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1 Notation

In this document, we refer to pointers in the main text using the prefix MT. For example, equation
MT-1 refers to equation 1 in the main text.

For matrices we use bold-faced upper case letters, for vectors we use bold-faced lower case letters,
and for scalars we use regular lower case letters. For example, X represents a matrix, X represents
a vector, and x represents a scalar number. I, is the identity matrix of size n X n. e; is a vector
whose j-th element is non-zero and its other elements are zero. 1,,, n, is the all one matrix of size
ny X ng. When no confusion arises, we drop the subscripts. 1{z = y} is the indicator function
which is equal to one if = y, otherwise it is zero. ReLU(x) = max(z, 0). Tr(X) and X" represent
the trace and the transpose of the matrix X, respectively. ||x|l2 = x'x is the second norm of the
vector x. When no confusion arises, we drop the subscript. ||x||; is the I; norm of the vector x.
||IX]|| is the operator (spectral) norm of the matrix X. ||x||o is the number of non-zero elements
of the vector x. < x,y > is the inner product between vectors x and y. x 1 y indicates that
vectors x and y are orthogonal. 0 , is the angle between vectors x and y. N (p, T') is the Gaussian
distribution with mean p and the covariance I'. f[A] is a matrix where the function f(.) is applied
to its components, i.e., f[A](i,7) = f(A(4,7)). Al is the pseudo inverse of the matrix A. The
eigen decomposition of the matrix A € R™*" is denoted by A = >""" | A;(A)u;(A)u;(A)*, where
Ai(A) is the i-th largest eigenvalue of the matrix A corresponding to the eigenvector u;(A). We
have )\1(A) > )\Q(A) >

2 Related Work

To explain the success of neural networks, some references study their ability to approximate smooth
functions [1} 2] B 4. [5 [6} [7], while some other references focus on benefits of having more layers
[8L9]. Over-parameterized networks where the number of parameters are larger than the number of
training samples have been studied in [10} [I1]. However, such architectures can cause generalization
issues in practice [12].

References [T6]] have studied the convergence of the local search algorithms such as
gradient descent methods to the global optimum of the neural network optimization with zero hidden
neurons and a single output. In this case, the loss function of the neural network optimization has a
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Figure 1: Examples of (a) scalar PNN, and (b) degree-one PNN structures.

single local optimizer which is the same as the global optimum. However, for neural networks with
hidden neurons, the landscape of the loss function is more complicated than the case with no hidden
neurons.

Several work has studied the risk landscape of neural network optimizations for more complex
structures under various model assumptions [[17, 18}, {19} 20L 21 22 23] [24) 25| 26, 27]]. Reference
[L7] shows that in the linear neural network optimization, the population risk landscape does not
have any bad local optima. Reference [18] extends these results and provides necessary and sufficient
conditions for a critical point of the loss function to be a global minimum. Reference [19] shows
that for a two-layer neural network with leaky activation functions, the gradient descent method on a
modified loss function converges to a global optimizer of the modified loss function which can be
different from the original global optimum. Under an independent activations assumption, reference
[20] simplifies the loss function of a neural network optimization to a polynomial and shows that
local optimizers obtain approximately the same objective values as the global ones. This result has
been extended by reference [17] to show that all local minima are global minima in a nonlinear
network. However, the underlying assumption of having independent activations at neurons usually
are not satisfied in practice.

References [21} 22, 23] consider a two-layer neural network with Gaussian inputs under a matched
(realizable) model where the output is generated from a network with planted weights. Moreover,
they assume the number of neurons in the hidden layer is smaller than the dimension of inputs.
This critical assumption makes the loss function positive-definite in a small neighborhood near the
global optimum. Then, reference [23]] provides a tensor-based method to initialize the local search
algorithm in that neighborhood which guarantees its convergence to the global optimum. In our
problem formulation, the number of hidden neurons can be larger than the dimension of inputs as it is
often the case in practice. Moreover, we characterize risk landscapes for a certain family of neural
networks in all parameter regions, not just around the global optimizer. This can guide us towards
understanding the reason behind the success of local search methods in practice.

For a neural network with a single non-overlapping convolutional layer, reference [24] shows that
all local optimizers of the loss function are global optimizers as well. They also show that in the
overlapping case, the problem is NP-hard when inputs are not Gaussian. Moreover, reference [25]]
studies this problem with non-standard activation functions, while reference [26] considers the case
where the weights from the hidden layer to the output are close to the identity. Other related works
include improper learning models using kernel based approaches [28| 29] and a method of moments
estimator using tensor decomposition [27]].

3 PNN Examples Imposed by the Network Architecture

In some cases, the PNN constraint is imposed by the neural network architecture. For example,
consider the neural network depicted in Figure[T}a, which has a single input and k neurons. In this
network structure, w;’s are scalars. Thus, every realizable function with this neural network can
be realized using a PNN where £ includes a single line. We refer to this family of neural networks
as scalar PNNs. Another example of porcupine neural networks is depicted in Figure[I}b. In this
case, the neural network has multiple inputs and multiple neurons. Each neuron in this network is



connected to one input. Every realizable function with this neural network can be described using
a PNN whose lines are parallel to standard axes. We refer to this family of neural networks as
degree-one PNNs. Scalar PNNs are also degree-one PNNs. However, since their analysis is simpler,
we make such a distinction.

Below we characterize landscape properties of scalar and degree-one PNNs in the matched case.

3.1 Scalar PNNs

In this section, we consider a neural network structure with a single input and multiple neurons (i.e.,
d =1, k > 1). Such neural networks are PNNs with £ containing a single line. Thus, we refer to
them as scalar PNNs. An example of a scalar PNN is depicted in Figure [T}a. In this case, every
w; for 1 < ¢ < k is a single scalar. We refer to that element by w;. We assume w;’s are non-zero,
otherwise the neural network structure can be reduced to another structure with fewer neurons.

Theorem 1 The loss function MT-(3)) for a scalar PNN can be written as
WA k 2 L[ k 2
)= (3= Yo )+ (Sl Yol
i=1 i=1 i=1 i=1

(D

Since for a scalar PNN, the loss function L(W) can be written as sum of squared terms, we have the
following corollary:

Corollary 1 For a scalar PNN, W is the global optimizer of optimization MT-(6)) if and only if

k k
> wi=Ywy, 2
I’::l 7,21

D lwil = fwil.
i=1 i=1
Next, we characterize local optimizers of optimization MT-(6).

Let s(w;) be the sign variable of w;, i.e., s(w;) = 1 if w; > 0, otherwise s(w;) = —1. Let
s(W) £ (s(w1), ..., s(wg))!. Let R(s) denote the space of all W where s; = s(w;), i.e., R(s) £

Wi, ..., wg) : s(w;) = s;}.
Theorem 2 [If s(W*) # £1:

- In every region R(s) whose s # +1, optimization MT-(0)) only has global optimizers without
any bad local optimizers.

- Intwo regions R(1) and R(—1), optimization MT-(6) does not have global optimizers and
only has bad local optimizers.

If s(W*) = +1:

- In regions R(s) where s # +1 and in the region R(—s(W™)), optimization MT-(0) neither
has global nor bad local optimizers.

- In the region R(s(W*)), optimization MT-(6) only has global optimizers without any bad
local optimizers.

Theorem [Z] indicates that optimization MT-(6) can have bad local optimizers. However, this can occur
only in two parameter regions, out of 2¥ regions, which can be checked separately (Figure . Thus,
a variant of the gradient descent method which checks these cases separately converges to a global
optimizer.

Next, we characterize the Hessian of the loss function:
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Figure 2: For the scalar PNN, parameter regions where s(W) = +1 may include bad local optima.
In other regions, all local optima are global. This figure highlights regions where s(W) = £1 for a
scalar PNN with two neurons.
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Figure 3: The landscape of the loss function for a scalar PNN with two neurons. In panel (a), we
consider wi = 6 and w; = 4, while in panel (b), we have w} = 6 and w5 = —4. According to
Theoremm in the case of panel (a), the loss function does not have bad local optimizers, while in the
case of panel (b), it has bad local optimizers in regions R ((—1, —1)) and R ((1, 1)).

Theorem 3 For a scalar PNN, in every region R(s), the Hessian matrix of the loss function L(W')
is positive semidefinite, i.e., in every region R(s), the loss function is convex. In regions R(s) where
s # +1, the rank of the Hessian matrix is two, while in two regions R(+1), the rank of the Hessian
matrix is equal to one.

Finally, for a scalar PNN, we illustrate the landscape of the loss function with an example. Figure 3]
considers the case with a single input and two neurons (i.e., d = 1, k = 2). In Figure @a, we assume
w} = 6 and wj = 4. According to Theorem [2} only the region R ((1,1)) contains global optimizers
(all points in this region on the line wy + wo = 10 are global optimizers.). In Figure[B}b, we consider
w} = 6 and wj = —4. According to Theorem 2] regions R ((1,—1)) and R ((—1,1)) have global
optimizers, while regions R ((1,1)) and R ((—1, —1)) include bad local optimizers.

3.2 Degree-One PNNs

In this section, we consider a neural network structure with more than one input and multiple neurons
(d > 1 and k > 1) such that each neuron is connected to one input. Such neural networks are PNNs
whose lines are parallel to standard axes. Thus, we refer to them as degree-one PNNs.

Similar to the scalar PNN case, in the case of the degree-one PNN, every w; has one non-zero
element. We refer to that element by w;. Let G, be the set of neurons that are connected to the
variable z,, i.e., G, = {j : w;(r) # 0}. Therefore, we have G, U ... UGy = {1, ..., k}. Moreover,
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Figure 4: (a) An example of £ in a two-dimensional space such that angles between adjacent lines
are equal to one another. (b) The minimum eigenvalue of the matrix 1/[K ] for different values of r.

we assume G; # () for 1 <4 < d, i.e., there is at least one neuron connected to each input variable.
For every j € G,., we define the function g(.) such that g(j) = rlﬂ

Theorem 4 The loss function MT-(3)) for a degree-one PNN can be written as

k Kk
1 * (|2 1 *\1 *
L(W):Z”;Wi_ng’” +4(a—a")'Cla—q"), 3)
where
1 2 2
B 1 .. %
C=| ) R “4)
2 1

Since C is a positive definite matrix, we have the following corollary:

Corollary 2 W* is a global optimizer of optimization MT-(6) for a degree-one PNN if and only if

dwi=> wi, 1<r<d (5)

1€, i€G,
%=q;, 1<r<d

Next, we characterize local optimizers of optimization MT-(6)) for degree-one PNNs. The sign variable
assigned to the weight vector w is defined as the sign of its non-zero element, i.e., s(w;) = s(w;)
where w is the non-zero element of w;. Define R(s1,...,8q) as the space of W where s; is the sign
vector of weights w; connected to input z; (i.e., j € G;).

Theorem 5 For a degree-one PNN, in regions R(s1, ...,sq) where s; # +1 for 1 < i < d, every
local optimizer is a global optimizer. In other regions, we may have bad local optima.

In practice, if the gradient descent algorithm converges to a point in a region R(s, ...,sq) where
signs of weight vectors connected to an input are all ones or minus ones, that point may be a bad
local optimizer. Thus, one may re-initialize the gradient descent algorithm in such cases. We show
this effect through simulations in Section

4 Properties of the Kernel Function (.)

Example 1 Let £ = {Ly, Lo, ..., L,.} contain lines in R? such that angles between adjacent lines
are equal to 7 /r (Figure [d}a). Thus, we have A, (i, j) = m|i — j|/r for 1 < i,j < r. Figure[d}b

!These definitions match with definitions of G and g(.) for a general PNN.



shows the minimum eigenvalue of the matrix ¢[K ] for different values of r. As the number of
lines increases, the minimum eigenvalue of ¢)[K ;] decreases. However, for a finite value of r, the
minimum eigenvalue of ¥)[K ] is positive. This highlights why considering a discretized neural
network function (i.e., finite r) facilities characterizing the landscape of the loss function.

5 Number of Bad Parameter Regions of PNNs

Consider a two-layer PNN with d inputs, 7 lines and k hidden neurons. Suppose every line corresponds
to t = k/r input weight vectors. If we generate weight vectors uniformly at random over their
corresponding lines, for every 1 < ¢ < r, we have

Ps; = +1] =217, (6)

As t increases, this probability decreases exponentially. According to Theorem MT{2] to be in the
parameter region without bad locals, the event s; = +1 should occur for at most  — d of the lines.
Thus, if we uniformly pick a parameter region, the probability of selecting a region without bad locals
is

d—1
1— Z <:j) (1 _ 217t)i2(17t)(7“77;) (7)

i=1
which goes to one exponentially as » — oo.

In practice the number of lines 7 is much larger than the number of inputs d (i.e., r > d). Thus, the
condition of Theorem MT{2] which requires d out of r variables s; not to be equal to +1 is likely to
be satisfied if we initialize the local search algorithm randomly.

6 PNN Perturbation Analysis

In this section, we show that if U, is a perturbed version of U.-, the loss in global optima of
the mismatched PNN optimization MT-() is small. This shows a continuity property of the PNN
optimization with respect to line perturbations.

Lemma 1 Let K is defined as in MT-(13)) where v = r*. Let Z := U — U* be the perturbation
matrix. Assume that Apin (V¥ [Kz+]) > 0. If

| >

2v7||Z||p + 1|Z]|F <

then

o/l < (1+ 5 ) 12l + vz

7 The General PNN Approximation Error

In this section, we consider the case where the condition of Theorem MT4] does not hold, i.e., the
local search algorithm converges to a point in a bad parameter region where more than » — d of
s; variables are equal to 1. To simplify notation, we assume that the local search method has
converged to a region where all s; variables are equal to 1. The analysis extends naturally to other
cases as well.

Lets = (sq,...,s.). Let S be the diagonal matrix whose diagonal entries are equal to s, i.e.,
S = diag(s). Similar to the argument of Theorems MT{2|and MT{4] a necessary condition for a point
‘W to be a local optima of the PNN optimization is:

k k*
SUZ (Z Wi — wa> +Y[Kclg — Y[Kg c-]q" = 0. (8)
=1 =1



Under the condition of Theorem MT we have Zle w; — Zf;l w; = 0, which simplifies this
condition.

Using (8) in MT-(T2)), at local optima in bad parameter regions, we have
AL(W) = (q) ¢[K]/¢[Kclq" + 2" (T+ ULSy[K,]7'SUL) 2, ©)

where

k k*
z:=) w;— Y wi. (10)
=1 =1

The first term of (9) is similar to the PNN loss under the condition of Theorem MTH] The second
term is the price paid for converging to a point in a bad parameter region. In this section, we analyze
this term.

The second term of (O) depends on the norm of z. First, in the following lemma, we characterize z in
local optima.

Lemma 2 In the local optimum of the mismatched PNN optimization, we have

2 — — (ULSS'UL) " ULS [Q/J[Kl;] (SULULS + vK.]) | SULwo an

+ (VIKe] (SULUS + oK)~ 1) e clar .

where
P
AN *
Wo = E W, .
i=1

Replacing (TT)) in (9) gives us the loss function achieved at the local optimum. In order to simplify
the loss expression, without loss of generality, from now on we replace US with U (note that there is
essentially no difference between U .S and U as the columns of U S are the columns of U, with
adjusted orientations.). Moreover, to simplify the analysis of this section, we make the following
assumptions.

Assumption 1 Recall that we assume that all s; for 1 < ¢ < r are equal to =1. Our analysis extends
naturally to other cases. Moreover, we assume that wy = 0. This assumption has a negligible effect
on our estimate of the value of the loss function achieved in the local minimum in many cases. For
example, when w; are i.i.d. (0, (1/d)I) random vectors, w is a A (0, (r*/d)I) random vector
and therefore ||[wl||2 = ©(v/7*). On the other hand, ||q*||2 = ©(r*). Hence, in the case where r* is
large, the value of the loss function in the local minimum is controlled by the terms involving ||q* |3
in (@). Thus, we can ignore the terms involving wy in this regime. Finally, we assume that 1)[K ]
(and consequently UL U, + ¢[K]) is invertible.

Theorem 6 Under assumptions|l} in a local minimum of the mismatched PNN optimization, we have

L@ (KK o (12

L(W) = ;

where

~ K ULuU K. o
i) = [T TR0 e

The matrix ¢[K] has an extra term of U% U (i.e., the linear kernel) compared to the matrix 1[K].
The effect of this term is the price of converging to a local optimum in a bad region. In the following,
we analysis this effect in the asymptotic regime where r, d — oo while r/d is fixed.



Theorem 7 Consider the asymptotic case where r = vd, v* > d+ 1, v > 1l and r,r*,d — oo.
Assume that k* = r* underlying weight vectors w: € R® are chosen uniformly at random in R?

while the PNN is trained over r lines drawn uniformly at random in R, Under assumption|l| at
local optima, with probability 1 — 2 exp(—u?d), we have

1 2 r* 112
2wy < 5 (1= 2 va et ) 1ol
m r
where | > 1 is a constant.

Comparing asymptotic error bounds of Theorems MT{6| and [7, we observe that the extra PNN
approximation error because of the convergence to a local minimum at a bad parameter region is
reflected in the constant parameter p, which is negligible if 7* is significantly smaller than 7.

8 A Minimax Analysis of the Naive Nearest Line Approximation Approach

In this section, we show that every realizable function by a two-layer neural network (i.e., every
f € F) can be approximated arbitrarily closely using a function described by a two-layer PNN (i.e.,

f € Fr.g). We start by the following lemma on the continuity of the ReL U function on the weight
parameter:

Lemma 3 For the ReLU function ¢(.), we have the following property

¢ ((W1,%)) — & ((Wa, x))| < [[w1 — wall, [|X]|2-

Recall that u; is the unit norm vector over the line ;. Let U = {uj,us,...,u.} C R<. Denote the
setld~ = {—uy,—ug,...,—u,}.

Definition 1 For ¢ € [0,7/2], we call U an angular 6-net of W if for every w € W, there exists
u € UUU such that Oy~ < 0.

The following lemma indicates the size required for U/ to be an angular §-net of the unit Euclidean
sphere S~ 1.

Lemmad Let § € [0,7/2]. For the unit Euclidean sphere S™~1, there exists an angular -net U,
with

w12 )
2 V1 —cosd

The following is a corollary of the previous lemma.

Corollary 3 Consider a two-layer neural network with s-sparse weights (i.e., YV is the set of s-sparse
vectors.). In this case, using lemmad) U is an angular &-net of W with

=30 (14 s )

Furthermore, if we know the sparsity patterns of k neurons in the network (i.e., if we know the network
architecture), U is an angular -net of VW with

|L?|§k<1+ﬁ> .

In order to have a measure of how accurately a function in F can be approximated by a function in
Fr, we have the following definition:

Definition 2 Define R (F, Fr,g), the minimax risk of approximating a function in F by a function
in Fr g, as the following

R (Frg,F) :=max min E’f(x) — f(x) ,

(13)
FeF ferr g

where the expectation is over x ~ N (0,1).



The following theorem bounds this minimax risk where { is an angular J-net of W.

Theorem 8 Assume that for allw € W, |w|la < M. Let U be an angular 6-net of W. The minimax
risk of approximating a function in F with a function in F g defined in (13) can be written as

R(Frg,F) < kM+/2d(1 — cosd).

The following is a corollary of Theorem [§|and Corollary 3]

Corollary 4 Let F be the set of realizable functions by a two-layer neural network with s-sparse
weights. There exists a set L and a neuron-to-line mapping G such that

R(Frg, F) <9,

|£|<;(j> <1+2k;]\§\/8>

Further, if we know the sparsity patterns of k neurons in the network (i.e., the network architecture),

then
k 2wMVd\®
] < 5 (1 + f) .

and

o

9 More Details On Numerical Experiments

All experiments were implemented in Python 2.7 using the TensorFlow package. We numerically
simulate random PNNs in the mismatched case as described in Section MTf3 To enforce the PNN

architecture, we project gradients along the directions of PNN lines before updating the weights.
(0)

, _ as the initial set of d weights connecting hidden neuron ¢ to the
(T)

i

For example, if we consider w

need to lie on the same line as wgo). To guarantee this,
(0)

i

d inputs, then the final set of weights w
before applying gradient updates to w;, we first project them along w

For PNNs, we use 10 < k£ < 100 hidden neurons. For each value of k, we perform 25 trials of the
following:

1. Generate one set of true labels using a fully-connected two-layer network with d = 15
inputs and k£* = 20 hidden neurons. Generate 10,000 ground-truth training samples and
10,000 test samples using a set of randomly chosen weights.

2. Initialize k/2 random d-dimensional unit-norm weight vectors.

3. Assign each weight vector to two hidden neurons. For the first neuron, scale the vector by
a random number sampled uniformly between 0 and 1. For the second neuron, scale the
vector by a random number sampled uniformly between -1 and 0.

4. Train the network via stochastic gradient descent using batches of size 100, 100 training
epochs, no momentum, and a learning rate of 10~ which decays every epoch at a rate of
0.95 every 390 epochs.

5. Check to make sure that final weights lie along the same lines as initial weights. Ignore
results if this is not the case due to numerical errors.

6. Repeat steps 2-5 10 times. Return the normalized MSE (i.e., MSE normalized by the Lo
norm of y) in the test set over different initializations.

10 Proofs

10.1 Preliminary Lemmas

Lemma 5 Let x ~ N(0,I). We have

_Hw w i 9w w
E [1{wix > 0,wix > 0}xx'] = T 5 22T 4 5111(2 L 1)1\/I(W1,WQ), (14)
T T

10



where

M(wq, wo) 2 %(Wl,wg ( — cos (fWI,Wz) 1 ) ) (Wi, w2)t.

sin (GWI’W2 — CO8 (9W17W2

[wa|

Note that M(w1, wa)w; = ¥y, M(wy, wo)wy = el

w2l

vector v L span(wq, wa).

Lemma 6 Let z ~ N(0,1). We have

1+ s(wi)s(wy)

E [1{wiz > 0,wsz > 0}2°] = 1

Lemma 7 Consider

B A A+ A,
AT+ AL A+ Ay T
Asllz < o9 and Ayin (A) > 0. Then

M

where ||A1||2 < o1,

2
g
[M/All2 < 71 + 201 + 0s.

Proof 1 Note that
M/A=A+A,— (A—I—Ali)A_1 (A4 A)
=A+A—A-Al A -AIATIA
=A, - Al —A -ATATIAL
Hence,
IM/All2 = [[Ay — A] — A — ATATTA 2

AL AT 2| A2 + 2| Avl2 + | Azl
2

§%+201+02-

IN

Lemma 8 Suppose A\yin(A) > ¢ > 0 for some c. Then, for sufficiently small | A||, we have
(A+A) 1T —AT=ATAA!
where ||A|| < 2||Al.

Proof 2 From [30], we have
(A+A) '=A"T-ATTAT+AIA)TTATL
Let
A= -AT+ATA)L
Thus, we have

1A < AT+ A~ A)7
1

= Al

Al T aTa)

Moreover, if | A|| < ¢/2, we have
Min(T+ATTA) > 1 - |[ATA]|

Al 1
- )\mm(A) =2

Using and @), for | A|| < ¢/2, we have ||A|| < 2||A|. This completes the proof.

11

15)

w1, and M(wy, wo)v = 0 for every

(16)

a7

(18)

(19)

(20)

21

(22)



Lemma9 Let A = o1, + 511,,. Then

A = oI, + Bol,, (23)
where
1
Qg = — (24)
aq
By — —f

af + afin’

10.2 Proof of Theorem [

In this case, we can re-write L(W) as follows:

k k 2
L(W)=E (Z H{w;x > 0wz — Z 1H{wizx > O}w;‘x> (25)

=1 =1

[/ & 2 k 2
=E (Z H{w;z > 0}w1x> +E (Z H{wiz > O}wfx)

=1 i=1

—-E Zl{w1x>0 wiz > 0 ww;z?
@7
The first term of (23)) can be simpliﬁed as follows:

L 2
(Z 1{w;z > 0}w2x> _1 Z + = Zw wj (s w;) +1) (26)
i=1

1757

k
Zw —|—wa] le stlw —|—Z s(w;)s(wj)wiw;
=1

i#£] i#£]
2 2

1 (& 1 (&

where the first step follows from Lemmal[6] The second term of (23)) can be simplified similarly. The
third term of (23)) can be re-written as

E Zl{wzx>0wx>0}ww*2 :wal )+1) 27

2]
= sz w; + - ZS(wz)s(wj*)wlw;k . (28)
]
Substituting (26) and (27) in (23)), we have
2

k k
i sz Zwi*)Q - (Z w;wy) (29)
i=1 ij

i=1

k k
O s(wi)w)? + (Zs(w;)w;)z — (> s(wi)s(w))wsw?)

i=1 i,
A k 2 WA k 2
=1 (Zwi - sz> t1 (Zs(wi)wi - ZS(@)W) : (30)
=1 =1 i=1 1

Therefore, L(W) = 0 if and only if 37 w; = Y0 w? and Y5 s(wi)w; = S0, s(w!)w}.
This completes the proof.
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10.3 Proof of Theorem 2]
First, we characterize the gradient of the loss function with respect to w;:
k k

Vuw; L(W) =2E l(Z 1{w;x > 0}w;z — Z H{w;z > O}w;*:v> (H{wjz > O}m)] 31)

=1 i=1

k
walw] (1 + s(w;)s(wy)) Zw w; (14 s(w])s(wy))

k k k
:;<2w—2w> wJ <Z (i) w; ;s ) (32)

where the first step follows from Lemmal6 A necessary condition to have W as a local optimizer is
Vw, L(w) = 0 for every j.

Consider a region R(s) where s # £1. Thus, there are two indices j; and j, such that s(w;,) > 0
and s(wj,) < 0. To have a local optimizer in this region, we need to have

k k
<Zwl Zw)—i—swh (stl w; Zs(wf)wf)zo, (33)

i=1 i=1

k
<Z w; — Zw ) + s(wj,) (Z s(w;)w; — Zs(w:‘)w:‘

i=1 i=1

ol
~_—
Il
e

Summing these two equations leads to the following conditions:

wi — Y wi =0, (34)

On the other hand, Theoremindicates that if W satisfies these conditions, its loss value is equal to
zero. Thus, such local optimizers are global optimizers. In regions R(£1), to have v/, L(W) = 0

for every 7, we only need to have the condition Zi;l w; — Ele w; = 0. In this case, if s(W*) #
41, we will have bad local optimizers. This completes the proof.

10.4 Proof of Theorem[3

Forevery 1 < 1,5 < k, we have

s(wi)s(w;)

: (35)

vii_’ij(W) = 2E[1{w;z > 0,w;z > 0}2?] =
Let H be the Hessian matrix where H(i, j) = vai’wj L(W). Thus, in the region R(s), we have

1 1
H = 51 + isst. (36)

Note that H is positive semidefinite and its rank is equal to two except when s = %1 in which case
its rank is equal to one.

13



10.5 Proof of Theorem[

We can re-write L(W) as follows:

k k 2
L(W)=E (Z 1{wix > 0}wix — Z 1{(w})tx > 0}(w})* ) (37)
. k 2 k 2
=K (Z 1{w§x>0}w§x> +E (Z 1{(w})'x > 0}(w})* >

—2E | > 1{wix >0, (w])'x > 0}(wix)((w})'x)

J
%,
The first term can be re-written as

k 2 k
1 1
E (Z Hwix > 0}fo> =3 wa + 1 Z (wiw; + |wg||[w;]) (38)
; i=1

i=1 i#£]
9(9)=g(4)
1
t5m > il
i,j
g(1)#39(5)

where the first step follows from Lemma[5] A similar equation can be written for the second term of
(37). The third term of (37) can be re-written as

1
—2E Z Hwix >0, (w ) x > 0}(wix) ((w;)tx) =-3 Z (wlw;‘ + \wsz;D (39)
" 0(i)9(5)
1 *
- 2; |wi|w}]
9(1)#90)

Substituting (38) and (39) in (37) we have

2 d
4L(W):Z<Zwi—w;‘> +Y (g —aqp)? iZ(qr—qi)(qt—qZ‘)- (40)

€@y r#t
This completes the proof.

10.6 Proof of Theorem[3]

First, we characterize the gradient of the loss function with respect to w;

k k
Vw, L(W) = 2E l(l{wﬁ-x > 0}x) <Z Hwix > 0}wix — Z {(wi)lx > O}(wf)%c)]
i=1 i=1
41
1 1 2||w|
= (14 s(w;)s(w;)) w; + = (Wi—i— <
S wity 2 oy ™
9(1)=g(4) 9()#9()
1 . L1 ] || il o
i i Wi
9(i)=9(7) g(i)#9(5)

k
1 . s(wjy) . 2 .
D) (sz - Wi) + 2; (995) — 2y()) + p Z (@ —ay) | eg(h)
i=1

r#g(j)
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where the first step follows from Lemmal[5} A necessary condition to have W as a local optimizer of
optimization MT-(6) is that the projection gradient is zero for every j, i.e., < Vw,; L(W),eq;) >=0
for every j.

Under the condition of Theorem for every 1 < r < d, there exists j; # jo € G, such that
s(wj,)s(w,,) = —1. Thus, summing up for j; and jo, we have

k
el <Z w; — wf) =0. (42)
i=1

Since this is true for every 1 < r < d, we have Z’;:l w; — w} = 0. The second term of @ I) is a
vector with a non-zero element at its g(j) component. Having the first term of (@1)) equal to zero, the
second term should be zero in local optimizers. This leads to the set of equations

Clgq—q")=0 (43)

where C is defined in (@). On the other hand, using Theorem [4] having these conditions lead to
L(W) = 0. In other words, under the conditions of Theorem [5| every local optimizer is a global
optimizer for a one-degree PNN. This completes the proof.

10.7 Proof of Theorem MTI]

First, we decompose L(W) to three terms similar to (37). Then the first term can be re-written as
follows:

i 2
E (Z Hwix > 0}wfx> (44)

i=1

k r
1 1+ s(w;)s(w;)

=32 Iwill+ 30 Y i |
i=1 I=1 i#j
,7€G;
Y 5 (Lt ol D2 B ) |
? J

Py zeer 2T

Jjegy

. 1+ s( wZ (w;)
fZ||wz||2+Z S SRR s |
=1 i#j
1]'5391
1 T ™ .
+ 5o D (stwistwy) cos(Ac (1) (5 = (Ac(tl) = ) s(wi)s(w,) ) +sin(Ac (1)) ) 1wl [w; |

£l i€G

g,
1
= Zuwzu2+2<w,,wg > +3 ZHWZHMZAL () lIwilllw; |

1#] i#£]

where the first step follows from Lemmal5] and in the second step, we use
™ m
O, w; = 5+ (ag(iy,gj) — §)s(wl)s(w]) 45)
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A similar argument can be mentioned for the second term of (37). The third term of (37)) can be
re-written as

98 | 3 1{whx > 0, (w!)'x > 0} (wx) ((w)" :—fzz L+ s(wi)s(wi)lIwil [

]

1]691
(46)
+30N <wiwi > AL will[w
1A i€q
JEG
1 * y 1 *
=LY < >+ AL gD Il |
2,3

where we use Lemma [5]and equation (37). Substituting @#4) and (46) in completes the proof.

10.8 Proof of Lemma MTI]

Note that the matrix K = cos[A ] is a covariance matrix and thus is positive semidefinite. For the
function ¢(.) defined as in MT-(8), we have

I 9 0, if j is odd

, 47
Ox? {%HJM, if j is even @7
Thus, for every 7 > 1, we have 2 3
proof.

10.9 Proof of Theorem MT{2l

We characterize the gradient of the loss function with respect to w:

Vw,; L(w) = 2E

k k
(1{wlx > 0}x) (Z {wix > 0}wix — > 1{(w))'x > 0}(w;)tx>]

i=1 i=1

(48)

- r Z T — Ow, w, It sin(9wi,wj)M( )
B . 2T 2 Wi Wj) ) Wi

™ — Gw:,wj sin(@w;,w].) % «
_ ( o I+ o M(WZ«,WJ‘)> wi>
i \ - (/2 = A, 9(G))(Iwill = lwil)
D j<wi—wi>+s(wj><§:§: - u

1=11€G;

L sin(Ac(lg(@)))(Iwill = [iw; ||>ug(l)>

2

where the first step follows from Lemma([5] and in the second step, we use (@3).
A necessary condition to have W as a local optimizer is that the projected gradient is zero for every
j,ie., u;(j) Vw,; L(W) = 0 for every j. Under the conditions of Theorem MTver d distinct

lines, there exists j1 # j2 € G, such that s(w;, )s(w;,) = —1. Thus, summing up (4
we have

) for j; and 7o,

k
u’, (ZwZ wf) =0. (49)
i=1
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Since this is true for d distinct and thus linearly independent lines, we have >, w;, — w; = 0.
Therefore, the inner product of the second term of (@8) with u,;) should be zero in local optimizers.
This leads to the following equation:

r l
D> UKL Gg() (wall = w7 l) = D~ ¢Kel (L 9(5) (@ — a7) = 0. (50)

k=1i€G;

Since this should hold for every j, a necessary condition for W' to be a local optimizer is ¥[K.](q —
q*) = 0. On the other hand, using Theorem MT{I] such conditions lead to having L(W) = 0.
Therefore, such local optimizers are global optimizers. This completes the proof.

10.10 Proof of Theorem MT3|

The proof is similar to the one of Theorem MT{I]

10.11 Proof of Theorem MTH4|

A necessary condition for a point to be a local optimizer is that u? 0() Vw; L(W) = 0 for every
Jj. Similarly to the proof of Theorem MT{2] under the condition of Theorem MTH] we have
Zle w; — Zf:l w = 0. This leads to the following equation in local optimizers:

V[Kclg = ¢[Keco]q" (51
Replacing this equation in the loss function completes the proof.

10.12 Proof of Lemma(T]

To simplify notations, define
Dy D12:|
D =¢[K] = =0
vIKl {Dﬁz Do —

Note that since ¢(.) has Lipschitz constant L < 1, we have

(D22 = D11)5| <

((U*)tU* - UtU)

ij
~[(U+2)(U+2)-UV) | = |(U'Z+2'U +2'2),,
<ULl 1251l + 10 sl 1Z0illy + 1120l 125,

<NZilly + 12 all, + 12201, 12
where the last step follows from the fact that |U ;|| = 1. Hence,
D22 = Duilly < Doz — Dullp < 2v7||1Zl F + | Z] 7. (52)
Similarly,
(D12 -~ Du),| < |[(U'U* - U'D),,
:‘UfU+z u'u), | =|(u'z)
< Uil 1251, < 11255 -
Thus,
[Di2 — Dii|l, < D12 — Dullp < VrIZ| £ (53)
Further, note that using (52),
)
Amin(D11) > Amin(D22) — [|Das — D11y > 6 — 27| Z|| F — ||Z]7 > > (54
under the assumptions of the Lemma. Hence, combining (52)), (33), (54), using Lemma[7} we have
2|Diz — Dif;
/Dy < P2 =Pl 4o, by, + D2 - Dy,

1)
< (1+ ) 12113 + 47| Z] -

A

17



10.13 Proof of Theorem MT.3|

To simplify notations, we define

1z 22 g &
D =¢[Kuew] =0 zi K; Kgg- =1 ¢ Diui Dy
z} KtL,L* K- G2 Dﬁz Dy;

and

R; = Dy, — D{,D'Dyy

_ 1 Cf]
R2_D/[C1 Dy’

Note that since D is positive semidefinite (Lemma MT{I), we have

1 Cf]
{Q D =0

Hence
1 t
L1 Iij /D11 =1-(G.Dy'¢) = 0.
We have
Bl t 11 t
Ry=Dn—[G: D] | Dﬂ [D%‘J
I -1 -1 tTy—1 —1 -1 +
— D — Dt (1= (¢, D7Cr)) (D7 (1= (¢, D)) [ ¢ }
nole Pl (1-(¢.DRG) (Du - Gi¢h ™! Dy
=Dy — [@ Dﬁz] - (1 N <C1’D1_11<1>)71 (Cf - (fDl_lle) 1
|- (1- (6. DR'G)) " DG+ (D — Gi¢f) ' Do

_ -1 _ _ -1

=Do + (1 - (¢, D1'¢1))  [=¢2Cs + (D' D1s + D1,DY G1¢5] — Dy (D11 — Gi¢f) Daa.

Using the Sherman-Morisson formula, we have
-1 _ _ -1 _ _
(D —Gi¢)™ =D+ (1- (G, Di'¢)) DGy
Hence,
_ _ -1 _ _ _ _
Ry = Dy — DD Dig — (1= (1, D1'Gr))  [G2€5 — ¢iDyy' Diz — DL,D1 G1¢S + D1,Dy G1¢(7 D7 Do
_ —1 _ _ t
=R - (1-(G,D'a)) " [(¢: ~ DLDG) (G - DLDG)'|
=Ry — avv!

where o > 0, v are defined in the theorem. Hence, R1 > Ry and ||R1]|2 > ||Rz/||2. This completes
the proof.

10.14 Proof of Theorem MT4

To simplify notations, define

Dy Du}
D=9y[K|= = 0.
VK] [Dﬁz Dao| —
Moreover, let
R R
R — [ tll 12] ’
Ri; Ra2
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where
Rll = aIrl + ﬁlrl (55)
Ro = ol,, + A1,
R12 = Blrl XT29

such that
2
a=1-——
T
2 1
8= ; + ﬁ
Let
Aqy Alz]
A=D-R= .
[A’iz Ao

Note that to simplify notations, we make the dependency of these matrices to d, r; and r, implicit.
Using Theorem 2.1 of reference [32], under the assumptions of the theorem, as d, r; — oo, we have
[[A11]] = 0, ||Azz|| = 0and ||A;2]] — 0 in probability. Moreover, we have

D/D;; = Dy, — D{,D' D1y (56)
= (Ra2 + Ag) — (Ri2 + Alz)t(Ru + All)il(Rw + Aqo).
Since Apin(R11) = 1 — 2/7, using Lemma we have
R +An) =R +RALR, (57)

where || A|| — 0 in probability. Using this equation in (56), we have

D/Dy, =7, + Z, (58)
where
Z, =Ry, — RL,R{'Ryp (59)
and
Zo=Ag — ALR'R — ALRTA (60)

— ALR;ALR R — AR AR Ar
~RpR Az — RR AR R — RRT AR A,
First, we show that as d, 71 — 00, || Z2|| — 0 in probability. Note that using Lemmal9] we have

1 B

Rl=-I, ——"—1,. 61
11 « T1 0[2 +Olﬂ'f'1 T1 ( )
Therefore, we have
1 1
1r2><r1R11 = mlmxrl- (62)
Thus, we have
ILrxn Ry <@ (63)
for sufficiently large ;. Similarly, we have
IR < e, (64)

for sufficiently large 1. Using (63) and (64) in (60), it is straightforward to show that as d, r; — oo,
||Z2]| — 0 in probability.
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Next, we characterize ||Z1||. We have

Zl == 05:[7"2 + /817"2 - Berzxrl Rl_lllrl XTo (65)
ap
= al, 1,,.
(6% T2 + a—’—ﬁ’rl T2
Therefore, we have
Bra

Z|| = 1 66
|| 1H Oé(+a+5r1 ( )

2 -2
=(1-2)(1+(1-—"== 2

T Y+m—2+2r1 ) m

2

s 1

as 1 — oo. This completes the proof.

10.15 Proof of Proposition MT{I]

Since q* is a vector in R” whose components are non-negative, we can write

. lla’lh
q =

*

1o x1 + 43, (67)

where g3 is orthogonal to the vector 1, ;. Therefore, we have

1, < 1
LW =0) = | > owil?+ i (@) Y[K,-]q* (68)
=1

2 1

@) (0-2 4 s D)o

e

2 1
1-2 * (12 - * (12
(1= el + ol

Y

1 * (|12
HIN
where the first step follows from Theorem MT{3] the second step follows from (69), the third step

follows from (67)) and the fact that d — oo, and the last step follows from the fact that ||g*||; > ||q*||-
Using (68) in Theorem MT{6|completes the proof.

10.16 Proof of Lemma/[2]

To simplify notations, define

D = y[K] = [D“ D”} -0

Di, Dy
We also use U instead of U.

Let wj =37, o Cjwifu, [Willand w; =37, 0o [will. Thus, we have
Wj+ — W; = 5;q;.
Hence,
k r i
Dowi=) (wf —w;)u =3 sigu;=USq
i=1 =1 =1

Therefore, equation (§) implies that
SU' (USq — wo) + D11q — D12q* = 0.
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Thus,
q = (SU'US + Dyy)" (SU'wo + D1aq”)
and
—SU'z = Dy1q — D12q*
=Dy (SU'US + Dyy)' SU'w + (Dy; (SU'US + Dyy)' ~ ) Diag™
Thus,
2=~ (USS'U') "' US Dy (SU'US + Diy) ' SU'wy + (Dyy (SU'US + Dyy)' ~ 1) Diza’|

10.17 Proof of Theorem 6]

To simplify notations, define

D = y[K] = [D“ D”} -0

Dﬁz Doy
We also use U instead of U,.
Under assumptions|[T} simplifies to
2=~ (UU) "' UDy; (D1 (U'U+Dy) ™'~ 1) Diogr™
Using the Woodbury matrix identity,
(D1, +U'U) ' =D} - D;'U (1+ UD;'UY) ' UD;}.
Hence,
z= (1+UD;'U")” UD;/!'Dyaq”.
Therefore,
(2, (1+UD}'U") ) = (q", D}, D' U" (I+ UD;/U") " UD;/Dyoq’ ).
Replacing this in (9, we get
L(W) = i <q*, <D22 - D§2D1_11/2 (I - D1_11/2Ut (I+ UDfllUt)_l UDﬁl) D1_11/2D12) q*> .
Note that we can write
Dy; — DY,D;;/? (1 -D;/*U 1+ UD;UY) ! UD;ll) D;/*Di, =D/Dyy,

where

o- o b

Dii =Dy (1- D /*U* (1+ UDj U UD;f)_1 D!/2.
Using the Woodbury matrix identity one more time leads to

_ -1
(1-p;*u 1+ UD;UY) ' UDL)  =1-D; /U’ (-1 - UD; U + UDY, UY) UD, 2

=1+Dy,/*UtUuD;/%
Thus,
5 t ~ |D;; +U'U Dy,
D,; =D;; +U0'U, D= { D, Do, |
and

1 -
L(W) = 1 <Cl*7 (D/D22) q*> :
This completes the proof.

21



10.18 Proof of Theorem[7]

To simplify notations, we use U instead of the U .. Moreover, we define

Dy D12}

w [K} = |:Dt12 D22

and

~ ~ D;; +U'U D
D, =D,; +U'U, D=|"!" e
11 11+ ) { D, Doy

Moreover, let

R R
R — { 21 12] ’
Ri; Ra
where
R11 = OéITl + Blrl + UtU (69)
Rgp = aIrg + ﬂlrg
R12 = B]-Tlxrgv
such that
2
a=1——
T
2 1
8= p + 7
Let
~ Aqy A12]
A=R-D= .
[A§2 Ao

Using the result of Theorem[6] we have
1 * ™ * 1 ™ *
L(W)= 1 <q ) (D/DQQ) q > < 1 H(D/D22>H2 la* 5

Similar to the proof of Theorem MT@ the A matrix and the 1/d term of 3 have negligible effects in
the asymptotic regime. Hence, it is sufficient to bound ||R/R1||,. We have

R/Rii = (81, + ol,,) — 52 (B1,, + oL, + U'U) " 1,4, (70)
Note that if u € R™ where ||ul| = 1 and < u,1 >= 0, we have
(R/Ry1)u=au (71)
which leads to [|(R/Rq1)u|| = @ and < u, (R/Rj1u) >= a. Moreover, we have
Jm (1 (R/Ra)D) = Jim - (L, (R/Ri) )

Using the Woodbury matrix identity and Lemma[9] we have

2 -1 2 -1
(1“ +ol,, + UtU> - ( + th) (73)
s ™

2 -t 2 -1 N 79 -
- < + aIrl) U’ <I+ U <1T1 + aITl) Ut> U < + aIm)
T i i

= 11 2 1
o a(ra+2r) "

1 2 1 2 (1
(21, - —= 4, \U'(14+U(-1, - —% 1. |U*) U(-I, - —2
(a Yoa(ra+2rq) 1) <+ <a Yoa(ra+2rq) 1) ) (a Y alma+ 2r)
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Letting

1 2 -1
A=U'(1I+U(-I, -—F——1, |U") U 74
( + (a 'oa(ra+2rq) 1) ) ’ 4
we have
4 2 -t 4 - 1
—1, -1, I U'u 1 == 1,, — 1,,A)1,, |.
71'2 2 X T (ﬂ' 1 +a T1 + ) T1XT2 7T2 <2/7T7"1 T T2 (2/7‘("]"1 +Oé)2 < 1 > 7“2)
(75)
Therefore, using (70), we have
1 2’/“2 (4/7T2)7“17“2 (4/71'2) <1r 71A> T2
—(1,R/Ry1) = — - 2 76
r2< R/Ra) s o 2/7mr1 + « (2r1/m + «)? (76)
Therefore, we have
. 1 )
lim —(1,R/Ru) = a+ (1,,,A) 5. (77)

d—o0 T9 1
On the other hand, since the matrix 1/al — 2/(a(ma + 2r1))1,, is positive semidefinite, we have
(1,,,A) <(1,,,U'U) = |UL,, | (78)

Since columns of U are randomly generated (e.g., using a Gaussian distribution), we have ||U|| <
1+ /7 + p with probability 1 — 2 exp(—p?d). Thus, [[U1||? < 7(1 4 /4 + p)? with probability
1 — 2 exp(—u>d). Thus, with high probability,

2

1 2 T
lim —(1LLR/Ri1)<1—=+(1 222, 79
dggor2< /Ri1) S1——+ (147 +p) o (79)
This along with (71]) lead to
2 T
IR/Rarf| < 1= 24 (14 7+ ) 2 (80)

with probability 1 — 2 exp(—pu2d). Replacing this in completes the proof.

10.19 Proof of Lemma[3
We consider four different cases for signs of (w1, x), (wa, x).

1. (w1,x) <0, (wa,x) < 0: In this case, ¢ ((w1,x)) = ¢ ((wa,x)) = 0. Hence, the lemma
statement is trivial.

2. {(wy,x) >0, (wg,x) > 0: We have
¢ ((w1,%x)) — ¢ ({(W2, %)) = (W1, %) — (W2, %) = (W1 — W2, %) < [[w1 — wall, [[x]2.
3. (wy,x) >0, (wa,x) < 0: In this case we have
¢ ((w1,x)) — ¢ ((Wa, X)) = (W1, X) = (W1 = W2, X) + (W2, X) < (W1 — W2, X) < [[wy — waly [[x]]2.

4. (wq,x) <0, (wa,x) > 0: After switching the roles of w1, wo, the proof is the same as it
was in case (3).

Therefore, the lemma statement holds in all four cases for signs of (w1, x), (wg,x). This completes
the proof.

10.20 Proof of Lemma[d]

We use the result of Lemma 5.2 in [33]]. Let |I/| be an e-net of H™~!, an arbitrary unit hemisphere in
n-dimensions, where

€=vV2—2cosd.
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Using Lemma 5.2 in [33]],
n
1 2
w<tlie 2 )
2 V1 —cosd

Now we show that I/ is an angular §-net of S”~!. Let v € R" be an arbitrary vector in S"~*. Note
that I/ UU ™ is an e-net for the unit sphere S™—1 Hence, there exists a vector u € U U, such that

[u—v|2<e =2—2cosé. (81)
Thus,
[ull3 + [[v]3 = 2[lufl|v] cos fuy = 2 — 208 Oy v < 2 — 2cosd.
Therefore,
cos Oy,v > cosd = Oy v < 0.

Hence, for every vector v € S7~1 there exists u € U UU~, such that

eu,v < d.
This completes the proof.
10.21 Proof of Theorem|§]
Let f*(x) = h(x;wj,ws,...,w}), for a set of weights w} € W, be an arbitrary member of F.

Since U is an angular d-net of W, fori = 1,2, ...k, we can take u; € U/ UU~ such that Oa, wr < 0.
Fori=1,2,...,k, take w; € Wy, as

Wl
1T ~ (
[[ai]
Note that we have
Iw; = Will3 = w13 + IW3ll3 — 2[[ %3]l 2w} |2 cos Og, w;
= 2|/ w;[|3(1 — cos O, w;) < 2[|w[I3(1 — cos ). (82)
Taking f(x) = h(x; W1, Wa, ..., W) € Fr, we have

min E | f(x) —f(X)‘ <E[f(x) = f(x)| < E[h(x;wi, W5, ..., wi) = h(x; W1, Wa, ..., W)
feFe

<E

k
Z<z><<w;:x>> —Z¢(<v~vi,x>)

k
< EZ|¢(<W?»X>) — ¢ (Wi, x))|.

Using Lemmal[3] we get
K k k
frggl Elf(x) - f(x)‘ < <Z lwi — V~Vi2> Elx|2 = V) [lw; — Wil
£ i=1 i=1

Hence, by

k
min E ‘f(x) - f(x)‘ < V2d(1 —cos8) > [lwill2 < kM \/2d(1 —cosd).  (83)
=1

feFe

Thus,

R (Fz,F) = max min E’f(x) - f(x)’ < kM~+/2d(1 — cosd).

feF fe]:v
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