7), that is we assume
A > i. Note first that by basic linear algebra, the spectrum of I';" is, up to 0 eigenvalues, the same
as the spectrum of the following matrix I'}":

1 wvT 1

1 1
WT | ——¢ + —I,| W € RF*¥, (7.16)
Ap

F’Uvzi -
Tk VApS A p A
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More precisely, if p > k (so o > 1) we have Sp (I';¥) = Sp (I';”) U{0}P~*, and conversely if k > p.
These additional zero eigenvalues in the case o > 1 explain the max(0, -) term in the conclusion of
Theorem[7.2]

For the remainder of the proof we can thus consider I'}" instead of I')" given the remark above.
Moreover, for simplicity we will drop the vv exponent in those matrices, and just denote them I'y, I'),.
The bulk of T'j;, can be studied using standard random matrix theory results. Such matrices were first
studied by Marchenko and Pastur in a seminal work [22], which was generalized (and made rigorous)
later in [21]. Note finally that by the celebrated results of Wigner [23]], the spectral distribution of the
matrix {/v/Ap — I,/ A converges in law (and almost surely) as p — oo to pa, given by eq. .
We can then use Theorem 1.1 of [21]], that we recall here for our setting:

Theorem 7.5 (Silverstein-Bai). Let p,k — oo with p/k — a > 0. Let W € RP** be an i.i.d.
Gaussian matrix, whose elements come from the standard Gaussian distribution N'(0,1). Let
T, € RP*P pe a random symmetric matrix, independent of W, such that the empirical spectral
distribution of T}, converges (almost surely) in law to a measure pp. Then, almost surely, the empirical
spectral distribution of B, = lVVTT,,W converges in law to a (nonrandom) measure pp, whose
Stieltjes transform satisfies, for every z € C,.:

¢ -1

s () = = [z—a/vﬂdtmtgm

Moreover, for every z € C,, there is a unique solution to eq. such that g,,,(z) € Cy. This
equation thus characterizes unambiguously the measure pp.

(7.17)

Applying Theorem to our setting shows that we can define v(«, A) as the limit eigenvalue
distribution of Ty, and we denote g, (z) its Stieltjes transform. From the remarks above, u(a, A) and
v(a, A) only differ by the addition of a delta distribution. For instance, if o > 1:

wla, A) = av(a, A) + (1 — «)do. (7.18)

The main quantity of interest to us is zeqge, defined as the supremum of the support of v(a, A). If
Zedge = 0, then it will also be the supremum of the support of p(a, A), and thus equal to Apax.
Theorem [7.5]shows that for every z € C; U (R\suppv), g,,(2) is the only solution in C; UR to the
following equation:

g (z) = — [z - Oé/pA(dt)l_’_ttgy(Z)} - ) (7.19)

The validity of the equation for R\supp v (and not only on C_) follows from the continuity of g, (2)
on C; U (R\supp v), a generic property of the Stieltjes transform. It is easy to see that g, induces a
strictly increasing diffeomorphism g, : (zedge, +00) — (lim + 9,(2),0), so that we can define

Z2 2]

its inverse g and from eq. ll it satisfies for every s € (lim__ . g,(2),0):
— “edge

~1gy— _L _t
g, (s) = S +a/pA(dt)1+st. (7.20)

Remark Note that this can be written in terms of the R-transform of v (an useful tool of free
probability):
t

Ro(s) = g, (~s) — © = a/m(dt)l_—st.

In order to compute zcqge from eq. (7.19), we use a result of Section 4 of [21], also stated for instance

in [24]], that describes the form of the support of v(«, A). It can be stated in the following way.
Recall that since A > %, z1(A) > 0 is the maximum of the support of pa. Let Sedge be the unique

solution in (—2;(A)™1,0) of the equation (g, !)'(s) = 0, that is by eq. (7.20):
st 2
dt =1. 7.21
@ [ patan () (7.21)
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Indeed, it is straighforward to show that the left-hand side of eq. (7.21)) tends to 0 as s — 0~, tends
to +oo as s — —21(A) 1, and is a strictly decreasing and continuous function of s. Then (see for
instance eq. (2.13) and eq. (2.14) of [24]]) zeqge is given by

Zedge = hrE g;1<8)7
575,440
1 t
= - + « dt) ———. 7.22
Sedge /pA( ) 1+ Sedget ( )
This ends the proof of (ii). |

Let us make a final remark that will be useful in our future analysis. Note that z; (A) > 1 for all
A > 1. Moreover, for all A > 1, we have by an explicit computation:

O‘/pA(dt)(1tt)2: A(il'

By the argument above, this yields the following result, that we state as a lemma:

Lemma 7.1. Assume A > 1. Then:
(1) If A < A (a), then Seqge > —1.
(i1) If A = Ac(), then Seqge = —1.
(t4d) If A > Ac(e), then Sedge < —1.

Proof of Theorem[7.2] (i). Assume now A < 1. Then the support of pa is a subset of R_. Since
0 € R_, we can use again the remark we made in the proof of (i¢) to study I';, instead of I,
Moreover, Theorem [7.5]still applies here so that we have the Silverstein equation (7.20) for every

S€C+:

9,1(6) =~ +a [ pa(ar)

1+ st

By the Stieltjes-Perron inversion Theorem it is enough to check that for every z > 0, there
exists a unique s < 0 such that g, !(s) = z. Indeed, this will yield s = g, (2) € R. In particular,
lim,_,g+ Im g, (2 + i€) = 0 for every z > 0, which will imply supp(v) C R_ and thus supp(u) C
R

Therefore, let z > 0. From eq. (7.20) and the fact that supp(pa) C R_, we easily obtain:

lim g, '(s) =0,

§——00

lim g, '(s) = +oo0.
s—0—

Moreover, g, ! (s) is a strictly increasing continuous function of s, so that the existence and unicity
of s = g, (%) < 0is immediate, which ends the proof. [ |

7.4.2  Proof of Corollary[7.1]

Proof. Let us make a few remarks:

e By Theorem we know that if A < 1, then Apax < 0.

e It is trivial by the form of Iy, that, as A — 400, Apax — 0.

Let Zedge = —3 ig + ozpr(dt)H_%dt. Then we know that Apax = Zedge if @ < 1 and
edge edge
Amax = max(0, zeqge) if @ > 1. In particular, by the remark above, zeqge < 0 for A = % and
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Zedge — 0T as A — oo. Itis easy to see that Zedge 15 a continuous and differentiable function of A,
so that if we show the two following facts for any A > %:

%:0@A=Ac(a):l+a, (7.23)
Zedge (Ac(a)) =1, (7.24)

this would end the proof as zeqge Would necessarily have a unique global maximum, located in
A = A.(«a), in which we have A\, = 1. We thus prove eq. (7.23) and eq. (7.24) in the following.
Proof of eq. By the chain rule:
dzedge _ aZedge aSedge 6Zedge
dA 0A IA  OSedge’

o 8Zedge

- 0A
using the very definition of Scdge, €q. (7.21), as zedqge = 9, 1 (Sedge)- Given the explicit form of pa,
one can compute easily:

Sedge + 2sgdge — A+ \/sgdge — 2Sedge(1 + 2Scdge) A + A2

on ~ ¢
2Sg’dge \/Sgdge - 2sedge(1 + 286dge)A + A2

aZedge o

It is then simple analysis to see that since scqge < 0, 83’2‘* = 0 is equivalent to S¢qge = —1 and

A > 1. Recall that s.qg, is originally defined as a solution to eq. (7.21):

2
Sed ctL
a/ﬂA(dt) <1+sgd t> =1
edge

Inserting seqge = —1 into this equation and using the explicit form of pa given by eq. (7.4), and
using moreover that A > 1, this reduces to:

which is equivalent to A = A (a) =1+ a.

Proof of eq. (7.24) By Lemmal[7.1] we know that for A = A.() we have seqge = —1. Given
eq. (7.4), it is then straightforward to compute:

t
Zedge(Ac(a)) = -1+ a/pAc(a) (dt)ﬁ’
=1.

7.5 Proof of Theorem [7.3
7.5.1 Transition of the largest eigenvalue

This part is a detailed outline of the proof. Some parts of the calculation are not fully rigorous,
however they can be justified more precisely by following exactly the lines of [20] and [25]. We will
emphasize when such refinements have to be made. Recall that we have by eq. (7.3)) the following
decomposition of I')" (that we denote I';, for simplicity):
1 ¢ 1 1 WWT T
VAp AP Ak p

r© rank 1 perturbation
P

1
r, - [WWT (7.25)

k

Theorem [7.2]and Corollary. along with their respective proofs, already describe in great detail
the limit eigenvalue distribution of F](DO). We first note that for any A € R that is not an eigenvalue of
F](DO) one can write:

—1 1 WWTwyT
w0, =) = (3, =) 1= (o, =) LT,
p

44



In particular, this implies immediately that X is an eigenvalue of I';, and not an eigenvalue of F](,O)

1 WWT wT
Ak p -

only non-zero eigenvalue is equal to its trace, so it is equivalent to:

-1 1 WWT yyT
0
1=Tr [(AIP—Q()) Akp]. (7.26)

Since this is a rank-one matrix, its

-1
if and only if 1 is an eigenvalue of ()\Ip — 1"1(,0))

Recall that by definition, v is constructed as v = Wz/ 'k, with z a standard Gaussian i.i.d. vector in
R¥, independent of 1. For any matrix A, we have the classical concentration 327 Az = £ TrA with
high probability as k — oo. In eq. (7.26)), this yields at leading order as p — oo:

_ 2
(/\Ip — Fg))) ' (WICWT) ] . (7.27)

We will prefer to use k£ x k matrices. We use the simple linear algebra identity, for any p X p

symmetric matrix A, and any integer ¢ > 1:
1 q
1 wWTw
()\Ik — kWTAW> (k) ] .

T \! T\ ¢
(=) (50)

This can be derived for instance by expanding both sides in powers of A~! and using the cyclicity

1
A=-Tr
p

Tr =Tr

of the trace. Finally, we can state that the eigenvalues of I',, that are outside of the spectrum of I‘,(,O)
must satisfy, as k — oo:

1 O\ (WTIW?
ol = T (AIk—Fk) ( - ) : (7.28)
with

) _ 1 1 1

MO = SwT | ——e— T | W

k k [\/Apg A p]

We will now make use of two important lemmas, at the core of our analysis. They will also prove to
be useful in the eigenvector correlation analysis.

Lemma 7.2. Recall that v is the limit eigenvalue distribution of F,(CO), that the supremum of its
support is Amax, and its Stieltjes transform is g,. For every integer r > 0, we define:

\ 1 LW
SU0) = T {(F,&O)AIQ < - )}

Forr € {0,1,2, 3}H and every A > Apax, as k — oo S,(CT)()\) converges almost surely to a well
defined limit S\")(\). This limit is given by:

SOM) = g.(N),

S(l)(/\) = gu()‘) [a - (1 + Agu(/\))] )

SO =g,(N) [a(l +a) = (1+2a)(1+ Agu(N) + (1 + Agu(N)?], (7.29)
S =g\ [(a+3a%+a3) — (1 +5a+3a?)(1+ Agu ()

+(2+30)(1+Agu(V)? = (14 Agu(N))*] -

We define similarly for every integer r,q > 0:
(ra)yy — L © N L (WITWN o g\ (T
ST () = LT [(Fk AL ) ( - (r = an) - .

*The almost sure convergence could probably be extended to all € N* but we will only use these values of
r in the following.
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Note that S,(cr’q) = S,E:q’r) and that Sl(f’o)()\) = 8251(;)()\). For every A > Amax, Slgl"l)()\) and

Sl(cl’z)()\) converge almost surely (as k — o0) to well-defined limits, that satisfy the following
equations:

SED) = g,(NSP(N) = [L+ Agu (V)] ST (V)

Fon ) 0.0+ 0] [ T 10,500~ ,00].

SED() = g, NSD ) = [1+ g, (W] [SEDN) + (1 +a)oas ()]

a0, () (1 () + S + 5] [ L2

Lemma 7.3. Let o, A > 0. We focus mainly on S (\). We have:

[toASD () = g, ()] -

(i) Foreveryr, SU)(X) is a strictly increasing function of \, and limy_,o, S (X) = 0.
(i1) For every A > Amax, SP(\) = —aA ifand only if A < A.(a) and X = 1.

(i4i) Forevery A > A.(a), limy_ .. S (N) € (—aA,0) (it is well defined by monotonicity
of SA(N)).

Let us see how item (i) of Lemmal7.3|and eq. (7.28) end the proof of the eigenvalue transition. First,
note that by the celebrated Weyl’s interlacing inequalities [26]], we have:

lim inf Al 2 Arnax;

p—o
limsup Ay < Apax.

p—
This implies that because the perturbation of the matrix is of rank one, at most one outlier eigenvalue
will exist in the limit p — oo. By eq. (7.28), this outlier \; exists if and only if it satisfies, in the large
p — oo limit, the equation S(?)(\;) = —aA. By item (ii) of Lemma this is the case only for
A1 = land A < A.(«), which ends the proof. A completely rigorous treatement of these arguments
requires to state more precisely concentration results. Such a treatment has been made in [20] in a
very close case (from which all the arguments transpose), and we refer to it for more details. We
finally describe the proofs of the lemmas in the following.

Proof of Lemma.[7.2] The essence of the computation originates from the derivation of Theorem[7.5]
in [21]]. Note that S ’io) (M) converges a.s. to the Stieljtes transform g, (A) as & — oo by Theorem|7.5
For every 1 < i < p, w; denotes the i-th row of . We denote y = ﬁ{“ — xI,. Since W is

independent of y, we can denote y1, - - - , ¥y, the eigenvalues of y, and their empirical distribution
converges a.s. to pa as we know. We have in distribution:
p
o _1 4N T
I, = kWTyW— » ;ylwzwi.
For every i, we denote:
P
0) _ [
Fl(w)’ = Z Yj wj wj.
3(#9)
Note that F,(C?Z). is independent of w;. We start from the (trivial) decomposition, for every A:
1 -1 1 WTyW -1
() )"

We will make use of the Sherman-Morrison formula that gives the inverse of a matrix perturbed by a
rank-one change:

_ 1
T\l _ p-1__ -1 TR-1
(B+71wwT) " =B T TwTB—le wwTB™7, (7.31)
_ 1 _
CUT (B =+ TWWT) L = mwTB 1. (732)
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Using it in eq. (7.30) yields:

-1 ol w; -1
Lot ) X{;Z TETEl i ;(r;?g_nk) . (7.33)

Taking the trace of eq. 1} using the independence of w; and F,gog, and the concentration
+w] Aw; = £ TrA with high probability for large %, we obtain the following equation:

—% =gv(A\) — gu(/\)§ /m(dt)#gy(” (7.34)

This is exactly the identity in Theorem [7.3]! In the following, we will use very similar identities.
A completely rigorous derivation of these would, however, require many technicalities to ensure in
particular the concentration of all the involved quantities. It would exactly follow the proof of [21]],
and thus we do not repeat all the technicalities here. We can multiply eq. by WTW , and take
the trace:

w;r (0) w;
1 lT l:WWT:| S(l)()\) al Z vk (F’%i o )\Ik) (k Z J(#1) ij} + %w,ui) Vi
3L = -3 Yi .
Ak g Ap 1+ %w](T ;0? — M)~ tw;

In the large p, k limit, this implies that S,il) (\) converges to a well-defined limit S(V) (), and this
limit satisfies:

«

0y © [ / m(dt)Hfgy(A)} (3.0 + SOW)

Using finally eq. (7.34), it is equivalent to:

SO =g,(\) [a— 1+ A5, (V)]

Multiplying eq. (7 | by (W W) or (W;W)3 yields, by the same analysis:

SN =gu(A) [a(1+a) = (1+20) (1 + Agu(N) + (1 + Agu(V)?]
S®N) = g, () [(@+ 30 +a®) — (1 + 5a + 3a2)(1 + Mg (M)
+(2+3a)(1+ Ag(V)? — (1 + Agu(N)?] .

The convergence of S,il’l) (A) and S,(cl’z) (M) follows from the same analysis, as well as the equations
they satisfy. We detail the derivation of the equation on S(1D()) and leave the derivation of the

second equation for the reader. We multiply eq. (7.3 WTW . To simplify the calculations, we
make use of concentrations, and denote F; = w — %w w], which is independent of w;. We

obtain at leading order as p — oo:

WTW ) STWTW al & Yi ©) -1
- = (T —)\I) hod E:i»T(I‘4—>\I) F;
mo - (T - F o Ap & Ttyg, () Uk T )
1 e
a L()wiw;.

A P 1+ uigu(N)

We multiply this equation by (1"( ) — Al) ! and we use Sherman-Morrison formula eq. 1|
-1 -1 -1 gawwT
M=) = (00 =an) = () —an) 20 (1) )
( k ki ki 14+ yzgy(A)
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Using again the concentration of %wT Aw on %Tr[A], this yields the cumbersome expression:

WkTAW (F(O) AL ) (F O - Mk)_l @ (F;EO) - )\Ik>_1 (7.35)
S et () (18- )
i=1 iGv

ASHN) a v T (1) !
ey i w! (100 — a1
* A P43 ( i ( ot A k)

_ol Zp: i) wiw)] (F(O? — )\Ik)_l
3 2 T+ g g 2 (ks

We finally multiply this equation by Y= and take its trace. Using again the concentrations, we

reach:

S@(\) a
— 5(11) SO Y+ 9, 5MW (A
A )\pzlerZy )[ ) +ors D)

i=1

az 1+yzgu (V)2 [gu( HS(I)(/\)}

’L:1
al Yigu(A) [ (1)
- <= = g (A) + S (A ] .
Ap;(1+y¢gy()\))2 ¥ »
We now take the limit p — oo in the sum over ¢ and use Theorem [7.3]in the form:

« t 1
- dt =1+ .
3 e =
Inserting this into eq. (7.33)) along with some trivial algebra yields:

SED) = g, (A)SPN) = [1+ Agu(A)] 5T (N)

8,\5(1

pa(dt)t 1)
+ag, ) [a.0) + 500 [ LA 1,500 - g,00)].
o0 SOO] | G s - 0)
which is what we aimed to show. Performing the same analysis for S(*:2)()\) ends the proof. ]

Proof of Lemmal7.3] Point (4) is trivial by definition of S,(f) (A\) and the almost sure convergence
proven in Lemma We turn to points (i7) and (i4i). Let us denote the following function:

T(2)(s) =s [a(l +a)— (14 2a) (1 + sggl(s)) + (1 + sg;l(s))ﬂ .

By Lemma | we have T() (s) = S@)(g;71(s)) so T®) (s) < 0 for s € (Seage, 0) by negativity of
S ()) (as the trace of a negative matrix). Therefore, point (i) is equivalent to:

Vs € (Sedge,0), TP (s) = —aA & s=g,(1)and A < A.(a), (7.36)
while point (4i7) means that for every A > A.(«),
Vs € (Sedge,0), TP (s) > —aA. (7.37)

The condition 5 > Seqge arises naturally as the counterpart of z > Ay ax. Recall that by Corollary|7.1| .

we have Apax < 1 forall A. As g, !(s) is here completely explicit by eq. ( , and recalling the

form of pa in eq. (74), it is easy to show by an explicit computation the followmg identity:

s — A —2sA+ /52 —2s(1 + s)A + A2
2(1+ ) ’

Vs# -1, TH(s)=—-aA+a (9,1 (s) — 1]

(2) . _ —a(l =+ Oé) lfA Z 1,
™= {—aA(l + aA) ifA<1.
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It is then easy to see that the only possible solution to T'(s) = —a/A with s € (Sedge, 0) is s = ¢, (1),
if g, (1) # —1. However, by Lemma(7.1] for any A > A.(a) we have seqge < —1. Moreover, in
this case, one computes very easily (all expressions are explicit) g, ! (—1) = 1. Given the identity
above, there is therefore no solution to 7> (s) = —aA in (Sedge, 0). By continuity of 7(?)(s), and
since limy_,0 7 (s) = 0, this implies 7 (s) > —aA for s € (Sedge, 0), Which proves point (444).

Assume now A < A.(a). Note that the case A = A(«) is easy, as Seqge = —1 is the unique

solution to T?(s) = —a(1 + a). For A < A.(a), by Lemmawe obtain —1 < Sedge. In
particular, g, (1) > Scdge > —1, and we thus have that s = g, (1) is a solution (and the only one) to

T®)(s) = —aA by the identity shown above. This shows (i7) and ends the proof of Lemma |
7.5.2 Correlation of the leading eigenvector

We now turn to the study of the leading eigenvector. Let v be an eigenvector associated with the
largest eigenvalue A1, normalized such that ||¥]|* = p. Then we have:

1 WWTvTy
ML, —TO)y = — — 7.38
( 1ip D )V A k D v ( )
By normalization of v, we obtain:
1
(n1, —Tf) Aty
V=P —1 1 ’
TWWT (1 _ 1—\(0) T I — ]_'\(0) T wWwr
ViTg ilp p 1lp P E Y
and therefore:
-1 2
! 2 q |:VT ()xllp - I’,(,O)) —WkWT V:|
= ‘;TV‘ - . (7.39)

-1
Pyrire (a1, — (1)) (mp —ny) Wy

Using v = %z and the concentration of %ZTAZ on %Tr A, we reach that as p, k — oo, we have:

) ’~T ‘2 [;T&r {(Allp—FISO))_l(WZVT)Q}r

~ . (7.40)

e { (= (1)) (=) )

The numerator is equal to [« ~1S ,(62) (A1)]?, using the S functions that we introduced in Lemma

Let us compute the denominator. Recall that we can write F;o) = WWTM/k, with a symmetric
matrix M that is independent of W. For any z large enough, we can expand:

e { (o, ()) () (),

- (Y () ().
ibiz aba g {(WT24W>“W;W (WT;WW)”(W;W)Q}
() I ) (W;W)g} ,

= kS, (2),

S
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where in (a) we used the cyclicity of the trace. Given Corollary we know liminf, ;o A1 > Amax,
so we can use the above calculation to write:

€(A) = lim lim 1 {5’22)(A)]2

A= A1 k—oo QW' (7.41)

As in the eigenvalue transition proof, to make this fully rigorous one would need to use more precisely
the concentration results, and follow exactly the lines of [20]. We now use the transition of the leading
eigenvalue (Corollary [7.I)), that gives us the value of A;.

e For A < A.(a), we know that A\; converges almost surely to 1. Consequently, we have in this
case:

1[s®)”
«(8) =3 gamny

By Lemma we know that S(?)(1) = —aA. Moreover, by Corollary Amax < 1. This
implies that S(1:2) (1) € (0, +00). Indeed, 1 is out of the bulk of v(a, A), s0 g, (1) € (—o0,0) and
by the relations shown in Lemma all the transforms S(")(1) and S(™%) (1) will be finite. Note
that S(2) (1) > 0 by positivity of the matrices involved. This implies that for every A < A.(a),
e(A) > 0.

e For A = A.(a), we have Aoy = 1and limy_,; S (\) = —aA as we have shown. For every 7, ¢,
let us define the functions 7(") and (9 by S (\) = T(M[g, (\)] and S-D (\) = T("D[g, (N)].
By Lemma and the chain rule, we have:

Vs € (Sedge, 0), (7.42)
(1.2) (g) — T3 () — so—L(s (L) (4 o ENARIE)

T (s) = STs) = (14 595 (6)] [TH9(6) 4 (1+ >asgyl(s)]
os [(1 5 s 1+ T (s) £ 7@ ()] [ LAt [ 0TO(s)

+ {(1+ J)s+TW(s)+ T ()}/(14—1?3)2 [t 9001 (5) }

Recall that g ! (s) is explicit by eq. and Sedge = limy—,x,.. v (A). It moreover satisfies (cf
Theorem 959,  (Sedge) = 0. For A = A.(a), by Lemmawe have g, (1) = —1 = Secdge-
It is then only trivial algebra to verify from eq. (7.42)) and the remaining relations of Lemma[7.2]
that 72 (—1) = 4-o0, which implies ¢(A.()) = 0.

e We investigate here the A — 0 limit. In this limit, we know from eq. (7.41)) and the analysis in the
case A < A.(«) above that

fimm e(&) = bimy smm gy

It is again heavy but straightforward algebra to verify from eq. (7.42) and the remaining relations
of Lemma|7.2|that as A — 0 and for any s € (Sedge, 0):

TH2 (5) = aA? + O(A®).
This yields lima o €(A) = 1.

e Finally, we consider A > A.(a). By eq. (7.41) and item (4ii) of Lemma to obtain
¢(A) = 0 we only need to prove that limy_,y__ S1?(\) = +oo. Equivalently, we must
show limg_,,, . T(12)(s) = 4-00. Recall that 959, ! (Seqge) = 0 and that since seqge is finite, all
() (Sedge) for r = 0,1, 2, 3 are finite as well by Lemma It thus only remains to check that

limg s, T (5)0s g; 1 (s) > 0. This would imply that lim,_,,, . 7% (s) = +o0. We put
this statement as a lemma, actually stronger than what we need:

Lemma 7.4. Forevery a > 0 and A > 1, we have

lim inf 72 (5)8,9, (s) > 0.

S—>Sedge
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We prove this for every A > 1, while only the case A > 1 + « is needed in our analysis. As
already argued, this lemma ends the proof.

Proof of Lemma[74), The idea is to lower bound S™2)(\) by 9 g, (\), for every A > Ajpax. We
separate three cases:

— First, assume o > 1. Then WTW/k is full rank. In particular, by the classical results of [22]],
its lowest eigenvalue, denoted (i, converges almost surely to (1 — a~1/2)2, the left edge of
the Marchenko-Pastur distribution. Moreover, for any two symmetric positive square matrices
A and B, we know that Tr [AB] > 0. Indeed, there exists a positive square root of A, and
Tr [AB] = Tr[AY/2BA'Y/?] > 0. This implies immediately that if aq is the smallest eigenvalue
of A, then Tr [AB] > a¢Tr[B], as A — aol is positive. We can use this to write, for any

A > Amax:
1 1 T -1 T 2
SEPO) = g | (T - Ne) (Wkw) (T = n) (WkW) 1 ’

k

> ﬁlin%Tr {(r,(f) — /\Ik)il (WILW) (rg” - )\Ik>1] ,
> Qg te | (10— n) 7

Taking the limit k& — oo in this last inequality, we obtain:

6
S () > (1 - of1/2) gy (V). (7.43)
Taking the limit A — A ax (or equivalently s — Sedge) yields
6
lim inf T2 (5)9,97 1 (s) > (1 - ofl/Z) > 0. (7.44)
S*)Sedge

— Now assume « < 1. We do the same reasoning, as WWT/k is now full rank, and it smallest
eigenvalue, also denoted (p,i,, converges a.s. as k — oo to (1 — y/a)?. We know (see the

beginning of the current proof of the eigenvector correlation) that we can rewrite S ’gl,z) (\) as

the trace of a p X p matrix:
({6 ey ()]
)

e () ) ()

> CmmETr {(F,&O) _ )\Ik)_z} 7

in which the last inequality comes from Tr [AAT] > Tr [A?] for any positive square matrix A.
Once again, taking the limit £ — oo, and then the limit A\ — A, this yields

S0 = S Tr

6
lim inf T2 (5)9,971 (s) > (1 - a1/2) > 0. (7.45)

S—>Sedge

- Finally, we treat the a = 1 case. In this case, we can not use easy bounds as in the two
previous cases as the support of the Marchenko-Pastur dlstrlbunon touches 0. However recall
that everything is explicit here : pa is given by eq. . g, (s) is given by eq. (7.20) and
Lemma gives all the T(") and T in terms of ¢, ! and pA We can moreover use What
we proved in Theorem 7.2}

1 t2
0.9, (seaee) = 55— [ p(d0) g5 = .
gu (S dg ) 82 «Q pA( )(1 + tsedge)Q
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This can be used to simplify the term 9,7 (s) and the term [ pA(dt)ﬁ. Some heavy
but straightforward algebra yields from these relations that the following limit is finite, and is
given by:

lim T(l’z)(s) D59, (s) = h(Sedge);

S—>Sedge
with
h1(8)2 X hg(s)
he) ==
hi(s) = —A + /A2 4+ 52 —2A(25 + 1)s + s,

ho(s) = 3A — 3y/A2 4 52 — 2A(2s + 1)s + s(4s — 3),

It is then very simple algebra (solving quadratic equations and using A > 1) to see that there is
no real negative solution to h(s) = 0, and that h(s) > 0 for all s € (—o0,0). This implies that
h(Sedge) > 0, which ends the proof.

All together, this ends the proof of Theorem [7.3]

7.6  Proof of Theorem[7.4and Corollary|[7.2]
7.6.1 Proof of Theorem [7.4]

Proof. The proof is very similar to the proof of Theorem[7.2] and we will only point out the main
differences. The proof of (i) is exactly the same as the proof of the point () of Theorem[7.2] once
one notices that for A < Apos(ﬁ), the support of pg A is a subset of R_. We thus turn to the proof of
(t). Again, the spectrum of I'**", given by eq. is, up to 0 eigenvalues, the same as the spectrum
of I';;”, defined as follows:

Uy — 11 T 1 yTy kxk
Iy _AkW (1+A ’ BIP)WER . (7.46)
We drop for simplicity the uv exponents in these matrices. Once again, we can apply the Silverstein
equation of Theorem and the same arguments that we used in the proof of Theorem com-
pletely transpose here. One notices that, by the classical Marchenko-Pastur results [22], the spectral
distribution of yTy/(pA(1 + A)) — (8/A) I, converges almost surely and in law to pg A, before
repeating the exact arguments of the proof of Theorem[7.2] This ends the proof of Thm.[7.4 |

7.6.2  Proof of Corollary(7.2]
Proof. Let o, 8 > 0. We note:

e By Theorem|7.4] we know that if A = A,,4(5), then Apax < 0.
e It is trivial by the form of Iy, see eq. (7.8)), that as A — +00, Amax — 0.

1
Sedge
Amax = max(0, Zedge) if v > 1. In particular, by the remark above, zeqge < 0 for A < Apo(5) and
Zedge — 0" as A — oo. Itis easy to see that Zedge 15 a continuous and derivable function of A, so
that if we show the two following facts for any A > A o(5):

Let Zedge = —

+ afp57A(dt)m. Then we know that Apax = Zedge if @ < 1 and

dZedge o o o
=08 A=Ada,8) = VB +a) (7.47)

Zedge(Ac(aa 6)) = 17 (7.48)

this would end the proof as z.qge Would necessarily have a unique local maximum, located in
Ac(cv, ), in which we have A\yax = 1. We thus prove eq. (7.47) and eq. (7.48) in the following.
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Proof of eq. (7.47): By the chain rule,

dZedge 8Zedge asedge aZedge

dA  9A IA  OSedge’
. aZedge
O O0A
by the very definition of seqge, C.f. Theorem Since Zedge = gy, *(Sedge)- Given the explicit form

of pg.a, c.f. eq. (7.11), one can compute Zeqge as a function of seqge. Its expression is cumbersome,
but nevertheless explicit (we write s instead of s¢4ge t0 avoid too heavy expressions):

 —aAA 4 1)+ a/A2(A+1)% + 52 (B2 — 2BARA + 1) + A%) —2A(A + 1)s(B — A)

Zedge = 232(58 — A)
2(a —1)Bs? + as(f — A) + 2As

+ 2s2(Bs — A)

From this expression, it is simple analysis to verify that the only Seqge € (—21(3,A)71,0) that
azedge

satisfies =535 = 0 iS Seqge = —1, and only if A > v/B. Recall that Sedge 18 defined as the solution

to:
Sedeel 2
Oé/PB,A(dt) <1+e8gzt> =1
edge

Inserting scqge = —1 into this equation and using the explicit form of pg A of eq. (7.11)) and that
A > +/B, this reduces to:

B
A'za—ﬁzl’

which is equivalent to A = A.(«, 8) = /B(1 + «).

Proof of eq. (7.48): Given the computation above, we know that for A = A.(«, 3) we have
Sedge = —1. Given eq. (7.11), it is straightforward to compute:

t
et (Dol ) = <L+ 0 [ pa, (o (@)

=1

7.7 A note on non-linear activation functions

We consider here a non-linear activation function, in the spiked Wigner model or the spiked Wishart
model. In these models, the spectral method with a non-linear activation function consists in taking
the largest eigenvalue and the corresponding eigenvector of the matrix I')* (for the spiked Wigner
model) or I'} (for the spiked Wishart model). These matrices are given by:

1 WWT 1,1l WT Y
rguz<(a—b)1p+bk+c P ’f) x (—a]lM>7

1 WWwT 1,17 WT 1 YTY
e — AT Pk _ 1
P A ((a b)I, +b A +c . \/E>><<aJrﬁ , dﬁP)

In these equations, a, b, ¢ are coefficients that depend on the non-linearity. In the linear case, ¢ = 0
and a = b = 1. Let us now assume for instance a non-linearity such that a, b # 0 and ¢ = 0. Both
I';" and I';* can be represented as

WwT
k

T, = [(a — b, +b } M, (7.49)
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in which M is a symmetric (non necessarily positive or negative) matrix, independent of . In order
to perform the same analysis we made in the case of a linear activation function, we need in particular
to be able to characterize the bulk of such matrices. Although this might be doable with more refined
techniques, this does not seem to come as a direct consequence of the analysis of Silverstein and Bai
[22}125]. Indeed, one cannot write that the eigenvalues of I';, are identical, up to O eigenvalues, to the
ones of a matrix of the type

1
z

which are the types of matrices covered by the analysis of Bai and Silverstein. Moreover, it is not
immediate to use results of free probability [27] in this context. Indeed, I, in eq. is the product
of two matrices that are asymptotically free, but M is not positive, which prevents a priori the use of
the classical results on the S-transform of a product of two asymptotically free matrices. Writing I,
as the sum of (a — b)M and b(WWT)M /k does not yield any obvious results either, as these two
matrices are not asymptotically free. For this reason, and although there might exist techniques to
study the bulk of the matrix of eq. (7.49) and the transition in its largest eigenvalue, this is left for
future work.

WTM'W,

54



8 Phase diagrams of the Wishart model

Despite we illustrated the main part mostly with the Wigner model, in this section we present phase
diagrams for the Wishart model. We show in particular a heat map of MMSE,, as a function of the
noise to signal ratio A/p? for linear, sign and relu activation functions in Fig.[3| The white dashed
line marks the critical threshold A.., given in the Wishart model by eq. (6.4)), while the the dotted line
shows the critical threshold of reconstruction for PCA.

Besides we show also the mean squared error as a function of the noise variance for larger values
of v in Fig.[d The MMSE, has been obtained solving the state evolution equations eq. (4.39), that
show as well an unique stable fixed point for the large range of values that we studied, initializing
with either informative or random conditions.

2
v

Alpy

Figure 3: Spiked Wishart model: MMSE, on the spike as a function of noise to signal ratio A/p?2,
and generative prior (@) with compression ratio « for linear (left), sign (center), and relu (right)
activations at 8 = 1. Dashed white lines mark the phase transitions A, matched by both the AMP
and LAMP algorithms. Dotted white line marks the phase transition of canonical PCA.
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Figure 4: Spiked Wishart model: MMSE,, as a function of noise A for a wide range of compression
ratios a = 0, 1, 10, 100, 1000, for linear (left), sign (center), and relu (right) activations, at 3 = 1.
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