A Preliminaries

A.1 Summary of Key Notations

Data T = {(X;,Y;, Z;)}2, is the logged data. Ty, = {(X¢, Yy, Zo)}her, o 1<k < K)
is the online data collected in the k-th iteration of size 7, = ng — ng_ 1 and f/t equals either the

actual label Y; drawn from the data distribution D or the inferred label hj,_; (X¢) according to the
candidate set Cj,_jat iteration k — 1. S, = To U Ty U - - - U T}.

For convenience, we additionally define T}, = {(X4, Y3, Zt)}?jﬂfnk_l 1 to be the data set with the
actual labe~ls Y: drNawn from the data distribution, and Sy = Ty U Ty U - - - U T}. The algorithm only
observes Sy and T}, and S, T, are used for analysis only.

Forl <k < K,ng =71+ -+ 7k, and we define ng = 0, n = ng, 79 = m. We assume 75 < 741
forl <k < K.

Recall that {(X;, Y, Z;)}7*4™ is an independent sequence, and furthermore {(X;, Y;)}74™ is an
iid. sequence drawn from D. For (X,Z) € T, (0 < k < K), Qx(X) = Pr(Z = 1 | X).
Unless otherwise specified, all probabilities and expectations are over the random draw of all random
variables {(X;,Y;, Z;) y7i™.

Loss and Second Moment The test error I(h) = Pr(h(X) # Y), the optimal classifier
h* = argminpey I[(h), and the optimal error v = [(h*). At the k-th iteration, the Multiple

Importance Sampling (MIS) weight wy(z) = Qulx )J’r”g ke = The clipped MIS loss esti-
m t i—1 Ti Qs t

matorl(h;Sk, ) = m-i{nk Z:r:"l_nk wk( l)Zl]l{h( z) 7é }/z}]l{wk(Xi) < M} The (unclipped)

MIS loss estimator [(h; Si) = {(h; Sk, 00).

The clipped second moment V(h;k, M) = Ewi(X)1{h(X) # YV }1{ws(X) < M},
V(hi,hok, M) = Ewp(X)1{h1(X) # ho(X)}1{wk(X) < M}]. The clipped second-
moment estimators V(h; Sy, M) = 1 Z:’S"" wi(X;)Z1{h(X;) # Yiil{we(X;) <

m+ng

M}, V(hi, hy; Sp, M) = L Stk 2 (X)) Zil{ha (X)) # ho(X)}{wi(X;) <

m—+ng
M}, The unclipped second moments (V(h;k),V(h1,ho;k)) and second moment estimators

(\7(h; Sk),V(hl, ha; Sk)) are defined similarly.

Disagreement Regions The r-ball around h is defined as B(h,r) :=
W(X)) < r}, and the disagreement region of C C H is DIS(C) :=
C s.t. h1($) 7é hg(l‘)}

The candidate set Cj; and its disagreement region Dy, are defined in Algorithm[I} The empirical risk
minimizer (ERM) at k-th iteration hy, = arg minpec,, [(h, Sk).
The modified disagreement coefficient O(r, a) := L Pr (DIS(B(h*,7)) N {z : Qo(x) < 1}). 6 =

Sup,..o, O(r, 277")

(W € H | Pr(h(X) #
{$€X|E|h17£h2

Other Notations qo = 1nf Q()( ) QkJrl(x) = ]l{on(x)—i—Zf:l TZQl(LC) < %Q()(.’E)-l-nkJrl}.
M, = mf{M >1 | lOg IH' > PI‘(% > M/2)} 5 = minlSkSK{Mk ng:f'sk '
M maxi<k<k Mk

m+nk

A.2 Elementary Facts

Proposition 7. Suppose a,c > 0,b € R. Ifa < b+ +/ca, then a < 2b+ c.

Proof. Since a < b+ +/ca, v/a < */E% Vetdb < \/H'%Mb = +/c + 2b where the second inequality
follows from the Root-Mean Square-Arithmetic Mean inequality. Thus, a < 2b + c. O
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A.3 Facts on Disagreement Regions and Candidate Sets

Lemma 8. Forany k = 0,...,K, M > 0, if hi,hy € Cj, then U(hy; Sk, M) — l(ha; Sk, M) =
I(h1; Sk, M) — I(ha; Sk, M) and V(hy, hy; S, M) = V(hy, hy; Si, M).

Vi} = 1{ho(Xy) # Vi} = 1{h1(Xy) # Yi} — 1{ha(X,) # Y3 }. If X, ¢ DIS(Cy), then hy (X,
ha(Xt), so I{h1(Xy) # Yi} — L{h2(X:) # Y3} = 1{hi(Xy) # Yi} — L{ha(Xy) # Vi) =
Thus, I(h1; Sk, M) — l(ha; Sk, M) = l(h1; Sk, M) — l(he; Sk, M).

V(hi, hy; S, M) :~\7(h1,h2;5’k,M) holds since V(hy, ha; Sk, M) and V(h, ha: Sk, M) do not
involve labels Y or Y. ]

Proof. For any (X;,Y;, Z;) € S that Z; = 1, if X; € DIS(Cy), then Y; = Y;, so 1{h1(Xy) #
0

The following lemmas are immediate from the definition.

Lemma 9. Forany 1 < k < K, if h € C, then l(h; Sk,M) < U(h; Sk, M) < U(h;Sk), and
V(h; Sg, M) < V(h; S, M) < V(h; Sk).

Remark 10. The inequality on the second moment regularizer V, which will be used to prove the
error bound (Theorem [4)) of Algorithm |1} is due to the decomposition property V(h; S, M) =
%ﬁfk)‘\?(h; Sk NDIS(Cy), M) + %V(h; S NDIS(CY)¢, M). It does not hold for
estimated variance Var(h; Sy, M) := V(h; S, M) — I(h; Sk, M)?. This explains the necessity of
introducing the second moment regularizer.

Lemma 11. Foranyr > 2v, any a > 1, Pr(DIS(B(h*,r) N{z : Qo(z) < 1}) < rl(r, ).

A.4 Facts on Multiple Importance Sampling Estimators

Proposition 12. Let f : X x YV — R. For any k, the following equations hold:

B Y w(X)Zf(X,Y)] = E[f(X,Y)],
M (xv,z)esy
B Y wk(0Z/(X, V) = Eue(X)F(X, V)]
k(x,v.z)es,
Proof.
k
Bl Y wd0ZfXV) =3B Y Em(N)f(X,V)Z] X, Y]]
(X,Y,Z)ESk i=0  (X,Y,Z)eT;

k
Y B Y wX)f(XY)EZ] X, Y]]

i=0 (X,Y,Z2)eT;

"
CNE Y wX)f(XVEZ|X]

i=0 (X,Y,Z)eT;
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where (a) follows from E[Z | X] = E[Z | X,Y] as Z,Y are conditionally independent given X,
(b) follows since T} is a sequence of i.i.d. random variables, and (c) follows from the definition

we(X) = s

The proof for the second equality is similar and skipped. O

A.5 Facts on the Sample Selection Bias Correction Query Strategy

The query strategy (), can be simplified as follows.
Proposition 13. Forany 1 <k < K,z € X, Qi(z) = 1{2ny — mQo(z) > 0}.

Proof. The k = 1 case can be easily verified. Suppose it holds for ()%, and we next show it holds for
Qr+1- Recall by definition Q11 (x) = 1{mQo(x) + Zle 7:Qi(x) < HQo(x) +npy1}.

If Qx(x) = 1, then mQo(z) + Zi:ll 7iQi(x) < FQo(x) + N, s0

k
mQo(x) + Y- mQu(x) < G Qolx) + ne + 7
i=1

m

< 5@0(96) + g1
where the last inequality follows by the assumption on the epoch schedule 7, < Tj 1 = ng41 — k.
This implies Qy+1(x) = 1. In this case, 1{2ny11 — mQo(z) > 0} = 1 as well, since ny+; > ny
implies 2ny1 — mQo(x) > 2ny, — mQo(z) > 0.

The above argument also implies if Qx(z) = 0, then Q1 (z) = Q2(z) = -+ - = Qk—1(x) = 0. Thus,
if Qr(z) = 0, then Qry1(z) = I{mQo(x) < T Qo(x) +npy1} = 1{2np 11 —mQo(z) > 0}. O

The following proposition gives an upper bound of the multiple importance sampling weight, which
will be used to bound the second moment of the loss estimators with the sample selection bias
correction strategy.

Proposition 14. Forany 1 < k < K, wy(z) = on(ac):;jr,’Z NS < %mg(:z:)k+nk'

Proof. The k = 1 case can be easily verified. Suppose it holds for wy, and we next show it holds for
Wk+1-

Now, if Q+1(z) = 0, then by Proposition 2np+1—mQo(x) < 0,50 mQo(z)+ f:ll 17.Qi(x) >
mQo(z) = 3mQo(x) + npy1.
k41

If Qp41(z) = 1, then by the induction hypothesis, mQo(z) + i~ T:Qi(z) > 2mQo(x) + ni +
Tht1 = 5mQo (@) + gt

. k+1 m+ng41
Thus, in both cases, mQo(z) + Y ;' 7Qi(z) > %on(x) + Ngg1, 80 Wit 1 () < Wﬁ“nm

A.6 Lower Bound Techniques

We present a lower bound for binomial distribution tails, which will be used to prove generalization
error lower bounds.

Lemma 15. Let 0 < t < p < 1/2, B ~ Bin(n,p) be a binomial random variable, and § =
—p)2
\/471%. Then, Pr(B < nt) > ﬁﬁ exp(—362).

This Lemma is a consequence of following lemmas.

Lemma 16. Suppose 0 < p,q < 1, KL(p,q) = plog% +(1—p)log }%5. Then KL(p, q) < ((II()I—E();)

. _ _ )2
Proof. Since logx < x—l,plog%—i—(l—p)logifg Sp(%—lH—(l—p)(i—_fI’—l) = ((1’(’1_"()1). O
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Lemma 17. ([5]) Suppose X ~ N(0,1), and define ®(t) = Pr(X < t). Ift > 0, then &(—t) >
Ft2+1 exp(f t2 )

Lemma 18. (/28)]) Let B ~ Bin(n,p) be a binomial random variable and 0 < k < np. Then,
Pr(B <k)> @(f\/QnKL(%,p)).

B Deviation Bounds

In this section, we demonstrate deviation bounds for our error estimators on Sj.

We use following Bernstein-style concentration bound:

Fact 19. Suppose X1, ..., X, are independent random variables such that | X;| < M. Then with
probability at least 1 — 6,

2 2 2
ZX—fZIEX <71 g5+ ﬁ;EXflogg.

Theorem 20. Forany k =0,...,K, any § > 0, UC% Pr(% > M), then with

probability at least 1 — 6, for all hy, ho € H, the following statements hold simultaneously:

101log 2|H| n \/41 Iy 27

|(l(h1,5k,M) — l(hg; Sk,M)) — (l(hl) — l(hz))| 5 V(hl, hg, k M)

3(m—|—nk) m+ nyg
(1

1010gM \/4log2H|
U(h1; Se, M) —1(hy)| < ——2—M ——= 9 _V(hy;k, M).
s Sy, M)~ U(h)] < 5o RS V(b k, M)
2

Proof. We show proof for k£ > 0. The £ = 0 case can be proved similarly.
First, define the clipped expected loss I(h; k, M) = E[1{h(X) # Y }1{wx(X) < M}]. We have
|(1(h1) = U(h2)) = (I(has k, M) = I(ha; k, M))]

=[E[(1{n(X) # Y} = 1{ha(X) # Y} I{wi(X) > M}]|
<E [1[wi(X) > M]]

m + ng M
<El{———— > —
@) e~ 2
2M |H|
T m+ng lo 5 )

where the second inequality follows from Proposition[T4] and the last inequality follows from the
assumption on M.

Next, we bound (I(h1; Sk, M) — l(ha; Sk, M)) — (I(h1; k, M) — l(ha; k, M)).

For any fixed hy, hy € H, define N := | S|, (X1) Z W {wp(Xy) < MP(1{hi(Xy) #
Vit — L{ha(Xe) # YVi}).

Now, {U;}¥, is an independent sequence. + SN U; = I(h1; S, M) — I(ha; Sy, M), and
E+ Zi\il U = l(h1;k, M) — l(he; k, M) by Proposition E Moreover,Asince (1{h1(X:) #
Y} — 1{ho(Xy) # Vi })? = 1{h1(X;) # ha(X¢)}, we have - Ziv:l U? = V(hi, ha; Sk, M) and
E+ Ztli L U2 = V(hy, ha; k, M) by Proposition Applying Bernstein’s inequality (Fact to
{U:}, we have with probability at least 1 — §

N
—g U, gU
Nt:l t— t

2 4
<S 71 (5 \/NV(hl,hQ,k,M)logé,
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s0 |(l(h1;Sk,M) — U(ho; Sk, M)) = (I(has b, M) = I(has b, M) < 5p2Mslogd +
m+n V(hy, ho; k, M) log 4 5. By a union bound over H, with probability at least 1 — g
forall hi,hs € H,

|({(hy; Sk, M) — I(ha; Sk, M)) — (I(h1s k, M) — U(has k, M))|

AM 2| H| 4 2[H|
1 V(h1, ho; k, M)1 . 4
> 3(m+nk) og 5 +\/m+nk ( 1y 1025 vy ) og 5 ( )
(I) follows by combining (3) and (@).
The proof for (2)) is similar and skipped. O

We use following bound for the second moment which is an immediate corollary of Lem-
mas B.1 and B.2 in [18]]:

Fact 21. Suppose X1, ..., X, are independent random variables such that | X;| < M. Then with
probability at least 1 — 6,

oM2. 1 M? 1 — 1 — 2M2
/= log=—— < =Y "x2— |E-) Xx2< 1
&5 n - n; ¢ n; v Og(5

Recall by Lernma. V(hi,ho; Sk, M)] = V(hy, ho; k, M) and E[V(hl; Sk, M) = V(hy; k, M).
The following Corollary follows from the bound on the second moment.

Corollary 22. For any k = 0,..., K, any 6, M > 0, with probability at least 1 — 9, for all
h1, ho € H, the following statements hold:

- 4M? 2 M2
‘ V(hi, ho; Sk, M) — VV(h17h2;k,M)‘ < \/ log ‘;{‘ + , &)

m + ng m + ng

- AM2 | 2H|  M?
NV (hy: S, M) — /Ny b, M)| < 1 . 6
‘ (h1; Sk, M) (hy )‘ \/m+nk og 5 +m—|—nk (6)

171
Corollary 23. There is an absolute constant vy, forany k =0,..., K, any § > 0, if % >

Pr(% > %) then with probability at least 1 — 6, for all hy,hy € H, the following

statements hold:

M |H| M? |H]
. _ . _ _ < log =1 " i [loe 2
003 5 M) = (s 50, M) = (1) = U0a))| <152 Tog o log 15
(7N
log Ead
hi, ha; M);
+71\/m+nk ( 1 27Sk7 )7
M |’H|
(A1 M) < 2l(h lo
(h1; Sk, M) < (1)+%m+nk 0g —— 5 ®)

Proof. Let event E be the event that and i hold for all hy, ho € H with confidence 1 — £
respectively. Assume E happens (Whose probablhty is at least 1 — §).

(7 is immediate from () and (3).
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For the proof of (8], apply @) to hq, we get

6|7 6|+
10log | | \/410g|5|
- Y + - ¢
3(m+n;€) m+ ng

I(hy; Sk, M) <I(h1) + V(hi; k, M).

Now, V(hi;k, M) = E[wp(X)1{h (X) # Y} T{wp(X) < M} < ME[I{h:(X) # Y}, s

ol
\/41:;3-” V(hy;k, M) < \/‘%SZ(h ) < l(hl)—i—% where the last inequality follows

from vab < % fora,b > 0, and thus follows. O

C Technical Lemmas for Disagreement-Based Active Learning

For any 0 < k£ < K and § > 0, define event &, 5 to be the event that the conclusions of Theorem
and Corollary.hold for k with confidence 1 — §/2 respectively. We have Pr(&; 5) > 1 — 4, and
that £ 5 implies inequalities (7) and (8).

Recall that oy (k,d, M) = m+nk log 5 By ﬁ\/log 12, ;o9(k,0) = m+m log 5 [EL P -

5
2+ 1) (k12)

We first present a lemma which can be used to guarantee that h* stays in candidate sets with high
probability by induction.

2M log 12
Lemma 24. Foranyk =0,... K, any 0 > 0, any M > 1 such that miiké > Pr(mQT(J;;’j‘_nk >
M

5 ), onevent E s, if h* € C, then,

l(h*7‘§kaM) S l(ilkagan) +710-1(k757 M) +’Yl\/02(k‘ 6) (h hk,Sk, )

Proof.
I(h*; S, M) — I(hy; Sy M)
=I(h*; S, M) — I(hy; Sk, M)
<1071 (k, 6, M) + 31\ 720, 6)V (s S, M)

11, 8, M) + 317 72 (ks )V (¥, g Sy, M)

The first and the second equalities follow by Lemma 8] The inequality follows by Corollary 23] [

Next, we present a lemma to bound the probability mass of the disagreement region of candidate sets.

Lemma 25. Let l}k’M = arg minpec, [(h; S, M M), and Cj41(6, M) := {h € Cy | I(h; Sy, M) <

l(ﬁk,M; gk,M) + yo1(k, 6, M) + v \/ag(k 5)V V(h, hk Sk, )} There is an absolute con-

2M log l?—‘
m—+ng —

stant 7o > 1 such that for any k = 0,..., K, any 6 > 0, any M > 1 such that
Pr(md:(*% > M), on event &5, if * € Ch, then for all h € Ci41(6, M),
(k) = U(1*) < o071 (K, 8, M) + 2/ra (F, S) MI(h).
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Proof. Forany h € Ciy1(9, M), we have

I(h) — 1(h*)
<10k S M) = 100 S M) + lfnf; | ¢ (A 1o 12
=I(h; S, M) — I(h*; Sy, M) + 12?7{113?:5[ \/ hT; :L_ skM) log 4'?'
=1(h; S, M) — U(hg pr; Sk, M) + U(hgar; S, M) — 1(R*; Sy, M) + 1;{5;?;: \/4V(h7;’ TZM) log 4'?'

P 10M log 271 V(h*, hik, M) A[H|
< : _
_’YlUl(k’y&M)+’71\/Uz(k,5)V(h7hk,M,Sk,M) Stmt r) 4 e log 5

)

where the first equality follows from Lemma 8] the first inequality follows from Theorem [20] and the
second inequality follows from the definition of Cj; (6, M) and that [(hy ar; Sk, M) < I(h*; Sk, M).

Next, we upper bound \/V(h, iAkaM; Sy, M). We have

\/V(ha ﬁk,]\{[;gkhM) S \/V(ha h*;gkaM) +V(h*aﬁk7M;§kaM)

< V0, 153 54, M) /(B g S, M)

where the first inequality follows from the triangle inequality that \A/(h,fzk, 2 S, M ) <

V(h, h*; Sy, M) +V(h*, ﬁk,M; S, M) and the second follows from the fact that v/a + b < \/a++/b
fora,b > 0.

For the first term, we have \/V(h, h*; S, M) = \/V(h s S, M) < VT ik M) o+
2
ﬁi{fk log % + mj\fr[nk by Corollary

For the second term, we have

\/\A/(h*,ith;S,M) < \/M(l(h*;gk,M) + l(ilk7]pj;§k,M))
2MI(h*; Sy, M)
2MI(h*; Sy, M)

1#]
g5)

M
< 4 /2M(2l(h* I
_\/ (21( )+71m+n 0

QW‘” N

m+n
where the first inequality follows since wk( VZU{R*(X) # hear(X) M we(X) < M] <
M(wi(X)Z1{h*(X) Y} + wi(X )Z]l{hhM( ) # Y'}), the second inequality follows since
l(iLk,M; S’k, M) < I(h* Sy, M), the third follows by Lemma|§|since we assume h* € O, the fourth
follows by Corollary 23} and the last follows by va + b < v/a + v/b.

A ~ ~ 2
Therefore, \/V(h,hhM;Sk,M) < V(5T M) + (2 + V) 22 log A2 4
24/ MI(h*). Continuing @) we have
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AlH| M2 A[H]

N 10 3. M
UR) = UW) < (- +3n +2V20f) = log =5 N Ve
k 2
V(b hik, M) AH] Mi(h*) . 4H]

Now, since wi(X)Z1{h*(X) # b ()M [wp(X) < M] < M(wp(X)Z1{h*(X) # Y} +
wi(X)Z1{h(X) # Y}), we have |/ VUmihA) joq K] o [MAGZIG)2000)) 10 1] <

m—+ng m-+ng
M l(mhzﬂfih* log 4‘7{' + \/2%5:; log 4‘7{' where the second follows by va + b < v/a+ Vb for
a,b>0.

(B> 10 4IH\ 4H|
Thus, I(h) —1(h*) < (5 +371+2\f71)m+n log +’y( o k)%\/log + (271 + V271 +

2v2)y T o B+ (-4 2) MR g 21

The result follows by applying Lemmal[7|to I(h) — I(h*). O

D Proofs for Section

Proof. (of Theorem' Define event £(©) ﬂk "o Ek.6,- By a union bound, Pr(£(®) > 1 —§/2.
On event £(©), by induction and Lemma. 24 forallk = 0,..., K, h* € C.

U(h) — 1) <U(hs Sic, Mic) — U5 Sie, Mic) + 1104 (K. S5, Mic) + 71 02 (I, 03 ) V(. b S, M)

=1(h; Sk, M) — U(h*; S, Mic) + o1 (K, 8¢, M) +71\/02(K 6 )V (h, h*; Src, M)

SZ(B;SK,MK)—F’)Q\/O'Q(K,(SK) (h SK,MK)—Z(}L SK,MK \/ K (SK h* SK,MK)

+ 01 (K, 8¢, Mic) + 291 02K, 850)V (s S, M)

<101 (K, 61, M) + 271\ 02 (K, 650 ) ¥ (13 S, M)

<mno(K, 0k, Mk) + 271\/02(K7 Sk )V(h*; Sk, Mic)
<3m01(K, 6, M) + 271/ 02(K, )V (h*; K, M)

where the equality follows from Lemma [8] the first inequality follows from Corollary 23]
the second follows as \/V(B, h*; Sk, Mg) < \/\7(3; Sk, M)+ V(h*; Sg, M) <

\/V(ﬁ; Sk, MK)+\/V(h*; Sy, M), the third follows from the definition of , the forth follows
from Lemmal9] and the last follows from Corollary 22] O

Proof. (of Theorem@) Define event £(©) := ﬂ 1i—o Ek.s;,- On this event, by induction and Lemma
forall k = 0, . — 1, h* € Cy, and consequently by Lemma5] Dy41 C DIS(B(h*,2v + ¢

where €, = 7201(k Oy My) + vor/o2(k, 6) M.

M+"ng41

Forany k = 0, ... K — 1, the number of label queries at iteration k is Uy, := Zt:m+nk+1 Z{X; €
D1} where the RHS is a sum of i.i.d. Bernoulli random variables with expectation E[Z;1{ X} €
Dk+1}] PI‘(Dk+1 n {I‘ Qo( ) 2nk+1 }) since Zt Qk+1( ) = ]I{an_H on( ) > 0}
by Proposition [13f I A Bernstein mequahty implies that on an event ELE) of probability at least
1= 64/2, Up < 2741 Pr(Diga N {z 2 Qo) < 252}) + 2log 4 o
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Define £V = ﬂf;ol EWR) and £32) := £©) 1 £(1), By a union bound, we have Pr(£()) > 1 — 4.
Now, on event £2), forany k < K, Dy 1 C DIS(B(h*,2v+¢})), so by LemmaPr(Dk_H N{z:
Qo(x) < 2ME11) < (20 + €,)0(2v + €y, 22242, Therefore, the total number of label queries

K-1
2n 4
Up <71 + Z 2711 Pr(Dgy1 N{z : Qo(x) < ﬁ}) +2Klog —
m 6}(
k=0 k=1
K—1

K—

[u

- 2 4
<1423 T (20 + )02 + e, —2 ) 4 2K log —
b1 m (5}(
4 2
<1+ 2K log - + 2020 + €1, ") <2n1/
K-1
Tk+1Mk: |7‘l| Tk+1Mk \”H\
+ — + T
72,;(7714—% 5k (m+ng)? s 5k)
Recall that o« = %,Tk = Qk, £ = min1<k<K{Mk/mn;:fﬁk }, M = maxi<g<k M;.. We have
K—1 7341 My, K—-1 ¢ N . .
) i mqéo-i]ink < Zk ) an;qu)’:,—nk < mﬁﬁ_l where the first inequality f(illows
m]:{’;‘ik < mqf+nk’ and the second follows by m = na > nia. Besides, kK:_ll % <
T My € K-1 _ M¢ KM¢ M
Zk 1 —m(njqwnk) < Zk v < N where the first inequality follows as m+’;lk <
mqoink, and the second follows as M), < M and 75, < mqo + ng. Finally, Zk:l Tk m]f’;l - <
22(:1 \/angil < \/ o1 where the first inequality follows as AJ/FI’;L . < mqoink and mqo + ny >
T (ago + 1).
Therefore,
K-1
4 2
U <1+ 2K log — +20(2v 4 ex 1, n)(Znu
O
k=0
K¢ K?|H| KM§ K2|7-L| K2\H\
+72( log )
ago+ 1 1) aqo + 1
O
E Proofs and Examples for Sections 4 and
Generalization Error Bound
Theorem [I] and Corollary [3]are immediate from the following theorem.
Theorem 26 Let hyy = argminyeqy l(h; S, M) + A\A/(h'S M). Forany o > 0, M > 1,
A > 4log =5 B yigh probability at least 1 — & over the choice of S,
~ 2\M  16M |7—l| |H|
I(hp) —I(R) <—— log 41o 10
(o) = (") T 4 2 log og (10)
A 1{h*(X) # Y} 1 1
+4/—E < M]+Pr > M).
\/m Qo(X) [QO(X) ] (Qo( X) )
Proof. The proof is similar to the proofs for Theorem 4] and and is omitted. O
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Second Moment Regularizer

1 c +\/c4+402q0um
Proof. (of Theorem Forany 0 < v < =, m > Vz, setqo = gV, ¢ = 3, €= —%m It

can be checked that ¢ < v and m = ¢? ;’0“ Let X = {x1, 22,23}, and define Pr(X = z1) = v,
PriX=23)=v+ePr(X =23) =1—2v—¢,and Pr(Y = 1) = 1. Let H = {hy, ho} where
hi(z1) = —1, hy(z2) = h1(x3) = 1, and hy(z2) = —1, ho(x1) = ha(x3) = 1. Define the logging
policy Qo(z1) = Qo(z3) = 1, Qo(z2) = qo. Let S = {(X+,Ys, Z1)}%, be a dataset of size m
generated from the aforementioned distrrbutron Clearly, we have [(h1) = v and l[(h2) = v + €. We
next prove that Pr(I(hy,S) > I(h2, S)) > 145 This implies that with probability at least - ,ho is
the minimizer of the importance weighted loss I(h, S), and its population error Pr(hq(X) #Y) =

vie=v+ L1 4
40

qom m’

We have
Pr(l(h,S) > U(ha, S)) > Pr(i(h1,S) > v — g and I(hy, S) < v — g)
=1-Pr(l(h,S) <v— % or l(h, 8) > v — %)
>1—Pr(i(h1,S) <v-— 5) Pr(l(hs, S) > v — %)
€

= Pr(l(hy, S) < 1/—5) Pri(h1,5) < v = 3)

Observe that by our construction, ml(h,S) = >\ | 1{X; = x1} follows the binomial distribution
Bin(m, v). By a Chernoff bound, Pr(I(hy,S) <v —§) < e~ am< Since € > ,/ch;; > 49;;2,

1,2 2 20
e~ z2me S e—20c —e 9.

By our construction, we also have that goml(ha, S) = >0" | 1{X; = x2, Z; = 1} which follows
the binomial distribution Bin(m, go(v + €)). Thus, Pr(l(hg,S) <v—§) = Pr(goml(hs, S) <

2

gom(v + €) — 2gome) > \/%9627116_%0 = 2%6_% where the inequality follows by Lemma

Therefore, Pr(l(hy,S) > l(h2,S)) > Pr(l(h2,S) <v—5)—Pr(i(h1,S) <v—5) > — -3

—22 1
692ﬁ. O

Remark 27. A similar result for general cost-sensitive empirical risk minimization is proved in
[17,[18]. In [17, (18]}, they construct examples where Var(h*) = 0 and learning h* with unregularized

ERM gives Q(y/ L L) error, while regularized ERM gives O( ) error. However, their construction

does not work in our setting because the bound for unregularized ERM [25] also gives O(%) error
when Var(h*) = 0 (since Var(h*) = 0 implies [(h*) = 0), so more careful construction and analysis
are needed.

Clipping

The clipping threshold M is chosen to minimize an error bound for the clipped second-moment regu-

larized ERM. According to Theorem [26] we would like to choose M that minimizes the RHS of (10).

Weset A\ =4 log 7 in Theorem focus on the low order terms with respect to m, and minimize
7]

41og 2
e(M) = \/ % ]EQO%X)]I[Q o < M] +PFX(WX) > M) instead since 1{h*(X) # Y}

could not be determined with unlabeled samples. In this sense, the following proposition shows that
our choice of M is nearly optimal.

Proposition 28. Suppose random varlable ( X has a probability density function, and there exists
My > 1 such that > g 2los My = PrX(Q > My). Then e(Mp) < /2infpr>1 e(M).

| H|
Proof. Define f1(M) = 4‘°§n?1EQO}X)]1[ L < M], and fo(M) = Prx(

show that f1(My) + fo(Mo)? < infars1 f1(M) + f2(M)2.

O5(xy > ©)- We first
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Let g( ) be the probability density function of random variable 1/Qo(X). We have f1(M) =

og (M pg(e)da and fo(M) = [ g(x)da, so f{(M) = 5 Mg(M), and fj(M) =
—g(M) Define f( ) = fi(M) + fa(M)?. We have

f'(M) = fi(M) +2£5(M) fo(M)
2log -5 d

= 29(M)( M — fo(M)).

51
Recall we assume there exists My > 1 such that log 2285 My = fo( My). Since 2 M is strictly
increasing w.r.t. M and f> (M) is non-increasing w. r.t. M, it follows that f (M) achieves its minimum

at My, that is, for any ¢ > 1, fl(Mo) + f3(Mo) < fi(M) + f3(M).

Now, /f1(Mo) + f3(Mo) > \/fl 0) + f2(My)) since vVa+b > (\f—l— V/b) for any

b>0 and\/fl )+ f3(M <\/f1 ) + f2(M) since v/a + b S\f—l—\fforanya,bzo.
Thus w/ f1(Mo)+ f2(My)) < v/ f1(M)+ fo(M) for all M > 0, which concludes the proof. [J

Remark 29. Since ﬁ Pr X(ﬁ > M) is monotonically decreasing with respect to M and its

range is (0, 1), the existence and uniqueness of M are guaranteed if % log @ <L

The following example shows that our choice of M indeed avoids outputting suboptimal classifiers.

Example 30. Let X' = {xo,xl,xg,xg,x4} H = {h1,ha, h3, ha}. Suppose Pr(Y = 1) = -1,
v < 110, a < 0.01, and € = m The marginal distribution on X, the prediction of each

classifier, and the logging policy Qo is defined in Table[T]

Table 1: An example for clipping

) xr1 X x3 T4
hi() 1 1 -1 -1 1
ho() 1 -1 1 -1 1
ha() 1 -1 -1 1 1
ha() 1 1 -1 -1 1

Prx() v—e¢ € 4de 16e 1—v—20¢
Qo(") 1 a  a b dov

We have I(h1) = v, l(he) = v + 3¢, l(hs) = v + 15¢, I(hg) = 1 — v — 20e. Next, we consider
when examples with Q¢ equals ¢, i.e. examples on 1 and z2, should be clipped. We set the failure
probability 6 = 0.01.

If m > 28 without clipping our error bound guarantees that (by minimizing a regularized training
error) learner can achieve an error of less than v + 3e, so it would output the optimal classifier hq
with high probability. On the other hand, if M < é, then all examples on x; and z2 are ignored
due to clipping, so the learner would not be able to distinguish between h;and ho, and thus with
constant probability the error of the output classifier is at least {(h2) = v + 3e. This means if m > %,
examples on z; and x5 should not be clipped.

Ifm > % and examples on x1 and x» are clipped, our error bound guarantees learner can achieve
an error of less than v + 16¢, which means the learner would output either i or ho and achieve an
actual error of at most v + 3e. However, without clipping, the learner would require m > 46 to
achieve an error of less than v + 16¢. Thus, if m < — examples on z; and x4 should be clipped.

To sum up, examples with Qo equals « (i.e. 1 and x2) should be clipped if m < 4 and not be

clipped if m > 28 Our choice of the clipping threshold clips x; and z2 whenever m < which
falls inside the desired interval.

5a5 ’
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Sample Selection Bias Correction Strategy

The following example shows the sample selection bias correction strategy indeed improves label
complexity.

Example 31. Let A > 1 be any constant. Suppose X' = {1'1,1'2} Qo(z1) = 1, Qo(z2) = a,

Pr(z1) =1— p, Pr(z2) = pand assume 1 < 4 and o < ‘Q‘A Assume the logged data size m is

greater than twice as the online stream size n. Without the sample selection bias correction strategy,

4 log ‘H‘
+

after seeing n examples, the learner queries all n examples and achieves an error bound of W

\/ 4 mcﬁn + +n) log 2‘H| by minimizing the regularized MIS loss. With the sample selection
bias correction strategy, the learner only queries x2, so after seeing n examples it queries only un

. . . 41 .
examples in expectation and achieves an error bound of 7 (:nga Ty T \/ 4(£ m — +n ) log 2|H‘ . With

some algebra, it can be shown that to achieve the same error bound, if 22m < n < &m, then the
number of queries requested by the learner without the sample selection b1as correction correction
strategy is at least A times more than the number of queries for the learner with the bias correction
strategy. Since this holds for any A > 1, the decrease of the number of label queries due to our sample
selection bias correction strategy can be significant.

F Experiments

We conduct experiments to compare the performance of the proposed active learning algorithm
against some baseline methods. Our experiment results confirm our theoretical analysis that the test
error of the proposed algorithm drops faster than alternative methods as the number of label queries
increases.

F.1 Methodology

Algorithms and Implementations

We consider the following algorithms:

e PASSIVE: A passive learning algorithm that queries labels for all examples. It directly optimizes
an importance weighted estimator;

e ACTIVEILS: The active learning algorithm proposed in [25]. It applies the disagreement-based
active learning framework, multiple importance sampling, and a sample selection bias correction
strategy.

e ACTIVEVC: Algorithm[I]proposed in this paper. It applies the variance controlled disagreement-
based active learning framework, multiple importance sampling, and an improved sample selection
bias correction strategy.

Similar to [25]], our implementation of disagreement-based active learning framework follows the
Vowpal Wabbit ([1]) package. In particular,

e We set the hypothesis space to be the set of linear classifiers, and replace the 0-1 loss with a squared
loss.

e We do not explicitly maintain the candidate set C}, or the disagreement region Dy,. To compute hy,
in line 6 of Algorithm|[I} we ignore the constraint € C}, and conduct online gradient descent with

step size 4 / # To approximately check whether € Dy, in line 15, let wy, be the normal vector

~ . . \ka x| C"V(ir,k;gk,lﬂk) C-My,
for hy, and a be current step size. We claim x € Dy if = 4= < prerirey + oty

Here C'is a parameter that captures the model capacity (this corresponds to the log % term in the
error bound; as noted in [[12], this is often loose and needs to be tuned as a parameter in practice)

and we tune this parameter in experiments.

Besides, we incorporate variance-controlled importance sampling into active learning through the
following way:
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Figure 1: Test error vs the number of labels under different logging policies with the best parameters.

e In order to find the clipping threshold A}, (line [5] of Algorithm [I)), we empirically estimate
Pr(% > M/2) on the logged observational data (note that this estimation does not
involve labels).

o We follow [22] to approximately calculate the online gradient for optimization with a variance

regularizer.

Data

We generate a synthetic dataset where 6000 examples are drawn uniformly at random from [0, 1]3°,
and labels are assigned by a linear separator and get flipped with probability 0.05. We randomly
split the dataset into 80% training data and 20% test data. Among the training dataset, we randomly
choose around 50% as logged observational data, and apply a synthetic logging policy to choose
which labels in the observational data set are revealed to the algorithm. Our experiments use the
following two policies:

e Certainty: We first find a linear hyperplane that approximately separates the data. Then, we reveal
the label with a higher probability (i.e., larger Q¢ value) if the example is further away from this
hyperplane.

e Uncertainty: We first find a linear hyperplane that approximately separates the data. Then, we
reveal the label with a higher probability (i.e., larger )y value) if the example is closer to this
hyperplane.

Parameter Tuning

We follow [[13]] and [25]] to tune the model capacity C' and learning rate 7, and report the best result
for each algorithm under each logging policy.

In particular, let e(i, A, p, ) be the test error of algorithm A with parameter set p = (C,7) after
making [ label queries during the i-th trial (¢ = 1,2, ..., N). We evaluate the performance of the
algorithm A with parameter set p by following Area Under the error-label Curve metric: AUC(A, p) =
o Zf\; >o(e(i, A,p,1+1)+e(i, A,p,1)). At the end, for each algorithm, we report the error-label
curve achieved with the parameter set p that minimizes AUC(A, p).

In our experiments, we try C in {0.01 x 2° | i = 0,2,4,---,10}, and 7 in {0.0001 x 2¢ | i =
0,2,4,---,12}. For each algorithm, policy, and parameter set, the experiments are repeated for
N = 16 times.

F.2 Results

We plot test error as a function of the number of labels in Figure[T] It shows that test errors achieved
by the proposed method drop faster than both the passive learning baseline, and the prior work [25]
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which does not apply variance control techniques. Additionally, as the number of labels grows, the
gap widens.
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