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Abstract

This appendix provides the missing proofs in the paper. Except for the first section,
all sections match those of the main paper. Since the numberings are different, the
results from the main paper are stated again before the proofs are given.

1 Martingale Convergence Theorems

We start by stating two Martingale convergence theorems that shall be useful later. These are adapted
statements that come from [3], which contains detailed proofs. The first one is a law of large number
theorem for Martingales.

Theorem 1.1. Ler S* = 3" _, X* be a Martingale adapted to the filtration S*. Let {u'}3° be
a nondecreasing sequence of positive numbers with lim;_,, u* = oco. If Ip € [1,2] such that

s E[X" 7S]
+=0 W < oo, a.s., then

t

lim — =0, a.s.,
i
t—o0o U

The second one is Doob’s Martingale convergence theorem.

Theorem 1.2. Let St be a submartingale adapted to the filtration St, where t = 0,1,2,.... If S*
is I'-bounded: sup,, E[|S*|] < oo, then S* converges almost surely to a random variable S with

E[|S]] < .

2 Setup and Preliminaries

2.1 Variational Coherence

Lemma 2.1. Given g: X — R, if X* is a non-empty variationally coherent set, then X* is a closed
and convex set of all the global minima of g.

Proof. First we show that any x* € X* is a global minimum. Pick any x € X and denote z = z —x*.
Let 7 € [0, 1]. We have:

df (z* + 72)

* _ 1 * * e
o =(V f(z +7’z),z>—;<Vf(x +7z2), 2" + 172 — %) >0, 2.1
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where the last inequality follows from variational stability. Consequently, f(z* + 7z) is increasing
in 7, thereby implying (by setting 7 = 1) that f(z*) < f(z* 4 2z) = f(x). Since z is arbitrary, x*
must be a global minimum.

Next, we show that X* is closed. Take any converging sequence {x’ }320 in A" with lim; o x) =
x*. Then, for any x € X, since 27 € X'*, we have
It follows that 4

hm <Vf(X),.T - l‘]> = <Vf(x)7x - .T*> > O,VX € X7

Jj—oo

thereby implying x* € X™. Since {xJ }32 is any sequence in X'*, X'* contains all its limit points
and is therefore closed.

To see that X'* is convex, take any x*,z* € X* and any 7 € [0, 1]. For any x € X, we have
(Vix),z—(rz" + (1 -7)2")) = (22)
T(Vfx),z—a")+ (1 -7)(V f(x),z—2") >0, (2.3)
thereby establishing that 7x* + (1 — 7)z* € X™*.

Finally, to see that X'* contains all global minima, assume that z* ¢ X™* is a global minimum. Per
Equation 2.1, and per the definition of variational stability, we have

df (z* 1
w =(Vfl@*+712),z) = =(Vfla*+712),2" +72 —2") >0,
T T
when x* + 72 ¢ X*. By setting 7 = 1, 2 = z* — z*, we then have f(z*) > f(x™*), a contradiction
that z* is a minimum. O

2.2 Examples of Variational Coherence

As an example optimization problem that is nearly convex but not quasi-convex, fix any d > 1,
consider:

d
min V14 z;.

x€[0,1]4 P

It can be easily checked that g(x) = Zle V1 + x; is not quasi-convex: for example, take d = 2,
x = (0,1),z = (1,0), we have g(0.5x + 0.5z) > max{g(x), g(z)}. On the other hand, to see it

is nearly convex, take X* = {0}. It follows that (V f(x),x — 0) = Zf’:l s > 0vx e
[0,1]¢ — {0},

3 Recurrence of SMD

Lemma 3.1. Let h: X — R be a regularizer with respect to || - || that is K -strongly convex. Then:

1. F(z,y) > 1K||C(y) — z||>,Vz € X,Vy € R™.

2. F(z,9) < F(z,y) + (5 —y,Cy) — ) + 551§ — yl2,Vz € X,Vj,y € R™.

Proof. To prove the first claim, let p = C(y). It follows from standard convex analysis [5] that
y € Oh(p) (y is a subgradient of h(p) if and only if p = C'(y)). By definition:

F(x,y) = h(z)+h*(y)—(y, z) == h(z)+(y, C(y)) —M(C(y))—(y, z) = h(z)—h(p)—(y, x—p).

(3.1)
Since y € Oh(p), and h is K-strongly convex, we have that V¢ € (0, 1]:
h(p) +t(y,z — p) < h(p +t(z = p))
< th(z) + (1= )h(p) — §Kt(1 = )p — =], (32)



thereby leading to the bound
KA =t)|lp—2|* < h(x) = h(p) — (v, 2 — p) = F(x,y), (3.3)
forall ¢ € (0, 1]. The claim then follows by letting ¢ — 0% in (3.3).

For the second claim, we start by citing here a useful result in [6] (Theorem 12.60): For a proper,

lower semi-continuous and convex function f : R” — R, where R = [~oc, 00] and a value ¢ > 0,
f* is o-strongly convex (with respect to norm || - ||.) if and only if f is differentiable and satisfies:

F(@) < J(@)+ (V). 7 = ) + oo ]17 — a2, Ve,

Next, we note that in our case, h is K-strongly convex with respect to norm || - ||; and since A is
proper, lower semi-continuous and convex, it follows that (h*)* = h (Theorem 11.1 in [6]). Further,
it can be easily checked that h* is proper, lower semi-continuous and convex (since it is a point-wise
maximum of affine functions per its definition), it therefore follows that the K-strong convexity of

(h*)* (with respect to || - ||« = || - ||) implies that h* is differentiable and satisfies:
* [~ * ~ * 1 ~ ~
@) <P) + G =y, VR W) + o 19— vl 9 (34
. . L. .
=) + (5 -y, CO)) + 5319~ ylZ, ¥y, (3.5

where the equality follows because V h*(y) = C(y).

Therefore, upon substituting the preceding inequality into the definition of Fenchel coupling, we
have:

F(z,9) = h(z) + 0*(9) — (g,2) (3.6)
o . Lo .
< h(z) + () + {7~ v, VA" (@) + 55— ull} — (@.2) 3.7)
. L
= F(2,9) + (7 - 4. Cly) — 2) + 517~ vll2, (38)
thereby establishing the claim. O

Assumption 1. G(z,€) is continuously differentiable in z for almost all £ € €.

Assumption 2. VG(z; ) has bounded second moments and is Lipschitz continuous in the mean:
E[|VG(x;€)|?] < oo forall z € X and E[VG(x; €)] is Lipschitz on X!

Assumption 3. The mirror map C is regular: if C(y;) — z, then F(z,y;) — O.

Theorem 3.2. Under Assumptions 1-3, for any € > 0,6 > 0 and any x4, the (random) iterates X
generated in Algorithm I enter both B(X*,¢) and B(X*, ) infinitely often almost surely.

Proof. We break the proof into 3 steps.

1. Denote v(z) = —E¢  ~n[VG(x,&41)] Per Assumption 2, we have
Ee,  ~ul|VG(2,&41)|l«] < oo, since finite second moments directly imply finite
first moments. This implies:

U(I) = 7VE51+1NH[G(‘I’£1‘/+1)] = 79(1‘)7

where v(x) is also continuous on X’ per Assumption 1. Denote also 0;(x) = —VG(z,&i41),
we have E[||0;(z)]]+] < co and E[||¢(z)||.] is a continuous function on X'. The gradient
update in Algorithm 1 can be rewritten as:

}/t+1 = }/; + oy {’U(Xt) +'l~)t(Xt) —’U(Xt)} (39)
Note that the first term v(X}) is the “ideal" gradient and the second term 04 (X;) — v(X%) is
a martingale difference adapted to &y, . . . , & because:

'In the above, gradients are treated as elements of the dual space V* of V and ||v]|, = sup{(v,z) : ||z|| < 1}
denotes the dual norm of v € V*. We also note that VG(z; §) refers to the gradient of G(z; ) with respect to
x; since {2 need not have a differential structure, there is no danger of confusion.



(a) Under the above notation and bounded first moment conclusions, it follows:

E[ll9:(Xe) — v(Xe)[l+] < E[[|oe(Xe)[l] + Efl[o(Xe)]].] (3.10)
< EEEE[H@(%)H*] + sup [v(2)]]« < o0, (3.11)

where the last inequality follows from X" is compact.
(b) The martingale difference property holds:

E[0:(X¢)—v(Xt) | €05 - - -5 &) = E[oe(Xe) | Lo, - -+, &l —v(Xe) = v(Xe)—ve(Xy) = 0,

where the first equality follows from the fact that X, is adapted to &y, . .., &; and the
second equality follows from the definition of v; and the independence of &;’s.

Furthermore, this martingale has uniformly bounded conditional second moments:
Ve E[|[0:(Xe) — (X2 | €0, - - -5 &) < Vi < 00,28, (3.12)

for some V.. This can be seen by noting that per Assumption 2, E[|t:(2)|?] =
Ee, ,~ul[|VG(z,&+1)]12] < oo and per Assumption 1, E[||7,(x)||?] is a continuous func-
tion on the compact set X and therefore bounded:

B & sup E[||o;()]?]. (3.13)
zeX

Further, by Jensen’s inequality, we have

sup [[v(z)||2 = sup | E[VG(z,&41)][12 < sup E[|VG (2, &11)[2] = B, (3.14)
rEX reX reX

where the last inequality follows from Equation 3.13. Consequently, for every ¢:

E[|5:(X:) — v(XD)IZ | €os-- - &) < 2{ETe( X2 | o, - - &) +Ello(X)I1F | €0, - - -, &)}
(3.15)

= 2{E[|o.(Xo)IZ | &0, - &) + [0(Xo)|F} < 2(B+ B) =4B =2 V., (3.16)
thereby establishing Equation 3.12.

. Per the previous claim, denote the martingale difference by &1 2 7,(X;) — v,(X;). We
can rewrite Equation (4.6) as:

Yigr =Y+ {o(X0) + i | (3.17)

Using Fenchel coupling as a Lyapunov function and various martingale convergence results,
we establish that unless X; enters B(X™, ¢) infinitely often, the Fenchel coupling values
will diverge to —oo, in which case it contradicts the fact that it is always non-negative (first
claim in Lemma 3.1).

Let Y;, X; be the iterates generated in Algorithm 1. Fix an arbitrary ¢ > 0. Assume for
contradiction purposes that X enters visits B(X'*, €) a finite number of times and hence let
t? —1 be the last time X is in B(X*,¢): Vt > t°, X; € X — B(X*,¢). Since X — B(X*,¢)
is a compact set and v(z) = —Vg(z) is continuous in x (from the previous step) and since
(Vu(x),z —z*) = —(Vg(x),z — z*) < 0,V € X,z ¢ X* by variational coherence, it
follows that there exists a ¢iax(€) < 0 such that

(Vo(z),z — %) < cmax(€),Vz € X — B(X™,¢). (3.18)

2
Next denote R = max,cy ||| and B; £ 5% and note that >, B; < cc. Following the

notation in the previous step, B £ max,cy [|[v(x)||> < co. Using Lemma 3.1, we have
vt > t0 and Va* € A*:



F(x*,Y41) = F(z*,Y; + ar(v(Xy) 4 E41)) (3.19)
< F(@*, Y1) + 0 (0(Xe) + &1, C(V2) — %) + Bellv(Xe) + &2 (3.20)
= F(z*,Y}) + oy (0(Xy), Xy — %) + (€1, Xo — %) + Bellv(Xe) + ]2 321
< F(@",Y) + aremax(®) + aeléern, Xo — 2% + 268 { [0 (X0l + 1612} 322)

t

t t
< P ¥io) + (3 an)eman(e) + D onlionr, Xe —2%) +2 3 B { (X2 + [eial2)
k=t0 k=t0 k=t0

(3.23)

t t
ZF(J,‘*,Yto)—i-(Z Oék) {Cmax(5)+ ﬁi@}ﬁ_l,){k —.13*)} (3.24)

k=0 k=¢0 Zk:to Ok

t
+2 3" B {2 + 12| (3.25)
k=t0
t

= F(ZC*7Yt0) + (Z ak) {Cmax( ) Z ) <5k+1;Xk >} (3.26)
—¢0 k=t0 &

k=t0

t t
+2) Bl i +2 ) BB (3.27)

k=t0 k=t0

Next, note that Y; 0 a*(&p1, (Xp — %)) is a martingale adapted to Firl =
(51, . ,§t+1) (the filtration generated by the random variables &1, . . . ,&:11) because

[O‘k<£t+1aXt —2")|F'] = ar(E [ft+1|}_ ], Xe —a*) =0,
where the first equality follows since X is adapted to F*. Furthermore, setting p = 2 and

ut = ZZ: o ay, (the first t terms of ut can be set arbitrarily and are not essential), it is
clear that u' is increasing and lim;_, ., u! = oco. It then follows that

o0 g P t o0
Zwﬁz( VZ 5 <00, as.,
t=0 ()P t=0 Zk o a)?
where the last inequality follows from the fact that o, is square-summable. Consequently,
by Theorem 1.1,

t

o ~
Z t7k<£k+1axk —z*) =0, as.,t — oo.
k=t0 Zk:to Qg

Since Ziozto oy, = —oo, we therefore have

(Z ) {Cmax(ﬁ) + a7<£k+1,Xk >} — —00, a.s.,t — oco.

k=t0 k=t0 Zk 10 Xk

Finally, note that since || - || is a norm and hence convex, S* = Zzzto Bill&rrll? is a
submartingale adapted to F™1. We check that S* is [;-bounded:

t t o3}
= BE[& ]2 < Y Ve < Vi D B < o0,V
k=t0 k=t0 k=t0
where the first inequality follows from Equation 3.12.

Consequently, by Theorem 1.2, it follows that S* — S, a.s., — oo, with S finite almost
surely. This then leads to the following statement (which holds almost surely):

t t t
(> ax) {Cmax( )+ <§k+1an } +2 ) Billénall} = —oe.

k=10 k=t0 Zk to & k=t0



Finally, Equation (3.26) then implies that F'(z*,y;) — —oo, which contradicts the first
statement in Lemma 3.1. The claim therefore follows.

3. Using the regularity of the mirror map, we show that B(X *,0) always contains an open ball
within it: _
Vo > 0,3e(d) > 0, B(X*,e) C B(X™,9). (3.28)

Since X, enters B(X*, ¢) infinitely often almost surely, it must therefore enter B(X*, §)
infinitely often, almost surely.

Assume for contradiction purposes no B(X'*, ) is contained in B(X'*, §), which means that
for any & > 0, 3y, such that dist(Q(y;), —X*) = § but FA(X*,y;) > e. This produces a
sequence {y; }7°, such that C(y;) — X* but F*(X*,y;) > ¢, Vi. This contradicts with the
fact that the choice map C(-) is A-Fenchel coupling conforming: by definition it holds that
if C(y;) — =, then F*(x,7;) — 0 and since X'* is closed, we have C(y;) — X* implies
FAX*,y;) — 0. Consequently, the claim follows.

O

4 Global Convergence Results

We consider here again the problem:

minimize g(x),

Opt
subjectto =z € X, ©pY

We seek to prove the following:

Theorem 4.1. Consider an optimization problem Opt that is variationally coherent. Let x4 be the
iterates generated by SMD (Algorithm 1). Under Assumptions 1-3, if V g(x) is locally Lipschitz
continuous on X, then dist(xy, X*) — 0 almost surely as t — oo, irrespective of Y.

Remark 4.1. We repeat the 6 main ingredients here again.

1. We consider the following ordinary differential equation (ODE) approximation of SMD:

= v(x),
x=C(y),
where following the previous notation v(z) = — V g(x). We verify that the ODE admits

a unique solution for y(t) for any initial condition. Consequently, this solution induces a
semiflow?, which we denote ®;(y): it is the state at time ¢ given it starts at  initially. Note
that we have used y as the initial point (as opposed to ") to indicate that the semiflow
representing the solution trajectory should be viewed as a function of the initial point y.

2. We now relate the iterates generated by SMD to the above ODE’s solution. Connect linearly

the SMD iterates Y7,Y5, ..., Y, ... attimes 0, ay, 1 + o, . . ., Ei:ol Q;, . . . respectively
to form a continuous, piecewise affine (random) curve Y (¢). We then show that Y'(¢) is
almost surely an asymptotic pseudotrajectory of the semi-flow ® induced by the above ODE.

3. Having characterized the relation between the SMD trajectory (affine interpolation of the
discrete SMD iterates) and the ODE trajectory (the semi-flow), we now turn to studying
the latter (the semiflow given by the ODE trajectory). A desirable property of ®;(y) is that
the distance F'(x*, ®;(y)) between the optimal solution z* and the dual variable ®,(y) (as
measured by Fenchel coupling) can never increase as a function of ¢. We refer to this as the
monotonicity property of Fenchel coupling under the ODE trajectory, to be contrasted to the
discrete-time dynamics, where such monotonicity is absent (even when perfect information
on the gradient is available). More formally, we show that Vy, V0 < s <,

%A crucial point to note is that since C' may not be invertible, there may not exist a unique solution for z(¢).



4. Continuing on the previous point, not only the distance F'(z*, ®;(y)) can never increase as
t increases, but also, provided that ®;(y) is not too close to z*, F'(x*, ®;(y)) will decrease
no slower than linearly. This suggests that either ®;(y) is already close to 2* (and hence
x(t) = C(P¢(y)) is close to *), or their distance will be decreased by a meaningful amount
in (at least) the ensuing short time-frame. We formalize this discussion as follows:

Ve > 0,Vy,3s > 0, F(z*, 5(y)) < max{;F(a@*,y) - %} 4.2)

5. Now consider an arbitrary fixed horizon 7. If at time ¢, F'(x*, ®o(Y (¢))) is small, then
by the monotonicity property in Claim 3, F'(z*, @, (Y (¢))) will remain small on the entire
interval h € [0, T]. Since Y (¢) is an asymptotic pseudotrajectory of ® (Claim 2), Y (¢ + h)
and @5, (Y (¢)) should be very close for h € [0, T, at least for ¢ large enough. This means
that F'(x*,Y (¢t + h)) should also be small on the entire interval 4 € [0,T]. This can be
made precise as follows: Ve, T > 0,37(e,T) > 0 such that V¢ > 7,Vh € [0, T]:

F(z*,Y(t + 1)) < F(a*, ®4(Y (£))) + g as.. 43)

6. Finally, we are ready to put the above pieces together. Claim 5 gives us a way to control
the amount by which the two Fenchel coupling functions differ on the interval [0, T).
Claim 3 and Claim 4 together allow us to extend such control over successive intervals
[T,2T),[2T,3T),. .., thereby establishing that, at least for ¢ large enough, if F'(z*, Y (t))
is small, then F'(z*,Y (¢ + h)) will remains small YA > 0. As it turns out, this means that
after long enough time, if x; ever visits B(x*, ), it will (almost surely) be forever trapped
inside the neighborhood twice that size (i.e. B(x*,2¢)). Since Theorem 3.2 ensures that
T Visits B(:c*, ¢) infinitively often (almost surely), the hypothesis is guaranteed to be true.
Consequently, this leads to the following claim: Ve > 0, 379 (a positive integer), such that:

F(z*,Y (10 + h)) < &,Vh € [0,00), as.. (4.4)

To conclude, Equation (4.4) implies that F'(z*,Y;) — 0, a.s. as t — oo, where the SMD iterates Y;
are values at integer time points of the affine trajectory Y (7). Per Statement 1 in Lemma 3.1, this
leads to that ||C(Y;) — z*|| — 0, a.s. as t — oo, thereby establishing that X; = C(Y;) — z*, ass..

Proof. We prove in turn each of the 6 claims laid out in Remark 4.1.

1. Since h(-) is K strongly convex, by a standard result in convex analysis [5], C() is -

Lipschitz continuous. Since v(z) is locally lipschitz continuous by assumption and bounded
since X is compact, v(Q(-)) is locally Lipschitz continuous and bounded. Consequently,
standard results in differential equations ([2]) imply that a unique solution exists for the
ODE.

2. Connect linearly the SMD iterates Yi;,Ys,...,Yy,... at times 0,a;,c1 +
Qo ..., Zf;ol i, ... yields the following affine curve Y (¢):

k—1
Yii1 — Y _
Y(t) =Yy + (t — § ai)M forallt € [Zf:ol ai»Zf:o ), k=1,2,...,
y L
=0

4.5)
where we adopt the usual convention that E;O a' = 0. [1] gives sufficient conditions
that ensure a random affine trajectory to be an asymptotic pseudotrajectory of a semiflow
almost surely. We shall state one set of sufficient conditions directly in the current context
as follows.

If for some ¢ > 2, the following list of conditions are satisfied:

(a) sup, E[&1] < cc.

(b) T2 y() '+ < 0.
(c) sup, ||z¢]] < oo.



Then the affinely interpolated process Y (¢) is an asymptotic pseudotrajectory of the semi-
flow ® induced by the ODE almost surely:

VT >0, lim sup |[Y(¢t+h),®n(Y ()|l =0,as..

=00 0<h<T

Choose g = 2, the above conditions can be easily verified: (a) was already verified in the
proof to Theorem 3.2; (b) holds since o is square summable; (c) holds since the decision
space X" is compact. Therefore the claim follows.

. By a well-known result in variational analysis ([6]), each h(:) is differentiable and

dh*(y) _

oy C(y). (4.6)
Note further that since ®;(y) is the solution to the ODE (under the initial condition y), we
have d{)(; t(y) v(x(t)). We can thus compute the derivative of Fenchel coupling as follows:

dF *7 (I) d * * *
AW — & e — (@y(y).a) + b (@4(0))) @)

dd dd

= (- B o) 4 (o)), DAY “8)
= (=v(z(t),2%) + (v(z(1), C(P:(y))) 4.9)
= (—v(e(®),2") + (v(z(t)), z(t)) (4.10)
= (v(z(t)),(t) — ") <0, 4.11)

where the second equality follows from Equation (4.6), and the last inequality follows from
x* is variationally coherent. The monotonicity property therefore follows.

. For any given ¢ > 0, pick an ¢ > 0 such that B(z*,¢) C B(z*, 5) (per 3.28). By
Equation (4.11), we have

7 = (v(z(t)),z(t) —z*) < 0,Va(t) # z*.
Since X — B(z*, €) is a compact set and v(+) is a continuous function, we have
(v(z(t)),z(t) — ") < —ae, Va(t) € X — B(z™, €), (4.12)

for some positive constant a.

Starting at y, by time s, there are two possibilities. The first possibility is that x(s) €
B(x*, ). In this case, by definition,

F(z", ®,(y)) < (4.13)

N ™

The second possibility is that z(s) ¢ B(z*, 5). This implies that 2(t) ¢ B(z*,¢),Vt €
[0, 5], because otherwise, since B(z*, &) C B(z*, 5), it must be that x(sg) € B(z*, 5) for
some s € [0, s]. This then implies that, by the monotonicity property established in Claim
3, F(z*,®4(y)) < F(x*, ®,,(y)), thereby leading to z(s) € B(x* , 5), a contradiction.

Since z(t) ¢ B(z*,5),Vt € [0, s], we have z(t) ¢ B(z*,),Vt € [0, ], leading to that
Equation 4.12 holds for ¢ € [0, s]. Therefore, taking s = i, we obtain:

F(z*, ®,(y)) < F(z*,y) —ass = F(z™,y) — (4.14)

€
5"
Equation (4.13) and Equation (4.14) together establish that:

F(a*, @,(y)) < max{z, F(a",y) - 5}.



5. Let R = sup, ¢y |||/, which is finite since X" is compact. By the definition of dual norm:

(Y(t+h) — p(Y(t+h)), C(@R(Y(t+ h))) —a*) < (4.15)
(Yt +h) = n(Y(t+R)[NC(@n(Y(t+h))) — 2| < RIY (t+ h) — Pt 4247122;-

Fix some 7' > 0 and define Ky = max; 2+ and § = K (y/R? + & — R). Per Claim 3, we
have

VI >0, lim sup [[Y(t+h),®n(Y(t))|l« =0,as..
t—o0 0<h<T

Consequently, choose 7(0,T") such that ||[Y (¢ + h) — @5,(Y (¢))||. < d,Vt > 7. Expanding
Fenchel coupling, we obtain that V¢ > 7 and Vh € [0, T

Fa®,Y(t+h) = Fz®, @n(Y () + Yt +h) — @u(Y (1)) < F(z", @n(Y (1))
4.17)
+ (Y(t+h) = @u(Y (1), C(n(Y (1)) — 27) + %HYU +h) = en(Y(1)]2 4.18)

< F(z®, @n(Y (1)) + RIY (t+h) — Pn(b)]« + %HY(t +h) = en(Y(1)2 (4.19)

< F(z*,®,(Y (1)) + RS + %52 (4.20)
< F(a®, 4(Y () + RK(,/R? + % ~R)+ %(K(, [R2 + % “R)? (42D
= F(z*, ®p(Y (1) + % 4.22)

where the first inequality follows from Equation (4.16) and the last equality follows from
straightforward algebraic verification. The claim is therefore established.

6. We start by fixing an arbitrary € > 0. Per Claim 4, there exists an s > 0 (depending on
¢) such that Equation (4.2) holds. Set the horizon 7" = s. Per Claim 5, there exists a 7
(depending on both ¢ and T) such that Equation (4.3) holds V¢ > 7. Now, per Theorem 3.2,
¢ Visits B (x*,8) infinitely often®. Therefore, pick an integer 79 > 7 such that 2™ €
B(w*, %) With this choice of 7, we know that by definition of B,

Fa*,Y (1)) < g (4.23)
Our goal is to establish that F'(z*,Y (19 + h)) < €,Vh € [0, 00). To that end, partition the
time [0, 0o) into disjoint time intervals [0,T), [T, 2T), ..., [nT, (n + 1)T),. ...

Per Claim 3, the monotonicity property given in Equation (4.1) implies that:
F(a*, (Y () < Fla*, ®o(Y (1)) = F@", Y (1)) < 5.Vh >0, 424
where the equality follows from the semi-group property of a semiflow.

Per Equation (4.3), for i € [0,T'), we then have:

F(a*,Y(r0+h) < F(a", @(Y (1)) + 5 < 5+ 5 =<, (4.25)
where the last inequality follows from Equation (4.24).
Now assume inductively that Equation (4.25) holds for every h € [nT, (n + 1)T'), where n
is a non-negative integer. We then have Vh € [nT, (n+ 1)T):

F(z*,Y (ro + T + h)) < F(z*, ®r(Y (10 + h))) + % (4.26)
£ £ £ g &

< — * —_ = - < = - =

< max{2,F(a: Y(10+ h)) 2}+ 5 <3 + 5 =6 (4.27)

3 All the statements made here are true almost surely. We will omit repeatedly saying that for convenience.
Alternatively, one can think of this as a path-by-path argument and each ensuing statement is made for a particular
sample path that comes from a probability 1 space.



where the first inequality follows from Equation (4.3), the second inequality follows from
Equation (4.2), and the third inequality follows from the induction hypothesis F'(z*,Y (7o +
h)) < e. Consequently, Equation (4.25) holds for every h € [(n + 1)T, (n + 2)T'), thereby
completing the induction and establishing that:

F(z*,Y (10 + h)) <e&,Vh € [0,00).

O
Theorem 4.2. Let Opt be a c-strongly variationally coherent optimization problem. Then ||Tr —
F(z* BT 42 _ T T . . .
r*]? < % (2 ’y%—‘;”}:":o Tn ywhere Tp = Z”iﬂiy’yr K is the strong convexity coefficient of h
n=0 /M n=0 In

and B = max ey || V g(x)|2

Proof. First, with some algebra, one can show the following descent inequality of Fenchel coupling:
2
lety" =y+yvandz = Q(y), 2" = Q(y "), thenVp € X, (v, 2 — p) < F(p’y);F(p’yﬂ + Aol

2K
where || - ||, is the dual norm of || - || and K is the strong convexity coefficient of the regular-
izer h. Next, applying the descent inequality to mirror descent, we obtain v, (Vg(z,),z, —

%) < F(a*,ya) = F(@", yasr) + 2L Telescoping then yields 7 v (Vg (wn), o0 —
2 T 2 % 2 .
z*) < F(z*,y0) — F(a*,yrs1) + ZZZOW < F(a*,y0) + Y7 2L Finally,

n=0 2K *

- 2 T Tn (12 S o llzn—a|? 2 3 o W (Vg(n),mn—2")

T _ ./L‘* — _ T —x < n < 4 n=0 <
Jor = %12 = | Shg sert—an — o*|? < Zamglplea=stlD < 2 Zaca (GoCen) <
2 F(a"yo)+55 ST 2 O
¢ ZZ::U Yn :
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