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A Upper bound of the numerator

Briefly speaking, the numerator can be bounded by controlling the complexity of the parameter space
©. Here, the complexity of the model is measured by the metric entropy. A general discussion
of metric entropy can be found in [4]. In this section, we introduce a form of metric entropy with
bracketing corresponding to the relavent parameter space, and provide an upper bound for the metric
entropy of the approximating spaces defined in Section 2. These bounds lead to upper bounds for the
items in the numerator of (9).

Definition A.1. Let (O, p) be a seperable pseudo-metric space. ©(¢) is a finite set of pairs of
Sunctions {( jL, fJU),j =1,---, N} satisfying

p( JL>fJU)§€fOTj:17"'7N7 (11)
and for any f € ©, there is a j such that
fF<r<. (12)
Let
N(e, ©, p) = min{card O(e) : and are satisfied}. (13)
Then, we define the metric entropy with bracketing of © to be
H(e,©,p) =log N(e, 0, p). (14)
Recall that ©4,--- , Oy, - - - are the approximating spaces defined in Section 2. The next lemma is

devoted to an upper bound for the bracketing metric entropy of ©;.
Lemma A.2. Take p to be the Hellinger distance. Let ©% = {f € O1 : p(f, fo) < d}. Then,

H(e, 07, p)
I d
< Ilogp+([+1)log(l+1)+ElogI—FIlogf—kc, (15)
€

where c is a constant not dependent on I or d.
Proof. See [3]] proof of Lemma 3.1 and Lemma 3.2. O

Our next theorem, which is Theorem 1 in [7], gives a uniform exponential bound for likelihood ratios.

Theorem A.3 (Wong and Shen (1995)). There exist positive constants a > 0, ¢, ¢1 and co, such that,
forany e > 0, if

2e
/ HY?(u/a, P, p)du < en/?e2, (16)
€2/8

then

o [(Y5)
Py ( sup
"Nt sorzetery oy Jo(Vi)
where Py, is understood to be the outer probability mesure under fo. The constants ¢, and cy can be

chosen in (0,1) and c can be set as (2/3)%/? /512.

> exp(—clne2)) < 4exp(—cone?),
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Finally, the next lemma provides an upper bound for the items in the numerator in (9) when I is
sufficiently large.

Lemma A4. Let §, 1 = (ﬁioggln)l/ 2. When n is sufficiently large, we have

]PfO( H > exp(— Clnéi’j)) < dexp(—candy ;).
{p(f, f0)>5n 1.fEOL} fo

Proof. See [3] proof of Corollary 3.1. O

Remark A.1. Since the metric entropy decreases as € increases, this lemma also holds for any
€ > 0y, 1. This property is quite useful in the proof of the main theorem.

B Lower bound of the denominator

In this section, we study how the prior distribution concentrates on the shrinking neighborhoods
around the true density function. This is the key to bounding the denominator of (9) from below. We
develop our results through a series of lemmas. The connection between the lower bounds of the
items in the denominator of (9) and the concentration rate of the prior distribution is first derived
(B.I). By employing a property of Dirichlet distribution (Lemma [B.3) and inequalities bounding
Kullback-Leibler divergence by Hellinger distance (Lemma[B.2)), we obtain lower bounds of the
terms in the denominator of (9) in Lemma B.4]

To begin with, we cite a result from [6]. In this lemma, it is shown that with probability close to 1,
the denominator is bounded from below by the prior probability mass concentrating on a ball around
fo multiplied by a coefficient depending on the radius of the ball. Before stating the result, we define

_ foY)
K(fo.f) =B, (log 1) a”
and
V(o £) = Vary, (10 2000, a8)

fY)
Lemma B.1 (Shen and Wasserman (2001) Lemma 1). Let K(-,-) and V (-, ) be as defined in
and (18), and let S(t) = {f € Q: K(fo,[) < t,V(fo,f) < t}. Set S, = S(tn). When t,, isa
sequence of positive numbers satisfying nt,, — oo,

T f(Yh) 1 Cont, 2

More explicitly, from this lemma we learn that, given the condition nt, — o0,

Jo IT—, ;;((};)dﬂ(f) > 111(S,)e™ 2"t with probability close to 1.

It is well known that Hellinger distance can be bounded by the Kullback-Leibler divergence. In
[7]], it is shown that the other direction also holds under an integrability condition. Their results are
summarized in the lemma below.

Lemma B.2 (Wong and Shen (1995) Theorem 5). Let f, fo be two densities, p*(f, fo) < €2. Suppose
that M? = f{fo/f>e1/5} fo(fo/f)? < oo for some § € (0,1]. Then for all € < (1 — 3*1)2, we

have

/folog [ _2log2 +§max(1,log(%))]e2,

Based on this result, if p?(f, fo) < €2, then

ma (K (for ). B ((log 2200 )2)) = 0(c(10g 22 2)




This further implies that, there exists a constant L, such that

{F:nlf.0o) < logwa:}

¢ {7 K(fo.p) < By, (o ?(<§>))2) <. (19)

This lemma allows us to work on a Hellinger ball instead of a Kullback-Leibler one. The transition
is necessary because it is more straightforward to apply a property of the Dirichlet distribution to
estimate the probability mass on a Hellinger ball around the true density function. In the lemma
below, this particular property of the Dirichlet distribution is stated in terms of L, distance, which is
equivalent to the Hellinger distance. We want to point out that this lemma is a variation of Lemma
6.1 in [2]] and the proof is adapted from their paper.

Lemma B.3. (X1, -, X7) is distributed according to the Dirichlet distribution. Let (x10,- -+ ,Z10)
be any point on the I-simplex. Take ¢ < 1/I. With 7 < €2, we have

I
P(Z | X; — mio] < 2¢,X; > 7 forall z) > (e — 7')1. (20)
i=1

Proof. We can find an index ¢ such that 2:;o > 1/1. By relabeling, we can assume that ; = 1. if
|w; — 40| < €2 fori=1,---,I—1,then

I—-1
dawi<l-wp+I-1)E<(T-1)(E+1/I)<1—€ <1,
=1

Therefore, there exists = (x1,--- ,xr) in the simplex with these first I — 1 coordinates. And

I I—-1
Z |Il — I¢0| S 22 ‘Il — IL'i()‘ S 262(I — 1) S 26.
=1 1=1

Therefore, the probability on the left hand side of (20) is bounded below by
P(|X; — x| <X >7mi=1,---,1-1)
T(al)

min((z;0-+e?),1) 1
& dl’z
(F(Oé))I Z];E /max((wiog)f) '

Since o < 1, we can lower bound the integrand by 1 and the interval of integration contains at least
an interval of length €2 — 7. Therefore, the result above can be further lower bounded by

I'(al) T(al)
(C(a)! (T(a)!
This finishes the proof. O

(€ -7~ 1> (€ — 1)L

Now, we are ready to derive lower bounds for the prior probability mass on ©;’s when [ varies
within a certain range. Before stating the result, we want to briefly review the assumptions we made
in Section 3. First, in terms of approximation error, we assume that for any fy € JFy, there exists a
sequence of f; € ©p, such that A1 J~" < mingeo, p(g, f) < p(fr, f) < A217" for some positive
constants A; and A, (If the lower bound does not hold, we can always obtain a faster concentration
rate). Second, we imposed a moment condition on Fy. For any f € Fj, we assume that f f? < o0.
At last, given a partition of size I, the weights on the subregions within the partition follow a Dirichlet
distribution truncated from below, with the truncation parameter 7 = DI~" (D, n > 0). Under these
three assumptions, we will derive the lower bound in the lemma below.



Lemma B.4. Assume that f, € Fo. Il is the prior probability specified in Section 2. Let t,, 1 =
2 __ IlogI
€n,g = n/ ;)ogn'

1
Take I = n2r+1, we have

- [V
#i ), T gy

1
< 51’[(@1) exp(—2nty ; — c*IlogI — 4wl logn — Ilog I‘(a)))
2

)
ntn N

<

where w = max(1,1/2r), and c* is the constant introduced in Section 2.2.

Proof. Let Sy 1 = {f € ©1: K(fo,f) < tn1,V(fo,f) < tnr}. From lemma[B.1} we have the
bound

n - f(Yz) 1 —ontn s 9
il ], 7 = gt )< i @n

Next step, we will search a lower bound for I1(.S,, ;). The way to approach this is to find a subset of
Sy, 1 to which we can apply Lemma@ Our argument is as the following.

Define S'nJ ={f €0 : K(fo,f) < tnyl,IEfO((log J;?((}},/)))Q) < tn1,f > 7}, where 7 is a

truncation parameter which will be specified later. Note that E, ((log ff”((;)) )2) = V(fo, f), we have
5'7171 C Sp,1. From , we know that

Le I ~
n]\ki&,fZT}CSn’[.

€n, I

War={f€0r:p(fo,f) < ]
0g

Set 7 to be DI~ with ) > max{2, 4r}, then Ms = O(I°" [ fél+§)). Furthermore,

( IlogI )1/2
€n,I - 0 n/logn
M, - 14+6) yn/logn
log 212 log (187 [ £§+°) (2hio8 ) 1/2)
Tlog I\'/?
= 0 << o8 > . (22)

nlogn

Under the assumptions that [ = nT#7 , there exists f1 € ©y, such that p( fo, f1) < IL;%. If we

€n, I

define

~ L "
Wn,[ = {f € 61 : p(fmf[) S logei‘s 7p(f0af])af 27}7

€n,1

by triangle inequality, we know that Wn 1 C Wy, 1. Together with the previous result, we claim that
there exists a constant L', such that

ITloglI
nlogn

1/2
Busi={f €O plfif1) < I’ ( ) =) C W,

Next, from the fact p?(f,g) < ||f — gl|z,, we have

L?IlogI

,f > T} C Bn,I.
nlogn

Bnr:={f€Or:|fr—fllr, <

Note that II(B,, ;) = II(©;)II(B,, 1|©). Assume that f; is supported by the binary partition
{QuoY oy Let Fo = {f € ©1: f = X[y @rlay, 0 > 0,521, 6; = 1} be the collection of all
the density functions in ©; which are supported by the same binary partition as f;. Then

(B, 1|©1) > (B, 1| Fo)II(F|©1) > exp(—c*Ilog I)II(B,, 1| Fp). (23)



Now we apply Lemma [B.3|to bound II(B,,

12
radius (%{:ﬁl)w, where w is chosen to be max(1,1/2r). We can always assume that L' < 1,

otherwise we can work with a ball shringking to zero at a faster rate instead. Obviously, this

) from below. We will works with an L;-ball with

ball is contained in B,, ;. When I = n7 1, we have (LSIIO {:i I)“’ < l Under the assumptions
1 > max(2, 4r), we know that when I/n" = o(1) with y; = 2w+n DI n = ((ﬁggi) “). By
setting x;0 in the lemma to be the probability mass on 2;y under f;, we have
12
(B, |F) > (gg))l ((LQnIIiZgnI )20 _ DIyl
> exp(—IlogT(a) — 4wl logn). (24)
Combine (Z1), (23) and (24) together, we get the desired result. O

C Proof of Theorem 3.1

In this section, we will combine the upper bound in Section |A|and the lower bound in Section
together to derive the posterior concentration rate.

r Jr 1/2
Proof of Theorem 3.1. Let e, = n”~ 771 (logn)?* 2 and 1, ; = (I(long/{ig;n“) . First, we divide
the items in (9) into three blocks. We define

Nl—l n
INum - / ’
{F:p(f.fo)>Men }NO; 1;[ Jo( Y
n
f(Y5)
IINum = / dl‘[(f)7
Iz;vl {f:p(f,fo)>Men}NO1 jH Jo(Yj)

n/logn

HINum =Y / ﬁf(yj) dri(f),

1 Moz meyne; oy fo(Ys)

where N; = Dyn771 (logn)~+ and Ny = Don7 77 (log n)2.

We deal with each block in the numerator separately. Roughly speaking, when [ is small, the
approximation error to fy dominates, and these items can be bounded by the Hellinger distance
between f and fy. The items in the middle range can be bounded by controlling the metric entropy
of ©;. The items in the last block are negligible because the prior probability decays to zero fast.

We assume that there exists a sequence of f; € ©p, such that A;17" < mingee, p(g, f) <

p(fr, f) < AT~ for some positive constants A; and As. Let N3 = Dgnﬁ (log n)f%fﬁ. With
an appropriately chosen D3, when I < N3, A117" is greater than Me,,. Therefore,

N3—1 n

f(Y5)
dIl
Z /f P(ﬁfo)ZMEn}ﬁelg fo(Y;) )

S L

When N3 < I < Ny, given that A;1~" < Me,,, we have

dIL(f). (25)

Ijl

N;—1 n
: ) o
)
S etz eyn0; 52y fo(Y;)
Ni—1

7 ()

<X
S Motz a-ryne, i Jo(Y)

dII(f). (26)



Combine (25) and together and apply Lemmaby setting d,, 7 to be A;1~", we obtain
Ni—1
N 7 f(Y)

INum < /
Iz:; (Fp(f.f)zm1-ryne; i Jo(Yy)

Ni—1

> T(Or) exp(—AinI ")

I=1

Ni—1

< () exp(—24n17)V2
I=1

dII(f)

IN

The last line is based on the Caucy-Schwarz inequality. Now, we will estimate the order of the summa-

tion in the last line. In order to simplify the notation, we will discuss the order of Zﬁvzll_l exp(— 2}423”)

in detail.

We know that the mass is centered around I = N; — 1. Power series expansion around that point
gives

1—e)N

( Z) < (1—e)N 241

—€ exp | -
> 1 p ( (1 — 6) N1)2T )
I=1

which is a lower order term compared to the last term in the summation and thus does not contribute
significantly to the summation. Let 1 — § = Nil, expand

(1-0)""=1+2r6+ <_22T> 62 + o(6%).

Ni—1 N
2A1n ! 241n
Z exp(— Igi ) < / eXp(— xglr )dﬂ?
I=(1—€)Ny (1—e)Ny
‘ Ay 2 —2r
~ exp | —2—5-n>¥1 (logn)*(1 — 9) Nydo
0 Dy
¢ Al 1 2
~ exp —2ﬁn2r+l (logn)*(1 4 2rd + o(8)) | N1dd
0 1
1 Ay 1 2
W exp (_2D%T’n27+1 (logn) ) .
Therefore A
Inum < (logn)*k% exp(—D—;nﬁ(log n)?). 27

1

From Lemma we know that if the result applies for J,, 7, then it also applies to M, 1 > 6, 1.
We have that when N1 < I < Ny,

S (V)
Inum < / 75 dII(f)
o I;Vl {f:p(f,fo>2Mnn,z}m<~)1j1;[1 fo(Y5)
Na
< Z exp(—AllogI) exp(—M2I(logI)1+% logn)
I=N,
Ny /2 /N, 1/2
< ( Z exp(—2AI log I)) < Z exp (—2M21(10g I)l‘*'% logn>>
I=N, I=N,

~  exp (—MQnﬁ(log n)2) )

where the last line is obtained by integration by part.



For the last block I11n ., we have

n/logn

Hlyum <Y / 11 J; %))dﬂ(f)

I=N,+1701 j=1 i

~ exp (n 5 log(fo>)

If we use z to represent a partition of size I, and X to denote the collection of all binary partitions
of size I, then the integral in (28) can be divided into the integral over each partition as the following:

n/logn

> /@ [T r(vpdm(s). (28)

I=No+1"701 j=1

I INum
n/logn n
S oexp <—n/f010g(fo)> > / [T 761,00, 20)
I=No+1arex; V0001 j—1
XH(@l,...,91|$1)H(l‘1)d91...d@[
S exp (—n/fo log(fo)>
xn/i)ign exp(—AllogT) Z D(a+n1,...,a+n1)ﬁ 1
Ty D(a,...,a) LL Q|
I=N>+1 T1E€XT i=1

The last inequality is obtained by integrating out 6;’s. Now, we focus on the part inside the summation,
and apply Stirling’s approximation to the gamma function,

D(a—|—n1,...,a+n1)ﬁ 1
D(a,...,a) Pl |2

ez

1
= exp <logF(OJ) —TlogT'(a) + Zlog I(a+n;)

=1

I
1
—logl'(al +n) + Z n; log |Q|>
i=1 ‘

N

exp ((a[— Dlog(al = 1) = (al —1) = TlogT(a) — (el +n— 1) loglal +n—1)+al +n—1

+ Z ((a—&—ni—l)log(a—i—ni—1)—(04—}—711-—1)—1—;log(a—i—ni—l)—f—log\/%r)

in;>1

1
+ ) nilog |Q|> (29)

in;>1
Let C(a) = log V27w 4+ 1 — log'(a) — «, then

(29)

al —1 1 n+ (a—1)I
< I—1)log——— —nl 1 —1 I — =)l log ———
< exp<<a Jog —L L nlog(ad +n— 1)+ O(a)] + (o 5)11og "2

n;
+ E n;log — |. (30)
imi>1 g|Qz|>



Next, we will find an upper bound of >, -, n;log 1 17~ Given a partition {3}, define p; =
fQi fo» fi = ni/n, vi = p;i /1), and f,, = Z;Zl vilg,. Then,
(30)
al +n—1
—nlog 2T TS L o) log Kt log v;
exp | —nlog - —l—(a)—l—Znog +Znogu

in;>1 n;>1

+C(a)l +n / folog(fo) — nK (fo, fr)

+n Y logf+n > (s — i) log(m)>

in; >1 win;>1

I —1
< exp(_nlogm

Next, we will use large deviations to study the last two items in the summation. Applying a result in
[3]] (Corollary 2.5 in the paper), we have

” i ITlogl
n [ S datog 2t > P8 ) < op(nriog 1),

n
im;>1

where 7 is a constant. We can choose 1 such that this result holds for all partitions of size I with
probability tending to 1.

Based on this, we know that when [ is between Ns and n/logn, the integral over each partition
is bounded given that X is large enough. Indeed, the condition on A is that A > n and n > ¢*. For
example, we can set A = 3 and n = 2. If we plug in this result into the summation, we have

n/logn

IInem < Z exp(—IlogT)
I=Ns

< exp(—Dayn (logn)?).
Therefore
9)
(logn)_l_% exp(—(Al/D%T)nﬁ(lognP) + exp( M2n7 (logn)? + exp(—Dgnﬁ(lognF))
Py 1f@1 j= 1f0(y)dH( )
(log n) =1 # exp(—(A1/D¥)n 7 (log n)?) + exp(— M0t <logn> ) ¢ expl-Don = (g )
A (log (o) + 1))

where the last inequality is obtained by applying Lemmato the space ©; with [ = n71. The
last line goes to zero when Ay /Dy, M? and D5 are all greater than

N

Lexp (— QTQ_Hnﬁ (logn)? = (557 + dw)n=+1 771 log n

r+1-
Therefore, we have

IL(f : plf. fo) = Men|Vis- -+, Ya) < exp (—bn 757 (log m)?)

with probability tending to 1, where b is a positive constant. This concludes the proof. O

D Proof of Corollaries

D.1 High-dimensional Haar basis

We first provide more details about high-dimensional Haar basis. In one dimension, the Haar wavelet’s
mother wavelet function is
1 ifo<y<1/2,
Ply)=1{ -1 if1/2<y<1,
0 otherwise.



And its scaling function is

L1 ifo<y<1,
o) = {O otherwise.

Here, we take the two-dimensional case to illustrate how the system is built. This construction can be
extended to high dimensional cases as well.

The two-dimensional scaling function is defined to be
oo(y',v°) == (y")d(y?),
and three wavelet functions are
oy, v?) = oy (),
Yoy %) = (yh)o(y?),
vyt y®) = vy (y®).
If we use a superscript [ to index the scaling level of the wavelet function and subscripts 7 and j (¢

and j canbe 0,1, --- ,2' — 1) to denote the horizontal and vertical translations respectively, then the
scales and translates of the three wavelet functions ¢, )¢ and ¥ are defined to be

oyt y?) = (V2)H w2yt — i, 2ly? — j),
eyt y?) = (V2)F eyt — 1,22 — j),
vyt y?) = (V2R (2lyt i, 217 — ).

These functions together with the single scaling function ¢¢ define the two-dimensional Haar wavelet
basis ¥.

D.2 Spatial sparsity

Lemma D.1. Suppose fq is a p-dimensional density function. gy = v/ fo satis{?es the condition
(10). Then there exists a sequence of f; € Oy, such that p(fo, fr) < I-9~Y2), or equivalently,
o(fo, f1) < cI=971/2) where ¢ may depend on q and p but not 1.

Proof. See [3] proof of Lemma 4.1. O

The proof of Corollary 3.2 follows directly from this lemma and Theorem 3.1.

D.3 Density functions of bounded variation

Let A be the set of indices for the wavelet basis. Each element in A is a pair of scale and location
parameters. We will denote by X the spaces consisting of N-term approximation in the Haar
system, in other words,

Sn={>_expa: ECA|E| <N},
A\eE
where | F'| denotes the cardinality of the discrete set E.
First, we cite a result from [[1]. It provides a bound for the approximation rate to a function of bounded
variation by X .
Lemma D.2. If f € BV (Q) has mean value zero on §, we have

inf ||f — gl < CN"Y2Va(f), 31)
gEXN

with C' = 2592(3v/5 + v/3).

Assume fj is a density function on €2 of bounded variation. By subtracting the mean, we can always
assume that 1/ f has mean value zero over (). For the square root of fy, applying the lemma above,
we can find an N-term approximation g in the Haar system, such that [|v/fo — g||r, ) < N~V/2
Translating this inequality into the size of partition, we reach the conclusion that for a density function
in BV (Q), we can find an approximation in @, such that p( fo, f7) < I~/2. Corollary 3.3 follows.



D.4 Holder space

Lemma D.3. If \/fy is Holder continuous (when p = 1) or mixed-Hélder continuous (when p > 2)
with regularity parameter 3 € (0, 1), then there exists a sequence of fr € Oy, such that p(fo, f1) S
I=P/P(log I)P/2.

Proof. See [3] proof of Lemma 6.1. O

The proof of Corollary 3.4 follows from this.
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