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there; whereas references to this supplementary document start with SM- prefix.

Sup.1 Notation

Table Sup.1: Summary of notation

[ Notation [ Interpretation
X,Z two arbitrary, non-zero vectors
x(® 7 the corresponding output vectors at layer i € {0, 1,2}
xg-l), zj(-l) the 5™ block of x(?), 2 no permutation
%1,z the permuted vectors at layer i € {0, 1, 2}
.%g.l), ~j(-z) the 5™ block of x(?), z() after permutation
Dy, D1, D> | number of blocks in a vector (before 1% layer, after permutation, and after ond layer,
respectively)
Wi, Wy block weight matrices at each convolution layer
W, .. effective weight matrices with ReLU taken into account, when input vector is z
Qx.2 expectation of WI W, ,
0 the angle between two different vectors x, z at layer ¢
19](-1) the angle between the 5" blocks of xy), zj(.l) at layer 4, without permutation
éj(z) the angle between the 5" blocks of :Egl), Zj@ at layer 4, with permutation
Pz a random vector that W1 , W] . W, , ,W _ ,z concentrates around
Ry, zo the perturbation of %, 5o around its mean z/4
Se zo a small region outside which the perturbation h, 5o is very small
Vg 70 descent direction at z

Before continuing to the proof of Theorem [I] we introduce some notation.

Let I,, be an n x n identity matrix. If dimension is not specified, we assume it is clear from the
context. Let diag(Az > 0) be a diagonal matrix, where (i,7)" = 1if (4z); > 0, and 0 otherwise.
Let B(z,r) be an Euclidean ball of radius r centered at z. Let W1 ; , = diag(W1z > 0)W; and
Wy 4. = diag(WoW; 4 .2 > 0)W,. For matrices, | A| denotes the spectral norm. Let S*~! be
the unit sphere in R*. A block vector z = [2;]? € R*" is a concatenation of n vectors, each of
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size k, and uses boldface notation. Similarly, a diagonal block matrix is denoted W = [Wi]?, with
matrices {W;} on it diagonal. For any nonzero z € R¥, let h, = m For block vector z = [z;]7, let

7z = [2]7"_,. For fixed z, 2 € R¥, let M}, ., > be the matrix such that M}, ,zh, = 2, My, .52 = hy
and M, ;v = 0 for all v € span({x, z})*. Then given block vectors x = [;]7_,,z = [z, let
Mszoz = [Mp, <n, ] ;. Denote the block identity matrix I = [I;]™_,. Let Z(x, z) be the angle
between two vectors z and z.

Recall that the weight matrix W each for layers ¢ = 1,2 is assumed to be permuted to be a block
matrix, as illustrated in Figure[Sup.T|b). A corresponding permutation is also applied to the input
vectors of each layers.

Specifically, assume an input block vector z = z(®) = [z](-o)]fzol,

then the output of the first transposed
convolution layer is z(M) = W17+_yzz(0) which also has Dy channels (blocks). Before the second
convolution layer, we apply another permutation such that the new vector z(*) = Perm(z(l)) now
has D, blocks. z(!) is then fed as an input to the second transpose convolution layer, resulting in an

output z? = Wy , ,z(1).

In addition, let 8% = Z(x(),z(Y)) denote the angle between two different vectors x(), z(*) at the
xy), z](i)) denote the angle between the j® blocks of the two
vectors. If the vectors are permuted, we use 9~J(Z) = L(igi), éj(i)). We also introduce the notation ®
for multiplication of a regular vector a € R™ and a block vector z = [zj];?:l in the following way:

i" layer. In particular, let GJ@ =/(

a®z= [ajzj];-;l.

We use big-O(+) notation to denote the order of magnitude for a variable. Finally, we also use <, 2
and ~ when the inequalities and equalities are up to a small universal constant ¢ which may not be
specified. For instance = ~ y indicates that z = y + O(e). All vector and angle notations used are
summarized in Table [Sup. 1

Sup.2 Proof for Theorem
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(a)

Figure Sup.1: Illustration of a single transposed convolution operation. k! stands for i*" filter
kernel for the 5% input channel. z and = denote the input and output signals, respectively. (a) The
standard transposed convolution represented as linear multiplication. (b) With proper row and column
permutations, the permuted weight matrix has a repeating block structure.

Proof mostly follows the arguments in the recent paper by [I]]. As we discussed in Section[2} the
weight matrix W, € R€1P1xC0Do of the first layer of the network can be arranged as a block matrix
W, = [W]2e, where W e R€1£% %0 is a Gaussian matrix repeating in each block, see Figure
In the rest of the proof we will use this arrangement of the matrix. Note that this effectively means a



permuation of the vectors after each layer. This has to be handled carefully througout the proof. By
assumption, the sampling matrix A is an identity matrix, so the cost function can be written as

J(z) = 31G(a") ~ G

The operation of the first layer on an input signal z = [zi]f):“l is
Wi 1.2 =0(W;z).

In general operation of the generator network can be written as

G(z) = W2 ;Wi 4 52

Remark Sup.0. The matrix W1 . , captures the operation of ReLU activation combined with
weights of each layer, hence it will be instrumental in the rest of the proof. We note that that in the

if x>
case of Leaky ReLU activation L(x) = { v ifr=0 the output of each layer is

ar ifr <0’

L(W;z) = diag(W1z > 0)W;z + a diag(W1z < 0)Wiz = aW;z + (1 — o)W1 4 ,2.

In the rest of the proof we assume the input vectors are in the block form as well as the weight
matrices and denote them in boldface. This does not change the operation of the neural network. Next
we prove a central technical lemma which concerns concentration of the matrix WlT +x Wi 4 5. First
we define the following matrices. For any nonzero z, z € R™ with angle 6, , = Z(z, z) between , let

T — 04,

sinf,
= T 2
Qa: or " + 2w

Mp, oz (Sup.1)

Similarly for two block vectors x = [z;]"_; and z = [z;]"_,, define the block matrix
Qxz = [le,zl]?:l (Sup.2)

The following result appears in [1].

Lemma Sup.1 (Lemma 5 [1]]). Fix e € (0,1). Let A € R™** have i.i.d. N(0,1/n) entries. If
n > cklog k, then with probability at least 1 — 8ne~ 7%,

k T
Vm, zeR ) HA+7wA+,Z - QW,Z

| <e. (Sup.3)
When x = vy, it holds

Vo #0,|AL LA . —1,/2 <e. (Sup.4)
Here c,~y depends only on e.

Here the matrix @), , happens to be the expectation of the matrix ALmAJm. This can be shown by
an elementary calculation. We can now state the central technical lemma.

Lemma Sup.2. Fix e € (0,1). Let W = [W]2°, where W € RO*C0 have i.i.d. N'(0,1/Cy0). If
C1l =. Colog Cy, then with probability at least 1 — 8DolC e~ 70,

¥x,2 € RO WL W, — Quul < (Sup.5)
When x = vy, it holds
Vx # 0, WL W, —1/2| <e. (Sup.6)
Here c,~y depends only on e.

Lemma [Sup.Z]is crucial to the rest of the proof. We note that the conditions of Theorem|I]are almost
identical to the ones of Lemma([Sup.2] In other words, the concentration of weight matrices as given
in @) and (3)) are enough to imply the existence of a strict descent direction for the cost function J(x)
outside of two small neighborhoods. We now prove the lemma.



Proof. Observe that for block vectors x = [2;]2°, and z = [2;]2°, we can write
W—1r,+,xW17+7z = I:WI,xiW+7Zri]iD=[)1' (Sllp7)
We know from spectral norm of block matrices that

HW-lr,-k—,xWL'*’az - QX,Z” = z’=11naXD0 HW-&-I—,ml-W-hZi - me% ” (Sllpg)

Lemma implies that if C} ¢ = Cj log Cj then with probability at least 1 — 8C £e =70 it holds
that [|[W, , Wy ., — Qu, | < e. Aunion bound argument yields

Do
<< D P(WT, Wiz, — Q.| <€) <8DCrLe .

i=1

IP)(”VV-II-,Jr,xVVlHr,z - Qx,z

O

Next, we present another useful result that controls how W . « distorts the angle between two
vectors x, z. Let:

9(0) = cos™! (

First we borrow another result from [1]].

Lemma Sup.3 (Lemma 23 [1]]). Fix e € (0,0.1). Let the conditions of Lemma hold and A
satisfy (Sup.3). For x, z denote 0y = Z(x,z) and 01 := L(A gz, Ay .z). Then

101 — g(0o)| < 4v/e.

(m—0) cos9+sin9)

™

This lemma shows that a Gaussian matrix combined with ReL.U operation preserves the angle between
vectors up to function g(-). Our next lemma uses this result.

Lemma Sup.d. Fix e < 1/(167)2. Assume that weight matrices W1 and Wy satisfy with
constant e. Then it holds for all x,z # 0 that

(W, x Wi xX, Wa i s Wiy 02) > 0.

Proof. We operate under the assumptions that the weight matrices W; for layer ¢ = 1,2 satisfy

Equation and Equation (Sup.6). In particular these equations imply that for layer i = 1,2 and
all input vector z,z # 0,

1 1
5~ €< Wi 1> < 3 te (Sup.9)
1 , 1

7€ < Wi 4 4] < 3 +e. (Sup.10)

Since z() = W , ,z(%), it follows that for all blocks j = 1,..., Dy that

1 0 1 1 0
5~ l5 2 <=V 2 <4 f5 + el (Sup.11)
1

1
= =€)z < 2]z < 4[5 + €[22
2 2
The same statements hold true for x and :c;i)
have for x and z that

as well. Consequently, by dividing the inequalities we

0 1 0
1=2¢ [#” _ 125"z _ [T+2¢ |2

0 = 1 = _ 0
R o PO e PO e Pl

(Sup.12)
|2
T—2¢ [xOf _ [x®], _ [T+2¢ [x],
1+2¢ 20z = [2W]s ~ V1—2¢ |20,

(Sup.13)
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Figure Sup.2: Plot of function g(-) defined in Section

Dy

We assume without loss of generality that the input vectors x(©) = [z (0)] ;2 and 20 = [z (0)] 2

are block normalized, i.e., Hx§-0) |2 = sz(p) |2 = 1. We have
(xM 2y = 2@(1) (1)

1 1 1
KO elsVlc0s0 = St el o)
J
. 1 1 1
= min cos 9; )Z ng )HQHZJ( )Hg. (Sup.14)
J
Using the fact that input vectors are block normalized, it follows from the first inequality in
that

1 1
Tl < 1o a1l (Sup.15)
and from the second inequality in that
1+2
Dotz < 4 T 12013 (Sup.16)
— 4€

Combining (Sup.14)), (Sup.15) and (Sup.16)) yields that

1+2
s 2V cos 6
1—-2¢ 1 1
g mincos 8 35 3
J

which in turn implies that

(1 + 8¢) cos 8V > min cos 9( ) = cos 9(1) (Sup.17)
J

for some i. Here we used the fact that ”” <1+ 4vfor0 < % Lemma implies that
|9§1) - g(&éo))| < 44/e. Since g(9§0 ) <% (see Figure , we have 0 < 9;1) < § +4y/e Then
for small enough e, implies that

cos 9;@ - cos(§ + 4/€)
1+8 ~  1+8e

cos @) > 0.6.



(T +4yE) . . .
%;6@ is monotonically decreasing with small e,

so the minimum can be computed and is roughly equals to 0.646, since € < 1/(167)2. The exact
number doesn’t affect the final results, because we only want to bound cos (1) away from 0.

The last inequality comes from the fact that

Now we proceed to the second layer of the network. As explained in the Section we first

reorder vectors %M = [9251)]?:11 and z() = [2](1)]f:11. We expand the dot product of x() and z(!)
similarly as before

[xD |25 cos 6D ZM\thww”

Define the set of indices
I={j "2 # 0 and |7 # 0}.
Then we can continue
-1 ~(1 51
[ 222 cos 8 = 7 5" o122 cos 6
jel
5(1 (D) a1
< maxcos 05 717571212, 2
jel
< max cos 0V [V 5|20 |
jeI J
where we used Cauchy-Schwartz inequality in the last line. Since the reordering does not change the

norm of the block vectors we have |x(D ]|z |5 = [%M)||2|2" |2. Consequently, it follows that
cos O < max;er Cos 6 . In other words, for some 3 el,

0.6 < cos 8 < cos& (Sup.18)

Recall that after the second transposed convolution layer of the network, we have z]( ) =W,y 2(1).

(1

Since similar relation as in (Sup.IT)) holds for second layer as well and we have ||x )| > 0 and

Hzg(_l)Hg > 0 as ] € I, it follows that

HxA |l >0 and Hz(2)H (Sup.19)

By invoking Lemma |Sup.3| once again, we have |9§2) - g(ﬁél))\ < 44/e. Combining this with

(Sup.T) yields

cos 952) > 0.6. (Sup.20)
Finally we arrive at the desired result
<W2.,+,xW1,+,xX(O)a W2,+,zW1,+,zZ(O)>
= 2,2 = 3 o572 cos 657
J
> Hx?) ||2Hz§2) |2 cos 9;2) >0

which follows from (Sup.19) and (Sup.20).

Sup.2.1 Additional Lemmas

Recall that the block weight matrix is defined as W = [Wl];jol where W, € RC1£xCo, Similarly,

W,y = [Wg] 1, where Wy € RE2¢XC1 In the following lemma, we extend the concentration of
matrix products in Lemma(Sup.2]to 2-layer networks.



Lemma Sup.5. Fix ¢ € (0,1). Let Wi have i.i.d. N(0,1/C1£) weights and Wo have i.i.d.
N(0,1/Cof) weights. Assume the conditions of Lemma|Sup.2| hold, then with high probability
forall z & 0,

IWT W3, Wa Wi, —1/4] <2 (Sup.21)

Proof. From Lemmal[Sup.2] we know that for all z + 0,
W1 Wiia —1/2) <e
W34 2Wain —1/2] < e
Also, from Equation we have
IWal? < 5 +e
Using these two along with the triangle inequality, it follows that
HWI+,zW-2r,+,zW2,+,zW1,+,z - I/4H

1
T T T
B ‘ (W1,+,zW2,+,zW2,+,zW17+az — Wi Wita

1
+ (2W1T’+’ZW1}+,Z - I/4> H

< HW—lr,-&-,z(W;—,-&-,zW?HF,Z - 1/2)W17+7Z|

1
+ §|\W1T,+,zwl,+,z —1/2|
< HW1~,+7ZH2HW-2|—,+,ZW2’+12 - I/2H
1
+ §HW1T,+,ZW1,+,z —1/2|

<1+ +1<2
<3 €)e 26\6.

Given block vectors x and z, we define the following vector

- D D D ~ D
(1) 1 (0) o s g0) ) (0) 0 g z(1) 1
~ T—0; T—0; sinf:" | z; sin6:" ||z
hxz = | —52 ©) : Oz + | —L—ri— ‘0-7 I oOx |+ 7@\11 I2 Ox
’ i 2w 2] $”| 2@V |
. . oz |2 . 5 2 .
Jj=1 j=1 j=1 =1

(Sup.22)

where é;l),isgl),ij(l) are defined as in Section and Table Next we show that
WlT +7xW{ +7xW21+72W1,+7Zz concentrates around this random vector Ay .
Lemma Sup.6. Assume W1 and W, satisfy the conditions of Lemma[Sup.2] The for allx # 0,z # 0

we have

IWT L W3, Wa oW 0z — hcalls S emax{[x]2, |22}
Proof. We expand
W—lr,+,xW—2r,+,xW2,+7ZW1,+7ZZ =
WI,+,X[W;—,+7XW2,+7Z - Qx(1>,z<1)]W1,+,Zz

T

sin 002415 T
+ 7415”2 OW 1,4,x Wi 4 xX.
¢ ,
J




We have
1] < Wit [ Wit W3 Wt = Qo o [12]2 < €2 (Sup.23)
where we used (Sup.10) and Lemma[Sup.2] Expanding 7> we get

ORES ;0 1P

T—0 T—0 T

T2 - |: 27: ] © Qx,zz = [ 27‘.9 :| © [W1,+,xwl,+,zz - Qx,z]
Jj=1 Jj=1

which can be bounded as follows

< ||W—1r,+,xW1»+7z

O
- [ o ] © Qx,»2 lzl2 < €]z]2 (Sup.24)

J=1

where we used (Sup.3)). Using the definition of Qx,, we observe that

n—0(" Do sin 049 2(9, Do
Q.27 = [ - ] Oz + [ Ox. (Sup.25)
1 1

.(0)
j= 27"“13' [[2 j=

Expanding 75 we get

~ D
L A1) =(1) 1
sin0:"’|z;
T3—[ e ] ox| -

=(1)
2 y
w25 |2 =1

<

sin 0020 | T
T 2 O[WL Wik —Ix
J

~(1)
27"“13' ll2 i1

W 4 Wi = T[> < el (Sup.26)

where we used in the last inequality. The result follows by combining (Sup.23), (Sup.24),
(Sup.23)) and (Sup.26).

O

Before we proceed to finishing the proof of Theorem[I] we introduce a couple more definitions and
lemmas:

hz,zo = E - Bz,zo (Sup27)

4
Se,ze {Z i |hzzely < emax(|z],, HZOHQ)} (Sup.28)

Note that ilz,zo has already been defined in Equation (Sup.22), and A, 5o is simply the perturbation
of h, 5o around its mean. S, o is the region where such perturbation is small.

Lemma Sup.7. Assume the conditions of Lemmal[Sup.3| and Lemma[Sup.6 hold. Then, with high
probability for all z £ 0,

[Vz,20 — haze |, < 2e max(|z],,[|z°],) (Sup.29)
Proof. Recall that the descent direction vy 5o is already given in Equation (Sup.39), which we repeat
as follows
Vz,z° = (W2,+,ZW1,+,Z)T(W2,+,ZW1,+,Z) z

T
— (Wa i aWit2) (Wa s 2o Wi g g0)2°

-

T>
= T1Z — T‘QZ<> (Sup30)

Under the conditions of Lemma[Sup.5] with high probability we have that
[Ty — T/4] < 2e. (Sup.31)



In addition, under the conditions of Lemma[Sup.6| with high probability and a change of notation we
have that

an—mw

, <e|z°|,. (Sup.32)

Combining the definition of h; zo and Line (Sup.30), it follows that

Uzzo—hzzo = T’1Z—T’2ZO — E—Bzzo
) ) 2 4 ’

.

< ' + HT&Z<> - iLZ’zo
2 2

1
Tz — Zz

< |3 = V/4l, all, + | Toz® = B

< 2ez]y + €]z,

< 2emax([z],, [2°],)
The first inequality applies triangle inequality, the second uses the simple fact that || Az| < || A| |z]|2,
and the last inequality is a result of both Line and Line (Sup.32). O

Now we introduce the last lemma needed for the main proof. This lemma establishes that the set S ,
is a subset of the union of two small neighbors around z® and —pz® with radius no more than e.

Lemma Sup.8. Suppose 4¢ < 1. Then
Sicae © B(2°, ce |2°],)  B(—pz®, de |2°)],)

where p, c, d are universal constants.

Proof. The proof mainly follows Lemma 8 in [[I]]. Using the definitions (Sup.22)) and (Sup.27) we
can rewrite h, 5o as follows:

hgzo = —p2° + (1/4 — a)z

where the vectors « and 5 are

- D D, . D
R sin 0725, |7 sin 020 M) |77
R O | "m0 TS ’
i l2 j=1 o2 j=1

Tr—é(.l) Da 71'—9(.0) Do

— J J
ﬂi 27 © 21 .
j=1 j=1

Without loss of generality, let |\z;->’(0) lo = 1,2 € Sczo and M = max(max; Hz](p) |2,1). Then
definition of S ,- in implies that | 5o |2 is small. This, in turn, implies that

| = B+ cos 6" (1/4 — ay)| < €M, (Sup.33)
[5in 0" (1/4 — aj)| < eM for all j. (Sup.34)

Recall that 9(-0) is the angle between z(-o) and z;’(o), which are the j-th block of the vectors z and z°
respectively. For the rest of the proof{ we argue as follows. Using (Sup.33) and (Sup.34), we will

show that for all j either

0 < 2¢ and 2 ~ |2, (Sup.35)
or
0 0 (0
108 — 7] < 2¢ and 2475 ~ p|27 (Sup.36)
holds for some constant p. This, in turn, implies that for all j, z(o) is either very close to z;’(o) or to
the polar opposite of it up to a constant p. Indeed, observe the félCt that

0 ,(0 0 ,(0 ,(0 0 ,(0 0
12 = 2O < 128012 = 127 | + (15Ol + 12078 = 127 ] ) 65



This simply says that if a vector is known to have magnitude within Ar of some other vector with
magnitude r and two vectors have an angle less than Af between them, then the Euclidean distance

between two vectors is no more than Ar + (r + Ar)Af. Then using the assumption Hz (0 [ =1
and (Sup.35) we have
||Z§0) _ Z;?,(O) lo <.
Given this, we can conclude that
L0 20
0 <> 0)
|z —2°|3 = Z 25" = 2713 < €Dy

which implies z € B(z°, ce |2z°|,) for some constant c. A similar argument holds for z( ) and pz;’(o)

using (Sup.36). This 1mphes the claim of the lemma.

We now proceed to prove our claim that either (Sup.33) or (Sup.36) holds. We make the following
observations:

18] < 1, (Sup.37)
1+ sin o
laj| < ——5"— (Sup.38)
(0)
2]

for all 5. Following similar arguments from [1, Proof of Lemma 8] and using and ,
we can deduce that M < 2. Hand et.al. in [1]] also establish using M < 2, (Sup.37) and (Sup.38) that
for all j, 9; ) is either small, i.e., 9( ) 0, or large, i.e., 9( ) ~ 7. We refer to [l Proof of Lemma 8]
for details. Now we consider those two cases.

Small angle case: Recall that we eventually aim to show either that (Sup.33)) or (Sup. 36) holds.
Therefore under the assumption that QJ(- is small, it is enough to show that Hz(o) 2 ~ Hz Hg =1

Assume that 9;0) = O(e). Then sin 9§ = O(e) and cos Hj = 1 + O(e). Combining these with
M < 2, (Sup.33), (Sup.37) and (Sup.38) yields ||z](-0) |2 =1+ O(e) which is the desired result.

Large angle case: Assume that 93(-0) = 7w+ O(e). Similarly as before, it suffices to show that
HZJ(-O)HQ ~ p for some constant p. We have sin 03(-0) = O(e) and cos (9](0) = —1+ O(e). Combining

these with M < 2, (Sup.33), (Sup.37) and (Sup.38) yields sz(.o) o ~ 5% = p. This completes the

proof.

O
In the remaining we make the following abbreviations: v, = vy, 5o, by = hy 5o, and S = S zo.

Sup.2.2 Finishing the proof for Theorem[l]

We first prove Equation (3) of Theorem [I] i.e., the existence of local maximum at the origin. We
begin by providing a descent direction:

Vz,z0 = (W2,+,ZW1,+,Z)T(W2,+,ZW1,+,Z)Z - (VVZ,Jr,ZVVI,Jr,z)T(VVZ,Jr,ZOVVL+,z<>)zQ
(Sup.39)

This expression is the gradient of J where J is differentiable. By using the definition of one-sided

directional derivative D, compute that

1
D,J(0) = =(Wa ;Wi .2, Wy, ;oW | ,02°) < —FHZH 2[z°]l2 < 0,

where the inequality follows from Lemma [Sup.4]and the second inequality follows sice z, z® # 0.

Proof of Equation (@) is more involved. It mainly follows the arguments in [1](Section 6.1) adapted
to our block structure of the weight matrices. One needs to eventually compute the directional

10



derivative D, . and shows that it is negative when z is outside of two neighborhoods given in ®@).
Lemmal[Sup.§|establishes that Sy, is a subset of two small neighbors around z° and —pz°. Therefore,
it is sufficient to show that for all z outside Sy, the derivative along the descent direction v, is always
negative. By definition, the (unnormalized) one-sided directional derivative of .J(z) in the direction
of v, at z is
Dy, J(2) = lim ZZH1e) = T(2),
t—0+ t

Since the function 0(Wy0(W2)) is both continuous and piecewise linear, it follows that for any
z #+ 0 and v, # O there exists a sequence {z,} — z such that J is differentiable at each z,,, and
D, J(z) = lim,_,o VJ(2y) - v,. Since VJ(z,,) = vy, it follows that

D,,J(z) = lim v, - v,.
n—0o0

Now we bound the right-hand side from below

=hg, *hy + (Va, — hag,) - Byt

ha, - (Vg — hg) + (Va, — hyg,) - (Vg — hy)
= hg, - hs — Hvzn - hanQ th'n, H2 -

|,y 102 = haly — (v, — ha,llg [lv2 — hal,
> ha, - hy — emax([za, , [2°],) [Pzl

— emax([z],, [2°],) Az, [

— € max(|z,], [2°],) max(|z], , |2°],),

where the first inequality follows from the triangle inequality and the second is a result of

Lemma[Sup.7]

As h, is continuous in z for all nonzero z, it follows that for any z ¢ Sy,

. 2
T v, -, > [ — 2¢ [ |y max(fa], 2°])

—¢2 max(||z, , ||Z<>H2)2

|ha|
= 52 [ [hal, — demax(|z],, |2°],)]

1 2
+ 5[ |73 — 26 max(|z], , [2°],)?]
>0

The second inequality uses the definition of Sy.. Consequently, D,,, J(z) = lim,,_,o Uz, - V5 > 0,
and thus D_,, J(z) < O for all z ¢ Sy.. Proof is finished by applying Lemma

O
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