Appendices

A Proof of Theorem 1

For any parameter of interest, we denote its minimum value and its maximum value with subscripts m
and M, respectively, and its minimum value and its maximum value in the dataset with subscripts m

and M, respectively. Given dataset D = {D(), ... D@} we first note that for v € {0210, B0}
as d — oo,

Yir = YM, Vi = V- )
We only prove the former, as the proof of the latter is similar.

For any € > 0, we define the event F'(¢) = {ya — 7v,; > €}. Also, we define
PP (e) = P(yar — e <49 < ).

We assume that the distribution of the parameters has a bounded support, and is positive on its support.
Therefore, for all i € [d], p® (¢) > 0. Therefore, for all € > 0, we have

hm P(F(e)) = hm H 1—pW(e) =0.
*ield)
This implies that v,; — var as d — oo.
Consider the logarithm of the regression parameters. For the causal direction we have
log(Var(C)) = log a%m =logo?, log |Bg|c| = log|al, log a%lc =logo%.

For the reverse direction, we have

log(Var(E)) = log O'2EW) = log(a®cZ + %),

log |0y | = log(lalo) — log 0%, log 0% ; = log(020%) — log 0% .
In the causal direction, due to independence of the cause mechanism from the effect mechanism, we
have

Vi=

E[log \5E\C| |logo’cm (1ogacm)m] = E[log |al |loga'2 :1og(ag)m] = E[log|al],
Vo = E[log |Bgic| log o2, ,=(log 2,¢)a] = (108 |a] 105 02 ~10g (02, ] = Ellog|a]];
Vs = Ellog o c |1ogocm:(1ogagm)m] = E[log 0% liog 02 —1og(02,),.) = Ellog 7],
Vi = Ellogogc llog 02,y =(log o2, ) ar) = E[10g 0% liog 02 =1og(02)r] = Ellog 03],
and hence

Vs =V = V1| + V4 — V3| = 0.
By (5), 728 (D) — V5. Therefore, T2B (D) — 0 as d — oo.

Since log o2 B0 is a monotonically increasing function of 02, |a|, and 0%, we have

logogp = (10205 p)m < 06 = (08)m, lal = lalm, 0% = (0%)m,
and

log oy = (logapg)m € 06 = (08)u, lal = lalar, o = (0%)ur-
Therefore, for the reverse direction we have

Jm + (0%)m),
o) m + (0B M),
08 )m + (0% )m),

= E[log o llog 02,y =(1og 2, )as) = log((0&)m(0B)m) — log(lali(0&)m + (0F)m),

‘71 = E[log |BC|E| |logo‘2E|®:(logfr%m)m] = 10g(|a|m(a2c)m) - 10g(|a‘72n(0-2

=E IOg |BC|E| |log o'%m:(log 0'2Em)M] = log(|a|1\/l(0%)M) - 10g(|a‘?\l

o~

[
Vs = E[log O-?)|E |log0§m=(logo%m)m] = 1Og((0%’)m(02E)m) - log(|a|3n
[
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and hence

PR A lala (o) lalm (08)m + (0F)m
Vs = Vo = Vi| 4 [Vi — V3| = |log(———5<—) + log(7—5" )l
|alm (02 )m lal3 (o) + (0F)
(&) m(of)m a7 (02 )m + (0F)m
+ |log + log(—=a~
18 (G mtobn B (oEons + (o
If V5 = ¢, Assumption 1 guarantees that ¢ # 0. Also, by (5), 7; 2B .(D) — Vs. Therefore, as

d — 00, TAB (D) — c for some positive value c.

B Extension of the IB Method to Second-Order Test

For testing if X is the cause of Y, let I'x .y = {|By x|, a%,lx}. For any parameter of interest, we

denote its minimum and its maximum value in the dataset with subscripts 7 and M, respectively.
For inferring if X is the cause of Y, let

IIB2(77 Ugﬂ({)) = IIB (’Yv Ugﬂ({))
+ |Var(10g7 |log(a§(‘®):(log(a2

xm))M

) = Var(1og 7 liog(o3, ) =(10(0% ) )

and according to (3), we define the causal direction indicator TiB3. (D) =

Y erxy LMP2(7, 0% p)- To see the causal relation between X and Y, we calculate 723, (D) and

T+ 5% (D) and pick the direction which has the smaller value, i.e., arg min,e(x v,y x} T 2%(D),

as the true causal direction.

C Proof of Theorem 2

We first note that if for domains D and D), Q(Cfi)E # 0, then at least one of the variables a, 02,

or 0% has varied across the two domains and hence, by faithfulness assumption, Q%’i)c = 3. Noting

that 0 < Qgéi)y < 3, this implies that
Qe <Qlle, Vi
Summing up over {4, 5}, it implies that 725, (D) = ( ), and hence T2, (D) > TH (D).

If there exists a pair of domains {D®, DU} for which 1 < Q(éif p < 2, then since Q%i)c =3, we
have QU7 < Q7). Therefore, TS, (D) < (&) — 1. Also, as mentioned earlier, 7215, (D) =
( ). Therefore, in this case, we have T2, (D) > T (D).

D An Efficient Method for Estimating Coefficients and Noise Variances

From the SEM in equation (4), we have X = (I — B)_TN . Hence, the correlation matrix could be
calculated as ¥ = E[XX "] = (I — B)"TQ(I — B)~*!, where Q is a p x p diagonal matrix with

values Uf, sy 0’; on the diagonal. Therefore, the precision matrix, i.e., the inverse of the correlation
matrix willbe © = (I — B)Q~Y(I — B)T. This expression could be used to obtain the elements of
© as follows:
{ O = *2+z B} ;o7 Vi € [p], ©
0,; = B”JJ B, o} 24 > B kBj,kU];Q Vi # j.

Let J(-) be the operator that flips an input square matrix over its anti-diagonal. Define G = J(©).
We calculate the LU-factorization of the matrix G, which is G = LU, where L is a lower-triangular,
and U is an upper-triangular matrix, respectively. The procedure is shown in Algorithm 3. Due to the
factorization step, the computational complexity of this algorithm is O(p?). For input order 7, the

algorithm outputs B, and ), which satisfy the following result.
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Algorithm 3 Parameter Estimator

Input: Order 7.

Compute covariance matrix X = E[(7(1),--- ,7(p)) " (7(1),--- ,7(p))], and © = B~L.
G = J(©), Perform LU-factorization on G: G = LU.

) = Diagonal matrix with Q,,, ., = 1/Upy i, for 1 <m < p.

B, =—J(QU)+1I, Q. =J().

Output: Q,r and Bﬂ.

Theorem 7. For a given order w on variables, for any 1 < m < p, let S, =
(m(1),--- ,m(m —1))". In the population setup, for the matrices B, and (), obtained from Al-

gorithm 3, we have (Br)(1:m—1),m = Br(m)|Spr a0d (x)mm = ai(m)‘sm, and zero elsewhere.
Specifically, for a causal order, we have B, =B, andQ, =Q up to permutation.

Theorem 7 shows the connection between the covariance matrix and the adjacency matrix of the
causal network.

Proof. Consider the last variable in the given order, i.e., 7(p). According to Algorithm 3, for any
1 <m < p-—1, wehave

. Lta. .,
By = Uim B, G Gim _ Omyp

Ui a Lf,_lG.,l  Gia Op.p

)

As observed in [Poull], this value is equal to the element of 3.(,)s, corresponding to 7(m).
Therefore,

B(1:p-1)p = Br(p)ls,-
Similarly, for any 1 < m < p — 1, we have
I T S |
Ui Llj_lG.}l G171 61)»1)7

s

Qp,p = Q1,1 =

. . 2
which is equal to o )IS,"

Next, we show that in the elimination step in Algorithm 3, we remove the linear effect of 7(p) from
all preceding variables in the given order, and an inductive argument over the variables eliminated

in each next round gives the desired result: In the elimination, we add the vector — %T’ll G, to the
m-th row of G, that is for all k£, G, ; will be updated as follows:

Gm
(Gm,k)new = (GmJ@)old - q .1 Gk71
1,1

Gm,l Gk,l
Gia Gia

(Gm,k)new = (Gm,k)old - [ﬁﬂ(p)wp]m[ﬁﬂ'(pﬂsp]ka;(?p”sp-

(Gm,k)new - (Gm,k)old -

Gia

This removes the linear effect of 7(p) from 7(m). Specifically, if the order is consistent, we are
eliminating B2, 07,2 from ©y, , and By, , By po,, ? from ©,, 1., which are terms related to 7(p) as
seen in equation (6).

O

Remark 2. We only need to calculate © in one domain and for one order: There exist methods
in the literature, e.g., [XG16], for calculating the difference between two precision matrices, i.e.,
A = W) — 0 directly. Therefore, we can calculate the inverse only in one domain, say,
domain DV (preferably the one in which we have the largest set of samples), and then for any other
domain j, obtain ©) = 00 4+ AGJ) Also, as seen in equation (6) the elements of © permute
according to an arbitrary ordering and recalculation is not required.
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E Proof of Theorem 3

The proof has the same rationale as Theorem 1 and we avoid repeating the details. Due to the
independence among the parameters of the system, an argument exactly the same as the one in
Theorem 1 shows that 7.¢/Z (D) — 0.

In order 7/, we find the last variable which is positioned after at least one if its children, Let this
\iariable be X, and a child that comes before it in the order be X,,. Let 2,, and €2, be the elements of
Q. corresponding to X, and X, respectively. Since X, is missing when regressing X, €2,, will be
an increasing function of B, , and UZ. Therefore, for the maximum value of ), B,, ,, and 02 are
fixed to (By,») v and (02), respectively, and other parameters of the system involved in 2, are
also fixed. Similarly, for the minimum value of €2, B, , and o2 are fixed to (B, )m and (o* )m,
respectively, and other parameters of the system involved in €2, are also fixed. By [Poull], 2, is a
rational function of parameters of the system, including B,, ., and o2. When taking the expected value
of €, conditioned on maximum and minimum values of €2,,, the parameters involved in (2, are all
fixed, and the parameters not involved are independent of 2,,. Therefore, since B,, ,, and o2 are taking
two distinct values in the maximum and minimum, by the faithfulness assumption, the expected value
conditioned on minimum and maximum of €2, will be different. Therefore, since 7.4/ ? (D) is the
sum of absolute values, including the absolute value of the difference of the aforementioned expected
values, it will be bounded away from zero. The argument for extending this result to the case with
samples and letting d — oo is the same as Theorem 1.

F Proof of Theorem 4

Similar to the proof of Theorems 1 and 3 and , the claim TI B (D) — 0 is due to the independence

among the parameters of the system. Also, the claim TI B (D) — c could be concluded from the
proof of Theorem 3, as the last variable which is posmoned after at least one if its children would be
X, itself.

G Proof of Theorem 5

We relabel variables according to * to have 7*(i) = X, that is, in the causal order, any variable
with smaller label proceeds variables with larger labels. Since 7* is causal, Bﬂ* = B, and QW* = Q.
Therefore, I", . is exactly the set of parameters of the system. Therefore, for a pair of domains

{D(i), DW) 1, fo;j ) denotes exactly how many of the parameters of the system have changed across
domains D and D),

On the other hand, since 7’ is not causal, there exists parent variables who are regressed on their
children, and hence, the corresponding elements of B, and Q- will be functions of more that one
parameter of the system. Therefore, by faithfulness assumption, they will vary by a change in any of
the involved parameters across any two domains DY) and DY), Therefore, an argument similar to
the one in the proof of Theorem 2 implies that

Tz« (D) = Ta (D).

Also, since 7’ is not causal, there exists indices ¢ and j, such that (X;, X j) € A (recall that A is the
set of directed edges), but (7/) 71 (X;) > (7')~!(X;). Having 7’ as the order, we regress X; on a set
S including X ;. We denote the coefficient corresponding to X ; by 3, and the variance of the residual
of the regression by o2.

First, we note that 3 will be non-zero, as X is in the Markov blanket of X;. Applying the result of
[Poull], 8 and o2 can be written as follows

B 52 5 B -2
8= B;jo; " — >k xpes BikBj ko,
= ~—2
JFZkaesszUk

0% = (572 Z 52)
+ i, kgk ’

k:XpeS

9

and
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where 62 and B;, ; are the variance of the residual and the coefficient in the subgraph induced on
{X;}US. Due to the faithfulness assumption, the correlations will not be cancelled out, and hence, (3

and o2 depend on &7 and B;_ ;, which in turn depend on o and B; ;. Therefore, if , say, B; ; remains

fixed and o7 varies across two domains D) and D), then similar to the proof of Theorem 2, we
will have

T+ (D) > Tr (D).

H An Example For Requirement of considering both orders 7x _; and 7x _
in Algorithm 2

Suppose the ground truth structure is X; — Xo — X3 — Xy — X5, and suppose we start with
initial ordering m = {1,5,4,2,3}. If Algorithm 2 does not consider mx _o, the following can
happen:

Round 1: Algorithm 2 forms Iy, = {m,7x, —1}. We have m, = argmaxrcny, 7,/¢(D).
Therefore, the ordering will not change.

Round 2: Algorithm 2 forms Ilx, = {m, 7x, —1}. We have mx, 1 = argmaxrcmy, 7,/¢(D).
Therefore, the ordering will change to 7, = {1,4,2, 3,5}.

Round 3: Algorithm 2 forms Ilx, = {m,7x, —1}. We have mx, 1 = argmaxrcny, 7,/¢(D).
Therefore, the ordering will change to m; = {1, 2, 3,5, 4}.

Round 4: Algorithm 2 forms Iy, = {m,mx, _1}. We have m, = argmaxreny, 7,/7¢(D).
Therefore, the ordering will not change.

Round 5: Algorithm 2 forms Iy, = {m,mx, _1}. We have m, = argmaxrcmy, 7,/¢(D).
Therefore, the ordering will not change.

Therefore Algorithm 2 outputs m;(—1) = 4 as a sink variable while it is not a sink.

I Proof of Theorem 6

Since X is a sink variable, by moving it to the last position in the order, none of its ancestors will
be regressed on it, and hence, this move minimizes the dependencies among estimated regression
parameters, which in turn minimizes the number of varying parameters. Therefore, for all m € Iy _,
TAC (D) = TMC (D).

Suppose in the initial order 7, there is a sink variable X as 7;(—1). Then for any other variable
X, moving it to 7m¢(—1) either increases the dependencies or if , say, X, is also a sink variable, will
not change it. Therefore, based on our prioritization, X will remain in position 7,(—1) until the
end of the round. If in the initial order there is a non-sink variable as m;(—1), when we are checking
its source ancestor X, since there exists a pair of domains across which at least 1 and at most 2 of
variables Var(X,), B, s, af varies, moving X below X, will increase the value of the causal order
indicator; that is, for all 7 € ILy_, T,/ 571 (D) > T.MC(D). Therefore, X, will move to the bottom
of the order, and similar to the previous éase, it will remain at that position until the end of that round.
Therefore, in either case, at the end of round, 7;(—1) will be a sink variable.
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