A Proof of the discrete-time gradient descent

A.1 Invariant matrices

The zero-asymmetry initialization (3.1) gives D;(0) =0,/ =1,...,L —2and I + Dy_1(0) = 0.
Lemma 4.2 proved that D;’s are indeed invariances in continuous gradient descent, and then the
gradient ||V R||% can be lower bounded by the current loss R (4.4). Here we will show that
|[VLR|% > R still holds if D;’s are only approximately invariant, i.e., D;,1 = 1,...,L — 2 and
I+ Dy are close to 0.

Lemma A.1. Assume that the weight matrices |Wi|l2 < o, | = 1,...,L — 1 and the invariant
matrices ||Di||2 < 6,1 =1,...,L — 2, then
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So the statement (A.2) also holds for [ + 1, and we complete the proof of the lemma. O
Lemma A.2. Assume that the weight matrices |[Wi|ls < o, 1 =1,...,L—1, where 1 < o>(F=1 <
L¢? for some ¢ > 0; assume that the invariant matrices |Di||s < 6, 1 = 1,...,L — 2 and

II +Dpr_1|2 <& whered < (2L3¢>2)71 and e < (4L2)71. Then |V R|% > R.
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Similar to (4.4), we have
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In addition, if D;’s are approximately invariant, we can bound the weights ||W;]|2.

Lemma A.3. Let o = maxi<i<z_1 ||[Willa V1 8 = |[Wi|lz and ¢ = maX{HWLﬂHQ,%,I}.

Assume that the invariant matrices ||Di|la < 0,1 =1,...,L — 2 and ||I + Dp_1]|2 < &, where
0 < (2L3¢2)71 and e < (4L2)71. Then
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Proof. We first use the invariant matrices to bound the difference between ||W;]|2. Since
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where A > B means the matrix A — B is positive semi-definite. So
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where log(L¢?) > 2 comes from ¢ > ~- Thus
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which is a contradiction! Therefore o2(L=1) < L$?, and we complete the proof of the lemma.

A.2 One-step analysis

We denote the one-step update as
Wr=W,-nV/R, l=1,...,L.

In this section, we always denote AT as the value of a variable A after one-step update, for example
RT, VVl;r ;, and Dl+. We will estimate the change of invariant matrix Dl+ — D; and the change of

loss RT — R in one step.

Lemma A.4. Assume that |W|ls < o, 1 =1,...,L —1and |Wg||2 < B, where 1 < o*(F—1) <
L¢? and o> F=Y 32 < 202 for some ¢ > 0. Then
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Lemma A.5. Under the same conditions as Lemma A.4, the change of invariant matrices under
one-step update satisfies
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Combining with Lemma A.4, we can complete the proof. O

Lemma A.6. Under the same conditions as Lemma A.2, for learning rate
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Proof. First we expand W;l as a polynomials of 7:
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From Lemma A.2,
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For I, and I3, we further expand W, | as
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Notice that A, = WrBr — VL RBr_1, k = 1,...,L where ||WL||2 < ﬂ and HVLR”F <
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A.3 Proof of Theorem 4.3

Now we are ready to prove the main Theorem 4.3.

Proof of Theorem 4.3. Let a(t) = maxi<j<r—1 |[Wi(t)|l2 V 1, and B(t) = |[WL(t)|2. We will
proof the following two statements by induction:
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Recall that ¢ = max {2||<I>||F7 %7 1}.

The statements hold for ¢ = 0 since «(0) = 1 and 3(0) = 0. Assume that the statements hold for
0,1,...,%,now consider ¢ + 1.

From the induction assumption, R(¢t) < R(0) = ¢?/8, then n < (144L%¢%) o<
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The invariant matrices D;(0) = 0,1 =1,...,L —2and I + Dy_;(0) = 0 for initialization. From

Lemma A.5, each update
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forl=1,...,L—2and s =0,1,...,t. From the induction assumption,
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since n < (4L3¢)6)71. Similarly, ||[I + Dr_1(t + 1)|j2 < 4n(L + 2)¢?* < (4L2)71. Now from
Lemma A.3, the statement (A.4) holds for ¢ + 1. Then we complete the induction. L]
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