
A The cartpole system

We test our algorithm on the cartpole swing-up problem (Figure sec:app-cartpole). The cartpole’s
motion is described with the differential equation:

ẋ>=

[
ẋc, θ̇,

−2mplθ̇
2s+3mpgsc+4u−4bẋc

4(mc+mp)− 3mpc2
,
−3mplθ̇

2sc+6(mc+mp)gs+6(u−bẋc)c
4l(mc+mp)− 3mplc2

]
, (11)

using shorthand s = sin θ and c = cos θ. The cost function we impose is 1− exp
(
− 1

2d
2/σ2

c

)
where

σc = 0.25m and d2 is the squared Euclidean distance between the pendulum’s end point (xp, yp)
and its goal (0, l). I.e. d2 = x2

p + (l − yp)2 = (xc − l sin θ)2 + (l − l cos θ)2.
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Figure 11: The cartpole swing-up task. A pendulum of length l is attached to a cart by a frictionless pivot. The
cart has mass mc and position xc. The pendulum’s endpoint has mass mp and position (xp, yp), with angle θ
from vertical. The cart begins at position xc = 0 and pendulum hanging down: θ = π. The goal is to accelerate
the cart by applying horizontal force ut at each timestep t to invert then stabilise the pendulum’s endpoint at the
goal (black cross), i.e. to maintain xc = 0 and θ = 0.

B Gradients for policy improvement

Let vec(·) be the ‘unwrap operator’ that reshapes matrices columnwise into vectors. We define a
Markov filtered-system from the belief’s parameters: St = [M>t|t−1, vec(Vt|t−1)>]>. To predict
system evolution, the state distribution is defined:

p(St) ∼ N
(
µst =

[
µmt|t−1

vec(Vt+1|t)

]
, Σst =

[
Σmt|t−1 0

0 0

])
. (12)

To compute policy gradient dJ/dψ we first require dEt/dψ:

dEt
dθ

=
dEt

dp(St)
dp(St)

dθ

=
dEt
∂µst

∂µst
dθ

+
dEt
∂Σst

∂Σst
dθ

, and (13)

dp(St+1)

dθ
=

dp(St+1)

dp(St)
dp(St)

dθ
+
∂p(St+1)

∂θ
. (14)

Application of the chain rule backwards from the state distribution at the horizon ST , to St at arbitrary
time t, is analogous to that detailed in PILCO [5], where we use St, µst and Σst in the place of xt, µt
and Σt respectively.

B.1 Policy evaluation and improvement
To evaluate the policy π (or more specifically, the policy parameters ψ), PILCO computes the loss
J(ψ) by applying a cost function to the marginal state distribution at each timestep (see Algorithm 1,
line 7). After policy evaluation, PILCO optimises the policy using the analytic gradients of J . A
BFGS optimisation method searches for the set of policy parameters ψ that minimise the total cost
J(ψ) using gradients information dJ/dψ (Algorithm 1, line 8). To compute dJ/dψ we require
derivatives dEt/dψ at each time t to chain together, detailed in [5].
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B.2 Policy evaluation and improvement with a filter
To evaluate a policy we again apply the loss function J (Algorithm 1, line 7) to the multi-step
prediction (section 4.2). The policy is again optimised using the analytic gradients of J . Since
J now is a function of beliefs, we additionally consider the gradients of Bt|t−1 w.r.t. ψ. As the
belief is distributed byBt|t−1 ∼ N (Mt|t−1, Vt|t−1) ∼ N (N (µmt|t−1,Σ

m
t|t−1), Vt|t−1), we use partial

derivatives of µmt|t−1, Σmt|t−1 and Vt|t−1 w.r.t. each other and w.r.t ψ.

C Identities for Gaussian process prediction with hierarchical uncertain in-
puts

The two functions

q(x, x′,Λ, V ) , |Λ−1V + I|−1/2 exp
(
− 1

2 (x− x′)[Λ + V ]−1(x− x′)
)
,

Q(x, x′,Λa,Λb, V, µ,Σ) , c1 exp
(
− 1

2 (x− x′)>[Λa + Λb + 2V ]−1(x− x′)
)

× exp
(
− 1

2 (z − µ)>
[(

(Λa + V )−1 + (Λb + V )−1
)−1

+ Σ
]−1

(z − µ)
)
,

= c2 q(x, µ,Λa, V ) q(µ, x′Λb, V )

× exp
(

1
2r
>[(Λa + V )−1 + (Λb + V )−1 + Σ−1

]−1
r
)
,

where


z = (Λb + V )(Λa + Λb + 2V )−1x+ (Λa + V )(Λa + Λb + 2V )−1x′

r = (Λa + V )−1(x− µ) + (Λb + V )−1(x′ − µ)

c1 =
∣∣(Λa + V )(Λb + V ) + (Λa + Λb + 2V )Σ

∣∣−1/2∣∣ΛaΛb
∣∣1/2

c2 =
∣∣((Λa + V )−1 + (Λb + V )−1

)
Σ + I

∣∣−1/2
,

(15)

have the following Gaussian integrals∫
q(x, t,Λ, V )N (t|µ,Σ)dt = q(x, µ,Λ,Σ + V ),∫

q(x, t,Λa, V ) q(t, x′,Λb, V )N (t|µ,Σ)dt = Q(x, x′,Λa,Λb, V, µ,Σ),∫
Q(x, x′,Λa,Λb, 0, µ, V )N (µ|m,Σ)dµ = Q(x, x′,Λa,Λb, 0,m,Σ + V ).

(16)

We want to model data with E output coordinates, and use separate combinations of linear models
and GPs to make predictions, a = 1, . . . , E:

fa(x∗) = f∗a ∼ N
(
θ>a x

∗ + ka(x∗,x)βa, ka(x∗, x∗)− ka(x∗,x)(Ka + Σaε)−1ka(x, x∗)
)
,

where the E squared exponential covariance functions are

ka(x, x′) = s2
aq(x, x

′,Λa, 0), where a = 1, . . . , E, (17)

and s2
a are the signal variances and Λa is a diagonal matrix of squared length scales for GP number

a. The noise variances are Σaε . The inputs are x and the outputs ya and we define βa = (Ka +
Σaε)−1(ya − θ>a x), where Ka is the Gram matrix.

C.1 Derivatives
For symmetric Λ and V and Σ:

∂ ln q(x, x′,Λ, V )

∂x
= − (Λ + V )−1(x− x′) = −(Λ−1V + I)−1Λ−1(x− x′)

∂ ln q(x, x′,Λ, V )

∂x′
= (Λ + V )−1(x− x′)

∂ ln q(x, x′,Λ, V )

∂V
= − 1

2
(Λ + V )−1 +

1

2
(Λ + V )−1(x− x′)(x− x′)>(Λ + V )−1

(18)

12



Let L = (Λa +V )−1 + (Λb +V )−1, R = ΣL+ I , Y = R−1Σ =
[
L+ Σ−1

]−1
, T : X → XX>:

∂Q(x, x′,Λa,Λb, V, µ,Σ) = Q ◦ ∂
(

ln c2 + ln q(x, µ,Λa, V ) + ln q(µ, x′Λb, V ) +
1

2
y>Y y

)
1

2

∂ y>Y y

∂µ
= y>Y

∂y

∂µ
= −y>Y L

∂ ln c2
∂Σ

= −1

2

∂ ln |LΣ + I|
∂Σ

= −1

2
L>(LΣ + I)−> = −1

2
LR−1

∂ y>Y y

∂Σ
= Σ−>Y >yy>Y >Σ−> = T (R−>y)

∂ ln c2
∂V

= −1

2

∂ ln |LΣ + I|
∂V

= −1

2

∂ ln |
∑
i

[
(Λi + V )−1

]
Σ + I|

∂V

=
1

2

∑
i

[
(Λi + V )−>

(∑
j

[
(Λj + V )−1

]
Σ + I

)
−>Σ>(Λi + V )−>

]
=

1

2

∑
i

[
(Λi + V )−1Y (Λi + V )−1

]
∂ y>Y y

∂V
= y>

∂ Y

∂V
y +

∂y>

∂V
Y y + y>Y

∂y

∂V
=

∑
i

[
(Λi + V )−1Y >yy>Y >(Λi + V )−1

]
−
∑
i

[
(Λi + V )−1(xni − µ)(Y y)>(Λi + V )−1

]
−
∑
i

[
(Λi + V )−1(y>Y )>(xni − µ)>(Λi + V )−1

]
=
∑
i

[
T
(

(Λi + V )−1(Y y − (xni − µ))
)
− T

(
(Λi + V )−1(xni − µ)

)]
(19)
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D Dynamics predictions in execution phase

Here we specify the predictive distribution p(bt+1|t), whose moments are equal to the moments
from dynamics model output f with uncertain input b̃t|t ∼ N (m̃t|t, Ṽt|t) similar to Deisenroth and
Rasmussen [5] which was based on work by Candela et al. [1]. Consider making predictions from
a = 1, . . . , E GPs at b̃t|t with specification b̃t|t ∼ N (m̃t|t, Ṽt|t). We have the following expressions
for the predictive mean, variances and input-output covariances using the law of iterated expectations
and variances:

bt+1|t ∼ N (mt+1|t, Vt+1|t), (20)

ma
t+1|t = Eb̃t|t [f

a(b̃t|t)]

=

∫ (
s2
aβ
>
a q(xi, b̃t|t,Λa, 0) + φ>a b̃t|t

)
N (b̃t|t; m̃t|t, Ṽt|t)db̃t|t

= s2
aβ
>
a q

a + φ>a m̃t|t, (21)

Ca
.
= Ṽ −1

t|t Cb̃t|t [b̃t|t, f
a(b̃t|t)− φ>a b̃t|t],

= Ṽ −1
t|t

∫
(b̃t|t − m̃t|t)s

2
aβ
>
a q(x, b̃t|t,Λa, 0)N (b̃t|t; m̃t|t, Ṽt|t)db̃t|t

= s2
a(Λa + Ṽt|t)

−1(x− m̃t|t)βaq
a, (22)

V abt+1|t = Cb̃t|t
[
fa(b̃t|t), f

b(b̃t|t)
]

= Cb̃t|t
[
Ef [fa(b̃t|t),Ef [f b(b̃t|t)

]
+ Eb̃t|t

[
Cf [fa(b̃t|t), f

b(b̃t|t)]
]

= Cb̃t|t
[
s2
aβ
>
a q(x, b̃t|t,Λa, 0) + φ>a b̃t|t, s2

bβ
>
b q(x, b̃t|t,Λb, 0) + φ>b b̃t|t

]
+

δabE[s2
a − ka(b̃t|t, x)(Ka + Σaε)−1ka(x, b̃t|t)]

= s2
as

2
b

[
β>a (Qab−qaqb>)βb +

δab
(
s−2
a −tr((Ka + Σaε)−1Qaa)

)]
+ C>a Ṽt|tφb + φ>a Ṽt|tCb + φ>a Ṽt|tφb, (23)

where

qai = q
(
xi, m̃t|t,Λa, Ṽt|t

)
,

Qabij = Q
(
xi, xj ,Λa,Λb, 0, m̃t|t, Ṽt|t

)
,

βa = (Ka + Σε,a)−1(ya − φ>a x),

and training inputs are x, outputs are ya (determined by the ‘Direct method’), Ka is a Gram matrix.

E Dynamics predictions in prediction phase

Here we describe the prediction formulae for the random belief state in the prediction phase. We again
note, during execution, our belief distribution is specified by certain parameters, bt|t ∼ N (mt|t, Vt|t).
By contrast, during the prediction phase, our belief distribution is specified by an uncertain belief-
mean and certain belief-variance: Bt|t ∼ N (Mt|t, Vt|t) ∼ N (N (µmt|t,Σ

m
t|t), V̄t|t), where we assumed

a delta distribution on V̄t|t for mathematical simplicity, i.e. vec(Vt|t) ∼ N (vec(V̄t|t), 0). Therefore
we conduct GP prediction given hierarchically-uncertain inputs, outlining each output moment
below. For instance, consider making predictions from a = 1, . . . , E GPs at Bt|t with hierarchical
specification

Bt|t ∼ N (Mt|t, V̄t|t), and Mt|t ∼ N (µmt|t,Σ
m
t|t), (24)

or equivalently the joint[
Bt|t
Mt|t

]
∼ N

([
µmt|t
µmt|t

]
,

[
Σmt|t + V̄t|t Σmt|t

Σmt|t Σmt|t

])
. (25)
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Mean of the Belief-Mean: dynamics prediction uses input M̃t|t ∼ N (µm̃t|t,Σ
m̃
t|t), which is jointly

distributed according to (10). Using the belief-mean ma
t+1|t definition (21),

µm,at+1|t = EM̃t|t
[Ma

t+1|t]

=

∫
Ma
t+1|tN (M̃t|t;µ

m̃
t|t,Σ

m̃
t|t)dM̃t|t,

= s2
aβ
>
a

∫
q(x, M̃t|t,Λa, Ṽt|t)N (M̃t|t;µ

m̃
t|t,Σ

m̃
t|t)dM̃t|t + φ>a µ

m̃
t|t

= s2
aβ
>
a q̂

a + φ>a µ
m̃
t|t, (26)

q̂ai = q
(
xi, µ

m̃
t|t,Λa,Σ

m̃
t|t + Ṽt|t

)
. (27)

Input-Output Covariance: the expected input-output covariance belief term (22) (equivalent to
the input-output covariance of the belief-mean) is:

Ĉa
.
= Ṽ −1

t|t EM̃t|t
[CBt|t [B̃t|t, f(B̃t|t)− φ>a M̃t|t]], and similarly defined

.
= (Σm̃t|t)

−1CM̃t|t
[M̃t|t,EBt|t [f(B̃t|t)− φ>a M̃t|t]],

= (Σm̃t|t)
−1

∫
(M̃t|t − µm̃t|t)EBt|t [f(B̃t|t)]N (M̃t|t;µ

m̃
t|t,Σ

m̃
t|t)dM̃t|t

= (Σm̃t|t)
−1

∫
(M̃t|t − µm̃t|t)

(
s2
aβ
>
a q(xi, M̃t|t,Λa, Ṽt|t))N (M̃t|t;µ

m̃
t|t,Σ

m̃
t|t)dM̃t|t

= s2
a(Λa + Σm̃t|t + Ṽt|t)

−1(x− µm̃t|t)βaq̂
a
i . (28)

Variance of the Belief-Mean: the variance of randomised belief-mean (Eq 21) is:

Σm,abt+1|t = CM̃t|t
[Ma

t+1|t,M
b
t+1|t],

=

∫
Ma
t+1|tM

b
t+1|tN (M̃t|t|µm̃t|t,Σ

m̃
t|t)dM̃t|t − µamt+1|t

µbmt+1|t
,

= s2
as

2
bβ
>
a (Q̂ab − q̂aq̂b>)βb + Ĉ>a Σm̃t|tφb + φ>a Σm̃t|tĈb + φ>a Σm̃t|tφb, (29)

Q̂abij = Q(xi, xj ,Λa,Λb, Ṽt|t, µm̃t|t,Σ
m̃
t|t). (30)

Mean of the Belief-Variance: using the belief-variance V abt+1|t definition (23),

V̄ abt+1|t = EM̃t|t
[V abt+1|t]

=

∫
V abt+1|tN (M̃t|t|µm̃t|t,Σ

m̃
t|t)dM̃t|t

= s2
as

2
b

[
β>a (Q̃ab − Q̂ab)βb + δab

(
s−2
a − tr((Ka + Σaε)−1Q̃aa)

)]
+Ĉ>a Ṽt|tφb + φ>a Ṽt|tĈb + φ>a Ṽt|tφb, (31)

Q̃abij = Q(xi, xj ,Λa,Λb, 0, µm̃t|t,Σ
m̃
t|t + Ṽt|t). (32)
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