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A Proof

Proof of Theorem 1 Recall the definition of KL divergence:

KL(qT ‖p) = KL(qT (θ)q(Z)||p(θ,Z|D)) =

∫ ∫
qT (θ)q(Z) log

p(θ,Z|D)

qT (θ)q(Z)
dθdZ (1)

=

∫
qT (θ)

{∫
q(Z) log p(θ,Z,D)dZ

}
dθ

−
∫
qT (θ) log qT (θ)dθ −

∫
q(Z) log q(Z)dZ − log p(D) (2)

=

∫
qT (θ) log p̃(θ;D)dθ −

∫
qT (θ) log qT (θ)dθ −

∫
q(Z) log q(Z)dZ − log p(D)

(3)

= KL
(
qT (θ)||p̃(θ;D)

)
−
∫
q(Z) log q(Z)dZ − log p(D) , (4)

where log p̃(θ;D) =
∫
q(Z) log p(θ,Z,D)dZ . Since∇ε

∫
q(Z) log q(Z)dZ = ∇ε1 log p(D) = 0,

we have

∇εKL(qT (θ)q(Z)||p(θ,Z|D)) = ∇εKL(qT (θ)||p̃(θ;D)) . (5)

Following [2], we have

∇ε(KL(qT (θ)q(Z)||p(θ,Z|D)|ε1=0

=− Eθ∼q(θ)[∇θ log p̃(θ;D)Tψ(θ;D) + trace(∇θψ(θ;D))] (6)

=− Eθ∼q(θ)
[
trace

(
∇θ log p̃(θ;D)ψ(θ;D)T + ψ(θ;D)

)]
. (7)

Proof of Theorem 2 Following [1], we have EI={i1,...,im}
[

1
m

∑m
i=j aij

]
= a1+···+ak

k , where
I ⊂ {1, . . . , k} with |I| = m < k, is a uniformly distributed subset of {1, . . . , k}. Using Jensen’s
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inequality, we have

KLkq,p(Θ;D) = −EΘ1:k∼q(Θ)

[
log

1

k

k∑
i=1

p(Θi|D)

q(Θi)

]
(8)

= −EΘ1:k∼q(Θ)

[
logEI={i1,...,im}

[ 1

m

m∑
i=1

p(Θi|D)

q(Θi)

]]
(9)

≤ −EΘ1:k∼q(Θ)

[
EI={i1,...,im}

[
log

1

m

m∑
i=1

p(Θi|D)

q(Θi)

]]
(10)

= −EΘ1:m∼q(Θ)

[
log

1

m

m∑
i=1

p(Θi|D)

q(Θi)

]
(11)

= KLmq,p(Θ;D) , (12)

if q(Θ)/p(Θ|D) is bounded, we have

lim
k→∞

1

k

k∑
i=1

p(Θi|D)

q(Θi)
= Eq(Θ)

[p(Θ|D)

q(Θ)

]
=

∫
p(Θ|D)dΘ = 1 . (13)

Therefore

KLkq,p(Θ;D) = − lim
k→∞

EΘ1:k∼q(Θ)

[
log 1

]
= 0 .

Proof of Theorem 3 Akp(Θ1:k;D) is defined as following:

Akp(Θ1:k;D) = 1
ω̃

∑k
i=1 ωi

(
trace

(
Ap(Θi;D)

))
(14)

ωi = p(Θi;D)/q(Θi), ω̃ =
∑k
i=1 ωi (15)

Ap(Θ;D) = ∇Θ log p̃(Θ;D)ψ(Θ;D)T +∇Θψ(Θ;D) . (16)

Assume p[T−1](Θ) denote the density of Θ̂ = T−1(Θ). We have

∇ε
(

KLkq,p(Θ
′;D)

)
= −∇ε

{
EΘ1:k∼q(Θ)

[
log

1

k

k∑
i=1

p[T−1](Θ
i|D)

q(Θi)

]}
(17)

=− EΘ1:k∼q(Θ)

{
∇ε
[

log
1

k

k∑
i=1

p[T−1](Θ
i|D)

q(Θi)

]}
(18)

=− EΘ1:k∼q(Θ)

{[1

k

k∑
i=1

p[T−1](Θ
i|D)

q(Θi)

]−1[1

k

k∑
i=1

∇εp[T−1](Θ
i|D)

q(Θi)

]}
. (19)

Note that

∇εp[T−1](Θ
i|D) = p[T−1](Θ

i|D)∇ε log p[T−1](Θ
i|D) , (20)

and when ε = 0, we have

p[T−1](Θ
i|D) = p(Θi|D), ∇εT (Θ) = ψ(Θ;D) (21)

∇ε∇ΘT (Θ) = ∇εψ(Θ;D), ∇ΘT (Θ) = I (22)

Therefore

∇ε log p[T−1](Θ
i|D) = ∇ε log p(Θi|D)T∇εT (Θi) + trace

((
∇ΘiT (Θi)

)−1 · ∇ε∇ΘiT (Θi)
)

= ∇ε log p(Θi|D)Tψ(Θi;D) + trace
(
∇εψ(Θi;D)

)
(23)

= trace
(
∇ε log p(Θi|D)ψ(Θi;D)T +∇εψ(Θi;D)

)
(24)

= trace
(
Ap(Θi;D)

)
. (25)
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Therefore, (19) can be rewritten as

∇ε
(

KLkq,p(Θ
′;D)

)
= −EΘ1:k∼q(Θ)

{[1

k

k∑
i=1

p[T−1](Θ
i|D)

q(Θi)

]−1[1

k

k∑
i=1

∇εp[T−1](Θ
i|D)

q(Θi)

]}

= −EΘ1:k∼q(Θ)

{[ k∑
i=1

p(Θi|D)

q(Θi)

]−1[ k∑
i=1

p(Θi|D)

q(Θi)
∇ε log p[T−1](Θ

i|D)
]}

= −EΘ1:k∼q(Θ)

{
1

ω̃

k∑
i=1

ωi

[
trace

(
Ap(Θi;D)

)]}
, (26)

where ωk = p(Θi;D)/q(Θi) and ω̃ =
∑k
i=1 ωi.

B Samples Updating for Stein VIWAE

let {θ1:k,tj }Mj=1 and {z1:k,tjn }Mj=1 denote the samples acquired at iteration t of the learning pro-

cedure. To update samples of θ1:k, we apply the transformation θ(i,t+1)
j = T (θ

(i,t)
j ;D) =

θ
(i,t)
j + εψ(θ

(i,t)
j ;D), for i = 1, . . . , k, by approximating the expectation by samples {z1:kjn }Mj=1,

and we have

θ
(i,t+1)
j = θ

(i,t)
j + ε∆θ

(i,t)
j , for i = 1, . . . , k, (27)

with

∆θ
(i,t)
j ≈ 1

M

M∑
j′=1

[ 1

ω̃

k∑
i′=1

ωi

(
∇
θ
(i′,t)
j′

kθ(θ
(i′,t)
j′ ,θ

(i,t)
j )) + k(θ

(i′,t)
j′ ,θ

(i,t)
j )∇

θ
(i′,t)
j′

log p̃(θ
(i′,t)
j′ ;D)

]
(28)

ωi ≈
1

M

N∑
n=1

M∑
j=1

p(θi,zi
jn,xn)

q(θi)q(zi
jn)

, ω̃ =

k∑
i=1

ωi (29)

∇θ log p̃(θ;D) ≈ 1

M

N∑
n=1

M∑
j=1

∇θ log p(xn|zjn,θ)p(θ) .

Similarly, when updating samples of the latent variables, we have

z
(i,t+1)
jn = z

(i,t)
jn + ε∆z

(i,t)
jn , for i = 1, . . . , k, (30)

with

∆z
(i,t)
jn ≈ 1

M

M∑
j′=1

[ 1

ω̃n

k∑
i′=1

ωin

(
∇
z
(i′,t)
j′n

kz(z
(i′,t)
j′n ,z

(i,t)
jn )) + kz(z

(i′,t)
j′n ,z

(i,t)
jn )∇

z
(i′,t)
j′n

log p̃(z
(i′,t)
j′n ;D)

]
(31)

ωin ≈
1

M

M∑
j=1

p(θi,zi
jn,xn)

q(θi)q(zi
jn)

, ω̃n =
k∑

i=1

ωin (32)

∇zn log p̃(zn;D) ≈ 1

M

M∑
j=1

∇zn log p(xn|zn,θ
′
j)p(zn) (33)

C Samples Updating for Semi-supervised Learning

The expectations in (13) and (14) in the main paper are approximated by samples. For updating
samples of θ, we have

θ
(t+1)
j = θ

(t)
j + ε1∆θ

(t)
j , (34)
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with

∆θ
(t)
j ≈

1

M

M∑
j′=1

[kθ(θ
(t)
j′ ,θ

(t)
j )∇

θ
(t)

j′
log p̃(θ

(t)
j′ ;D,Dl)e+∇

θ
(t)

j′
kθ(θ

(t)
j′ ,θ

(t)
j ))]

(35)

∇θ log p̃(θ;D,Dl) ≈
1

M

M∑
j=1

{ ∑
xn∈D

∇θ log p(xn|zjn,θ) +
∑
xn∈Dl

∇θ log p(xn|zjn,θ)
}
p(θ) .

(36)

Similarly, when updating samples of θ̃ , we have

θ̃
(t+1)

j = θ̃
(t)

j + ε2∆θ̃
(t)

j , (37)
with

∆θ̃
(t)

j ≈
1

M

M∑
j′=1

[kθ̃(θ̃
(t)

j′ , θ̃
(t)

j )∇
θ̃
(t)

j′
log p̃(θ̃

(t)

j′ ;Dl) +∇
θ̃
(t)

j′
kθ̃(θ̃

(t)

j′ , θ̃
(t)

j ))]

∇θ̃ log p̃(θ̃;Dl) ≈
1

M

M∑
j=1

∑
yn∈Dl

∇θ̃ log p(yn|zjn, θ̃)p(θ̃) . (38)

Similarly, samples of zn ∈ Zl are updated

z
(t+1)
jn = z

(t)
jn + ε∆z

(t)
jn , (39)

with

∆z
(t)
jn =

1

M

M∑
j′=1

[kz(z
(t)
j′n, z

(t)
jn)∇

z
(t)

j′n
log p̃(z

(t)
j′n;Dl) +∇

z
(t)

j′n
kz(z

(t)
j′n, z

(t)
jn))] (40)

∇zn
log p̃(zn;Dl) ≈

1

M

M∑
j=1

∇zn
p(zn)

{
log p(xn|zn,θ′j) + ζ log p(yn|zn, θ̃

′
j)
}
, (41)

where ζ is a tuning parameter that balances the two components. Motivated by assigning the same
weight to every data point [3], we set ζ = NX/(Cρ) in the experiments, whereNX is the dimension
of xn, C is the number of categories for the corresponding label and ρ is the proportion of labeled
data in the mini-batch.

D Posterior of Gaussian Mixture Model

Consider z ∼ 1
2N (µ1, I) + 1

2N (µ2, I) and xn ∼ N (θz, σ2I), where z ∈ RK , x ∈ RP and
θ ∈ RP×K . We have

p(z|x) ∝ p(x)p(z) ∝ exp

{
− (x− θz)T (x− θz)

2σ2

}
×
{

exp
{
− (z − µ1)T (z − µ1)

2

}
+ exp

{
− (z − µ2)T (z − µ2)

2

}}
(42)

= exp

{
−1

2

[
zT
(θTθ
σ2

+ I
)
z − 2

(yTθ
σ2

+ µ1

)
z +

xTx

σ2
+ µT1 µ1

]}

+ exp

{
−1

2

[
zT
(θTθ
σ2

+ I
)
z − 2

(yTθ
σ2

+ µ2

)
z +

xTx

σ2
+ µT2 µ2

]}
. (43)

Let

Σ =
θTθ

σ2
+ I, µ̂1 = Σ−1(

yTθ

σ2
− µ1), p1 =

xTx

σ2
+ µT1 µ1 − µ̂

T
1 Σµ̂1, (44)

µ̂2 = Σ−1(
yTθ

σ2
− µ2), p2 =

xTx

σ2
+ µT2 µ2 − µ̂

T
2 Σµ̂2 , (45)
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The density in (43) can be rewritten as

p(z|x) ∝ exp{p1} exp

{
−1

2
(z − µ̂1)TΣ(z − µ̂1)

}
+ exp{p2} exp

{
−1

2
(z − µ̂2)TΣ(z − µ̂2)

}
.

(46)

Therefore, we have z|x ∼ p(z|x) = p̂N (µ̂1,Σ) + (1− p̂)N (µ̂2,Σ), where

p̂ =
1

1 + exp(p2 − p1)
. (47)
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E Model Architecture

Table 1: Architecture of the models for semi-supervised classification on ImageNet. BN denotes batch nor-
malization. The layer in bracket indicates the number of layers stacked.

Output Size Encoder Decoder

224× 224× 4 for encoder RGB image xn stacked by ξ RGB image xn224× 224× 3 for decoder

56× 56× 64
7× 7 conv, 64 kernels, LeakyRelu, stride 4, BN[

3× 3 conv, 64 kernels, LeakyRelu, stride 1, BN
]
×3

28× 28× 128
3× 3 conv, 128 kernels, LeakyRelu, stride 2, BN[

3× 3 conv, 128 kernels, LeakyRelu, stride 1, BN
]
×3

14× 14× 256
3× 3 conv, 256 kernels, LeakyRelu, stride 2, BN[

3× 3 conv, 256 kernels, LeakyRelu, stride 1, BN
]
×3

7× 7× 512
3× 3 conv, 512 kernels, LeakyRelu, stride 2, BN[

3× 3 conv, 512 kernels, LeakyRelu, stride 1, BN
]
×3

latent code zn

1× 1 conv, 2048 kernels, LeakyRelu

average pooling, 1000-dimentional fully connected layer

softmax, label yn
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F Additional Results

Gaussian Mixture Model Figure 1 and 2 show the performance of Stein VAE approximations for
the true posterior using M = 10, M = 20, M = 50 and M = 100 samples on test data.

(a) M = 10 (b) M = 20 (c) M = 50 (d) M = 100

Figure 1: Approximation of posterior distribution: Stein VAE vs. VAE. The figures represent differ-
ent samples of Stein VAE. Each row corresponds to the same test data, and each column corresponds
to the same number of samples with (a) 10 samples; (b) 20 samples; (c) 50 samples; (d) 100 samples.
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(a) M = 10 (b) M = 20 (c) M = 50 (d) M = 100

Figure 2: Approximation of posterior distribution: Stein VAE vs. VAE. The figures represent differ-
ent samples of Stein VAE. Each row corresponds to the same test data, and each column corresponds
to the same number of samples with (a) 10 samples; (b) 20 samples; (c) 50 samples; (d) 100 samples.
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Poisson Factor Analysis We show the marginal and pairwise posteriors of test data in Figure 3.

Figure 3: Univariate marginals and pairwise posteriors. Purple, red and green represent the distribution in-
ferred from MCMC, standard VAE and Stein VAE, respectively.
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