A Proof of Theorem 1

Before we prove the Theorem, we present an auxiliary Lemma, the proof of which can be found in Appendix F.

Lemma 3. Let 0 be the minimizer of f(0). Then for any t,v € [0,00), 6(t), (v) satisfy
VO3 < e 2™V f(00)ll5

2 1 2
va(Q(V))HQ < m||vf(90)”2~

We are now ready to prove our main Theorem. First note that the trajectory of 6(v) is given by the following
ODE

: d —1

0(w) = —-0(v) = = [PV FO) + 1] VI(OW)).
This follows from the observation that V f((v)) + £ (6(v) — 6p) = 0. To simplify the notation in the proof,

we often suppress the dependence of v on ¢ and just use v instead of v(t). We first derive an upper bound for
Zll0) = 0(w)||*. Let

H() = [wW2fOW) +1] " 5= %

We have

G180 = 0wl =2 (3) = e, 000) - 600)) @

= ~2(V100) - LM 00,00 - 60) )
Let G(v) = 2e“™*H(v). Note that G(v) is PSD whose the minimum and maximum eigenvalues satisfy

c
O'mzn(G(V)) > 1+ (CK/ — 1)67th’
c 1

Umax(G(V)) < ;m

‘We now obtain an upper bound for the RHS of Equation (4). We rewrite the RHS as

%IIH(U —0W)|I* = =2 (Vf(6(1)) = Vf(8(1)), 0(t) — 8()) +2 ((G(v) = 1) V[(0(v)),6(t) — 6(v)) .

T T2

(&)

From strong convexity of f, we have the following lower bound for 7}
Ty > m||6(t) — 6(v)|

From Lemma 3 we have the following upper bound for 7%

2 < 60) - 111950100 - 001 < (L) 160 - oo - o))
Note that ||G(v) — I|| can be upper bounded as

1G) =1l < max{[l = omin(GW))], |1 = omaz (G(¥))[}

IA

max{.lf

c c 1 -1
1+(ck—1)e—cMt ) i 14(c—1)e—cM?

[ S——
Kk 14(c—1)e—cMt ’

where the last equality follows from our choice of c. Letting the above upper bound be o, we get the following
bound for 75

V£ (B)
< _
7, < a6 (LLHOL) o) - 900
Substituting these bounds in Equation (5) gives us
d 2 2 V£ (6o)ll
= - < - - RARASAYIL - .
4160) ~ 801 < ~2mlo(e) - 60 + 206 ( LTI ) o) — o)
We now solve the above ODE. Let g(t) = ||0(¢t) — 8(v)||. The above equation can be rewritten as
d 2 2 20¢
= < e
GO0 < —2mg(t)” + S IV @)ot)
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= —2mglt) + T IV 60) ()

%(GCMt _ 1)
20a

Tt can be rewritten as

20¢ c oMt 2cecM?
1 cMt __ :(7_1—’_(1_0)6 ) —eMt)2’
(e 1) +1 K (14 (c—1e )

c

This gives us the following upper bound for the ODE

4
at?

2ce ™Mt

(14 (c—1)e—cMt
Ignoring the trivial solution g(¢) = 0, we can rewrite the above ODE as

%g(t) < —mg(t) + (g —14(1— c)e’CMt)

()* < —2mg(t)” + (g —14+0- c)e*CM’f) 2 V1 (60)lg )

—cM
Cect

(1+ (c— 1)e—eMt)

51V £ (6o)l

Solving the ODE with the initial condition g(0) = 0, gives us the following upper bound for g(t)"

a(0) = o) — o)) < L (o e ),

m 1—c— ecMt

A.1 Other Relations

Theorem 11. Let 0 be the minimizer of f(0). Let & = m/M and let ¢ be any constant such that e <<l

Moreover, let the regularization penalty v and time t be related through the relation v(t) = dl\/[ (eCMt - 1).
Suppose GD is started at 0o. Then

100 - ooy < L (e o),

C
m +K

Proof of Theorem 11. The proof follows along similar lines as the proof of Theorem 1. We have
d 2_o/p Mt
21008 = 00)1” = 2 (0(t) — eM*(w), 0(t) — 0(v)) ©)
= —2(VF(6) - M HE)V W), (1) - (v))

Let G(v) = e™ H(v). G(v) is a PSD matrix whose the minimum and maximum eigenvalues satisfy

C
omin(G(v)) > T+ (= 1ye—eMt’

c 1
max < T T e AN ATt
% (G(V)) — Iﬂ)1+(£ _1)efc]\/ft
We now obtain an upper bound for the RHS of Equation (6). We rewrite the RHS as

%Ila(t) —0W)|I” = =2(Vf(6(t)) = V[ (8(v)),0(t) = 8(r)) +2 {(G(v) = I) V[ (0(v)),0(t) — 6(v)) .

T T

O]

From strong convexity of f, we have the following lower bound for 7}
Ty > ml|6(t) — 6(v)|”

From Lemma 3 we have the following upper bound for 15

7, < l6w) - 1119 0o - 0wl < (L) i) - o) - o)l
||G(v) — I|| can be upper bounded as

1GW) I < max{[l = omin(GW))],[1 = omaz (G(¥))[}

IN

max{‘l—

c c 1 -1
1+(C71)efth )k 1+(%,1)87clﬂt

- -1,

e 1
K 14H(E—1)e"cM?

"To very the above bound, one can plugin the bound in the ODE.
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where the last equality follows from our choice of ¢ and some simple algebra. Letting the above upper bound be
oa, we get the following bound for 7%

V£ (6o)ll
T < — ] |0(t) — 0
2 <0 (DALY oo - 001
Substituting these bounds in Equation (5) gives us

S160) = 801 < ~2mlo() o) + 206 ( LLOM o) — g,

We now solve the above ODE. Let g(t) = ||0(¢t) — 8(v)||. The above equation can be rewritten as

GO0 < —2mg(0)* + —EE IV F(00)]()

=m0 + s gy IV o) lo(t)

TG

T(eerioqy7 ©an be rewritten as

c —cMt
el (C C\ —cMt P
= |—-—1+ (1 - 7) e ) .
EeeMt —1) +1 K K (14 (£ -1) efth)z
This gives us the following upper bound for the ODE

d 2 2 c C\ —cMt 2£e” M
29 < —2mg(t) + (£ =14 (1= S) e z IV £(00)llg(®)
dt K K (1 + (% _ 1) efth)Q

Ignoring the trivial solution g(t) = 0, we can rewrite the above ODE as

c —cMt

%gm < —mg(t)+ (S =1+ (1= E)em) o (gi ooy 194 (00)ll

Solving the ODE with the initial condition g(0) = 0, gives us the following upper bound for g(t)

o(0) = 16) ~ 00 < XL (oo Y

B Proof of Theorem 2

We first derive upper bounds for ||0(t) — 0|2, ||@(v(t)) — |2 and use them to obtain an upper bound for
16(2) — 8w (8))]l2.
Note that since f is strongly convex, the following holds for any 6
m||0 = 0ll2 < IV ()2
From Lemma 3 we know that the following inequalities hold for any ¢, v

-
(mv+1)

Combining the results from Lemma 3 with the previous inequality, we get

IVFOE)ll2 < e”™IVF(00)ll2,  IVFO@))l2 < IV£(00)ll2.

16(t) — 612 < © [V F(B) 2, [10((1)) — Ol]> <

m m (mv(t) + 1)

IV £(60)ll2

So we have the following upper bound for ||6(t) — 8(v(t))||2

1

16() — 62 < (m bt

L 1) IVl

< (e = ) VAo

1 —c+ ecMt
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C Proof of Theorem 3

The proof proceeds along the lines of Theorem 1. Before we prove the Theorem, we present an auxiliary Lemma,
the proof of which can be found in Appendix F.

Lemma 4. Let 0 be the minimizer of f(6). Then for any v € [0, 00), 0(v) satisfies

Dy (6(v),60) < Dy (9, 60)-
Forany t € [0, 00), 0(t) satisfies
Dd’(év e(t)) S Dd’(év 90)

This shows that the entire optimization and regularization paths lie in a region where ¢ is smooth with smoothness
parameter [3.

Lemma 5. Let 0 be the minimizer of f(6). Then for any v € [0, 00), () satisfies

B
mv + 3

IV 7w < ( ) IV £ (00)I1°.

We now prove our main Theorem. To simplify the notation, we often suppress the dependence of v on ¢ and just
use v instead of v/(t). We first derive an upper bound for % ||6(t) — 6(v)||*. Let

H(v) = [/ f(0W) + V2o0w)] . n= 57
We have
G160 = 0wl =2 (i) = L), 000) - 607 ) ®
— 2 (V0(00) VI 00)) ~ LM )T 00).000) - 60) )
Let G(v) = £LeeM/* [ (1). We rewrite the RHS of Equation (8) as
F00) = 00)P = —2(V*6(0() " (VF(O(t) — VI(O)) . 6() - 6(»))
2 -1 i (9)
+2((G() = V*6(8(t) ) VF(0()), 8(t) - 0(v))

From strong convexity of f, we have the following lower bound for 73
m 2
Tz 0@ — o)l

From Lemma 5 we have the following upper bound for 7%

T, < (IGW) - T0() IV FEIIEE) — 60)]
< 160)T26(0(0) — TIV*6(6(0) IV £ 16() — 6()]
< 2 (sutis ) IV I @) IIGE)T26(0(0) - T110() — 0w

Note that G(v)V2¢(0(t)) is a PSD matrix. Its minimum and maximum eigenvalues satisfy

omin(G(V)V2(0(t)))

c
>
T 1+ (Fer — emeMt/e?

<Be !
T akl+(c—1)e-cMt/a’

Using this, we can upper bound ||G(v)V24(0(t)) — I|| as
IG@)V2p(0(1) —II < max{|l — omin(G)VZ(O(1))], |1 — omax (G(1)VZ¢(0(1))) [}

Tmaz (G()V2$(6(1)))

IN

B
«

_ c < 1 _
max { ’1 T (Gern—1)e-oMI/a | ok 1§ (c—1)e—cMt/a 1}

|
o [®

_17

e 1
K 1+<C,1)67th/a
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where the last equality follows from our choice of c. Letting the above upper bound be o, we get the following
bound for 75
B

oG
1< %8 (B ) IV r@llot) - 60

Substituting these bounds in Equation (9) gives us

160 = 0w < ~22160) ~ oI + 2% (B Y IV F@llote) - 8w

a \mv(t)+ 3
We now solve the above ODE. Let g(t) = ||0(t) — 6(v)||. The above equation can be rewritten as
d 2 m 2 oG B
—g(t)” < —2—g(t 2— 0 t
o0 < 22907+ 2% (B IV s0late)
Letx' = G- Then e ( W) can be rewritten as
1 ) —cMt/a
0-7G <L) . (£ 1+ (1 _ C)efl,Mt/a) ce .
a \mv(t)+ 8 a \K (14 (c — 1)e—cMt/a)

This gives us the following upper bound for the ODE

d 9 m s 1 /c —eMt/a 2ce
—qg(t)" < —2—9¢g(t —|—=-1 1-
dtg( ) = ,Bg( ) + Py (:‘i, +( C)e ) (1 4 (C_ 1)efclﬂt/a)

Note that this is the same ODE as the one obtained in the proof of Theorem 1. Solving this gives us the following
upper bound for the distance ||0(t) — 0(v)||

||9(t) —Q(y)” < gw (efmt/ﬁ + ;) ‘

—cMt/a

V£ (00)llg(t)

m 1—c—ecMt/a

D Proof of Theorem 4

Note that the regularized objective is m + % strongly convex. So we have

mv + 1
2v

* * 1 *
) 167 = 0()1” < Ra(07) = Ra(0()) + o (I10°1I” — 16()[°) -
Since R,, is convex, we can upper bound R, (6") — R, (8(v)) as — (VR,(68"),8(v) — 0"). Using this in the
above equation gives us

mv + 1
2v

0" =9I <~ (VRA(E),00) = 6°) + 5 (1071 = 10))

* * 1 * *
S AIVEL @) (107 = e)l) + o (671 + 1e@)I) (1167 — ew)]l).-
Simplifying the above expression, we get

mv + 1
2v

) 18" = 8011 < IV R0+ 51 (167 + 1))

* 1 * *
S IVE ()11 + o IO+ 118(r) —671)) -

For our choice of regularization parameter v: 1/v > 2%, we can upper bound the RHS as
my + 1 " 310%l 1, .
0" —0 <-4 —|"-0 .
("5 ) o ot < 31204 Lo - 001
This gives us the required bound
. 3]0l
0" —0 < .
lo” - 8(v) < ==

E Proof of Corollary 7

To prove the corollary we first provide high probability bounds for the smallest and largest singular values of the
sample covariance matrix. To this end we utilize the results of Rudelson and Vershynin [2009] on the properties
of smallest singular value of a random matrix. Suppose Z € R**® a > b be a matrix with i.i.d sub-gaussian

17



random variables. And let 0min(Z), Omaz(Z) be the smallest and largest singular values of Z. Then Rudelson
and Vershynin [2009] show that

P (Umm(Z) <n(va—vb— 1)) < (Cm)* P e (10)

P (0mae(Z) > tv/a) < e, vt > o, (1n

where cg, C, ¢, C depend on sub-gaussian moment. Using these results, we can show that the there exists a

constant c; > 0 such that the smallest and largest eigenvalues of the sample covariance matrix b satisfy the
following with high probability

m = omin() > 9/10, M = 0mas(3) < 11/10.

We condition on the above event in the rest of our proof. To bound ||6(t) — 6| we use a simple triangle
inequality

16(2) — 67[] < [16(t) — O(w ()]l + 116" — e (@),
where v(t) = L (e“M* —1).

First note that for the setting considered in the Corollary, ||6* — 8(v)|| can be upper bounded as
1

— |||0"
o O+
This follows from Theorem 6. From Theorem 1 we have

16t) — o)) < 1YL= (Ol ( it ;>

m 1—c— ecMt

10" — ow)II” < vo’L].

Combining these two bounds, we get the following bound for ||6(¢) — 6%||

||e<t>—o*||<”VR()”(-mw ¢ )+1+1,,(t> [60°]2 + w120

1—c— ecMt

For sufficiently large n, ||V R, (0)]| is upper bonded by [|0*| + o/Z. Substituting the values of m, M and
|IVR,(0)]| in the above bound gives us the requires bound for ||6(t) — 6*|].

Note that the upper bound of ||6(¢) — *|| is dominated by ||0* — @(v(t))||. So it suffices to find a ¢ which
minimizes this term. And it is minimized at v(t) = Heg%%. The t corresponding to this v (¢) is given by

100 81 |6%]* n
t=-"log 1+ — .
99 g( t100 o2 p

The bound at this value of ¢ can be shown to be

H *||2 02p
1+ —_—
( 6) n

)

o2 + <22
for some small positive constant e less than 0.1.
F Proofs of Auxiliary Lemmas

F.1 Proof of Lemma 3

Part 1. Let h(t) = |[V£(6(t))||3. Then
@ nte) = 2(VFO)(0), VI 0))) = ~2 (T FO1)VF(6(1), VI O(1))

—2m|[V F(O()) 3 = —2mh(2).

Letting g(¢) = log h(t) we can rewrite the above equation as

Integrating the LHS and RHS of the above expression gives us ||V f(8(t))]|3 < e™2™||V £(0o)]|3.

18



Part 2. Let

1

H(v) = [VVQf(Q(u)) +1] k=
Let h(v) = [[V f(8(+))[3- Then

L hiw) =2 (VA FOW)BW), VIO0) ) = ~2 (V2 FOW)H)V @), V1 (6@)))

E

Since the smallest eigen value of V2 f(0(v)) H(v) is equal to o, we have
d 2m 2 2m
— < — = — .
L h) < 2RV FEOIE = — k()
Letting g(v) = log h(v) we can rewrite the above equation as
d 2m
— < — .
dug(y) - mr+1
This gives us the following bound for |V f(8(v))]?
OW)|? < ——s 00)||?
IVIOUNI < g IV )

F.2 Proof of Lemma 4
Part 1. The first part of the Lemma follows from the following two inequalities
10) < FOW)),
JOW)) + 5 Ds(0(v),00) < 1(8) + - Do (6, 60).
Combining these two inequalities shows that Dy (6(), 60) < Dy (8, 0o).
Part 2. To prove the second part we show that %D(ﬁ(é, 6(t)) < 0. This will show that for any ¢ € [0, o)
Dy (6,06(t)) < Dy (8, 60).

LDy (0,06(t)) can be written as

£ Dy(6,000) = 5 (6(0) — 0(6(0)) ~ (Vo0(1)),6 — 1))

F.3 Proof of Lemma 5

Let
H(v) = [vV2f(0(v) + V26(0(v)] ok =

Let h(v) = [V £(8(v))]3. Then

L hiw) = 2(VFO0)BW), VIO0)) = ~2(V2FOW)H)V FE), V1 6@)))

Since the smallest eigen value of V2 f(0(v)) H (v) is greater than or equal to w5 we have
d 2m 2 2m
L hv) < - =— .
() <~ 2 V) =~ 2 k)
Letting g(v) = log h(r) we can rewrite the above equation as
d 2m
Zow) < — .
dug(y) - mrv+p
This gives us the following bound for ||V £(8(v))||?
3 2
2 2
10D < (705 ) 19701

19



G Proof of Theorem 8

Let A be the minimizer of f(6) which is closest to 6. Since 8(v/) is the minimizer of the regularized objective,
we have

1 « 1 -
A F0)) + 5 11007) = 0o} < F(0) + 5110 — 0ol
Moreover, since 6 is a minimizer of f, we have

F(6) < F(O)).

Combining the two equations, we get
. . 1 4
vv f(0) < F(O() < F(0) + 5110 = boll3.
This shows that lim, . f(8()) = f(0). We now show that lim,_,, 6(1) = 0. We do this in 3 stages.

1. 6(v) converges. We first show that the sequence {0(v)}., converges. Suppose the sequence diverges.
It means that for any 6 € R?, the following is true
Je, Yo, Iv > 1, such that [|0(v) — 0| > .
That is, for any § we can find a sequence of ¥’s going to infinity such that 10(v) — ]| > e for any v
in the sequence. We now choose 6 = 6.
e Case 1. Suppose f(0(v)) = f(0) for some v in the sequence. Since 0 is the closest minimizer

to 6 and since ||6(v) — || > ¢, §(v) can’t be the minimizer of the regularized objective. So
this case can never happen.

e Case 2. We have a sequence of v’s going to infinity such that f(6(v)) > f(0). This again
contradicts the fact that 9(v) is the minimizer of the regularized objective.

This shows that the sequence {0(v) },, always converges.

2. 0(v) converges to a minimizer. Suppose (v) converges to a point 8* which is a not a minimizer.
Since O(v) is the minimizer of the regularized objective, we have

1 R 1 -
W, (10w + 5 100) - 8li) — (£6)+ 10 - 8l) <0.
This shows that
. 1 2 5 1.5 2
lim f(0()) + o 116(2) — 6ol3 = £ (0) = 5110 — 6013 < 0.
Computing the limit in the LHS of the above expression we get
F(07) = £(0) <.
This contradicts our initial assumption that 6(r) doesn’t converge to a minimizer.

3. 0(v) converges to the minimizer closest to 6y. Lets suppose 0(v) converges to a minimizer 6* such
that
A 16" — 6ol| > 1|6 — 6o
Let ¢ = [|0* — 0| — ||0 — 6o||. From the definition of convergence we know that
Ve, vy such that Vv > vy, [|0(v) — 07| < e
Fix any e. Let v be as defined in the above definitions of convergence. For any v > v we have

1 * 1 * * * *
FOW)+N0w)—=00llz > £(7)+ (1167 = bollz + [10(») — 07112 — 2/16” — Ooll10(+) — 671} ,
where the inequality follows from triangle inequality ||0(v) — Ool|2 > ||0" — 6o|2 — ||O(v) — 67]|2
and the fact that f(0*) < f(0(v)).

Rearranging the terms in the RHS of the above expression and using the fact that ||§(v) — 0%||2 < ¢,
we get
1 2 * 1 * 2 1 2 *
FO0)) + 5100 — 60l3 > F(07) + 510" — Boll3 — o (¢ + 260" — o).
Replacing [|0* — 6o]| with ¢ + ||6 — 6o]|, we get
FOW) + % 10) =003 > £(0) + 55110 — 6ol3

. 12)
+5 (c2 — 24 2(c—€)]|6 — o — 205) .

Choose any € < 755- Then the above equation shows that there exists a v such that
1 2 5 1.5 2
FO0)) + 5 1180) — B0l > £(0) + 5116 — 6ol

However, this can’t happen because 6(v) is the minimizer of the regularized objective. So this
contradicts our initial assumption that 6(») doesn’t converge to the minimizer that is closest to 6.
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H Proof of Theorem 9

H.1 Preliminaries

For clarity of analysis, we follow our continuous time approach of previous sections. From first order optimality
of 8(v), we have that

&:) + VR, (8(v) =0 (13)
Using this, firstly, we list the derivatives of R, (6(v)), |6(v)|, and §(v) w.r.t. v.

e The derivative of 6(v) can be written as:

0(v) = — [T, + vV Ra(0(v))] " (VR (0(v))) (14)

Rn(0(v)) = =V R (00)" [T, + vV Ra(0(v))] ' VRA(0(v)) (15)

o), _ 6() 6(v) _ 60)" [Ty + vV’ Ra ()] 6(v) 6
dv 10, v16)l,

Next, we list down some properties of R, (). Recall that ¢(y07z) = exp(—67 (yx)). For brevity, let
x;y; = zi. Then we have the following:

Claim 1. Amax (V2Rn(0(v))) < Ra(0(v))
To see this, for any unit vector v, we have that

v VR, (0(v))v = L Z(ZZTU)Z exp(—0"z) < (mzax(ziTv)Q) (rIL Zexp(—HTzi)> < R, (8(v)),

n -
i=1

where we have used that |z;y:|, < 1.

Claim 2. Amin (V2Rn(0(v))) > L exp (= 0(v)],)

To see this, for any unit vector v, we have that

n

v VPR, (0(v))v = % Z(z;‘rv)z exp(—0" z)

i=1
where we have used that |z;y;|, < 1.
We also make use of the following duality:
Lemma 6. [Lemma 2 [Nacson et al., 2018]] The following duality holds:
IVEA(O(1))],

> max minw?’ i X5
Ru(0) 7 wly=1 ien (wiz:)
Proof. The proof follows from convex duality arguments and can be found in [Nacson et al., 2018]. O

Note that by our assumptions of the max-margin being 1, we have that |V R, (6(v))|, > Rn(9).
Lemma 7. [Hoorfar and Hassani, 2008] The product-log or the Lambert-W Function satisfies,

logu—loglogy_pbglﬂ <W) < logv — loglog v + e M

2logv e—1 logv
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H.2 Main Proof
e We begin by proving bounds on R,, (6(v)). We can upper bound the R,,(6(v/)) as:
Rn(8(v) = ~VRu(8w) [T, + vV Ra(0(v))] ' VRA(O(v)) (17)
Moreover, from Claim 1, we have that
VELOW)" [T, + vV Ra(00)] " VRA(O1)) > Ain([Tp + vV Ra(8w)] ) [V Ra(0(0))]
(18)

1 2
2 TToR(000)) IVRA(8(v))]5 (19)
Further, using Lemma 6 we have that
- *R%(0
VR, (0()" [T, + vV’ Ra(0(v))] 1 VR.(0v)) > &TE:((GV(Z/))) (20)
Combining (15) and (20), we get,
- —R2(0(v))
R”(Q(V)) S 1 + Z/RR(Q(V))
Solving the above ODE, we get that
Ra(6(v)) < W(l’/’cl) : @1

where W is the product-log function. This proves the first claim of the Theorem.

e Now, we prove bounds on |0(v)],.

00, _ 000" [T + v RaO0)] " 00) el

o V18], 2 dmin ([T + vV Ea@CN)] ) o
. 1 19(¥)1,

T T e (VRO v B

Using the upper bound on the loss and Claim 1, we get that,
alew)l, 1 18,
dv T 14+uvW() 2
Solving the above ODE, we get that

1621, > W(v)
This proves the lower bound on ||6],. To prove the upper bound, we follow the same procedure as
above along with Claim 2. This gives us:

a8l _ 0w)" [T, + vV Ra(0))] ' 60) N 1
- 00, < Al 1V GON]
24
_ 1 10)l,
T 1+ v (V2RL(0(v)) v 25
_ 1 10)l,
T 14 I/)\min(% exp (f ||0||2)) v (26)

Solving the ODE, we get that:
v
61, < W (% expler/n)) = eav/n.
Combining the upper and lower bound, we get that for large enough ¢, |6(v)|, ~ logv.
e Now, to prove the bound on the margin, observe that

nW(v)

v

max exp(—0(v)" zi) < nRn(0(v)) <
Taking — log(+) on both sides and using that |8(v)|.,, ~ log v, we get that
g g 2 g

min; y;0(v) "z _logn +log(W(v)) 1 loglog(v) logn
el — log(v) log v log v

This completes the proof of the theorem.
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H.3 Proof of Lemma 1

Consider the following 2-D function f : R x (—100, c0) — R,

_(z+1)?
First note that this function is convex. In particular, for y > —100, the hessian is given by,
2 —2(z+1)
2, +100 (y+100)2
Vif= |: —yz(z+1) Qy(z+1)2 :| 27
(y+100)>  (y+100)3

2 @HD? ) hich

Some algebra shows that the eigenvalues for the hessian above are given by (0, w +2100) + 24, 1008

are non-negative for y > —100.

For this function, we now show that the regularization and optimization paths don’t converge to the same point.
In particular, suppose (xo,yo) = (2, 1). For this, we know that the regularization path converges to the nearest
minimizer (—1, 1), whereas the continuous time gradient descent converges to (—1,1.0223). The reason why
continuous time GD doesn’t converge to the nearest minimizer is that the gradient at any point has a non zero
component along y-axis.
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