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Abstract

The expected improvement (EI) algorithm is a popular strategy for information
collection in optimization under uncertainty. The algorithm is widely known to
be too greedy, but nevertheless enjoys wide use due to its simplicity and ability
to handle uncertainty and noise in a coherent decision theoretic framework. To
provide rigorous insight into EI, we study its properties in a simple setting of
Bayesian optimization where the domain consists of a finite grid of points. This
is the so-called best-arm identification problem, where the goal is to allocate
measurement effort wisely to confidently identify the best arm using a small
number of measurements. In this framework, one can show formally that EI is far
from optimal. To overcome this shortcoming, we introduce a simple modification
of the expected improvement algorithm. Surprisingly, this simple change results in
an algorithm that is asymptotically optimal for Gaussian best-arm identification
problems, and provably outperforms standard EI by an order of magnitude.

1 Introduction

Recently Bayesian optimization has received much attention in the machine learning community
[26]. This literature studies the problem of maximizing an unknown black-box objective function by
collecting noisy measurements of the function at carefully chosen sample points. At first a prior belief
over the objective function is prescribed, and then the statistical model is refined sequentially as data
are observed. Expected improvement (EI) [16]] is one of the most widely-used Bayesian optimization
algorithms. It is a greedy improvement-based heuristic that samples the point offering greatest
expected improvement over the current best sampled point. EI is simple and readily implementable,
and it offers reasonable performance in practice.

Although EI is reasonably effective, it is too greedy, focusing nearly all sampling effort near the
estimated optimum and gathering too little information about other regions in the domain. This
phenomenon is most transparent in the simplest setting of Bayesian optimization where the function’s
domain is a finite grid of points. This is the problem of best-arm identification (BAI) [2] in a multi-
armed bandit. The player sequentially selects arms to measure and observes noisy reward samples
with the hope that a small number of measurements enable a confident identification of the best
arm. Recently Ryzhov [25] studied the performance of EI in this setting. His work focuses on a link
between EI and another algorithm known as the optimal computing budget allocation [5]], but his
analysis reveals EI allocates a vanishing proportion of samples to suboptimal arms as the total number
of samples grows. Any method with this property will be far from optimal in BAI problems [2]].
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In this paper, we improve the EI algorithm dramatically through a simple modification. The resulting
algorithm, which we call top-two expected improvement (TTEI), combines the top-two sampling
idea of Russo [24] with a careful change to the improvement-measure used by EI. We show that
this simple variant of EI achieves strong asymptotic optimality properties in the BAI problem, and
benchmark the algorithm in simulation experiments.

Our main theoretical contribution is a complete characterization of the asymptotic proportion of
samples TTEI allocates to each arm as a function of the true (unknown) arm means. These particular
sampling proportions have been shown to be optimal from several perspectives [0, [15] [12} 24} [11]],
and this enables us to establish two different optimality results for TTEI. The first concerns the rate at
which the algorithm gains confidence about the identity of the optimal arm as the total number of
samples collected grows. Next we study the so-called fixed confidence setting, where the algorithm is
able to stop at any point and return an estimate of the optimal arm. We show that when applied with
the stopping rule of Garivier and Kaufmann [11]], TTEI essentially minimizes the expected number
of samples required among all rules obeying a constraint on the probability of incorrect selection.

One undesirable feature of our algorithm is its dependence on a tuning parameter. Our theoretical
results precisely show the impact of this parameter, and reveal a surprising degree of robustness to its
value. It is also easy to design methods that adapt this parameter over time to the optimal value, and
we explore one such method in simulation. Still, removing this tuning parameter is an interesting
direction for future research.

Further related literature. Despite the popularity of EI, its theoretical properties are not well
studied. A notable exception is the work of Bull [4], who studies a global optimization problem and
provides a convergence rate for EI'’s expected loss. However, it is assumed that the observations
are noiseless. Our work also relates to a large number of recent machine learning papers that try to
characterize the sample complexity of the best-arm identification problem [8, 22,12, 10,1813} [14} |19+
21]]. Despite substantial progress, matching asymptotic upper and lower bounds remained elusive in
this line of work. Building on older work in statistics [6}15] and simulation optimization [12], recent
work of Garivier and Kaufmann [[11]] and Russo [24]] characterized the optimal sampling proportions.
Two notions of asymptotic optimality are established: sample complexity in the fixed confidence
setting and rate of posterior convergence. Garivier and Kaufmann [11] developed two sampling
rules designed to closely track the asymptotic optimal proportions and showed that, when combined
with a stopping rule motivated by Chernoff [6], this sampling rule minimizes the expected number
of samples required to guarantee a vanishing threshold on the probability of incorrect selection is
satisfied. Russo [24] independently proposed three simple Bayesian algorithms, and proved that
each algorithm attains the optimal rate of posterior convergence. TTEI proposed in this paper is
conceptually most similar to the top-two value sampling of Russo [24], but it is more computationally
efficient.

1.1 Main Contributions
As discussed below, our work makes both theoretical and algorithmic contributions.

Theoretical: Our main theoretical contribution is Theorem [T} which establishes that TTEI-a simple
modification to a popular Bayesian heuristic—converges to the known optimal asymptotic
sampling proportions. It is worth emphasizing that, unlike recent results for other top-two
sampling algorithms [24]], this theorem establishes that the expected time to converge to the
optimal proportions is finite, which we need to establish optimality in the fixed confidence
setting. Proving this result required substantial technical innovations. Theorems [2] and [3] are
additional theoretical contributions. These mirror results in [24] and [[11], but we extract
minimal conditions on sampling rules that are sufficient to guarantee the two notions of
optimality studied in these papers.

Algorithmic: On the algorithmic side, we substantially improve a widely used algorithm. TTEI can
be easily implemented by modifying existing EI code, but, as shown in our experiments, can
offer an order of magnitude improvement. A more subtle point involves the advantages of
TTEI over algorithms that are designed to directly target convergence on the asymptotically
optimal proportions. In the experiments, we show that TTEI substantially outperforms an
oracle sampling rule whose sampling proportions directly track the asymptotically optimal
proportions. This phenomenon should be explored further in future work, but suggests that



by carefully reasoning about the value of information TTEI accounts for important factors
that are washed out in asymptotic analysis. Finally—as discussed in the conclusion—although
we focus on uncorrelated priors we believe our method can be easily extended to more
complicated problems like that of best-arm identification in linear bandits [27].

2 Problem Formulation

Let A = {1,...,k} be the set of arms. At eachtimen € N = {0,1,2,...},anarm I,, € A is
measured, and an independent noisy reward Y, ;. is observed. The reward Y,, ; € R of arm 7 at time
n follows a normal distribution N (p;, ) with common known variance o2, but unknown mean
;. The objective is to allocate measurement effort wisely in order to confidently identify the arm
with highest mean using a small number of measurements. We assume that p1q > po > ... > py.
Our analysis takes place in a frequentist setting, in which the true means (u1, . . ., py) are fixed but
unknown. The algorithms we study, however, are Bayesian in the sense that they begin with prior
over the arm means and update the belief to form a posterior distribution as evidence is gathered.

Prior and Posterior Distributions. The sampling rules studied in this paper begin with a normally
distributed prior over the true mean of each arm ¢ € A denoted by Ny ;, 0(2)71-), and update this to
form a posterior distribution as observations are gathered. By conjugacy, the posterior distribution
after observing the sequence (1o, Y0 1o, - - -, In—1, Yn—1,1,_,) is also a normal distribution denoted
by N (fn,i, Ufm-). The posterior mean and variance can be calculated using the following recursive
equations:

p {%n?un,i +0Y0) /(0,7 00 if L =1,
n+1,4 — " ’

/Ln,h if In 7£ i7
and
2 /(o3 +072) ifI, =1, .
LT 62, if I, # i.

We denote the posterior distribution over the vector of arm means by

I, = N(:uml? 0'721,1) ® N(U’m?v U’?L,Q) K- N(U’n,ka U?L,k)

and let 0 = (601,...,0). For example, with this notation
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The posterior probability assigned to the event that arm ¢ is optimal is

i £ Py, (91» > max Hj) ) (1)

J#i

To avoid confusion, we always use 6 = (61, ..., 0;) to denote a random vector of arm means drawn
from the algorithm’s posterior IT,,, and p = (i1, - . ., %) to denote the vector of true arm means.

Two notions of asymptotic optimality. Our first notion of optimality relates to the rate of poste-
rior convergence. As the number of observations grows, one hopes that the posterior distribution
definitively identifies the true best arm, in the sense that the posterior probability 1 — a, 1 assigned
by the event that a different arm is optimal tends to zero. By sampling the arms intelligently, we
hope this probability can be driven to zero as rapidly as possible. Following Russo [24], we aim to
maximize the exponent governing the rate of decay,

1
liminf ——log (1 — an1),
n—00 n
among all sampling rules.

The second setting we consider is often called the “fixed confidence” setting. Here, the agent is
allowed at any point to stop gathering samples and return an estimate of the identity of the optimal.
In addition to a sampling rule, we require a stopping rule that selects a time 7 at which to stop, and



a decision rule that returns an estimate I, of the optimal arm based on the first 7 observations. We
consider minimizing the average number of observations E[7;s] required by an algorithm (that consists
of a sampling rule, a stopping rule and a decision rule) guaranteeing a vanishing probability § of
incorrect identification, i.e., IP’(f s 7 1) < 4. Following Garivier and Kaufmann [L1]], the number of
samples required scales with log(1/6), and so we aim to minimize

lim sup M
50 log(1/6)
among all algorithms with probability of error no more than 4. In this setting, we study the perfor-
mance of sampling rules when combined with the stopping rule studied by Chernoff [6] and Garivier
and Kaufmann [11].

3 Sampling Rules

In this section, we first introduce the expected improvement algorithm, and point out its weakness.
Then a simple variant of the expected improvement algorithm is proposed. Both algorithms make
calculations using function f(z) = x®(x) + ¢(x) where ®(-) and ¢(-) are the CDF and PDF of
the standard normal distribution. One can show that as  — oo, log f(—x) ~ —2/2, and so

fl—z) =~ e~ /2 for very large x. One can also show that f is an increasing function.

Expected Improvement. Expected improvement [[16]] is a simple improvement-based sampling
rule. The EI algorithm favors the arm that offers the largest amount of improvement upon a target.
The EI algorithm measures the arm [,, = arg max, 4 v, ; Where v,, ; is the EI value of arm ¢ at time
n. Let I = arg max;c 4 in,; denote the arm with largest posterior mean at time n. The EI value of
arm ¢ at time n is defined as

Un,i £ ]EGNHn [(65 - l’[’”7];>+:| :

where 27 = max{z, 0}. The above expectation can be computed analytically as follows,

Hnyi — fn, 1y Pni — Hn, Iy Pnyi = B,y
Un,i = (Mn,i - Mn,l,:;) ¢ <mn) + Oni® (mn) =0nif (man> :
n
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The EI value v,, ; measures the potential of arm ¢ to improve upon the largest posterior mean i, s+ at
time n. Because f is an increasing function, v, ; is increasing in both the posterior mean i, ; and
posterior standard deviation o, ;.

Top-Two Expected Improvement. The EI algorithm can have very poor performance for selecting
the best arm. Once the posterior indicates a particular arm is the best with reasonably high probability,
EI allocates nearly all future samples to this arm at the expense of measuring other arms. Recently
Ryzhov [25]] showed that EI only allocates O(logn) samples to suboptimal arms asymptotically.
This is a severe shortcoming, as it means n must be extremely large before the algorithm has enough
samples from suboptimal arms to reach a confident conclusion.

To improve the EI algorithm, we build on the top-two sampling idea in Russo [24]. The idea is to
identify in each period the two “most promising” arms based on current observations, and randomize
to choose which to sample. A tuning parameter 3 € (0, 1) controls the probability assigned to the
“top” arm. A naive top-two variant of EI would identify the two arms with largest EI value, and flip
a f—weighted coin to decide which to measure. However, one can prove that this algorithm is not
optimal for any choice of 3. Instead, what we call the top-two expected improvement algorithm uses
a novel modified EI criterion which more carefully accounts for the decision-maker’s uncertainty
when deciding which arm to sample.

For i,j € A, define v,;; = Epum, [(6; —0;)*]. This measures the expected magnitude of
improvement arm ¢ offers over arm j, but unlike the typical EI criterion, this expectation integrates
over the uncertain quality of both arms. This measure can be computed analytically as

,un,i - ,un,j

/ 2 2
Oni + O

J— 2 2
Un,i,j = Un,i + 0n7ljf



TTEI depends on a tuning parameter 8 > 0, set to 1/2 by default. With probability /5, TTEI measures
the arm I,(Ll) by optimizing the EI criterion, and otherwise it measures an alternative I,(Lz) that offers
the largest expected improvement on the arm I, 7(11). Formally, TTEI measures the arm

I — IT(LD = arg max;c 4 Uni, with probability [,
" L(f) = argmax;c 4 v, o, with probability 1 — 5.

Note that v, ; ; = 0, which implies 17(12) #* I,(LD.

We notice that TTEI with 8 = 1 is the standard EI algorithm. Comparing to the EI algorithm, TTEI
with 8 € (0, 1) allocates much more measurement effort to suboptimal arms. We will see that TTEI
allocates [ proportion of samples to the best arm asymptotically, and it uses the remaining 1 — 3
fraction of samples for gathering evidence against each suboptimal arm.

4 Convergence to Asymptotically Optimal Proportions

Foralli € Aand n € N, we define T}, ; = ?:—01 1{I, = i} to be the number of samples of arm
i before time n. We will show that under TTEI with parameter 53, lim,,_,o, T}, .1 /n = 5. That is,
the algorithm asymptotically allocates 3 proportion of the samples to true best arm. Dropping for
the moment questions regarding the impact of this tuning parameter, let us consider the optimal
asymptotic proportion of effort to allocate to each of the £ — 1 remaining arms. It is known that the

optimal proportions are given by the unique vector (wg g ,wg ) satisfying Zf:z w? =1-—pand
(1 —p2)® (1 — )’ )
1/8 +1/wh 1/8+1/w)

We set wlﬁ =B, s0w’ = (wf ey w,f ) encodes the sampling proportions of each arm.

To understand the source of equation (2)), imagine that over the first n periods each arm 4 is sampled
. N 2 .. .
exactly wiB n times, and let fi,, ; ~ N (,ui, h) denote the empirical mean of arm 7. Then

. . N -9 h .9 o (1 1

Hn,1 — Kni (Nl ,ul,al) where oy n \ B + W)
The probability fi,, 1 — fi,,; < O-leading to an incorrect estimate of which arm has highest mean—is
® ((p; — p1)/6;) where @ is the CDF of the standard normal distribution. Equation (@) is equivalent
to requiring (u1 — p;)/0; is equal for all arms 4, so the probability of falsely declaring p; > 11
is equal for all ¢ # 1. In a sense, these sampling frequencies equalize the evidence against each
suboptimal arm. These proportions appeared first in the machine learning literature in (24, [11], but
appeared much earlier in the statistics literature in [15]], and separately in the simulation optimization
literature in [[12]. As we will see in the next section, convergence to this allocation is a necessary
condition for both notions of optimality considered in this paper.

%

Our main theoretical contribution is the following theorem, which establishes that under TTEI
sampling proportions converge to the proportions w” derived above. Therefore, while the sampling
proportion of the optimal arm is controlled by the tuning parameter /3, the remaining 1 — S fraction of
measurement is optimally distributed among the remaining k£ — 1 arms. Such a result was established
for other top-two sampling algorithms in [24]]. The second notion of optimality requires not just
convergence to w” with probability 1, but also a sense in which the expected time until convergence
is finite. The following theorem presents such a stronger result for TTEI. To make this precise,
we introduce a time after which for each arm, the empirical proportion allocated to it is accurate.
Specifically, given 8 € (0,1) and € > 0, we define

Meéinf{NEN:meangn)i/n—w?§e VnZN}. 3)
Itis clear that P(M§ < oo) = 1 forall e > 0 if and only if T}, ; /n — wiﬁ with probability 1 for each

arm ¢ € A. To establish optimality in the “fixed confidence setting”, we need to prove in addition that
E[M /‘;] < oo for all € > 0, which requires substantial new technical innovations.



Theorem 1. Under TTEI with parameter 3 € (0,1), E[M§] < oo for any € > 0.

This result implies that under TTEL P(M§ < co) = 1 for all € > 0, or equivalently

T .
lim = =] Vie A

n—oo M

4.1 Problem Complexity Measure
Given 3 € (0, 1), define the problem complexity measure

(m—p2)® (= mw)®
20?2 (1/5 + 1/w§) 202 (1/6 + 1/w,’j)

which is a function of the true arm means and variances. This will be the exponent governing
the rate of posterior convergence, and also characterizing the average number of samples in the
fixed confidence stetting. The optimal exponent comes from maximizing over 8. Let us define
I'™ = maxgpe(0,1) I'; and B* = argmaxg¢ o,1) I'; and set

x A
F,ﬁ—

w=w? = (B*,wg ,...,wf )

Russo [24] has proved that for 8 € (0, 1), s > '™/ max { % #} , and therefore FT/Q >T*/2.
This demonstrates a surprising degree of robustness to 5. In particular, I'g is close to I'* if 3 is
adjusted to be close to £*, and the choice of 8 = 1/2 always yields a 2-approximation to I'*.

5 Implied Optimality Results

This section establishes formal optimality guarantees for TTEIL. Both results, in fact, hold for any
algorithm satisfying the conclusions of Theorem I} and are therefore of broader interest.

5.1 Optimal Rate of Posterior Convergence

We first provide upper and lower bounds on the exponent governing the rate of posterior convergence.
The same result has been has been proved in Russo [24] for bounded correlated priors. We use
different proof techniques to prove the following result for uncorrelated Gaussian priors.

This theorem shows that no algorithm can attain a rate of posterior convergence faster than e~I'n
and that this is attained by any algorithm that, like TTEI with optimal tuning parameter 5*, has
asymptotic sampling ratios (w7, ..., wj). The second part implies TTEI with parameter /5 attains
convergence rate ¢ "l 7 and that it is optimal among sampling rules that allocation S—fraction of
samples to the optimal arm. Recall that, without loss of generality, we have assumed arm 1 is the arm
with true highest mean p1 = max;c 4 ;. We will study the posterior mass 1 — v, 1 assigned to the
event that some other has the highest mean.

Theorem 2 (Posterior Convergence - Sufficient Condition for Optimality). The following properties
hold with probability 1:

1. Under any sampling rule that satisfies T,, ; /n — w for each i € A,
1
lim ——log(1—ap1)=T".
n—o00 n

Under any sampling rule,

1
limsup ——log(l — a,1) <T™.
n

n—oo
2. Let B € (0,1). Under any sampling rule that satisfies T, ;/n — wf for eachi € A,

1
lim ——log(l —ay,1) =T},

n—00 n



Under any sampling rule that satisfies T,,1/n — J,

1
limsup ——log(l — ay,1) < T'j.
n

n—oo

This result reveals that when the tuning parameter 3 is set optimally to 5*, TTEI attains the optimal
rate of posterior convergence. Since I'] /2 > T /2, when (3 is set to the default value 1/2, the
exponent governing the convergence rate of TTEI is at least half of the optimal one.

5.2 Optimal Average Sample Size

Chernoff’s Stopping Rule. In the fixed confidence setting, besides an efficient sampling rule, a
player also needs to design an intelligent stopping rule. This section introduces a stopping rule
proposed by Chernoff [6] and studied recently by Garivier and Kaufmann [11]. This stopping rule
makes use of the Generalized Likelihood Ratio statistic, which depends on the current maximum
likelihood estimates of all unknown means. For each arm 7 € A, the maximum likelihood estimate
of its unknown mean y; at time n is its empirical mean fi,; = T, 11 Z?:_Ol 1{I, = i}Y, ;, where

Thi= ?:_01 1{I, = i}. Next we define a weighted average of empirical means of arms i, j € A:
T . .
~ A n,i ~ n,Jj ~
g = i +
Haniog Tn,i + Tn,j Hni Tn,i + Tn,j Hng

Then if fi,, ; > fin, ;, the Generalized Likelihood Ratio statistic Z,, ; ; has the following explicit
expression:

Znij = Toid(fin iy finij) + T jd(fin.js fin.ig)

where d(x,y) = (z —y)?/(20?) is the Kullback-Leibler (KL) divergence between Gaussian distribu-
tions N (z,0?) and N (y, 0?). Similarly, if i, ; < fin j» Znij = —Zn,ji < 0 where Z,, ;; is well
defined as above. If either arm has never been sampled before, these quantities are not well defined
and we take the convention that Z,, ; ; = Z,, ; ; = 0. Given a target confidence 6 € (0, 1), to ensure
that one arm is better than the others with probability at least 1 — J, we use the stopping time

75 = inf {n eN:Z,2 I?Eaj(jEHAli\?i} Znij > 'yn}(;}
where 7, s > 0 is an appropriate threshold. By definition, minje A\ (i} Zn,i; 1S nonnegative if
and only if i, ; > fi,; forall j € A\ {i}. Hence, whenever f,’; £ argmax;c 4 fin,; i unique,
Zn = MiGe (72} Ty 5
Next we introduce the exploration rate for normal bandit models that can ensure to identify the best
arm with probability at least 1 — §. We use the following result given in Garivier and Kaufmann [11]].

Proposition 1 (Garivier and Kaufmann [I1]] Proposition 12). Let ¢ € (0,1) and o > 1. There exists
a constant C' = C(«, k) such that under any sampling rule, using the Chernoff’s stopping rule with
the threshold ~y;' 5 = log(Cn® /d) guarantees

P <7'5 < 00, argmax flr, ; # 1) <.

i€EA

Sample Complexity. Garivier and Kaufmann [[11] recently provided a general lower bound on the
number of samples required in the fixed confidence setting. In particular, they show that for any
normal bandit model, under any sampling rule and stopping time 7 that guarantees a probability of
error no more than 6,
E 1
lim inf @ > —.

5—0 log(1/6) — I'*
Recall that M, defined in (@), is the first time after which the empirical proportions are within e
of their asymptotic limits. The next result provides a condition in terms of A/§ that is sufficient to
guarantee optimality in the fixed confidence setting.



Theorem 3 (Fixed Confidence - Sufficient Condition for Optimality). Let §,3 € (0,1) and o > 1.
Under any sampling rule which, if applied with no stopping rule, satisfies IE[ME] < ooforalle >0,
using the Chernoff’s stopping rule with the threshold v;; 5 = log(Cn®/6) (where C = C(a, k))
guarantees

E[rs] 1

limsup ——— < —.
5_,0p log(1/0) — I'j

When 8 = §* the general lower bound on sample complexity of 1/I'* is essentially matched. In
addition, when £ is set to the default value 1/2, the sample complexity of TTEI combined with the
Chernoft’s stopping rule is at most twice the optimal sample complexity since 1/I'} 2 < 2/T*.

6 Numerical Experiments

To test the empirical performance of TTEI, we conduct several numerical experiments. The first
experiment compares the performance of TTEI with 3 = 1/2 and EI. The second experiment
compares the performance of different versions of TTEI, top-two Thompson sampling (TTTS) [24],
knowledge gradient (KG) [9] and oracle algorithms that know the optimal proportions a priori. Each
algorithm plays arm i = 1, ..., k exactly once at the beginning, and then prescribe a prior N(Y; ;, 0%)
for unknown arm-mean p; where Y; ; is the observation from N (;, 02). In both experiments, we fix
the common known variance 0 = 1 and the number of arms k& = 5. We consider three instances
[1,. .-, 5] = [5,4,1,1,1],[5,4,3,2,1] and [2,0.8,0.6,0.4, 0.2]. The optimal parameter 5* equals
0.48, 0.45 and 0.35, respectively.

Recall that o, ;, defined in (T)), denotes the posterior probability that arm 7 is optimal. Tables|T|and[2]
show the average number of measurements required for the largest posterior probability assigned
to some arm being the best to reach a given confidence level ¢, i.e., max; ay, ; > c. In a Bayesian
setting, the probability of correct selection under this rule is exactly c. The results in Table [T] are
averaged over 100 trials. We see that TTEI with § = 1/2 outperforms standard EI by an order of
magnitude.

Table 1: Average number of measurements required to reach the confidence level ¢ = 0.95

TTEL-1/2 EI
5.4,1,1,1] 1460 23850
5,4,3,2,1] 1672  384.73
2,.8,.6,.4,.2] 2439 1525.42

The second experiment compares the performance of different versions of TTEI, TTTS, KG, a random
sampling oracle (RSO) and a tracking oracle (TO). The random sampling oracle draws a random arm
in each round from the distribution w* encoding the asymptotically optimal proportions. The tracking
oracle tracks the optimal proportions at each round. Specifically, the tracking oracle samples the arm
with the largest ratio its optimal and empirical proportions. Two tracking algorithms proposed by
Garivier and Kaufmann [11] are similar to this tracking oracle. TTEI with adaptive 3 (aTTEI) works
as follows: it starts with 5 = 1/2 and updates 8 = B * every 10 rounds where B * is the maximizer of
equation () based on plug-in estimators for the unknown arm-means. Table 2] shows the average
number of measurements required for the largest posterior probability being the best to reach the
confidence level ¢ = 0.9999. The results in Table 2] are averaged over 200 trials. We see that the
performances of TTEI with adaptive 5 and TTEI with 5* are better than the performances of all other
algorithms. We note that TTEI with adaptive 3 substantially outperforms the tracking oracle.

Table 2: Average number of measurements required to reach the confidence level ¢ = 0.9999

TTEI-1/2 aTTEI TTEI-g* TTTS-8* RSO TO KG

5.4,1,1,1] 6197 61.08 61.59 62.86 97.04 7776 7555
5,4,3,2,1] 66.56  65.54 65.55 66.53 103.43 88.02 81.49
2,.8,.6,.4,.2] 7621 72.94 71.62 73.02  101.97 96.90 86.98

In addition to the Bayesian stopping rule tested above, we have run some experiments with the
Chernoff stopping rule discussed in Section Asymptotic analysis shows these two rules are



similar when the confidence level c is very high. However, the Chernoff stopping rule appears to be
too conservative in practice; it typically yields a probability of correct selection much larger than
the specified confidence level c at the expense of using more samples. Since our current focus is on
allocation rules, we focus on this Bayesian stopping rule, which appears to offer a more fundamental
comparison than one based on ad hoc choice of tuning parameters. Developing improved stopping
rules is an important area for future research.

7 Conclusion and Extensions to Correlated Arms

We conclude by noting that while this paper thoroughly studies TTEI in the case of uncorrelated
priors, we believe the algorithm is also ideally suited to problems with complex correlated priors
and large sets of arms. In fact, the modified information measure v,, ; ; was designed with an eye
toward dealing with correlation in a sophisticated way. In the case of a correlated normal distribution
N(u,Y), one has

Mg — Hn,j
Un,ij = Egn 0; —0,)"] = /i + 3, — 254, : o .
n,4,5 0 N(u,E)[( i —0;)7] \/ i 3J i f <\/E“ T Sp—) >
This closed form accommodates efficient computation. Here the term 3J; ; accounts for the correlation
or similarity between arms ¢ and j. Therefore v_ . ;o) is large for arms ¢ that offer large potential

improvement over I, 7(11), i.e. those that (1) have large posterior mean, (2) have large posterior variance,

and (3) are not highly correlated with arm ,(Ll). As I, ,(Ll) concentrates near the estimated optimum, we

expect the third factor will force the algorithm to experiment in promising regions of the domain that
are “far” away from the current-estimated optimum, and are under-explored under standard EIL
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A Notation

We now introduce some important notation that will be used throughout the proof. First, recall we
use the notation ., ; for the posterior mean of arm 4, and fi,, ; for the empirical mean. The empirical
mean is only well defined when T}, ; > 0, which potentially requires us qualify throughout entire
proof that equations are only defined under such circumstances. To avoid this, we take the convention
that fi,, ; = 0 when T}, ; = 0. The default choice of 0 for the mean is unimportant.

The top two arms identified by TTEI at time n are denote by L(ll) and I,(f). We let I =
arg max;c 4 fin,; denote the arm with highest posterior mean and I,, = arg max;c 4 fin,; denote

the arm with highest empirical mean. For much of the proof, I ~ = I, in which case the distinction
between these two notations is unimportant.

Next, we define
Bumin = min{B,1 — B} and PBuax = max{s,1— B}
and
Apin = min [p; — pj| and  Apax £ max (i — fi;)-
1#£] i,jEA
Since 8 € (0,1), 0 < Bmin < Bmax < 1. Because of the assumption that the arm means are unique,
we have A Lin, Amax > 0.

There are two sources of randomness in our problem: the randomness in the observation noise, and
the randomness in action selection due to the stochastic nature of the TTEI policy. We introduce
two variables W and W5, which bound the maximum impact of this randomness. First, define the
random variable

T .11 0y
W1 £ max max ni + "un’l Hi 4)

neN €A\ log(e +T;)

g

is bounded by a term of order W1/ /T, ;.
Note that the term 1//T,, ; is what would be expected by the central limit theorem.

. . . An,i—pi
Ignoring logarithmic factors, for any sample path ‘f

The second source of randomness is due to the stochastic nature of TTEI. Forall i € Aandn € N,
define

n—1
Ui ZP(I, =i|F,) and Wi 2 4y,
=0

where
]:n = 0(107}/0,]07 o aIn—hYn—l,In,l)

is the o-algebra generated by observations before time n. Note that for all i € A, Ty ; = ¥ ,; = 0.
Both T}, ; and ¥, ; measure the effort allocated to arm ¢ before time n. Next we introduce the second
sample-path dependent variable W, that measures the difference between two measurements of effort
under TTEI Define

T ., .
A n,t n,t
W5 = max max | .

neN €A \/(1 + Uy, i/ Bin) log (€2 + ¥y, i / Bmin) .

Ignoring constants and logarithmic terms, for any sample path |T,, ; — ¥, ;| is bounded by a term of

order Wa//W,, ;.

Our main results require bounding the expected time for certain events to occur under TTEI. The
proof strategy is to bound these times for any sample path in terms of the maximal deviations W7 and
W5. We can then appeal to concentration results for W5 and W that are established in Section [C]

(&)

A final piece of important notation pertains to an alternative to the random time M defined in
equation (3) in Section 4] It will often be more convenient to work with the time

e A . 0 — ] < . — ,ﬁ< >
N§ 1nf{N€N rineaj(mnﬂ ul|7eandrineaj<\Tnyz/n wi| <e VnN} (6)

after which both the sampling proportions and estimated arm means are close to their asymptotic
limits.
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B Proof Outline

The remainder of the appendix is organized as follows.

1. Section [C] provides some basic tail bounds for Gaussian distributions and the expected
improvement measure. The section then shows that all moments of the random variables
W1 and W5, are finite. A final part looks at the sufficient condition given in Theorem[3] and
shows this condition implies the existence of a time after which the estimated mean of each
arm is accurate within any fixed tolerance.

2. Section [D] provides the proof of Theorem [2] establishing that convergence of sampling
proportions to some fixed optimal proportions guarantees the optimal rate of posterior
convergence.

3. Section [E]provides the proof of Theorem 3] a sufficient condition under which optimality in
the fixed confidence setting is achieved.

4. Section[H proves that TTEI satisfies this sufficient condition for optimality, which immedi-
ately establishes Theorem|I]

C Concentration and Maximal Inequalities

C.1 Basic Gaussian Tail Bounds

The following two lemmas are standard results on the tail probabilities of Gaussian distributions. The
first tail bound holds for all sub-Gaussian distributions, and is a standard concentration inequality [3]].

Lemma 1. Let x> 0. If X ~ N(,02) then P(X > pu+ z) < e=*/(277),

The next lemma shows that the exponent in the upper bound above is sharp. That is log P(X >

2 . . . . . .
p+ ) = —525 + o(x) as & — oo. This is perhaps the most basic result in large deviations theory
and can be found in textbooks [[7]] or lecture notes [17]]. We often consider limits where the number
of measurements tends to zero, and as a result the posterior variance of a Gaussian tends to zero. For

this reason, the following alternative writing of this result is more convenient for our purposes.
Lemma 2. Fix constants ¥ > 0 and 1 € R. Let X, ~ N(p,0?) for all o > 0. Then
2
lim o?logP(X, > p+ ) = .
o—0 2

C.2 Properties of the EI Measure

We provide several properties of the function f(x) = x®(z) + ¢(x). The first establishes monotonic-
ity. Then Lemmas andprovide upper and lower bounds for f(-) which help us to compare two EI
values.

Lemma 3. f(x) is positive and increasing on R.

Proof. This is true since f'(z) = ®(x) > 0 and lim,_, _, f(z) = 0. O
Lemma 4. For z > 0,

f(=z) < o(=x).
Proof. Forz > 0, f(—z) = —2®(—2) + ¢(—2) < ¢(—=x). O
Lemma 5. Forx > 2, )

f=2) > —o(-a)

Proof. Let g(x) = L[f(~a) — o(~a)] = —®(~a) + 16(~a) — Lo(~z). We have ¢/(z) =
(—z 2+ 273 +4275)¢(x) = 275(—2 + 2) (22 + 2+ 2)¢(x), which implies that g(x) is decreasing
in [2, 00). We notice that g(2) > 0 and lim,_,~, g(x) = 0, so for z > 2, g(z) > 0. Therefore, for
z>2, f(-z) > Lé(—x). O
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C.3 Maximal Inequalities for the Observation Noise

In our theoretical analysis, we need a bound on the difference between the empirical mean i, ; and
the unknown true mean p; for each arm ¢ € A at time n. Recall the definition

Thi+1
W, = maxmax it

ﬂn,i — M
neN icA log(e +T4) '

g

given in equation (@). The next lemma establishes that the moment generating function for W7 always
exists, which immediately implies bounds on the tails of its distribution function.

To prove this claim, we will use a standard tool in the analysis of bandit algorithms. Imagine
writing code to simulate a sampling rule. One way of writing the code waits to see the action [,
selected by TTEI at time n, and then generates the corresponding observation Y,, 7, ~ N (pz,,0?).
A mathematically equivalent way of simulating the system is to generate a collection of latent
independent random variables (X,, ;)nen,ic 4 Where each X, ; ~ N(p;,02). Attimen =0,1,...,
the algorithm selects an arm I,,, and observes the real valued response Xr,, , 1,. The proof below
works directly with the array of latent variables (X, n,i)neN,ie 4, and then deduces implications for
Y, 1,, from this. The notation for X, ; is important for this result, but not used again in subsequent
proofs.

Lemma 6. Under any sampling rule, E[e’"1] < oo for all X > 0.

Proof. Recall that ji,, ; = T;_il Z?;OI 1{I, =i}Yey, and T,,; = Z;OI 1{I, = i}. We took the
convention that fi,, ; = 0 when T,.; = 0, so equation (@) is always well defined. Let (X,, ;)nen,icA
be a collection of latent independent random variables where each X, ; ~ IV (i, 02). Foralli € A,
we let Xo,i =0, and forn > 1, )A(n,i = % Z?;Ol Xy,; denote the empirical mean of arm ¢ before
time n. We will bound

Xn,i — My
5 .

N n+1
& = max max
neN icA |/ log(e + n)

When every arm is played infinitely often, W7 = &,. One always has W < &, so it is sufficient to
bound E[e*¢0]. Tt is also sufficient to bound E[e*¢] where

A n+1
¢ = maxmax
n>1 icA |/ log(e +n)

Xn,i — M
o .

Foralln > 1and i € A, we define Z,, ; 2 .\/n (w), and then

n+1
& =maxmax | ———|Z,.4|.
n>1 i€A |\ nlog(e+n)

Each Z,, ; ~ N(0,1), and thus by Lemma Z,,; satisfies the tail bound P(|Z,, ;| > z) < 2e=%/2
for z > 0. Therefore, for all x > 2

n+1

= 1
<Ky P (lzn,z-l > 9,/ 1o08le ) Og(ﬂ”)x>
n

n=1

- 2n1
<%y exp (_nog@%)xz)
n=1

1
P(¢>22) =P <3n2 1Li€A: | Zns|>2 "Og(H”)x>

n+1

(*) s n
< 2k —21 — 2
< nz_:lexp( og(e +n) n+1x)

< /10 >
-5 ()
n=1

S 06—312/2
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where step () uses the ab > a + bwhen a,b > 2and C = 2k >~ (e +n) 2 < oo is a constant.
Then for all A > 0,

E [e’\g] = / P (e)‘g > z)dx © / P (e)‘f > 62’\“) 2Xe? M du
=1

u=0
2 00
=2\ / P (€ > 2u) e du + 2\ / P (¢ > 2u) e du
u=0 u=2

< (e** —1)+2)C / e /2. eudy < oo
u=2

where in step (), we have substituted z = e***. Hence, for all A > 0, E [e*"] < oc. O

This result provides a bound for the difference between the empirical mean of an arm and its true
unknown mean. Specifically, foralli € Aandn € N,

log(e + T.4)

fin i — pi| < oW :
|Mn,z Nz'—a 1 Tn,i+1

C.4 Maximal Inequalities for the Randomness in the Policy

The previous subsection investigates the accuracy of empirical arm means as a function of the number
of times T, ; it has been sampled. However, since TTEI is a randomized policy, it is often more
natural to study the total probability ¥, ; the algorithm assigns to measuring arm % throughout the
first n measurements. We now consider the random variable

|Tn,i - \I}n,i
Wy = max max
neN icA \/(1 + \I/n,i/ﬁmin) log (62 + \Pn,i/ﬂmin)

given in equation (), which captures the maximum relative deviation between 7,, ; and ¥,, ;. As in
Lemma[7] we show the moment generating function of W5 always exists, which immediately implies
bounds on the tails of the distribution function of Whs.

Lemma 7. Under TTEI with parameter (3 € (0,1), E[e’"2] < oo for all A > 0.

Proof. Similar to the proof of Lemma@ it suffices to show P(Wy > z) < ke=*"/2 for all x > 2.
Fix some ¢ € A. Define foreachn € N

n—1
Dy 2T — V=Y dy
=0

where
dp £ 1(1, = i) — Yn; = 1(I,, = i) — P(I,, = i| Fp).

Then E[d,,|F,] = 0 and D,, is a zero mean martingale. Note v, ; € {0, 3,1 — 3} almost surely, and
set

Xp 2 1(thp; > 0)

to be the indicator that ¢ is among the top-two at time n. We can see that d,, = X, d,,, and so

n—1
D, = Z Xdy.
£=0

Here {X,, } is a binary valued process and d,, is a zero-mean process with increments bounded as
|d,| < 1 almost surely. Each X, is F,, measureable while each d,, is F,,1.1 measurable.
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The quadratic variation of D, is

n—1 n—1
(D) = > E[Xedf| il = > XuB(1 - B),
£=0 £=0

so the magnitude of fluctuation of the martingale D,, scales with the number of times that arm ¢ is
among the top-two.

There are a number of martingale analogues to the central limit theorem, which suggest that D,, =

Op ( (D)n) To establish this formally, we apply the theorem of self-normalized martingale
processes [23]], which bound processes like D,,/+/(D),,. We will apply a result established in []].
Because |d,,| < 1, applying Hoeffding’s Lemma implies

E[eMn | F,] <eX/2,  AeR

and so d,, is 1-sub—Gaussian conditioned on F,,. Applying Corollary 8 of [1]] implies that for any
0 > 0, with probability least 1 — 9,

n—1 /IJFZn—_lXZ
|Dn| < 2<1+2Xg>log e i VYn € N.

5 )
=0

Analogously, for any z > 2 with probability at least 1 — e="/2,

n—1 /1 + zn_—l X,
D] < 2(1—1—2)@) log Tf/go
=0 ¢
n—1 n—1
= <1+ZXE> <log <1+ZX5> —|—:v2>
£=0 =0
n—1 n—1
< <1+ZX4> <log <e2+ZXg> +x2)
£=0 £=0
n—1 n—1
< <1+ZX4> log (eQ—&-ZXg) x?
=0 £=0

for all n € N, where the last step uses that ab > a + b for a, b > 2. Then for all z > 2

|Dn| Z T < 6712/2

P | max

neN _ _
\/(1 + Z?:Ol Xg) log (62 + Z?zol Xz)

Since ¥;, ; > Bmin Zz,;_ol Xy, we have shown that for any ¢,

|Tnz _\I}nz| 712/2
P | max . ’ >zl <e .
neN \/(1 + \Iln,i/ﬁmin) log (62 + \I/n,i/ﬂmin)

—z?/2

Taking a union bound over ¢ € A implies P(W5 > ) < ke for any z > 2. O

This result implies that for alli € A and n € N,

‘Tn,i - \I/n,z‘ S W2\/(1 + \I’n,i/ﬂmin) 10g (62 + \Iln,i/ﬁmin)-
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C.5 A Random Time after which All Means and Sampling Proportions are Accurate

As defined in equation (3), M § 1s is a time after which the proportion of samples T, ; /n of any arm ¢

is within € of its ideal proportion w;@ . We have also defined
N§ :inf{N €N : max |fi,; — pi| < eand maX|Tn’i/n—wf| <e Vn> N},
i€A ’ i€A

given in equation (6)), which is the time after which both the empirical sampling proportion and the
empirical mean of each arm is accurate. These two appear to be closely related: for small € and
n > Mg each arm has been sampled Q(n) times, and so we expect the empirical mean is close to the
true mean at each arm. Based on this intuition, we obtain the following result.

Lemma 8. Let 8 € (0,1). Under any sampling rule that satisfies E[Mg] < oo for any € > 0,
E[N§] < oo for any € > 0.

Proof. Fix B € (0,1). Let cg = 0.5 min;e 4 wf By definition of M ", for all n > M;’i andi € A,
B

;

we have T}, ;/n > w
Given € > 0. When

cg > cg, and thus T;, ; > ncg.

Thi+1 S oW1 \*
logle+T,:) — \ e ’

we have

log(e + T4) <

|,an7'i - ,Ui| < oWy Tn,i 1 S €.
For all n > M;" + [4+ (cW1/€e)*] [egand i € A,

Tn.i > neg > 4+ (oW /e)?,

and thus
2
T,:+1 S l2 s oW
logle+Ty,,) — ™ — €

where the first inequality uses log(e + T}, ;) < Ti’/f when T, ; > 4.
Hence, for n > Mg + M;ﬂ +[4+ (W1 /€)*]/cp,
Tni - ﬂ < d Ani - M1 )
max |Tni/n —wi| < e and  max|in; — il <e

which implies
Ng < Mg+ Mg" + [4+ (eW1/e)*] /.

Since E[M] for any € > 0 and by Lemma@ E[W}] < oo, we have E[N§] < oo forany e > 0. [

D Proof of Theorem

To simplify the presentation, we introduce the following asymptotic notation. We say two real-valued
sequences {a, } and {b,, } are logarithmically equivalent if

lim llog <a"> =0.

n—oo N bn,

We denote this relation by a,, = b,,. We can show the following result.

Lemma 9.
l—any = mjfipemn (0; > 61).
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Proof. By definition, a,, 1 = Py, (61 > max;-; 6;), and then
1 —ap1 =Poor, (Uiz1(6; > 601)).
Hence,

max P11, (0; > 01) <1—ay,1 < ZPGNH” (0; > 61) < (k—1)maxPgm, (0; > 01)
i#1 = i#1
where the second inequality uses the union bound. Using the squeeze theorem, we have

l—an1= rgglﬂf”%nn (6; > 61).

For each sample path, we can divide the set of all arms A into two subsets:
I£{icA: limT,; =00} and T2 A\T.
n—oo

T is the set of arms that receive infinite measurement effort. If Z is empty, all arms are sampled
infinite times, and we have the following result.

Lemma 10. [T is empty,

Porr, (6; > 61) = (i~ pi)* Vi # 1
0~11,, ( = 1) = exp 20’2(1/Tn,1 + 1/Tn,i) ' # .

Proof. Fixi# 1. For 0 ~11,,0; — 0; ~ N (—A,,52) where we define A,, = fi,,,1 — f1y,,; and

1 1

~2
102+ Tifo? 102, + TynJo?

— 2 2 _
Op = an,i + Un,l -

By hypothesis, T}, ; — oo and 1}, 1 — oo. This implies A,, — p1 — p; and &,, — 0. Applying
Lemma[2] shows
Py, (0; > 01) = exp (—A2/257) .

For any two sequences {a,, } and {b,}, a,, = b,, if n= ' log(a,,) — n~1log(b,) — 0. We have

ﬁ _ (p1 — Mi)2
262 20%(1/Th1 +1/T,,)

+o(n)

since 13, ; — oo and T}, 1 — oo, and therefore

2
“AZ/252) = i~ ) :
exp ( n/ U’n) eXp (20-2(1/Tn’1 + 1/Tn,z)

Now we are ready to prove the theorem.

Theorem 2] (Posterior Convergence - Sufficient Condition for Optimality). The following properties
hold with probability 1:

1. Under any sampling rule that satisfies T, ;/n — w} for each i € A,

1
lim ——log(1—ap1)=T". @)
n— oo n
Under any sampling rule,
1
limsup ——log(l —ay 1) < T™. (8)
n—o00 n
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2. Let B € (0,1). Under any sampling rule that satisfies T, ;/n — wlﬁ foreachi € A,
. 1 X
nh_}rr;o - log(1 — ap,1) =T5.
Under any sampling rule that satisfies T, 1/n — f3,
. 1 .
lim sup - log(1 — 1) < T

n—oo

Proof. We begin by establishing the result in equation (). Recall Z is the set of arms that are sampled
an infinite number of times, and Z is its complement. Suppose first that 7 is nonempty. In this case,
we show lim,,_, oo @y 1 < 1, which implies (8).

For each 7 € A, we define

T . d 2 A
Moo,y = M pip; and o, ;= lim o
n— 00 n—oo

soforeachi € 7
fisoi = i and o2 ; =0,

00,0

while for each i € Z, 02, ; > 0.

We let
Heo = N(MOOJ’ Ugo,l) ® N(MOOQ’ 0<2>o,2) ®-® N(MOCJW U?)o,k)

denote the limiting posterior distribution, with the understanding that for each i € Z, N (100 i, agm)
represents a point mass at the true mean ;. For each i € A, we define

Ao, i £ P@NHOO (91 > Iﬁli‘X 9]> .
2

Suppose that Z is nonempty. For each i € Z, since U?xm- > 0, we have o ,; > 0, which implies
Q0,1 < 1. Hence,

1 1
lim ——log(l—ay1)= lim ——log(l —aw,1)=0.
n—oo n n—oo n

Now suppose that 7 is empty. By Lemma we have
1= a1 = max Py~m, (6; > 01)

s o (i)

B : (11— p)®

- exP < nrznﬁl { 202(n/Tpy +n/Th;)
where the second equality uses the property that if for each ¢ = 1,...,m, a,,; = by, then
MaX;c(1,...m} n,i = MaXie(1, .. .m} On,i-
Let

k
rE {w— (wi,...,wg) : sz =landw; > 0,Vi EA}
i=1
denote the set of possible proportions allocated to k arms. Russo [24] showed that

I' = max min (= pa)? ,
wes i#1 202(1/wy + 1/w;)

where the maximizer is w*.

Under any sampling rule,

. . (p1 — /M)2
1—o,1 = —
Ot = 5P ( nfzn#l{l { 202(”/Tn,i + ”/Tn,l)

> exp | —m max min (1 = 1)’
- wes i#1 | 202(1/w; + 1/wq)

= exp (—nI'"),
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which implies
1
limsup ——log(1l — ay, 1) <T™.
n—00 n

This completes the proof of (8).

These same calculations can be leveraged to establish (7). Under any sampling rule that satisfies
T,.i/n — w; foreachi € A,

2
1—a,1=exp|—nmin (11 = i)
’ i#1 20’2(72/Tn71 + Tl/Tnyl)

= exp (—n I};i{l { 202((1”/le ii);/w;‘) }>
= exp(—nI"™),

and thus

1
limsup ——log(l — ;) =T,
n

n— o0

Given 8 € (0,1), Russo [24] showed that

Y
I‘;; = max min (k1 = i) ,
weEX:w1 = 1#1 20’2(1/’(1)1 + 1/11}1)

where the maximizer is w”. Repeating the same proof given above with minor changes in notation,
we can show that under any sampling rule that satisfiesT), ; /n — wf for eachi € A,

. 1 «
nh_)rr;o - log(1 —an,1) =T},
and under any sampling rule that satisfies T,, 1 /n — 3, we have

1
limsup ——log(l — ay,1) < T';.
n

n— oo

E Proof of Theorem

Intuitively speaking, this theorem works because in the Chernoff’s stopping rule, the statistic Z,, ~
["sn as n is large and the threshold 7y 5 = log(Cn®/d) = log(1/6) + o(n), which implies that the
stopping time 75 scales as log(1/6)/I';.

We first recall the statement of Theorem 3]

Theorem 3| (Fixed Confidence - Sufficient Condition for Optimality). Let §, 8 € (0,1) and o > 1.
Under any sampling rule which, if applied with no stopping rule, satisfies IE[ME] < oo foralle >0,

using the Chernoff’s stopping rule with the threshold v;; 5 = log(Cn®/é) (where C = C(a, k))
guarantees
El7s]

1
limsup ———— < ==
s—0  log(1/9) I3

Our proof appeals to the random time N/ defined in equation (6) as
NP = inf{N € N : max|fin,; — p;| < eand maX\TM-/n—wﬂ <e Vn> N}.
€A €A

Lemmashows that our hypothesis E[M ] < oo for all € > 0 implies E[V5] < oo for all € > 0.

The proof relies on a sequence of lemmas. The first shows that when n is large, the statistic Z,, used
in the Chernoff’s stopping rule is approximately equal to I'zn.

Lemma 11. Fix any ¢ > 0. Under the conditions of Theorem there exists N with E[N] < oo such
thatfor alln > N, Z,, > (' — ()n.
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Proof. Using the formula for KL divergence d(z,y) = (v — y)?/(20?),

7 . 7 mi ('u’n I* ﬂn z)
- min i*
n leA\{f:} TL,Inv ’LEA\{I*} 20’ (1/T I* —|— l/Tn ’L)

By the assumption that the true best arm 1 = arg max; 4 j4; is unique, we can choose sufficiently
small € > 0 such that I} = 1 when max;e 4 |fin,; — p:| < e. Hence, for n > N5,

n zeA\{l} 202(n/Tn1+n/Tnz)

Since fin1 — fing — p1 — p; and n/T 1 +n/T,; — 1/8 + 1/wfa and the right hand side of
equation (9) is continuous at the limit

e (= p)? ()

202 (1/ﬁ+ 1/w§) T 902 (1/5+ 1/w,f)’

there exists a sufficiently small € > 0 such that when max;e 4 |fin,; — pts| < € and max;ea |15, /1 —
wf| <€ Zn/n>Th—( Weset N = N§. Then, Z,, > (I'y = ()n foralln > N and by Lemma
E[N] = E[N§] < o0

Bounding the first time when Z,, > 7 ; is made more technically challenging by the fact that
the threshold used in the Chernoff’s stoppmg rule grows logarithmically with n. The next lemma
simplifies the proof by lower bounding Z,, — 7;; 5 by a term without this logarithmic factor.

Lemma 12. Fix any ( > 0. Under the conditions of Theoremthere exists N with E[N] < oo such
thatfor alln > N, Zy,, — vy s > (I's — 20)n — log(C/9).

Proof. Fix any ¢ > 0. There exists a deterministic time N7 such that
Vn.s = 10g(C/d) + arlog(n) < log(C/d) + (n

foralln > N;. By Lemma there is a random time Ny with E[N3] < oo such that n > Ny implies
Zy > (1“;; — ¢)n. Taking N = N7 + N, implies the result. O
We now complete the proof of Theorem 3]
Proof of Theorem 3] By definition, if Z,, —75.s > 0, then 75 < n. Fixany ¢ € (0, F’E/2), by Lemma
there exists NV with E[N] < oo such that

Zn =5 > (T = 20)n — log(C'/6)
for all n > N. Therefore

log(C'/9) log(C) log(1/6)
<r;—2<>} =N 20 T -2

5 < max{]\f7

Since E[N] < oo, we find

E 1
lim sup (7] <

50 log(1/6) — (T — 20)°

Since this inequality holds for arbitrarily small ¢ > 0, it implies lim sups_, 1013?/]5) < r

m*
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F Results specific to TTEI

In this section, we present theoretical results specific to the proposed TTEI policy. The main challenge
is ensuring that E[M E] is finite where M is the time after which the empirical proportions are e-
accurate. To do this, we present several results for each sample path (up to a set of measure zero),
and show that M depends at most polynomially on Wy and W5. By Lemmas @ and the expected
value of polynomials of W and Wj is finite. This ensures that E[M g} is finite, which immediately
establishes that TTEI achieves the sufficient conditions for both notions of optimality.

Consistently throughout the proof we make statements like the following: For all € > 0, there exists
a time N = poly(W1, Wa) such that for all n > N, max;eca |ttn,; — pti| < €. This means that for
arbitrarily small ¢, there is a random time [V after which all means are e—accurate. Certainly N may
depend on ¢, as implied by the order in which € and N are chosen. The expression N = poly (W1, Ws)
means N = O(W{*W3?) for positive constants ¢; and ¢y where (e, 0, k, 11, . . ., g, 3) are treated
as constants. By Lemmas E] and this is enough to ensure E[N] < oo. Throughout the entire proof,
the problem parameters (o, k, ti1, - . . , iix, 8) are fixed. Keeping with the use of n to denote a time
period, we typically use IV to denote a random time after which an event occurs. We typically use S
to denote a random number of samples required, such as T}, ; > S = |pn; — i < €. We use s
as a related dummy variable.

For notational convenience, we assume that TTEI begins with an improper prior such that for each
armi € A, ‘73,1 = 00, and we let each 19 ; = 0. Consequently, if T, ; = ;?;01 1{I, =i} =0,
Hni = Hoi = 0 and On,i = 01,i = 00, and if Tmz‘ >0,
-1
1 5 _ ) o2
Pni = Y Y=Yy, and o), = T
n,t —0 n,:

so the posterior parameters are identical to the frequentist sample mean and variance under the
observations collected so far, and thus the arm I’} of highest posterior mean is identical to the arm I}

of highest empirical mean, i.e. I, = f: The difference between these formulas and those under a
proper prior wash out rapidly as an arm is sampled, but this choice leads to simpler expression in
the proof. In this section, empirical mean and posterior mean are used interchangeably. Under this
improper prior, when T}, ; = 0, 02 . = 0o, and we define Un,s = oo and vy, ; ; = oo for j # 4. This

n,t
is the natural definition, owing to the fact that if X, ~ N(u,02), E[(X, —2)T] — oo as 0 — o0.
Indeed, in the limit as the prior variance o ; — 00, vg,; — 00 and vg,;,; — oo for j # i.

Finally, rather than use the notation v, ; and v, ;; introduced in Section E] for the expected-
improvement measures, it is more convenient to work with the notation defined here. Set

S vp; VieA

n,i
to be the expected improvement measure used in identifying the first arm 7/, 7(11) among the top-two, and

v A Vie A

n,i = vn,i,l,(bl)

to be the second expected improvement measure used in identifying the best alternative I,(LZ).

F.1 A Technical Lemma

The following technical lemma is used in the analysis of TTEI to compare two EI values.

Lemma 13. Fix constants co > c¢1 > 0 and ag,co > 0. Then for any a1,as > 0, there exists a
X = poly(as, ag) such that for all x > X,

exp (apx® — a1z) > agx™.

Proof. There exists X; = poly(a1) such that for all x > X3, agz®©~“* — a; > 1. In addition,

there exists X = poly(az) such that for all x > Xo, exp () > asz°?. Hence, for all z > X £
maX{Xl, XQ},

exp (apx® — a12) = exp (xcl (aoxco_cl — al)) > exp (%) > agx™.
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F.2 Sufficient Exploration of All Arms and Concentration of Empirical Means

In this subsection, we first show that when n is large, every arm is sampled frequently. Then
the concentration of each empirical mean can be immediately established by the inequality on the
difference between the empirical mean and the unknown true mean in terms of the number of samples.

Proposition 2. There exists N = poly(Wy, Ws) such that for alln > N,
Tni> (n/k)Y4, Vie A

This proposition is established in a sequence of results. The first one shows the relationship between
the number of samples allocated to the arm I; with the largest posterior mean and the top arm I, 7(,,1)
under TTEI Notice that these two arms could be identical.

Lemma 14. For arms I} and I,(Ll),
Togx > Tn,Ifll)'

Proof. We prove this by contradiction. Suppose T, ;- < T {08 This implies I} # Ifll) and
On,1x >0, . Since f(x) is positive and increasing, we have

B, ) = Mn, Iy
oL = oz F0) >0, o0 f () W

=7
71(1)7
0'”’[7(]’1) n,ln

which contradicts that I,(Ll) has the largest EI value. Therefore, T}, 1= > Tn - O]

The next result shows that if arm I} and some other arm ¢ are sampled sufficiently, then there is some
gap between their empirical means. This result can be used to bound the EI value of arm ¢ from
above.

Lemma 15. There exists S = poly(W1) such that for all s > S, if T, 1= > s and T,, ; > s for some
i # I,
Nn,I:L — Hn,i 2 Amin/2-

Proof. If T, 1= > s, then by Lemma@

log(e + T}, 1+) log(e + s)
2 Tl W 2
Tor:+1 0V s

|Mn,I;; —prx| < oW,

where the last inequality is valid because g(x) = log(e + z)/(x + 1) is positive and decreasing on
(0, 00). There exists S = poly(W7) such that for all s > S,

1/2 .
IOg(e + S) < S < Am1n ’
s+1 —\s+17 40W;

‘,un,ljz - ,UI;; S Amin/4~
Similarly, for all s > S, if T}, ; > s for some ¢ # I,

|,un,1' - ,LL7| S Amin/4-

which leads to

Now we want to show that p17- > ;. We prove this by contradiction. Suppose p; > py=. This
implies that p; — p I > Apin since all arm-means are unique. Then we have

Hn,i — Pm,[; Z (Nz - Amin/4) - (NIT*L + Amin/4) 2 Amin/Qv

which contradicts the definition of ;. Hence, p11x > p;, and thus

P, 1x = i > (prx — Bmin/4) — (i + Amin/4) > Amin/2.
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The next result shows that under a mild condition, if arm Lgl) has been sampled sufficiently, then
I 7(11) = I, the arm with the highest posterior mean. Note that by Lemma I has been sampled
at least as many times as I,Sl). The mild condition of this proof ensures that the number of samples
of I is not an exponential factor larger than the number of samples of L(ll)
contradiction if [, T(Ll) # I,

Lemma 16. There exists S = poly(W1) such that for all s > S, when n < exp(A2, s/(40?)), if
T, 0 > s, then I = I

n7

, which could lead to a

Proof. T ) = s is equivalent to Iy(Ll) € V5. By Lemma Toz 2T, ;) = s, which means
I € V5. We notice that if vfll}* > v(lz foralli € V5 \ {1}, then I = I

n?

By Lemma there exists S = poly(WW1) such that for all s > S, fu,, 1+ — fin,i > Amin/2 for each
i€ Vs \ {I}}, and thus

. _ L el/2 _ A2
1) _ . Hn i 'UJ"J; < g AmmS o Amins
frt = onif < On,i ) a 51/2f 20 < V2mrst/2 P 802

where the last inequality uses Lemmafd] When n < exp(A2,; s/(40?)),

(1) — . £(0) > o > g —Lhind (1)
’Un,IT*L G7L,In f( ) - /7271_”1/2 = ,—271_31/2 exp 80’2 > 'Un’l.
This concludes the proof. O

Now we need to introduce some further notations. Given s > 0, we define two sets for all n € N:
Us2{icA: T, <s"?}
and
ViElieA: T,; <s}
Welet Us & A\ Us and Vi & A\ V5. Ttis easy to see the following properties:

1. U CVy.

2. U CUSand V7 C V2.
With these defined sets, we can divide all arms into three sets: US, US \ V5 and V5. We can view U}
and V.3 as the set of arms that are not well explored and the set of arms that are well explored. Then
we will show that under some condition, if there exists some arm that is not well explored, then it

cannot happen that TTEI measures two arms IT(LI) and I 7(12) that are both well explored.
Lemma 17. There exists S = poly(W1) such that for all s > S, when n < exp(A2, s/(40?)), if
U; is nonempty, I,(Ll) e Vs or Iy(f) e V2.

Proof. We want to argue that if I,(Ll) ¢ V5, there exists some arm j such that 0(2’)4 > 0@ for

n n,i
all i € V5, which implies 12 ¢ Vs, and thus 1 ¢ V. By Lemmas |16/ and there exists
Sy = poly(W1) such that for all s > Sy, when n < exp(A2. s/(402)), ISV = I € V7, and for
eachi € V5 \ {L(Ll)}, By, 7 = B > Apmin/2.

Notice that by definition, v(2i(1) = 0. Foreach i € V7 \ {I\"'}, we have

2 g2 o? " o? < o? n 0% 402
Opito = — —t — < —
n,t 77,717(L1) TTL,i T s S

n,Iibl)

)
S

which leads to
(2) _ Hn,i — /J“n,fy(ll) 20 <Amin31/2) 20 (Aminsl/z)

2 2
Vi =,/0n;t0 < =7 —5
ni i n,l}ﬁf 02 + o2 31/2f 4o s1/2 4o
n,i n 17(11)
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where the last inequality uses Lemma 4]

For any j € U; (which is possible since U] is nonempty), we have

log(e + To ) log (e—an 1,“))
B ooy Jlo8le+ Tog) WAl I )
g = Mg 2H = O[T T T e T O T
log(e
= (1 ) -2y

= (,U'j — ‘LL17(L1)> — 20W1
Z - Amax - 2O'I/Vl
where Apax = max; je Al — uj), and the first inequality uses Lemma@ and the second inequality
is valid because g(z) = log(e + x)/(x + 1) is positive and decreasing on (0, co). In addition,
2 2
2 2 2 _ O g
Un,j + O’n,[il) Z Un,j = 7Tn’j > 781/2 .

which leads to

Up.j > —

s1/4 o

(2) (o} f <_(Amax + 20W1)51/4>

Forall s > Sy = (20/Amax)*, we have

(Apax + 20’W1)51/4 S A st/

> 2,
o o
and then by Lemma 5]
Ne) Lf —(Amax + 20W7)st/4 ot s —(Amax + 20W7)st/4
. s1/4 g S(Amax + 20Wl)3 o

(1)
By Lemma there exists S5 = poly(WW7) such that for all s > S3, the right hand side of inequality
(TT) is larger than the right hand side of inequality (I0), which implies I, @ ¢ V5, and thus 1, ® e Ve

Therefore, for s > S = max{S;, Sa, 53}, when n < exp(A2. s/(402)), if U? is nonempty

i evior? eve. O

With the above lemma, we are ready to show that when n is large, the set U} of arms that are not
well explored is indeed empty.

Lemma 18. There exists S = poly(W7y, Wa) such that for all s > S, Uys2) is empty.

Proof. For notational convenience, we assume | ks?| = ks?.

When s is large, ks? < exp(A2,;,s/(402)). Then Lemma|l7|implies that there exists S = poly(W7)
such that for all s > S, when n < ks?, if U, is nonempty, then L(LU € VS or I,(L2) € V7. There
exists Sy = poly(WW3) such that for all s > Ss,

82 Z ks and /610011152 - 2kW2 \/(1 + k32//8min) log(€2 + kSQ/ﬁmin) Z ks

where Spyin = min{3,1 — 5} > 0. The reason to construct the above two inequalities becomes clear
in the following analysis.

We consider s > S 2 max{Si, S2}, and prove the statement by contradiction. Suppose U, sz 18
nonempty. Then U5 2 U7 2 ... D U7, _; 2 U; . are all nonempty. Since U,; C V7 for all
n €N, thenwe Vi 2D Vi D ... D V7, | D V7, are all nonempty. Since s%2 > ks, at least one

arm is measured at least s times before time s2, and thus ’V;z’ < k — 1. Then we want to show
that for each r = 2,3, ..., k, at least one arm in V(“j__l)s2 is measured at least s times in periods
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r —1)s2,rs?2 —1]. Foreach ¢ € [(r — 1)s?,rs?> — 1], since U} is nonempty, by Lemma|l7] we
¢ pty, by
have I}” eVjior 122) € V7, and thus

> = > Py =1ilFs) > Buain,

ievy icVy
which leads to
E qpf,i > E w@,i > ﬁmin
€V i€V
where we use V(‘LDSQ 2 V. Hence, we have
rs—1

Z (‘IJ’I“SQ,i - \Ij(r—l)SZ,i) = Z Z W,i > 5mins2'

iEV(ST_l)l92 {=(r—1)s2 iEV(Sr_l)s?

Then by Lemma(7] we have

Z (T7'52,i - T(r—l)sg,i)

€VE_

> Z |:\I/rsz,i - Wy \/(1 + \I]T‘S2,i/ﬁlllin) 10g(62 + \Ijrs2,i/61nin):|

€VE

- Z |:\Ij(r—1)sz,i + W2 \/(]— + \Ij(r—l)sz,i/ﬁmin) IOg(62 + l:[l(r—l)SQ,i/ﬁmin)J

iEW'171)52
2 /Bmins2 - ZkWQ \/(1 + kSQ/ﬁmin) IOg(GQ + k$2/ﬂmin)
> ks

< k and \II(Tfl)sQ,i < \IITS2,i < \I/k:SQ,i < I{;82 for
any ¢ € A. Hence, for each r = 2,3,...,k, at least one arm in V(jfl)SQ is sampled at least s
| < [Vie| = 1 Since [V <k - 1,

by induction, we have |Vrssg‘ < k—rforeachr = 1,2,...,k. Hence, Vk582| =0,ie. VS, is
empty. Since U » C V2., U} is empty, which contradicts the supposition that U} _, is nonempty.
Therefore, for all s > 5, U} . is empty. L]

where the second inequality uses ‘V(‘fﬂfl)sz

times in periods [(r —1)s%,rs? — 1], which implies | 8 2

Now we can complete the proof of Proposition 2]

Proof of Proposition[2] By LemmalEl, there exists S such that for all s > S, U fk 52 is empty. Then
forallm > N £ kS2, we have v/n/k > S, and thus Uy n/k is empty, which means

1/2
nJZQmM) = (n/K)Y4,  Wie A
O
We have proved that when n is large, each arm is explored sufficiently often. Then using the bound

on the difference between the empirical mean p,, ; and the unknown true mean ; in terms of T}, ;,
we can formally show the concentration of (i, ; to ;.

Proposition 3. Fix a constant € > 0. There exists N = poly(W1, Ws) such that for alln > N,
|,u'n,i - ,U'z| <, Vi e A

Proof. By Lemma|§|, foralli € Aandn € N,

log(e + T),4)

ni — Mi] < oW, .
ln,i — pil < oWy Toit1
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By Proposition |2} there exists N3 = poly(W1, Ws) such that for all n > N, for all ¢ € A,
T,.i > (n/k)**, and thus

|fon,i — i < oWy

log(e +T),.;) o log(e + (n/k)1/4)
Tni+1 (n/k)Y/4+1

where the last inequality uses g(z) = log(e+x)/(x + 1) is positive and decreasing on (0, c0). There
exists No = poly(W7) such that for all n > N,

log(e+(n/k)1/2)< 2(n/k)1/4 < €
(n/k)Y2+1  —\ (n/k)Y/24+1 = oWy’

Then for all n > N = max{Ny, No}, we have

|tn,s — pi| < oWy =€, Vi e A.

€
O'W1
O

Notice that the unknown arm-means are unique, so 3 > po... > p. Using Proposition [3| on
sufficiently small e > 0, we can show that when n is large, the empirical means are so accurate that
Hn,1 > fn,2 ... > [ink, Which means that the arm with the largest posterior mean I is arm 1.

F.3 Tracking the Optimal Asymptotic Proportion allocated to the Best Arm

In this subsection, we show that when the number of arm draws goes large, the empirical proportion
allocated to the best arm concentrates to the tuning parameter /3 used in TTEI To prove this, we will

first show that when n is large, the arm with the largest EI value L(Il)

Lemma 19. There exists N = poly(W;, Ws) such that for alln > N, Ir(ll) =I'=1

is always arm 1.

Proof. Using Proposition on € = Amin/4 (Where Anin = ming; |p; — pj| > 0), there exists
N7 = poly(W7, Ws) such that for all n > Ny,

Hni — pil < Amin/4, Vi€ A,
which implies 1 > tn2 > ... > pn i, and thus I}; = 1. Then for i # I}, we have

Mn,Ix — Hni = Hn,1 — Mn,
> M1 — Amin/4 - M — A11(1111/4
= (,Ul - /’Ji) - Amin/2
2 Amin/2'

By Proposmonl there exists No = poly(W7y, W) such that for all n. > No, T, ; > (n/k)*/* for all
i € A. Hence, for all n > max{Ny, Ny}, for each ¢ # I}, we have

L . 1/8 —Anl/8 /8 —Anl/8
o) = o (B ) < Ty D) < Tgs > (12)
Oni nl/8 20k1/8 nl/8 20k1/8

32

where the last inequalities uses Lemma@ For arm I}, we have

ut; = o (0) = —=—0(0) 2 756(0) (13)

There exists a deterministic V3 such that for all n > Ny, the right hand side of inequality (T3) is
larger than the right hand side of inequality (T2). Therefore, for all n > N £ max{Ny, Ny, N3},

oW > v(l) for all ¢ # I}, which leads to I = I =1 O

nI*

This lemma immediately implies that when n is large, ¢, 1 = P(I,, = 1|F,,) = £, and then we can
show the concentration of ¥,, ;/n = ZZ:J Y /nto B.
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Lemma 20. Fix a constant € > 0. There exists N = poly(W1, Wa) such that for alln > N,

v
Lvlfﬂ <e.
n

Proof. By Lemma there exists N1 = poly(W7, W5) such that for all n > Ny, we have 17(11) =1,
which leads to ¢, 1 = P(I,, = 1|]-' ) = 8. Then for n > Ny,

= (Nilwzw Z 1&@1)

(=N,

SE [Bmale + B(n - Nl)]

:ﬂ + (Bmax - ﬁ)NS
n

where fpax = max{f,1 — ﬂ} and

LY e S
=— Yo+ e
3 (B e B )
Zlﬁ(n— Ny)
n
L. BN
T
For all n > Ny £ Brax N1 /€, we have (Buax — 8)N1/n < e and —3N;/n > —e. Therefore, for all
n > N £ max{Ny, N2}, we have |¥,, 1 /n — | < e. O

With this result and Lemmalwhlch shows that T}, ;/U,, ; is close to 1 when ¥, ; is large, we are
ready to show the conconetration of T}, 1 /n to 5.

Lemma 21. Fix a constant € > 0. There exists N = poly(W7y, Ws) such that for alln > N,

Ty

vl_glge_
n

Proof. Tt suffices to prove this only for fixed € € (0, 3] since if € > 3, we can let N be the satisfactory
one associated with the constant 8. By Lemma [20} there exists Ny = poly (7, W) such that for all
n > Ny, |V, 1/n — 8] < €/2, which implies U, ; > (8 — ¢/2)n > n/2. By Lemmal7}

|Tn,1 - \I/n,1| S W2 \/(1 + \Iln,i/ﬂmin) IOg (62 + \Ijn,l/ﬂmin)

If 1 > Bmin We have 1 + Uy /Buin < 3%, /Bmin and log (62 + Uy ;/Bmin) <
3(W,1.i/Bmin) /2, which leads to

3W, gi/4

n,g

T — Wil < 3Wa (W i/ Brnin)*/* <

Then for all n > Ny £ max{ Ny, 2Bmin/B}. we have U, 1> n/2 > Bmin, and thus

Tn ‘ 3VVQ/ﬁmin < 3W2/ﬂmin

1
-t <
A N L

where the second inequality uses ¥,, ;1 > (n/2. There exists N3 = poly(WW3) such that for all

n > Ns, the right hand side of inequality (T4) is less than €/(23 + ¢). Hence, foralln > N £
max{Ny, N3}, we have |¥,, 1 /n — 5| <e¢/2and |T,,1/¥, 1 — 1| < €/(28 + ¢€), and thus

< (1 g St < gl B = e

(14)

268 +¢€ n 20+ €
and T . 28
n,1 € n,1
’ 1— L —€/2 -
n <( 25+e) n _25+e(5 €/2)>f-¢
which leads to |1}, 1 /n — 5] < e. O

28



F.4 Tracking the Optimal Asymptotic Proportions Allocated to Each Arm

We can further show that for each arm, the empirical proportion allocated to it concentrates to the
optimal asymptotic proportion when the number of arm draws goes large.

Proposition 4. Fix a constant ¢ > 0. There exists N = poly(W1, W) such that for alln > N,

Tn,i B

<€ Vie A
n

This proposition is established in a sequence of results. We first introduce some further notations. For
all n € N, we define the under-sampled set:

Tn 7
Pné{mu e w?<o},
n
where (wg ey w,f ) , defined in equation (2)) in Section@ are the optimal asymptotic proportions of

effort allocated to each suboptimal arms. In addition, given € > 0, we define the over-sampled set for
alln € N:
e A . T’IL’L B
O =qi#1: — —w; > €.
n

We have shown that when n is large, the empirical proportion allocated to the best arm is accurate,
then intuitively speaking, if there is an suboptimal arm that is over-sampled, there should be an
suboptimal arm that is under-sampled. Specifically, we have the following result.

Lemma 22. Fix a constant € > 0. There exists N = poly(Wy, Wa) such that for alln > N, if OF, is
nonempty, then P, is nonempty.

Proof. By Lemma 21] there exists N = poly(W1, W) such that forall n. > N, [T}, 1 /n — | <,
which implies 7}, ;1 > S — e. Then we prove this by contradiction. Suppose P, is empty. For all

i# 1, wehave T, ;/n > wiﬁ. Since O, is nonempty, there exists j # 1 such that T}, ; /n > wf + €.
Then we have
ZTn,z/n = Tnyl/n + Tnﬁj/n + Z Tnyl/n

i€A i#1,j

>B—e+wf+e+ szﬁ

i#1,J
- Suf =1
icA
which leads to a contradiction. Hence, P,, is nonempty. O

Next we will show that when n is large, the best alternative 17(12) is not from the over-sampled set, or
equivalently, for any arm ¢ that is over-sampled, it could not be the best alternative I, 7(12).

Lemma 23. Fix a constant ¢ > 0. There exists N = poly(W1, Ws) such that for all n > N,
112 ¢ Ox.

Proof. We want to argue that when n is sufficiently large, if Oy, is nonempty, there exists some
arm j such that o > vfz for all ¢ € Of,, which implies 112 ¢ O5. By Lemma there exists

n,j

N; = poly(W7, W) such that for n > Na, I = I* = 1. Then fori # 1,

2 _ 2 2 Hni = Hn,1
vmi - Un,i + Un,lf 3 2
\/ Un,i + Un,l

where o ; = 0%/T,,; and o | = 0 /T, 1. By Lemma , there exists Ny = poly(W;, Ws) such

n,t

that for all n > Ny, if Oy, is nonempty, P, is nonempty. We will show that when n is sufficiently
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large, for all i € Of, and j € P,, v,(f; > vgz By Propositionand Lemma for any ¢ > 0, there

exists N3 = poly(W1, Ws) (that depends on ¢) such that for all n > N3, |u,,; — ;| < ¢ for each
i€ Aand |T,, 1/n — B] < ¢. We let ¢ be sufficiently small such that T, 1 > (8 — ¢)n > 0 and

P — tna < p; — p1 + 2¢ < 0 for each i # 1. Then for i € O, we have T, ; > (w? + €)n, and
thus

/
w e B¢ 0[1/(w?+e)+1/(ﬂ—<)

where Lemmais used. For j € P,, wehave T}, ; < wfn, and thus

1/2 o B 1/2
o2 s 5 (135 + ; i C) nl/2f (15 : = 2¢)n -
j o [1/wj +1/(6+¢)}

}1/2

(1 — 1 —20)n'/?
1/2
o [1/w§3+1/(ﬁ+<)} !

where Lemma 5] is used in the last inequality for all n > Ny such that the value taken by f is less
than —2.

2
> ot (1} + B1+C> (—pj + 1 +20) 29
J

Now we need to define some further notations to compare the above two EI values. For any 7, j # 1,
asx — 0,

gii(z) & (i — pa + 2x)° (i —m — 27)?
J (w!+e)+1/(B-2) 1/u +1/(8+x)

is continuous at the limit

P m)? (g —m)?
Yl o +1/8 1wl +1/8

where € > 0 is fixed, and we let

A .
Crin = min Cj ;.
1,571

Since ) )
(M2—M1) o o (Mk_Ml)

Yuwi+1/8 1wl +1/8
we have C; ; > 0 for any 7, j # 1, and thus Cpi, > 0. Clearly, there exists sufficiently small £ > 0
such that for any 7, j # 1,
gi,j (C) Z Cmin/2>

and we let ( = x. Next we define
2
o (1w + 1/(B+ Q] (—py+  +20)7

[1/f +a+1/68-0]

A
Dijz

)

for any ¢,j # 1, and we let

A .
Dmin = min DZJ
1,571

With these notations, we know that for all n > N5 £ max{Ny, Na, N3, N}, for all i € O and
j 6 PTL?
07(12 D —3/2 Crninn >D —3/2 Cminn 15
@ > D;in exp | =75~ ) 2 Dminn exp | — 5 ) (15)

n,i

There exists Ng such that for all n > Ng, the right hand side of inequality (T3) is greater than I,
which is v} > v}, There, for n > N £ max{Ns, N}, v') > v\) forall i € Of and j € P,,

n,j n,s

which implies I\>) ¢ O O
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The above result and Lemma [19|together shows that when n is large, for any arm i # 1 that is

over-sampled, I,(LQ) # 4 and I,(Ll) = 1 # 4, which means that arm ¢ is not sampled at time n. Next we
are going to show that indeed, there is no over-sampled arm when n is sufficiently large.

Lemma 24. Fix a constant € > 0. There exists N = poly(Wy, W2) such that for alln > N, O, is
empty.

Proof. By Lemma , there exists Ny such that for all n > Ny, I,(LU = 1. By Lemma there
exists No = poly(W7, Ws) such that for all n > No, if 02/2 is nonempty, then I,(LQ) ¢ Oy 2 Let
M = max{Ny, Na, 2/e}. Without loss of generality, we assume M € N for notational convenience.

For any i ¢ 0%2 such that ¢ # 1, we want to prove by induction that for alln > M, T,, ; /n— wf <e,
ie. i ¢ Of. By definition, Ths;/M — wﬂ < €/2 < e. Suppose that for a fixed n > M,
Thi/n — f < e. We want to show that 7,,41;/(n + 1) — wf < e. There are two situations. If
Thi/n— ZB < ¢/2, then

Toiri 14T,
Tl B I 8 g2 < e
n+1 n

where the last inequality uses n > M > 2/e. On the other hand, if €/2 < T}, ;/n — w” < €, then by

Lemma IT(LQ) % 1, and we also have L(Ll) =1 # i. Hence,

Toy1i W — ey wd < T Wl < e
n+1 v n+1 Wi n Wi
Combining these two situation, we have T}, 1 ; /(n+1)— w? < e. Therefore, by induction, for all

nZM,Tm-/n—w-ﬂ <eie i ¢ OS.

For any i € OE ,if we can find M; > M such that i ¢ o} M is empty, then same as the proof above,
we can show that for all n > M;, T,, ;/n —wiﬂ < ¢ ie. i ¢ OF. By definition, Thy;/M —wf > €/2.
Notice that for all n > M, IT(LD =1 # i and by Lemma if T, ;/n— wf > €/2, Ir(?) # 1. Hence,
arm 17 is not sampled until the empirical proportion allocated to it is less than or equal to w? +¢/2.
There exists M; such that for all n € [M, M; — 1],

Toi o Ti 5

- P= T > €/2
and T
M;, B
Mil wi <e€/2,

which is i ¢ Of;”. Hence, for all n > M;, i ¢ Of.

Let N = M/minjcy w]ﬁ . Without loss of generality, we assume /N € N for notational convenience.
Now we want to prove that each M; < N. Suppose M; > N + 1. Then N € [M, M; — 1], so

Ty, T

%—wiﬁz%—wiﬁ>e/2

However, we also have

—w = = —

Tni s T WP < M
N g N Wi - N

wf = minw]@ —w; <0,
JjEA

which leads to a contradiction. Hence, M; < N.
Since M = poly(Wy, Wa), N = M/minje )] = poly(W1,Wa), and forall n. > N, i ¢ O, for
all ¢ # 1, which means O, is empty. O

We can further show that when n is large, the under-sampled set is also empty, which immediately
establishes Proposition 4]
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Proof of Propositiond] By Lemmas [21] and [24] there exists N = poly(W7, W5) such that for all
n>N,
Tpa/n—wl| <e/k and T,;/n—w’ <elk, Vi#l

€
where wlﬁ = (. Suppose there exists j € A such that T}, ; /n — wf < —e. Then

ZTn,i/n = Tn,j/n + ZTn,i/n

icA i#]
< wjﬁ —e+ Z(wlﬁ +e/k)
i
:szﬁ —¢/k=1—¢/k,
i€EA

which contradicts ) ;. 4 Tr,i/n = 1. Hence, for all n > N, we also have

Tn,i/n - wzﬂ > —¢, Vi € A.

This concludes the proof. O

F.5 Proof of Theorem/[I]

Based on Proposition ] Theorem T]can be immediately established.
Theorem Under TTEI with parameter 3 € (0,1), E[Mg] < oo for any € > 0.

Proof. For any € > 0,
MEinf{NEN : m&}idTn’i/nfwiﬁ\ <e VnZN}.
1€
By Proposition there exists N = poly(W7, W) such that for all n > N, max;ca | Ty i /1 — w?\ <

€, which implies M < N. By Lemmas|§|and we have E[e*"1] < 0o and E[e*"V?] < oo for all
A > 0, which implies E[poly(W1, W2)] < oo. Therefore, E[M§] < E[N] < oc. O
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