Sharpness, Restart and Acceleration
Supplementary Material

Overview

This Supplementary Material is organized as follows. An analysis of simple gradient descent under
the sharpness assumption is provided in Section 6. Restart schemes are extended to composite
problems and non-Euclidean settings in Section 7. In Section 8 we precise the convergence results
for integer schedules. Finally section 9 is dedicated to a complete presentation of the algorithms that
we restart and missing proofs of convergence rates can be found in Section 10.

6 Comparison to gradient descent

Given only the smoothness hypothesis (Smooth) with parameters (2, L), the gradient descent al-
gorithm, recalled in Appendix 9.3, starts from a point zy and outputs iterates x; = G(xo,t) such
that

Flae) — 17 < (o, X,

While accelerated methods use the last two iterates to compute the next one, simple gradient descent
algorithms use only the last iterate, so the algorithm can be seen as (implicitly) restarting at each
iteration. Its convergence can therefore be written for k£ > 1,

L
f(@pge) =[5 < ;d(xk,X*ﬂ (14)

and we analyze it in light of the restart interpretation using the sharpness assumption in the following
proposition.

Proposition 6.1. Let f be a smooth convex function satisfying (Smooth) with parameters (2, L)
and (Sharp) with parameters (r, ) on a set K. Assume that we are given xg € R™ such that
{z] f(z) < f(z0)} C K. Denote x; = G(xq,t) the iterate sequence generated by the gradient
descent algorithm started at xg to solve (P). Define

te = e Ten(f(zo) — fH)7e™,

with k and T defined in (2) and ¢ = €2/ here. The precision reached after N = > py ti iterations
is given by,

flxn) — f* <exp(—e ' (ck)'N) (f(zo) — f*) = O (exp(—£"'N)), whent =0,
while,

f(@o) — f* ;:O(N77>’ when T > 0.
(re=(cr) " (f(zo) — f*)"N +1)7

IN

flan) = f*

Proof. For a given v > 0, we construct a subsequence x ) of z; such that

Flaom) — 5 < e (f(zo) — £7). (15)
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Define x40y = wo. Assume that (15) is true at iteration k — 1, then combining complexity bound (14)
and (Sharp), for any ¢ > 1,

CK w2
T(f(xqﬁk—l)) —f)r

< e (f(ag) - 1),

where ¢ = /¢, using that /" < e?/¢. Taking t;, = Y1~ Tek(f(zo) — f*) 7€’ and p(k) =
¢(k — 1) + tg, (15) holds at iteration k. Using Lemma 2.1, we obtain at iteration N = ¢(n) =

ZZ=1 28

IN

f@o—1)4e) — f7

flan) = 7 < exp (=7e 7 (er)IN) (fzo) = f7), if =0,

f(xo) — [~

(T9e=(cr) "1 (f(wo) — f*)7N +1)
These bounds are minimal for v = 1 and the results follow. m

and

, ifrt>0.

flan) =" <

=

We observe that restarting accelerated gradient methods reduces complexity from O(1/€7) to
O(1/€7/?) compared to simple gradient descent. More general results on the convergence of
(sub)gradient descent algorithms under a Lojasiewicz inequality assumption were developed by
Bolte et al. [2015].

7 Composite problems & Bregman divergences

The restart schemes detailed so far focused on unconstrained problems in an Euclidean setting. Here,
we extend them to more general convex optimization problems of the form

minimize f(z) £ ¢(z) + g(x), (Composite)
where ¢ is a convex function whose smoothness is described by parameters (L, s), such that

IVo(z) — Vo(y)|l« < L||lz —y||*~ forevery z,y € J, (Generic Smooth)

for a given norm || - || where || - || is its dual norm, and g is a simple convex function (the meaning of
simple will be clarified later).

To exploit the smoothness of ¢ with respect to a generic norm, we assume that we have access to
a prox function & with dom(f) C dom(h), strongly convex with respect to the norm || - | with
convexity parameter equal to one, which means

1
h(y) > h(x) + Vh(z)" (y — 2) + §||33 —y||?, foranyz,y € dom(h).

We define the Bregman divergence associated to h as

Di(y,z) = h(y) — h(z) — Vh(z)T (y —z), forx,y € dom(h),

so that Dy, (y, ) > 1|z — y||*. For h(z) = 1||z3, we get Dy, (y, ) = |z — y||3 and recover the

Euclidean setting. Given the problem geometry, appropriate choices of prox functions and associated
Bregman divergences can lead to significant performance gains in high dimensional settings.

We now formally state the assumption that g is simple. Given z,y € dom(f) and A > 0 we assume
that
min {y”z + g(2) + ADy(z,2)}

can be solved either in a closed form or by some fast computational procedure. Examples of such
settings include sparse optimization problems, such as the LASSO, where ¢(z) = || Az — b||%, with
A e R™" b e R™, g(x) = Al|z[j1, with A > 0 and h(x) = %||z||3. This setting also includes
constrained optimization problems, where g is the indicator function of a closed convex set. We
see in numerical experiments that restart schemes applied in these two settings lead to significant
performance improvements.

To apply our analysis of restart schemes we need two things: an accelerated algorithm that tackles
such setting and an appropriate notion of sharpness. We first introduce the notion of relative error
bound.



Definition 7.1. A convex function f is called relatively sharp with respect to a strongly convex
Sunction h on a set K C dom(f) iff there exist v > 1, . > 0 such that

ﬁDh(:r, XN: < f(x) — f* foranyz € K (Relative Sharp)
r
where Dy, (xz, X*) = ming«e x+ Dp(x,2*) and Dy, is the Bregman divergence associated to h.

If h = 3||||3 we recover the definition of sharpness in the Euclidean setting (with slightly modified
constants). This assumption is as generic as our first one in (Sharp) as it is satisfied if f and h are
subanalytic [Bierstone and Milman, 1988, Th. 6.4].

The universal fast gradient is then the candidate in this setting. Given a target accuracy € and an initial
point o, it outputs, after ¢ iterations, a point © = U(x, €, t) such that

. € cLiDy(xo, X*) €
f@ = <s5+—>= 5
where ¢ = 16 here. All our previous results can then directly be transposed to the setting here, as
their proofs rely only on this convergence bound. We restate them in this setting below. First if ¢
is known to be smooth (s = 2) the universal fast gradient algorithm simplifies as the accelerated
gradient algorithm (see Appendix 9.2) and the next Corollary generalizes Proposition 2.2.
Corollary 7.2. Let ¢, g, h defining the composite problem (Composite) described above with ¢
satisfying (Generic Smooth) with parameters (2, L) and f = ¢ + g satisfies the (Relative Sharp)
condition with respect to h with parameters (r, ) on a set K. Assume that we are given xg € R"
such that {z| f(z) < f(x0)} C K. Run Algorithm 1 from x with iteration schedule tj, = C; _e™",
fork=1,... R, where

Crir & e (er)* (f(xo) = 1) F,

with k and T defined in (2) and ¢ = 8¢%/¢. The precision reached at the last point & is given by,
f(@) — f* <exp (—2671(0/@7%]\[) (f(zo)— fF)=0 (exp(—;fh\f)) , whent =0,
while,
A * f To) — f*
F@) - f* < (z0)
(re=t(flwo) = F)F(ew) EN +1)

=0 (K%N_%), when T > 0,

where N = ka;l ty is the total number of iterations.

For general convex functions, the following Corollary generalizes Proposition 3.1.

Corollary 7.3. Let ¢, g, h defining the composite problem (Composite) described above with ¢ satis-
Sying (Generic Smooth) with parameters (s, L) on a set J and f = ¢ + g satisfying (Relative Sharp)
with respect to h with parameters (r, 1) on a set K. Given xo € R™ assume that {z| f(z) <
f(zo)} € QN K. Run Algorithm 2 from x for given eq > f(xo) — f*,

v =p, te=Cr ™ where CF_ 2e7T(ck)e,”

K,T,P K,T,p

where p is defined in (12), k and T are defined in (2) and c = 16¢/°. The precision reached at the
last point T is given by,

f@)—f* < exp (‘Pefl(C/’”v)_%N) e = 0O (eXp(—H_%ND , whenT =0,

while,

f(@) - f* < ©_ _ = O(HﬁN%), when 1 > 0,
(Tefl(c,%)_%egN + 1) .
where N = ij:l ty is total number of iterations.

The results regarding adaptive schemes and those with termination criterion generalize similarly
under the relative sharpness assumption.



8 Rounding issues

We presented convergence bounds for real sequences of iterate counts ()72 ; but in practice these are
integer sequences. The following Lemma details the convergence of our schemes for an approximate
choice tj, = [tx].
Lemma 8.1. Let z;, be a sequence whose k™ iterate is generated from previous one by an algorithm
that needs ty, iterations and denote N = ZkRzl ti the total number of iterations to output a point
T = xR. Suppose setting

ty = [Ce**], k=1,...,R

for some C' > 0 and o > 0 ensures that objective values f(x)) converge linearly, i.e.
flzp) — f* <we 0k, (16)
forall k > 0 withv > 0 and vy > 0. Then precision at the output is given by,
f(&@) — f* <vexp(—yN/(C +1)), whena =0,

and
v

f(@)—fr < ,  whena >0,
(ee=@C—IN' + 1)%

where N' = N — log((¢® ~De "™ NH).

e}

Proof. At the R"M point generated, N = ZkP‘:l tg. If tp = [C], define ¢ = [C'] — C such that
0 < e < 1. Then N = R(C + ¢), injecting it in (16) at the R™ point, we get
N

f@)—f< ve VT < pe VT,

Now, if t = [Ce®*], define e, = [Ce**] — Ce™*, such that 0 < €, < 1. On one hand

R
N > ZC’eo‘k,
k=1

such that et
R< log ((e* — 1)e*C N+1).
«
On the other hand,
R Ceo R
_ _ aR
N—Ztk = e“—l( —1)+Z€k
k=1 k=1
Ce* | .r
< | (e =1+ R
< Ce® (™R _ 1) 1 log ((e* —1)e"*C~'N + 1)7
e —1 o
such that 1
R> log(ae *C™'N —|—1)-

e
Injecting it in (16) at the R™ point we get the result. m

9 Algorithms & Complexity Bounds
We present here the classical algorithms for convex optimization that we restart. We present their
general form to solve composite optimization problems of the form

minimize f(z) = ¢(x) + g(x) (Composite)

where ¢, g are convex functions and g is assumed simple. This setting is detailed in Section 7.



9.1 Universal fast gradient method

An optimal algorithm to solve the (Composite) problem is then the universal fast gradient method
[Nesterov, 2015]. It is detailed in Algorithm 4. Given a target accuracy e, it starts at a point xy and

outputs after ¢ iterations a point 2 = U(z, €, t), such that

€ cLiDp(wo, X*) €
PAR 7

fl@)—f <

where Dy, (x; X*) = ming« ¢ x+ Dy (x; 2*) is the Bregman distance from z to the set of minimizers,

522 35—2

. 2 . . . .
cisaconstant (c = 2 ) and p = == is the optimal rate of convergence as presented in Section 3.
1

In the Euclidean setting, h = %||||3, Dy,(y; 2) = ||z — y||?, such that we get the bound given in
(13).

The method does not need to know the smoothness parameters (s, L), but the target accuracy e is
used to parametrize the algorithm. The universal fast gradient method requires an estimate L of
the smoothness parameter L to start a line search on L. This line search is proven to increase the
complexity of the algorithm by at most a constant factor plus a logarithmic term and ensures that the
overall complexity does not depend on Ly but on L. In our restart schemes we use a first estimate L
when running the algorithm for the first time and we use the last estimate found by the algorithm
when restarting it.

Finally if the problem is feasible (X* # (), the universal fast gradient method produces a convergent
sequence of iterates. Therefore if the Lojasiewicz inequality is satisfied on a compact set I, it will
be valid for all our iterates after perhaps reducing .

Algorithm 4 Universal fast gradient method
Inputs : xg, Lo, €
Initialize : yo := x0, Ao :=0, L := Lg
fort=0,...,Tdo

t
24 1= arg mzin ZaiV(j)(xi)Tz + Arg(z) + Dp(z;x0)

i=1
repeat
Find a > 0, such that
a’ = E(At +a)
Choose
a
T =
At +a
x = Tz+(1—7)y
& = argmin aVo(x)Tz + a(2) + Di(z; 2)
y = 12+ 1—1)y

if ¢(y) > o(x) + (Vo(x),y — x) +§||Z/ — |3 + % then L =2 end if

gntil é(y) < d(x) + (Vo(x),y — x) + Ly — 2|3 + =
et

Ti41 =Ty, Y41 =Y, Q41 = G,

At+1 = At + Ai41, L= I:/27

end for
Output : z = yr




Algorithm 5 Gradient descent method

Inputs : xg, Lo

Initialize : L := L,

fort=0,...do

repeat
x = argmin, Vo(z)Tz + g(z) + LDh(z x)
if p(x) > ¢(as) + (Vo(2r), 2 — 20) + £||o — 2]|3 then L = 2L end if
), & —

until (z) < ¢(x) + (Vo (xe), @ — ) + |z — 2,2
Set

Tyl :i=x, L:= i/?
end for

9.2 Accelerated gradient method

The accelerated gradient method is a special instance of the universal fast gradient method when
the function ¢ is known to be smooth (i.e. satisfies (Generic Smooth) with s = 2). In that case, the
optimal € to run the Universal Fast Gradient method is 0 (otherwise it depends on the parameters of
the function). Given an initial point x, accelerated gradient method outputs, after ¢ iterations, a point

x 2 A(zo,t) = U(zo,0,t) such that

F) = 1 < S5 Dueo, X°),

where Dy, (x; X*) = ming¢ x+ Dp(z; 2*) is the Bregman distance from x to the set of minimizers
and ¢ = 8. In the Euclidean setting, Dy, (y; z) = £/ — y||3, such that we get the bound given in (3).
Here again smoothness parameter L is found by a backtracking line search such that we only need a
first estimate of its value.

9.3 Gradient descent method

We recall in Algorithm 5 the simple gradient descent method when the function ¢ is smooth with
constant L. It starts at a point z and outputs iterates z; = G(z¢, t) such that

Jlze) — 7 < %Dh(iUo,X*%

where Dy, (z; X*) = ming«ex+ Dy, (z; 2*) is the Bregman distance from x to the set of minimizers.
In the Euclidean setting, Dy, (y; z) = ||z — y||3, such that we get the bound in (14). Once again it
performs a line search on the smoothness parameter L such that L, can be chosen arbitrarily.

10 Missing Proofs

10.1 Proof for adaptive scheduled restarts

To prove adaptivity with the log-scale grid search strategy we need first the following Corollary of
Proposition 2.2. This also shows that scheduled restart schemes are theoretically efficient only if the
algorithm itself makes a sufficient number of iterations to decrease the objective value.

Corollary 10.1. Let f be a smooth convex function satisfying (Smooth) with parameters (2, L)
and (Sharp) with parameters (r, ) on a set K. Assume that we are given xqg € R™ such that
{z: f(z) < f(xo)} C K. Run Algorithm I from xy with general schedules of the form

t, =C ift=0,
t, = Ce®* if1 >0,

we have the following complexity bounds, if T = 0 and C' > CY, ,,

alz

F@) =< (5)" (Flao) = 1), a7



while, if T > 0 and C > C(«a),

f@)— < @ =" (18)
(ee=C~IN + 1)~
where o . )
Cla)2e 7 (ck)2(f(zo) — f*)7 7, (19)

and N = ZkRzl ty, is the total number of iterations.

Proof. Given general schedules of the form

ty =C ifr =0,
ty = Ce®* if 7> 0,

the best value of ~y satisfying condition (9) for any £ > 0 in Proposition 2.2 are given by

*log(%:> ifT=0and C > Cj, o,
y=2 if 7> 0and C > C(a).

As in Proposition 2.2, plugging these values into the bounds of Lemma 2.1 yields the desired result.
|

We can now prove Proposition 2.3 that we recall here. Notations are the same as in Proposition 2.2

Proposition. Let f be a smooth convex function satisfying (Smooth) with parameters (2, L) and
(Sharp) with parameters (r, 1) on a set K. Assume that we are given xo € R™ such that {z| f(z) <
f(zo)} C K and denote N a given number of iterations. Run schemes S; ; defined in (11) to solve
(P)fori € [1,...,|logs N and j € [0,...,[logy N, stopping each time after N total inner
algorithm iterations i.e. for R such that ZkRzl ty > N.

Assume N is large enough, so N > 2C"* andif% >7>0,05,>1

K, T’

IfT =0, there exists i € [1,..., |logy N || such that scheme S, o achieves a precision given by
f(@) = f* < exp (="M ew)TEN) (flwo) — ).

IfT >0, thereexisti € [1,..., |logy N|]and j € [1,..., [logy N| such that scheme S; ; achieves
a precision given by

f@) =1 < T 7
(re=1(er) ™2 (f(m0)—F*) 2 (N=1)/4+1)

Overall, running the logarithmic grid search has a complexity (logy N)? times higher than running
N iterations using the optimal (oracle) scheme.

Proof. Denote N’ Z x—1 tx = N the number of iterations of a scheme S; ;. We necessarily
have N’ < 2N for our ch01ce of C; and 7;. Hence the cost of running all methods is of the order

(logy ) .

If 7 =0and N > 2C7, ,, we have i = [log, C ;] < [logy IV ]. Therefore S; ¢ has been run and we
can use bound (17) to show that the last 1terate  satisfies

CK

F@) - f < (CQ) ) - 7.

Using that C; ( < C; < 2C7, ), we get

f@)—=r

<W> (f(zo) = f")

exp (fefl(cn)*%N) (f(zo) — f7).

IA



If 7> & and N > 2C} ., we have j = [—log, 7] < [log, N] and i = [log, C}; ] < [log, N].

Therefore scheme S; ; has been run. As C; > C%: > C(7;), where C(7;) is defined in (19), we can
use bound (18) to show that the last iterate & of scheme S; ; satisfies

(rje=mC7 N + 1)
Finally, by definition of 4 and j, 27; > 7 and C; < 2C7; _, so

3 -
T

f@) - < fleo) =7
~ (reT(Cr )T IN/A )T
f(zo) — f*

2
(re=tem) 4 (fl@o) — f)EN/A+1)
where we concluded by expanding C; | = e'"7(ck)2 (f(xzo) — f*)"% and using that > 7;.

If % >7>0and N > 2C} ., we have i = [log, Cf; ] < |logy N |, so scheme S; o has been run.

Its iterates xy, satisfy, with 1 — 7 = 2/r,

flzg) —f° < @(f(ﬂfk—l) - f")

o (1—-(1-m)*)/r N
< (CE> (f(zo) — f5)=7)
el Flan) — foy—ry (1m0 /r
< ( (€ Ogig ) ) (f(w0) = )

Now C; > C; . = e (k)2 (f(z0) — f*)" % and C;R > N, therefore last iterate # satisfies

_ - N/C;
F@ - < exp (—2(1 - ﬂl(l)) (F(o) — ).

T

As N > ()}, since

0‘2

(1_7)(1_(1—7)
1-(1-7)

)

h(r) =

is decreasing with 7 and % > 7 > 0, we have

N/C;
f@) - f < e (—2<N—1> (1—(1—;) ))(f(xo)—f*)
< oo (20 1) (1-ew (-5 ) ) ) Gl - )
< e (22 (1o 55 ) Gl - 1

b

having used the facts that (1 + az)+ < exp(ab) ifaz > -1, 2 > 0and1 — 2+ ””—; > exp(—x)
when = > 0. By assumption C:’T > 1,s0 C; > 1 and finally

f@E) - < exp (—N = 1) (f(zo) — 1)
< o (e ) (flan) = 1)
< f(zo) — f*
(r(Ca )1 (N = 1)/4+1)7
< f(xo) — f*

S

(7o) — £)5et(en) bV~ 1)/a 1)



using the fact thate” > 1. m

10.2 Proof for universal scheduled restarts

Proposition. Let [ be a convex function satisfying (Smooth) with parameters (s, L) on a set J and
(Sharp) with parameters (r, i) on a set K. Given xy € R™ assume that {z|f(z) < f(z¢)} C JNK.
Run Algorithm 2 from xg for a given eq > f(xo) — f* with

.

A 1— 55
v =p, ty = C:’Typeﬂ“, where Cyp . = e T (ck) 2 ey ”

where p is defined in (12), k and T are defined in (2) and c = 8e2/¢ here. The precision reached at
the last point % is given by,

f(@) = f" < exp <—P€_1(0f€)7i1\7) e = O (exp(—ffiN)) . whenT =0,

while,

f(@)—f" < EOT — ZO(KJ%N7£>, when T > 0,
(Tefl(cn)_%egN—&—l) .

where N = Z§=1 ty is total number of iterations.

Proof. Our goal is to ensure that the target accuracy is reached at each restart, i.e.

flag) = < e (20)

By assumption, (20) holds for £ = 0. Assume that (20) is true at iteration k — 1, combining (Sharp)
with the complexity bound in (13), then

cr(f(ze) = [*)7 &

2 2p 2
€ty

IA
\
+

flan) = f° e

2
€L CK 5;2_1 €L

§*+2p27
2t§e,§2

where ¢ = 8¢2/¢ using that 72/" < e2/¢. By definition €, = e "¥¢;, so to ensure (20) at iteration k
this imposes

crerieV(F-2)k

t,;

Rearranging terms in last inequality, using 7 defined in (2),

1-r PR
te > €' 7 (cr)Zoey Te "

C=e"7 (ck)% e;% and a= 7—7,
P
and using Lemma 2.1 then yields,
F(@) = f* < exp(—e" 7 (er) "% N)eo, 2D
when 7 = 0, while,
. * €0
f(@)—fr < - . (22)

when 7 > 0. These bounds are minimal for v = p and the results follow. m



10.3 Proof for restarts with termination criterion

Proposition. Let [ be a convex function satisfying (Smooth) with parameters (s, L) on a set J
and (Sharp) with parameters (r, 1) on a set K. Given xg € R™ assume that {z, f(x) < f(x9)} C
J N K. Run Algorithm 3 from xy with parameter v = p. The precision reached at the point Ty is
given by,

f(@)—f* < exp (—pe_l(cm)_TSPN> (flxo) = f*) = O (exp(—ff—%N» , whent =0,
while,

f@)—f < f(@o) = " 5 = O(H%Nfg), when T > 0,
(re=1(em) ™ (o) — £)FN +1)7

where N is the total number of iterations, p is defined in (12), k and T are defined in (2) and ¢ = 8e2/e

here.

Proof. Given y > 0, linear convergence of our scheme is ensured by our choice of target accuracies
€). It remains to compute the number of iterations ¢, needed by the algorithm before the k™ restart.
Following proof of Proposition 3.1, for £k > 1 we know that target accuracy is necessarily reached
after

iy = 67%(65)%60 Pek

iterations, such that t., < ;. So Algorithm 3 achieves linear convergence while needing less inner
iterates than the scheduled restart presented in Proposition 3.1, its convergence is therefore at least as
good. For a given « bounds (21) and (22) follow with €9 = f(x() — f* and taking v = p is optimal.

10
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