Appendix

A Computation of Stochastic Gradients for P-ABC

In this section, we introduce the computation of stochastic gradients under the representations
specified in Section 2. In practice, the stochastic gradients are often computed using a mini-batch
of samples. To avoid further introduction of new notations, we specify the computation of the full

gradients for d ~ which easily yields the form of stochastic gradients by substituting the empirical
expectations over the entire set of N samples with the empirical expectations over the minibatch

samples, or (0, Yk, 5;6) in the k-th iteration for Algorithm 1 when the minibatch size is 1.

We note that for any ¢ € P such that the integral can be interchanged with the gradient operator,
VEqf(X)] = Ef[f(X)V1ogg(X)]. This allows us to take gradient with respect to ¢ and use
stochastic gradients for (9) assuming that a set of synthetic samples {6;}¥ | can be drawn from q(6|y)
given {y; }}L;.

Gaussian mixtures. Denote the coefficient vectors for ¢(]y) and u(6, y) in (7) and (8) as ¢(%) and

c(®). Then, the gradients of ® (g, u) with respect to ¢(]y) and u(6, y) reduce to its gradients with
respect to ¢(@) and c¢(*):

VC(Q)Q(ekl/)
‘1

Ve ®n = —Eyp(y) § Bong(ory) :

V. @a(0ly)

& B dv” (u(0, y))

vc(u)(/l\)]\r = Ep(y|9)7f(0) [N(N(“)7 Z(“); (6’ y))] — Eq(g|y)p(y) |: du(@ y) . ,/\/—(H(“)7 Z(U); (0, y)) .

where V' (), £(%): (4, )) denotes a vector containing the values of Gaussian probability density
functions whose means are specified in (7) and evaluated at (6, y), while

m syl - ex , T. C(-q) . . ex ’ T C(-q)
Viwally) =) Lig)-expllly ] ¢7) - 2 p([i v'l-¢")
, i=1 (Z;”:l exp([1,57] .C;q))>

Reparametrization. Consider the reparametrization = f(y, &) for 8 ~ p(0|y). The gradients of
D (f,u) in (9) can be computed from the chain rule:

~ ~ dv* ,€), 0 ,€);
vf(I)N = _E(yvf)NP(y)po(g) { Vdi?Z;{zgiyff’)yg)J)) ’ u((al];c((yy’?) y) : vff(yv f)} )

~ -~ e d * b) b
Vu®n = E(g,y)~py10)m(0) Vute(0,Y) — Eqy6)~p(m)po(6) Vdi?}{g%g)f,)y?)) -Vu(f (%5)7@/)} :

.N(M§4)7Z(q);9)_

When F and U are RKHSs, we have Vf(y,&) = Kr((y,§),-) and V,u(8,y) = Ku((0,y),")
with K r and K3, being the reproducing kernels of F and U, respectively, while ITr and II;; denote
the projections onto F and /. When f and u are represented by neural networks, V and V,, are the
gradients with respect to the coefficients representing those neural networks, which can be efficiently
calculated through back propagation.

B Proof of Theorem 1

In this proof, we find the concentration bound for the statistical error for (4), which is defined as

en = Du(pyl0)m(0), an (0ly)p(y)) — Do (p(yl0)7(0), 4" (0y)p(y)),

where ¢x (0|y) is the distribution that optimizes (9) (for reparametrization ¢} (6]y) is the distribution
induced by the optimal empirical solution f% € F with N samples in (4)), and ¢*(6]y) is the solution
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to (4). Let u := argmax, o, P(fx .
= (p *

€y = max (ans

= ®(qy, u) — (¢", u) + (¢*, u) — P(¢", u")

< O(qy,u) — P(¢",u) <2 sup |Pn(q,u) — P(q,u)|
qEP ,ucl

u), we can bound the learning error ey by
) —max &(¢", u) = (g, ) - (g, w7)

In the following, we provide a high probability upper bound for sup,, ,, 1D (g, u) — D(q,u)l.

B.1 Technical Lemmas

The concentration bound requires Lemma 5 in Antos et al. [2008]:

Lemma 1 (Lemma 5 [Antos et al., 2008]). Suppose that Z;,...,Zy € Z is a sequence that is
stationary and S-mixing, and G is a class of bounded functions, then

N
1
P sup|—= 9(Z;) —Elg(Z
<g€g N L 9(%) ~Elo()
+2mnBry+1

where Z/ is the ghost™ sample that mirrors Z;, N'(¢/8,G, (Z!;i € H)) is the covering number for
G,and H = U;":f\iHi is the union of blocks in the sampling path.

. —Ne?
> a) <16E [N (¢/8,G,(Z;;i € H))] exp (25602> *

The covering number in the above lemma can be bounded using the following result:

Lemma 2 (Corollary 3 [Haussler, 1995]). For any set X, and x4, ..., z, € X, assume F of functions
on X are bounded within [0, C] with pseudo-dimension Dz < co. Then, for any ¢,

Dx
N F o) < elDr +1) (25)

where e is the Euler’s number.

With the above two lemmas, we are ready to prove the theorem.

B.2 Learning Error

For any sample (60,y), let ¢(q,u) = u(0,y) — Egq(ojy) [ (u(0, y))|y]. Then, the objective function
in (4) can be written as ®(q [#(q,w)], where the expectation is with respect to the joint
distribution of (0, y) ~ p(y|0
y)| < Cu, 6 the Fenchel dual in (4) can be bounded. In particular, we
u) = sup,e(—c, . (W, u) —v(u') < C,, 7 and hence

#(q,u) < Cp + Cy.
Invoking Lemma 1, in which we let G = P x U, we have

By assumption, since |u(6,
denote the upper bound as v*

P ( sup “EW((LU) - @(q,u)‘ > 6) <2mpyBry+1+
(qu)ePxU

+16E [N (£ P x U ((6i,y).i € H) ) | exp (%) '

Next, invoking Lemma 2 and by assumption, ® we have

N 4eC\ P —mye
P ‘(I) ,u) — (g, ‘> < 16e(D +1 <) (>+
((q,us)lelgxu ~n(g,u) (q,u) €> < 16¢( ) € xXp 128(C, + Cy,)?

+2mpyBry+1-

%Imagine Gaussian mixture representation with bounded coefficients, or neural networks whose last layer of
activation is a bounded function, such as the hyperbolic tangent or the sigmoid function, amplified by a constant
C, such that [u(6,y)| < C..

"For example, for x?-divergence, we have C,, = C2 + C,,.

8For transportation reparametrization with neural networks, it is known that when the neural network is feed
forward and piecewise linear, there exists upper bounds for its pseudo dimension [Bartlett et al., 2017].

13



Lastly, by setting ky = (Ne2Cy /b)Y (*+1) with Cy = 1/(512(C,, 4 C,,)?) and my = N/2ky, we
have the right-hand side of the above equation bounded by ¢ with

67 C1(max(Cy/b,1))1/=
a CyN ’
D/2

and C1 = 0.5Dlog N + log(e/d) + [log(2max(16e(D + 1)Cy ', B))]4, with 3 is such that
Bm < Bexp(—bm").

C Derivation of objective functions

Divergence Saddle point objective

X divergence E 0.4)~p(310)x(0)[1(0, )] — Eo~ 4(3.6) ¢ ~pa(€).umm() [0, y) + 47 (0,9) /4]
Wasserstein distance | Eg.y)~p(y10)r(0) [0, Y)| = Bor r(y.0).6~po(€).umpn|u(0: y)]

KL divergence E0.9)~p(wio)r(@) [0, y)] — Bo~f(y.6).e~po(€)u~p [ + log(u(0,y))]

Table 2: A list of divergences and their corresponding saddle point objective.

In this section, we present the detailed derivation of the objective functions in Section 2 and give
examples for deriving (4) for several choices of f-divergences in Table 2.

Posterior Distribution Matching For the posterior distribution matching objective, we want to
minimize
. 2
min max B, [ (Eot, [1(6)] ~ Bonpio[h(F(5: )]
By exploiting the dual embedding technique and the Fenchel duality, we have

max E, {(Emy [h(0)] = Egrpo(e) [R(f (%5))])2}

2
Yy

)

v (y)] :

Do =

= r]{leaj?[( E, l:gj?lé Uy <E9|y [h(0)] — E&N;no(&) (R(f (y,8))] —

s, [0(0)- (Bay (40)] - Bempi) 7)) 5

heH veVy
thus achieving the equivalence between (5) and (6).

Joint Distribution Matching

o y2-divergence. Recall that the divergence minimization objective (3) can be written in the
saddle point formulation:

min max Bo.y)p(y10)m(0) (1405 9)] = Eonp0) empo(© oty [V (8 )] -

For X2 divergence, we have
v(z) = (z —1)%
Therefore,
N 22+ 4z +8
v (@) = sup((z,y) — v(y)) = sup(zy — (y = 1)*) = ————.
y y

Plugging in x = u(0,y) gives the result of v*(u(d,y)), and the expression for ® follows
immediately.

3172

v* () = sup((z,y) — v(y)) = sup((z,y) = (v - DY) =w— .

Plugging in © = u(6,y) gives the expression of v*(u(6,y), and hence we arrive at the
conclusion.

e KL divergence. For KL divergence, v(z) = log z. We thus have
v*(z) = sup({z,y) —logy) =1+ logx.
y

Therefore, letting © = (6, y) gives the expression of v*(u(#,y)), and hence we arrive at
the conclusion.
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D Proof of Theorem 2

Following the notations in Algorithm 1, we denote the updates of ¢ and v at iteration k by g;, and
uy, respectively. Different representations of ¢ and u will determine the detailed forms of g and
uy. For example, when represented by Gaussian mixtures, both uy, and g, in Algorithm 1 will be a
coefficient vector. However, for the purpose of proving convergence, using an abstract form wuy and
qx 1s sufficient barring that I/ and P are closed and bounded.

By convex-concavity of the empirical loss function, we have

Dy (qr, ur) — Py (g, up) < <vq€I;N((Ik7Uk)>Qk —q),

and

(/I;N(Qka u) — $N(Qkauk) < <VU$N(QI¢,U1@)7U — up)

for any ¢ € P and v € Y. Combining these two inequalities gives

Oy (gr,u) — On (g, up) < (anm(%mk),% —q) + (Vu®n (qr, ur), u — uy).

It is worth clarifying, at this point, that the gradient symbol we used for o ~ so far refer to the actual
gradient rather than the stochastic gradients given in Section 3.1. However, they are closely related
by the fact that the expectation of the stochastic gradient is the gradient. To avoid confusion, we use

V ® and V o ~ to represent the stochastic gradients, for which we have

E {ﬁu(/ﬁN(Qa U):| = vuiN((L U) and E |:$q&\)1\/'(q7 U):| = vq(/fN(Q7 U),

where the expectation is taken over the the second term in (9), where we have used 0 ~ ¢(6|y) to
derive the stochastic gradients.

By convexity of ®, we have

e(gr, ur) = max @N(QT,U) — min <T>N(q, ar)
ueU qeP

T
= max @N (Zk 1 Ik u) — min @N (q, 721“?1 nk“k)

uelU Zk 177k qeP Zk 177k
T
< D k=1 @ N (qr, ) Zk k@ (g, uk)
< max 7 —
uel > k=1 Tk qu Zk 1 Mk
maxyey/,qeP {Zzzo (nk(vq(/I;N(QIm k), @k — q) — M (Vu®n (g, up), ug — u})}
< .

T
Zk‘:l 77k

We now prove that the expectation of the numerator is upper bounded by the numerator of the
right-hand side of the bound in the statement of Theorem 2, which will bring us to the conclusion.

To prove this, we first note that, by the contractivity of the projection operator, we have, for any
qeP,

~ o~ 2
Ellgi+1 — allp = E [p(a = 0V, B (n w) ~ Tp (o)

P
N 2 N
<E|g—q|» +E anvq(I)N(Qka W)HP —2E <Qk — ¢,V PN (qr, Uk)> ,
which implies
~ ~ o~ 2
2E <Qk - q777qu‘1>N(Qk7uk)> <Elq —qll» +E “Ukqu’N(Qk,Uk)"P — Ellgr+1 — qllp

for any ¢ € P. Similarly, we have

~ ~ o~ 2
—2E <Uk —u, nkvuq)N(QImuk)> <E|uy —ul|f +E Hn"'v“@N(qk’u’“)Hu — Eljupsr — ullZ;
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Figure 4: Network architectures for u and f.

for any v € U. By the Lipschitz assumption, we have

~ o~ 2 ~ ~ 2
E ¥ dnlgew)| < m0Lk,  and  E|n@uby (g w)| < 00)?LE

Therefore,

2E <Qk — ¢, V@ (qr, Uk)> —2E <Uk — U, VW@ (g, Uk)>

<E (llgr — allp — llaer1 — all + lur — ullfy = lluers = ullfy) + [(00)* + ()] L
Lastly, by telescoping, we have

E {XT: (2 <Qk - q,nkvq‘i’w(qk,w» -2 <u/c - U,nkvu‘i\)N(kauk)>)}

k=0
T

<E (llao — allp + lluo = ullfy = Narsr — allp — lluzsr = ullz) + Y [(m)® + (m)?] LR,
k=0

T
<E (lao — gl + lluo = ullr) + > [(m)* + (m)?] L
k=0

T
< Dp+Di+ Y 2Ly
k=0

This holds for any ¢ € P and u € U, and therefore holds for the supremum over g and w. Hence, we

reached the conclusion.

E Neural Network Architecture for Biological Dynamic System Experiment

Below, we describe the structure for the neural network we used in the simulation of the ecological

dynamical system. The network structure is shown in Figure 4. On the left-hand side, we have
the network structure for f(Y,¢), for which we first input y1, ..., y, into an RNN comprised of

LSTM cells, and then use its output combined with £ as the input for a fully connected layer. On

the right-hand side, the network structure for u(6, V') is similar, except that we replace £ with 6 and
change the dimension of the fully connected layer accordingly. When 6 is generated from f(Y &),

we concatenate the two neural networks, using the output of f as part of the input to wu.
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