A Proofs for Results in Section 4

In this section, we provide proofs for Theorem 4.1 and Corollary 4.3. The proof for Corollary 4.2
easily follows from the same construction as in Theorem 4.1, so we omit it here. For Theorem 4.1,
we will prove each claim individually.

A.1 Proof for Claim 1 of Theorem 4.1

Outline of the proof. Our construction of the function is based on the intuition in Section 4.1. Note
the function f defined in (3) is 1) not continuous whereas we need a C? continuous function and 2)
only defined on a subset of Euclidean space whereas we need a function defined on R?. To connect
these quadratic functions, we use high-order polynomials based on spline theory. We connect d such
quadratic functions and show that GD needs exponential time to converge if x(*) € [0, 1}d. Next, to
make all saddle points as interior point, we exploit symmetry and use a mirroring trick to create 2¢
copies of the spline. This ensures that as long as the initialization is in [—1, l]d, gradient descent
requires exponential steps. Lastly, we use the classical Whitney extension theorem [Whitney, 1934]
to extend our function from a closed subset to R%.

Step 1: The tube. We fix four constants L = ¢,y = 1,7 = eand v = —g;(27) + 4L72 where
g1 is defined in Lemma B.2. We first construct a function f and a closed subset Dy C R? such that
if x(©) is initialized in [0, l]d then the gradient descent dynamics will get stuck around some saddle
point for exponential time. Define the domain as:
d+1
Dy = U{m eERY:6r >y, ... i1 >21,2T > 2 > 0,7 > @igq ..., g > 0}, 5
i=1
which 7 = 1 means 0 < x; < 27 and other coordinates are smaller than 7, and i = d + 1 means that
all coordinates are larger than 27. See Figure 5a for an illustration. Next we define the objective

function as follows. Fora giveni: = 1,...,d — 1,if 67 > z1,...2;-1 > 27,7 > x; > 0,7 >
Tit1-..,2q > 0, we have
i—1 d
f(x) = ZL (xj — 47)2 —ya? + Z Laz? — (-1 fii1(x), (6)
j=1 j=i+1
andif 67 > zy,... 2,1 227,21 2 2, > T,T 2> Tjq1...,24 > 0, we have
i-1 d
FE) =D L(x;—4m)’ +g(mimiza) + > Lal—(i—1v 2 fip(x), 7)
j=1 j=i+2

where the constant v and the bivariate function g are specified in Lemma B.2 to ensure f is a C?
function and satisfies the smoothness assumptions in Theorem 4.1. For ¢ = d, we define the objective
function as

ZL = A7) =yl — (A= £ fu1(x), ®)

if61 > x1,... 251 ZQTandTZdeOand

d—1
L(z;—47)* + g1 (za) = (d = D)v £ fap (x) 9)

<.
[

if 67 > x1,...24-1 > 27 and 27 > x4 > T where g; is defined in Lemma B.2. Lastly, if
67 > x1,...x4 > 27, we define

d
= Lz, —47)° —dv 2 fap1a(x). (10)

Jj=1

Figure. 5a shows an intersection surface (a slice along the x;-z;; plane) of this construction.
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(a) The intersection surface of the Tube defined in  (b) The “octopus”-like domain we defined in Equa-
Equation (5) (6)and (7) for 27 < z1,...,2;—1 < tion (12) and (13) for d = 2.
6T,0 S Li+2 S T.

Figure 5: Illustration of intersection surfaces used in our construction.

Remark A.1. As will be apparent in Theorem B.2, g and g1 are polynomials with degrees bounded
by five, which implies that for T < x; < 27 and 0 < x;41 < T the function values and derivatives of
9(xi, x;11) and g(x;) are bounded by poly(L); in particular, p = poly(L).

Remark A.2. In Theorem B.2 we show that the norms of the gradients of g and g, gradients are
strictly larger than zero by a constant (> ~T), which implies that for € < T, there is no e-second-
order stationary point in the connection region. Further note that in the domain of the function
defined in Eq. (6) and (8), the smallest eigenvalue of Hessian is —2~. Therefore we know that if

2
x € Dy and x4 < 271, then x cannot be an e-second-order stationary point for € < 4%

Now let us study the stationary points of this function. Technically, the differential is only defined on
the interior of Dy. However in Steps 2 and 3, we provide a C' 2 extension of f to all of R?, so the
lemma below should be interpreted as characterizing the critical points of this extended function f in
Dy. Using the analytic form of Eq. (6)- (10) and Remark A.2, we can easily identify the stationary
points of f.

Lemma A.3. For f : Dy — R defined in Eq. (6) to Eq. (10), there is only one local optimum:

x* = (47',...,47')1—7
and d saddle points:
©,...,00",(47,0,...,00" ..., (47,...,47,0) .
Next we analyze the convergence rate of gradient descent. The following lemma shows that it takes
exponential time for GD to achieve x4 > 27.
d—1
Lemma A4. Let 7 > e and (9 € -1, 1]d N Dy. GD withn < ﬁ and any T < (%)

satisfies x((iT) < 2T.

Proof. Define Ty =0andfork =1,...,d,letT} = min{t\xg) > 27} be the first time the iterate
escapes the neighborhood of the k-th saddle point. We also define 7} as the number of iterations
inside the region

{xla"'vxk—l > 2T7T <ap < 27—a0 < Thtey -+, 2d < T}'

First we bound 77}, . Lemma B.2 shows ag(%"#i’““) < —2v7 so after every gradient descent step, =

is increased by at least 21y7. Therefore we can upper bound 7}, by

7 < QT—T:L.
2y 2y
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Note this bound holds for all k.
(Th

Next, we lower bound T7. By definition, 77 is the smallest number such that x; ) > 27 and using
the definition of 77 we know :chl*Tl ) > 7. By the gradient update equation, fort =1...,77 =17,
we have 2} = (1 + 2ny)t2Y. Thus we have:

)T1 =17 >

x&o) (14 2ny

1 T
—T7 > — — .

= T Tl = 2,’7’7 log <x§0)>

Since 2§ < 1 and 7 > e, we know log(w%) > 1. Therefore Ty — 17 > % >1T7.
1

Next we show iterates generated by GD stay in Dy. If x®) gatisfies 67 > T1,...Tp_1 > 27,7 >
x> 0,7 Z$k+1'~7md > (, then for 1 S] <k,

1

x§-t+ ) = (1—nL) xg.t) —4nLt € [27,67],

forj =k,

Y = (14 2my) 2 e (0,27,

A
andforj > k+1

x§.t+l) =(1-2nL) mgt) € [0,7].
Similarly, if 2(*) satisfies 67 > x1,...2p_1 > 27,27 > ) > T, T > Tpy1 ..., xq > 0, the above
arguments still hold for 7 < k — 1 and j > k + 2. For 5 = k, note that
t+1) _ @) 99 (x, j41)
J =Y " O0x;

< ;vgt) + 2nyr < 6T,

T

where in the first inequality we have used Lemma B.2. For j = k + 1, by the dynamics of gradient
descent, at (T, — 17 )-th iteration, (BT = 50 (1 —2nL)"™ %  Note Lemma B.2 shows in

! k+1 = T4
the region
{z1,...,xp—1 > 27,7 <2 < 27,0 < XTpy1, .., 2g < T},
we have of ()
T
> —29Tpy1.
837k+1

Putting this together we have the following upper bounds for ¢t = T}, — T} +1,...,T}:

iy <@l (1= 2L) T (14 2py) 0T < 1, (11)
which implies x(*) is in D.
Next, let us calculate the relation between T}, and Tj4. By our definition of T}, and T}, we have:

. e ,
o) <l (1= 2nn) T (1 2y

For T} 1, with the same logic we used for lower bounding 77, we have

(Th41—Tr11)
Tt1

= 2" (14 2my) e e e > 7
= 2\ (1= 2pL) T (1 2my) T (1 20y) T T T >

Taking logarithms on both sides and then using log(1 — ) < —6,log(1 4+ 6) < ffor0 <0 < 1, and

n < i we have

>T

.
20y (D1 — Ty — (Te = I7)) = log <x0 > +2nL (T — Ty)
k+1

T L+ T
= Tpp1 —Tpyq > Tv(Tk—Tk)
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In last step, we used the initialization condition whereby log ( z ) >12>0. Since Ty =17 > L

’C2+1 = 2y’
to enter the region x1, ..., x4 > 27 we need T} iterations, which is lower bounded by
d—1 d—1
Td>1~<L+7) ><L+7) .
2my Y Y

O

Step 2: From the tube to the octopus. We have shown that if z° € [-1, 1]d N Dy, then gradient
descent needs exponential time to approximate a second order stationary point. To deal with
initialization points in [—1,1]" — Dy, we use a simple mirroring trick; i.e., for each coordinate x;,
we create a mirror domain of Dy and a mirror function according to i-th axis and then take union
of all resulting reflections. Therefore, we end up with an “octopus” which has 2¢ copies of D and

-1, l}d is a subset of this “octopus." Figure 5b shows the construction for d = 2.

The mirroring trick is used mainly to make saddle points be interior points of the region (octopus)
and ensure that the positive result of PGD (claim 2) will hold.

We now formalize this mirroring trick. For a = 0, ..., 2% — 1, let as denote its binary representation.
Denote az (0) as the indices of ay with digit 0 and ag (1) as those that are 1. Now we define the
domain

d
D, = U {x eR?:z;, >0ifi e a2(0), z; < 0 otherwise ,
i=1
67 > |z1|. .., |wic1] = 27, oy < 27 i - 2al S TF (12)
291
D= |J D.. (13)
a=0
Note this is a closed subset of R? and [—1, l]d C D. Next we define the objective function. For
t=1,...,d = 1,if 67 > |z1|,..., |wic1]| = 27, |z < 7, @iz -, g < 7
F) = Y Lj—-4r)’+ ). L(zj+47)° —va}
j<i—1,j€az(0) j<i—1,j€as(1)
d
+ ) Lad—(i— 1y, (14)
j=i+1
andif 67 > |z1|, ..., |xi—1] > 27,7 < || < 27, |ziqa], .., J2al < 7
f)= > L(zj-4r’+ Y L(zj+47)° 4G (zi,2i41)
Jj<i—1,j€a2(0) j<i—1,j€ax(1)
d
+ Y La?— (i1, (15)
j=it2
where

g(xi, xi41) if i € ag (0)
g(—xi,xi41)if i € ag (1).

G (74, wit1) :{

Fori =d,if 67 > |x1|,...,|xi—1| > 27, |z < 7
f(x) = Z L(x;— ar)? + Z L(z;+ 4r)? —ya? = (i — D, (16)
j<i—1,j€as(0) j<i—1,j€as(1)
and if 67 > |zq|. .., |zi—1| > 27,7 < x| < 27
f= > Lj—4n*+ Y. L{zj+47)°+Gi(z) - (i— Ly, (A7)
Jj<i—1,j€a2(0) Jj<i—1,j€az(1)
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where

g1 (JZIL) if7 € as (O)

Gy (z) = {gl(—wi) ifieay(l).

Lastly, if 67 > |z1], ..., |zq| > 27:
f)= > Lj—4n*+ Y. L(zj+47)° —dv. (18)
Jj<i—1,j€a2(0) Jj<i—1,j€a2(1)

Note that if a coordinate x; satisfies |x;| < 7, the function defined in Eq. (14) to (17) is an even

function (fix all z; for j # 4, f(...,2;,...) = f(...,—x;,...)) so f preserves the smoothness of fo.
By symmetry, mirroring the proof of Lemma A.4 for D, fora = 1,...,2% — 1 we have the following
lemma:

Lemma A.5. Choosing T = e, if x\*) € -1, 1]d then for gradient descent with 1 < i and any
T < (ﬂ) d—1
=\ 7

Step 3: From the octopus to R%. It remains to extend f from D to R%. Here we use the classical
Whitney extension theorem (Theorem B.3) to obtain our final function F'. Applying Theorem B.3 to
f we have that there exists a function F' defined on R¢ which agrees with f on D and the norms of
its function values and derivatives of all orders are bounded by O (poly (d)). Note that this extension
may introduce new stationary points. However, as we have shown previously, GD never leaves D so
we can safely ignore these new stationary points. We have now proved the negative result regarding
gradient descent.

, we have .’L‘fiT) < 2T.

A.2 Proof for Claim 2 of Theorem 4.1

To show that PGD approximates a local minimum in polynomial time, we first apply Theorem 2.7
which shows that PGD finds an e-second-order stationary point. Remark A.2 shows in D, every
e-second-order stationary point is € close to a local minimum. Thus, it suffices to show iterates of
PGD stay in D. We will prove the following two facts: 1) after adding noise, x is still in D, and 2)
until the next time we add noise, x is in D.

For the first fact, using the choices of ginres and 7 in Jin et al. [2017] we can pick e polynomially

small enough so that gipres < % and r < 27—0, which ensures there is no noise added when there

exists a coordinate z; with 7 < z; < 27. Without loss of generality, suppose that in the region

{z1,. 21 227,00 < gy .. 2qg < T,
we have ||V f (x)[l, < gihres < 15, Which implies [z; — 47| < gforj=1,...,k—1,and z; < 55
for j =k, ..., d. Therefore, ‘(x—&—{)j—lh" <{forj=1,...,k—1and
x+9),] < 5 (19)
10

forj==k,...,d.

For the second fact suppose at the ¢'-th iteration we add noise. Now without loss of generality,
suppose that after adding noise, x(*') > 0, and by the first fact x*  is in the region

-
{xl,...,xi_l >21,0<x; £ ...,qg < —}
10
Now we use the same argument as for proving GD stays in D. Suppose at ¢'’-th iteration we add

noise again. Then for t' < t < ¢, we have that if x(*) satisfies 67 > 1,...2p_1 > 27,7 > x1, >
0,7 > Tgy1...,24 > 0,thenforl < j <k,

a:gtﬂ) =(1-nlL) x§t) —4nLt € [27,67],

forj =k,
1
935.“' ) — (14 2ny) osg-t) € [0,27],
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andforj > k+1

x§.t+1) =(1-2nL) mgt) € [0,7].
Similarly, if z® satisfies 67 > L1y .Th—1 2> 2T,2T 2 X} > T, T > Tg41---,2q > 0, the above
arguments still hold for 7 < k — 1 and j > k 4 2. For j = k, note that

(t+1) _ (6 _ dg ($j7$j+1)
z; T 77783:]-
< zgt) + 4dnLt < 67,

where the first inequality we have used Lemma B.2.

For j = k + 1, by the dynamics of gradient descent, at the (T, — T )-th iteration, x,(i’“l_T’: ) =

xg_;)l (1- 277L)T’“7T’: ~*'Note that Lemma B.2 shows in the region

{xlw")Ik—l > QTaTS T < 2T7O Sxk-‘rla"'axd ST}v
we have of ()
T
2 =29Tpy1.
Oxp41

Putting this together we obtain the following upper bound, fort = T, — T} +1,...,T}:
) () (1- QnL)(Tk—T;I—t') 1+ Qn,y)f—(Tk—T;I) <7,

Tht1 = T
where the last inequality is because t — (T}, — T7) < T < ﬁ This implies x*) is in Dy. Our
proof is complete.

A.3 Proof for Corollary 4.3

Define g(x) = f(X52) to be an affine transformation of f, Vg(x) = £V f(X52), and V?g(x) =

%V%”(xlgz). We see that {; = %, pg = %5, and By = By, which are poly(d).

X—z

Define the mapping h(x) = *z%, and the auxiliary sequence y; = h(x;). We see that
K1) — x(O) _ 7g(x(®)
) = ) - 2V )
R
y " = h(Ry'" + 2 — %Vf(y(”))

=y - %Vf(y(”)-

Thus gradient descent with stepsize 7 on g is equivalent to gradient descent on f with stepsize 2.

The first conclusion follows from noting that with probability 1 — 4§, the initial point x(%) lies in
B (z, R), and then applying Theorem 4.1. The second conclusion follows from applying Theorem
2.7 in the same way as in the proof of Theorem 4.1.

B Auxiliary Theorems

The following are basic facts from spline theory. See Equation (2.1) and (3.1) of Dougherty et al.
[1989]

Theorem B.1. Given data points yo < y1, function values f(yo), f(y1) and derivatives f’(yo),
f'(y1) with f'(yo) < O the cubic Hermite interpolant is defined by

p(y) = co + 18y + 207 + c36,,
where
co = f(yo),c1 = f/(yo)
_ 35— f'(y1) — 2/"(yo)

C2

Y1 — Yo
o= 25— 1 (1) = (o)
3 = 2

(yl - yo)
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fory € [yo, v, 8, = y—yo and slope § = LEI=LW) () sarisfies p(yo) = f(yo), (1) = f(31),

P'(yo) = f'(yo) and p'(y1) = f'(y1). Further, for f(y1) < f(yo) <O, if

fo > 3 = Sw0)
Y= Y1 — Yo

then we have f(y1) < p(y) < f(yo) fory € [yo, y1]-

We use these properties of splines to construct the bivariate function g and the univariate function gy
in Section A. The next lemma studies the properties of the connection functions g(-, -) and g1 (-).

Lemma B.2. Define g(z;, zi11) = g1(xi) + g2(x;)x, . There exist polynomial functions g1, go
and v = —g1(27) + 4L7? such that for any i = 1,--- ,d, for f; 1 and fi o defined in Eq. (6)- (10),
g(x;, Ti41) ensures f; o satisfies, if x; = T, then
fi,Q(X) = fi,l(x)a
Vfi2(x) = Vfii(x),
V2 fi2(x) = V2 fi1(x),
and if x; = 27 then
fiz(x) = fir1,1(x),
V fi2(x) =V fit1,1(x),
V2 fi2(x) = V? fiy1,1(x).
Z;

Further, g satisfies fort < xz; <21and 0 < z;11 <71

39(%‘7 $i+1)

—4LT < < —2vT
Ty
9g9(wi, Tiy1)
2 > 2V
01 = T
and g satisfies forv < x; < 21
9 :
Y L)
8331‘
Proof. Let us first construct g;. Since we know for a giveni € [1,...,d], ifx; = 7, ag;-,.l = =297,
6852 = —2yandif z; = 27, 210 — 417 and % — 2L. Note for L > 7,0 > —2y7 >

—4L7 and 2L > w. Applylng Theorem B.1, we know there exists a cubic polynomial
p(z;) such that

p(r) = =2y and p(27)=—4LT

p'(t)=—-2y and p'(27)=2L,
and p(x;) < =277 for 7 < x; < 27. Now define

g1(w;) = (/P) () — (/p) (1) — 72

where [ p is the anti-derivative. Note by this definition g; satisfies the boundary condition at 7. Lastly
we choose v = —g; (27) + 4L72. It can be verified that this construction satisfies all the boundary
conditions.

Now we consider x;41. Note when if x; = 7, the only term in f that involves ;11 is fo 1 and

when z; = 27, the only term in f that involves x;;1 is —ya? " 1. Therefore we can construct go
directly:

10(L +7)(w; —27)* _ 15(L+7)(wi —27)*  6(L +7)(xi —27)°

92(x;) = =7 — s

T3 T4 T
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Note (L + ) — 202 (s — 7)°
30(L +v)(x; — 27)%(x; — T
gg(xi) = - 5 .

After some algebra, we can show this function satisfies for 7 < x; < 27

92(xi) > —,

ga(xi) <0,

92(1) = L, g2(27) = —

ga(7) = g5(27) =0

95 (1) = g5(27) = 0.
Therefore it satisfies the boundary conditions related to x; ;. Further note that at the boundary
(x; = 7 or 27), the derivative and the second derivative are zero, so it will not contribute to the

boundary conditions involving x;. Now we can conclude that g and g; satisfy the requirements of the
lemma. O

We use the following continuous extension theorem which is a sharpened result of the seminal
Whitney extension theorem [Whitney, 1934].

Theorem B.3 (Theorem 1.3 of Chang [2015]). Suppose E C R%. Let the C™ (E) norm of a function
F:E — Rbesup{|0®|:x € E,|a] <m}. IfE is a closed subset in RY, then there exists a linear
operator T : C™ (E) — C™ (Rd) such that if f{ € C™ (E) is mapped to F € C™ (Rd) , then
F|gp = f and F has derivatives of all orders on E°. Furthermore, the operator norm ||T||,, is at
most Cd°™/2, where C' depends only on m.
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