A Proof of Theorem 1

Proof. The proof involves two steps:

e Constructing a suitable function F' : RP +— RP for which the g is the unique fixed point.(See
Lemma 7)
e Showing that the function is contractive over an £, ball of radius 2« |V L(6*)|

Lemma7. Let 0 = argming L,,(0). Then A =0 — 0% is the unique fixed point of F' : RP +— RP,
F(A) = =V2L,(0") 'R(A;60%) — V2L, (0*) "'V L, (6)

Proof. By first order optimality of 8, we know that V£,,(8) = 0. Using invertibility of V2£,, (%),

we know that for F(A) = A — V2L, (0%) "1 (VL, (0" + A)), A is the unique fixed point. Now, we
can simplify F' as:

F(A)=A—-V2L,(0")" 1 (VL (0" + A))
=A—-V2L,(0") "N (VL (0" + A))
=A— V2L, (%) (VL (0" + A) — VL, (0%) + VL, (%))
=A—V2L,(0%) " (R(A;0%) + VL, (0") A+ VL,(6%))
= V2L, (0")'R(A; 9*) V2L, (0%) VL, (6%)
where by definition, we have that R(A;0%) = VL, (0* + A) — VL, (0%) — V2L, (0%). O

Now to show contraction of F'. Let r = 2k |[V.L,,(0*)|,, and let A € Boo(7)
|F (D)l = [[=(V2Ln(0) T R(A567) — (V2L (07) 7 VL)
< RIR(A507)| o + £ [V L0 o

By our assumption, r = 2x [V L, (6*)] ., < 7, so we can upper bound R(A; #*) using the separabil-
ity of L,,.

n%@n IVLa(6%)])" + /2

S oLl x ST
1

= 52" IVLL (072" % & ||vcn<e*>||oo +r/2
< K |VLA(0")] o +7/2
<r

where the last step follows from our assumption that |V.L,,(8%)| . < (55) " & BT
Hence, we’ve shown that F'(Boo (1)) C Boo(r) for r = 26| VL, (6%)] -

Since F' is continuous and /.-ball is convex and compact, the contraction property coupled with
Brouwer’s fixed point theorem [9], shows that there exists some fixed point A of F', such that

14| < 26|VL,|,. Lemma 7 established that A = 6 — 60" as the unique fixed point, hence,
|4] < 2x19£0l.e. O
(o)

B Proof of Theorem 2

The proof involves three steps:

e Firstly, in Lemma 8, using the primal-dual witness argument of Wainwright [13], under Assump-
tions 1-3, we establish that the minimizer of the unconstrained problem(8) is unique and is equal

to that of the restricted problem(9).( 5,\” =40 )
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e Using our assumption that the minimizer of the restricted function is unique, if we take partial
derivatives of the Lagrangian of the restricted problem(9) with respect to the unconstrained
elements, these partial derivatives must vanish at the optimum, meaning that we have the zero-
gradient condition

G(0s) = [VLn(0)]s + AZs =0 (11)
where 6 € RP? is such that, it’s entries in S is equal to fg and 0 in S°. The zero-gradient condition
is necessary and sufficient for an optimum of the Lagrangian problem, and has a unique solution,
[0>\ n ] S- .

G(@s) =0 < 05 = [9,\n]5

Using this and following the proof of Theorem A, we construct a function F' : RIS — RISI,
F(As) = As = (VEsLa(07)) 71 (G(05 + As)) (12)

Since V2L, (%) is invertible, [A]g = [0y, — 0*]s is the unique optimal. F' can be simplified
and written as:

F(As) = As— (VgL (07)) 1 [R(A) + VL") A+ VL (0%)] o — (VEsLn(07) ' A Zs

where A € RP is such that, it’s entries in S are equal to Ag and 0 in S¢. Following some algebra,
we can show that:

F(As) = —(VEsLa(0) " [R(A)] 5= (VEsLa(07) ™" VL) s —Aa(VELn(07)) " Zs
e Note that F'(-) is continuous. We’ll show that F is contractive over B, (r) for r =
26(|VLL(0%)| o + An). Let Ag € Boo(r). Then, the corresponding A € R? is such that,
it’s entries in S are equal to Ag and 0 in S°. Note that this A € By (r) N M(S), and by

)
assumption r = 2x(| VL, (07)|, + An) < 7, hence we can upper bound [R(A)|, using that
L, is restricted locally separable around 6* for this radius 7.

IF(A8)] < |~(T35£a(8") 7 [R(A))s = (TE5£a(87) 7 VL0 )]s = An(T35La(07) Zs |

oo

(13)
< K[[R(A)]s] o + £ (I[VLA(O)]s] o + An) (14)
<k[[R(A)]s]o + 5 (IIVLL(O )]slloo An) (15)
<K|R(A)| o + 5 (IVLa(07)] o + An) (16)
H—’
<3lalg r/2
< k/B(2K) (I\Vﬁ( Meo +An)" +7/2 (17)
< (IVLA(O) | oo + An) +7/2 (18)
r/2
<r (19)

where we’ve used that by assumption, (VL. (6%)| ., + /\n)a_1 < 5B
Lemma 8. Let 23= > maxﬂ|V.Cn(9*)||OO JR(A)| o} Then, 05, = 0Oy, is the unique minimizer
of Equation 8. i.e. Support(0y, ) C Support(6*).

Proof. The proof follows from the primal-dual witness argument of [13, 11]. We provide it here
completeness. The steps are outlined as:

1. By assumption we have that éA,L is the unique minimizer of the restricted problem.

Oy, = argmin £,,(0) + A 0], (20)
oeM(S)

2. Choose Z such that Zg is sub-differential of Hé’\”’ .
1

3. Choose Zg. such that VL, (f,) + AZ = 0, which ensures that (A, Z) satisfy the
optimality condition for (unconstrained) problem.(8).
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4. Verify the strict dual feasibility condition

<1

oo

-

Steps 1-3 ensure that (éAn, Z ) satisfy the optimality conditions of (8). By construction, step 2
ensures that Z s satisfies the sub-differential conditions. Then, Step 4 is needed to ensure that the
remaining elements of Z satisfy the sub-differential conditions. If steps 1-4, succeed, then, it acts as
a witness that the solution 0 A, to restricted problem is equal to solution of the unrestricted(original)
problem.(8).

We now show the uniqueness of é\,\n. By following an argument similar to Lemma 1 in [10],(Lemma
1(b) in [13]), any minimizer 9)\71 of the original optimization problem satisfies [é\)\n]Sc = 0. Thus,
since 0 ), 1s the only optimal vector for the restricted optimization problem(by assumption), we
conclude that é\,\n = é,\“.

<.Let A= éxn — 6*. So, we know Age = 0. Using this we can write

oo

the gradient condition. For brevity, let § = 6, , V2L, (%) = T.

Now, to show that HZ ge

VL, (0)+ M Z=0 21
We can rewrite the gradient:
FssA+ [R(A)]s + (VL(0%))s + AnZs =0 (22)
Tses A+ [R(A)se + (VLA(O9))se + AnZge =0 (23)
Since, I'sg is invertible,
A= 153 [[RA)]s + (VL0)s + A Zs] (24)

Plugging this into Zge,

”ZSC o Ay [R(A)]se + (VLA(07))se + Tses(Tss) ™" [[R(A)]S +(VLL(07))s + )\nZS] Hoo
n (25)
N QA_:& (H[R(A”Hoo - "(W”(Q*))”m) +(1-9) (26)
< 2;%%/4*(1*@ o
<l—-9/2<1 o8)

where we’ve used that || I'seg(I'ss) ™ H|Oo <1—1,and HZSH < 11in the first step. The next step

follows from our assumption that max{|VL,(0*)|, , |R(A) ||ZZ} < PA/8. O

C Proof of Lemma 1

Proof. The proof follows the analysis of [10]. Let £,, be the logistic loss. Let A € By () N M(S).
For the logistic loss, the remainder term can be written as:

R(A) = VL, (0° +A) — VL, (0°) — V2L, (6%)A (29)
= [V2L,(0) — V2L, (6")] A (30)
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where from mean-value theorem § = ¢(6* + A) + (1 — ¢)0* is point on line joining 6* 4+ A and 0*.
Now, looking at the j*” entry, we get:

[R(A)]; = [V2La(0) = V2Ln(67)], A 31)
1O .
= =) mial (07 x;) — (0" x;))| A (32)
n =1 j
1 n B )
== @07 w) — (0" w))e el A (33)
i=1
where 7(t) = % Again applying, mean-value theorem, where 0 is another point between
(6* + A) and 6*, we get that
R = = @) (o] (0~ 6°))aa] A G4)
n
i=1
1 ¢ 1gT (4) ) T, T
= =3 |07 )al?] [0 - 67 wial A] (35)

= - a;b; (36)
n
By holder’s inequality
ILR( Z a:b;

Now |a| . < 7. Also, observe that by definition § — 6* = tA

1 1o
ol = AT {n Zm?} A (38)

<= Iall ol 37

i=1

1 n
v2|Asl; (40)
<v2s|AlZ (41)

where we’ve used that, A € M(.S). Combining the above, we get that,
IR(A)] . < ymr2s|AIZ,

Hence, the logistic loss is (2, 7%

)
vys

00) separable around 6*.

D Proof of Corollary 3

In Lemma 1, we’ve already established the separability of logistic loss. Assume A, = c. |[V.L,(0")]
We need to control | V£ (6%)] . so that [V L,,(6*)], <= min {%, ()T BT }

Mogistic

Proof.
Lo ®) = = S [0 67 6(20)) + To(1 + expl((6, 0(a1)] 2)
i=1
Ly ( Z $(ai) [—vi +u(0" (x:))] (43)
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where u(t) = 15 Note that u(0* T ¢(x,)) = P(Y; = 1]¢(x;)) = E(Y;)
The jth-coordinate of £y, (6*) can then be written as:

n

[V Lo (07))s = —= 3 ()] (31 — E[Y)) (44)

n -
=1

By Assumption, we have that 3", [¢(;)]3 < n, therefore the random variable — = >~ [¢(;)]ys
is subgaussian(o? = 1/n? x (Z:L:l[gé(:cl)} )x(1/4)) =1/(4n).

Hence, we have each co-ordinate of V.L
subgaussian tail bounds, we have:

P(|vL

(6*) is subgaussian(c? = --). By union bound and

Mlogistic

Niogistic || o0 2 T) p eXp( T nco) 45)

for some constant c.To get a high probability bound, we essentially want p? exp(—72ncg) < 1/p°
for some ¢ > 0. We get that n >> ~ log p suffices.

1

From Lemma 1, we know that o = 2,8 = ﬁ,’y = 00, so, we need to put 7 = 5 = T

Hence, we get that n >> s%y2u!logp samples are enough to ensure that [VL,(0%)], <=

min { 2, (&)= g ).
Now, putting 7 = c.1/ %52 in (45) we get that |V L, (0%)] . 3 /222 with high probability,
P

whenever n 7 log p Since, we put A, = ¢ | VLy, . (6%)] > We get that [V L (67)

|’v£n10gislic(9*) oo "—5 10%' D

E Proof of Lemma 2

Proof. From Equation 4, we see that
RA)=0"+A4)—0"—A=0

So, we can choose § = 7 = oc. ]

F Proof of Corollary 4

Proof. From Lemma 2, we know that B = ~ = oo. Hence, there is no initial sample complexity.
We know that VL, (6*) = 0* — L 5™ ;. Bach co-ordinate of [VL,,(6*)]; ~ N(0,1/n). By

. n .
known concentration results on maximum of p gaussians, we know that when n >> log p, then

IVL,(0")] o 2 logp with high probability. Hence, for individual parameters 9, and 6, we have
(o error of O(1/°22), hence, differential estimate also has {o-error of O(y/'%52). O

G Proof of Lemma 3

Proof. The proof is based on Lemma 5 by [11] and follows from matrix expansion techniques. We
provide it’s key steps for the sake of completeness. Let A € B (y) N M(S). For L4, the
remainder can be written as:

R(A) — (@* + A>_1 _ @**1 + Q*flA@*fl (46)
- (H@*—l )y He) et o aer ! (47)
= Z Ake)Tt —e rer T ae T (48)
= @* hortagor! (49)
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where J = Y27 (=1)k((©) 71 A)*.

IR(A)|,, = max|efO* A0 T ATO* e,
€i,€j

loo

< max ”e?@”‘_lA@*_IH maXH@*_lAJ@*_lejH
1 oo ] 1

<141 ") I 14l 171
where J = Y27 (=1)*((©*) "t A)*.
T - w\—11% 1 1
I750c = 2, 1187l < Tz, = T, T

k=0

Now, by assumption we know that A € M(.S), hence the support pattern of A is the same as that of
©*, which implies that || Al < d]A] ..

So, we have that

R(A) = [[©)7 Y% d1A1%

1
1=d[A] [[(0*)

1 1
For ||AHOO < 3grao» We have that Y N CRRI < 1.5. Hence, we have that

1
3dl’i2

R(A) < 1L5dr%. |A%, V]A|, <

So, the loss is (2 separable. O

1 #)
) 1.5dr§"§:* ’ 3dk o=

H Proof of Corollary 5

Proof. In Lemma 3, we’ve already established the separability of L,..,,- Assume
A = ¢ |VL,(0%)],- We need to control VL, (0")|., so that |[VL,(0%)], <=
min{%,(i)ﬁﬁﬁ}. O

We know that VL, ..., (§%) = £ — X*, where ™ is the empirical covariance matrix. To control
IVLgan (0], we use the following result by [11].

Lemma 9 (Lemma 1,[11]). Consider a zero-mean random vector (X1, ..., X,) with covariance
such that each X;/+/X; subGaussian with parameter o2. Given n iid samples, then the associated

locs

sample covariance X, satisfies the tail bound(modulo constants)
(= * 2
i (|2;; -l > 5) < 4(—cnd?)

Taking  union bound over P2 terms, we get that, for n >>

{max {% (2w)22/ (=D (Ly2/ (o) } log p, with high probability,

¥
. 0 1\T .
< — J— a—1
oo—mm{%(%) p }

. Plugging these values, we get that

< ,/logp
o n

Moreover from Theorem 1, we get that support(©;) C support(©;) fori =0, 1.
<, [logp
0o n’
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IV Lncen 0o = | £5 = =5

From Lemma 3, we know that « = 2,8 = m, v = ﬁ

for n >> d?logp, H@l — QIH = \/10% and similarly, éo — 6§

By triangle inequality,

Oifr — 933'




I Proof of Lemma 4

Proof. This statement is a special instantiation of Theorem 1 in [7]. A proof of the lemma can also
be found in [4](Theorem 7). O

J Cross-Validated Experiments
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Figure 3: Effect of sparsity on Classification Error. Observe the effect of s on the burn-in period
for logistic before it starts classifiying;. All experiments plotted the average of 20 trials. In all
experiments we set the regularization parameter )\,, using cross-validation.
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