Supplementary materials for “Computational and Statistical
Tradeoffs in Learning to Rank™

A Proof of Remark 2.1

Recall that Py(B(e) < T'(e)) is the probability that an agent ranks the collection of items T'(e)
above B(e) when offered S = B(e) U T (e). We want to show that Py(B(e) < T'(e)) is log-concave
under the PL. model. We prove a slightly general result which works for a family of RUMs in the
location family. Random Utility Models (RUM) are defined as a probabilistic model where there
is a real-valued utility parameter 6; associated with each items ¢ € S, and an agent independently
samples random utilities {U; };cs for each item ¢ with conditional distribution ;(-|0;). Then the
ranking is obtained by sorting the items in decreasing order as per the observed random utilities U;’s.
Location family is a subset of RUMs where the shapes of ;s are fixed and the only parameters are the
means of the distributions. For location family, the noisy utilities can be written as U; = 0; + Z; for
i.i.d. random variable Z;’s. In particular, it is PL model when Z;’s follow the independent standard
Gumbel distribution. We will show that for the location family if the probability density function for
each Z;’s is log-concave then log Pg(B(e) < T'(e)) is concave. The desired claim follows as the pdf
of standard Gumbel distribution is log-concave. We use the following Theorem from [20]. A similar
technique was used to prove concavity when |T'(e)| = 1 in [5].

Lemma A.1 (Theorem 9 in [20]). Suppose g(0, Z) is a concave function in R?", where 0 € R” is
fixed and Z is a r—component random vector whose probability distribution is logarithmic concave
in R", then the function

W) =Plg(#,2) > 0],  for§ R’ (14)

is logarithmic concave on R".

To apply the above lemma to get our result, let 7 = [S], g(0,2) = mincp){6i + Zi} —
max; cp(ey{0i + Zi }, and observe that Py(B(e) < T'(e)) = P(g9(0,Z) > 0) and g(0,2) is
concave.

B Proof of Remark 2.2

Define event F(e) = {T'(e) U B(e) items are ranked in bottom r positions when the offer set is [d]}.
Define Py 4(B(e) < T'(e)|E(e)) be the conditional probability of T'(e) items being ranked higher
than B(e) items when the offer set is [d], conditioned on the event £(e). Observe that Py 14 (B(e) <
T(e)|E(e)) is the probability of observing the event B(e) < T'(e) under the proposed rank-breaking.
First we show that Py (e) = Py ;q)(B(e) < T'(e)|E(e)), where Py (e) is the probability that T'(e) <
B(e) when the offer set is {T'(e) U B(e)} as defined in (2). This follows from the fact that under PL
model for any disjoint set of items {C; };¢[¢ such that Uf_,C; = [d],

P(Cf <Cp—g <= Cl) = ]P’(Cg =< Cz_l)]P’({Cg,Cg_l} = C/g_z) e 'P({C@,Cg_l, s ,CQ} < Cl) s

15)
where P(C;, < C;,) is the probability that C;, items are ranked higher than C;, items when the offer
setis S = {C;;, UC;,}. Under the given sampling scenario, the comparison graph H([d], E) as
defined in section 3 is connected and hence the estimate 6, (3) is unique. Therefore, it follows that

maximum likelihood estimate 6 is consistent. Further, for a general sampling scenario, Theorem 4.1
proves that the estimator is consistent as the error goes to zero in the limit as n increases.

C Proof of Theorem 4.1

We define few additional notations. p = (1/n) 3°7_, pj. V(eja) = T(ej,0) UB(ejq) forall j € [n]
and a € [¢;]. Note that by definition of rank-breaking edge €; o, V'(e;,4) is a random set of items that
are ranked in bottom r; , positions in a set of S; items by the user j.

The proof sketch is inspired from [15]. The main difference and technical challenge is in showing the
strict concavity of Lgg(#) when restricted to §2,. We want to prove an upper bound on A = 6 — 6*,
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where @ is the sample dependent solution of the optimization (3) and 6* is the true utility parameter

from which the samples are drawn. Since (3, 0* € Q, it follows that A1 = 0. Since 0 is the
maximizer of Lrp(6), we have the following inequality,

Lep(0) - Lrp(07) — (VLrB(07),A) > —(VLrp(0"),A) > —[VLrs(0")|2]Al2,  (16)
where the last inequality uses the Cauchy-Schwartz inequality. By the mean value theorem, there
exists a 0 = cf + (1 — ¢)0* for some ¢ € [0, 1] such that § € €2, and

-~

Las(0) = Lrp(87) — (VLrs(67), A) — %ATH(G)A < _%Az(_H(e))HAHg, a7

where Ao (—H (0)) is the second smallest eigen value of —H (#). We will show in Lemma C.3 that
—H(0) is positive semi definite with one eigen value at zero with a corresponding eigen vector
1=1,...,1]". The last inequality follows since A "1 = 0. Combining Equations (16) and (17),
2||VLrB(0")ll2
1Al < ——Fn
A2(—H (0))
where we used the fact that Ao(—H (0)) > 0 from Lemma C.3. The following technical lemmas

prove that the norm of the gradient is upper bounded by 5 /2 6np log d with high probability
and the second smallest eigen value is lower bounded by (1/8) e~ %°ary199y3(np/(d — 1)). This
finishes the proof of Theorem 4.1.

(18)

The (random) gradient of the log likelihood in (3) can be written as the following, where the
randomness is in which items ended up in the top set T'(e; o) and the bottom set B(e; q):

n 4
1 0logPy(e;q)
VZERB(Q) = Z Z Z H{ V(ej,a) = {C, ’L} }T . (19)
j=la=1 CCSj,
ICl=rj,a—1
Note that we are intentionally decomposing each summand as a summation over all C of size r; , — 1,
such that we can separate the analysis of the expectation in the following lemma. The random variable
I{{C,i} = V(ej )} indicates that we only include one term for any given instance of the sample.
Note that the event I{{C, i} = V' (e, o)} is equivalent to the event that the {C, ¢} items are ranked in
bottom 7 4, positions in the set S, that is V (e, ,) items are ranked in bottom 7, , positions in the set
j .

Lemma C.1. Ifthe j-th poset is drawn from the PL model with weights 0* then for any given C' C S;
with |C'| =1} ,,

0log Py« (e.q)

E|1{C" = V(e;a)} 507

{ej,a’}’a’<a:| = 0. (20)

First, this lemma implies that E [I{ C' = V(e;,q) }%ﬂ(e"")} = 0. Secondly, the above lemma

allows us to construct a vector-valued martingale and apply a generalization of Azuma-Hoeffding’s
tail bound on the norm to prove the following concentration of measure. This proves the desired
bound on the gradient.

Lemma C.2. Ifn posets are independently drawn over d items from the PL model with weights 6*
then with probability at least 1 — 2e3d ™3,

IV LeB ()] < 75 /%€’ /Gnplogd, @1

where 75 depend on the choice of the rank-breaking and are defined in Section 3.

We will prove in (29) that the Hessian matrix H(6) € S¢ with H;;/ (0) = % can be expressed
as

n & 1o €;
HO =3 5 Wi Vi) (g e - e —eT) . @)

j=1a=1i<i’€S;

It is easy to see that H(6)1 = 0. The following lemma proves a lower bound on the second smallest
eigenvalue Ao (—H (6)) in terms of re-scaled spectral gap « of the comparison graph H defined in
Section 3.
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Lemma C.3. Under the hypothesis of Theorem 4.1, if the assumptions in Equation (9) are satisfied
then with probability at least 1 — d—3, the following holds for any 6 € Q:

e ayyays  np
A2 (—H(0)) > 3 a1’ (23)

and M\ (—H (6)) = 0 with corresponding eigen vector 1.

This finishes the proof of the desired claim.

C.1 Proof of Lemma C.1

Recall that e; , is a random event where randomness is in which items ended up in the top-set
T'(ej,q) and the bottom-set B(e; o), and Py« (e;.o) = Py [B(e;,q) < T'(e;,q)] that is the probability
of observing B(e; o) < T(ej o) when the offer set is B(ej ) U T'(ejq) as defined in (2). Define,
P+ s, [€j,a|V (€j,a) = C'] to be the conditional probability of observing B(ej,q) < T'(€j,.q), Wwhen
the offer set is S, conditioned on the event that V' (e; ,) = C’. Note that we have put subscript .S; in
Py- to specify that the offer set is S;. Observe that for any set C' C S;, the event {C' = V'(e;,,)} is
equivalent to C’ items being ranked in bottom ; , positions when the offer set is S;. In other words,
it is conditioned on the event that the subset V' (e; ,) items are ranked in bottom 7 , positions when
the offer set is S;. It is easy to check that under PL model

Py- 5;[€j.alV (€ja) = C'] = Po-[ej.a],

(see Remark 2.2). Also, by conditioning on any outcome of {€; o/ }4/<q it can be checked that
]P)G*’Sj [ej’a‘v(ej’a) =C', {ej,a’}a’<a} = P9*7SJ‘ [ej,a|V(ej,a) = C/]~
Therefore, we have

O0log Py~ |ej 4
E |:89*|:J:| V(e_/,a) — C/’ {€j7a/}(l'<a:|

|:(910g PQ*,Sj [ej,a“/(ej,a) = CI, {ej,a’}a’<a]
=K 067

Viea) = C', {ej,a/}a«a}

0
= Z PG*,S;‘ [ejya’V(ej,rﬂ = Cn {ej,a’}a’<ai| w log ]P)G*,Sj [ej,a’V(ej,a) _ Cl, {ej,a’}a’<a
eja:V(eja)=C’ i
{ejya/}a,/<a,
0 0
“ar o PesadView =c] - a0~

v ejaV(eja)=C

where we used {€; . : V(ej o) =C'} ={€j.a: V(€ja) =C',{€j,a' }a'<a} Which follows from the
definition of rank-breaking edges ¢; ,. This proves the desired claim.

C.2 Proof of Lemma C.2

We view VLrp(0*) as the final value of a discrete time vector-valued martingale with values in R4,

Define vz:;f]g“) € R9 as the gradient vector arising out of each rank-breaking edge {€j.a} j€ln],aclt;]
as

VL 07) = 3 Vies) = {C.i}} Vilog Py (e5a) (24)
cCs;

such that VLR (0) = > e Dacqe,] Vﬁgﬁ“). We take Vﬁgé’"’) as the incremental random
vector in a martingale of 2721 ¢; time steps. Let H , denote (the sigma algebra of) the history up
to e, , and define a sequence of random vectors in R%:

Zia = E[VLE(07)H;.,

with the convention that Z; 1 = E[Vﬁgé’”) (0*)] = 0 as proved in Lemma C.1. It also follows from
Lemma C.1 that E[Z; o11|Zj 4] = Zjq for a < £;. Also, from the independence of samples, it
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follows that E[Z; 11| Z;¢;] = Z;¢,. Applying a generalized version of the vector Azuma-Hoeffding
inequality which readily follows from [Theorem 1.8, [13]], we have

. 52
PlIIVLrB(07)| > 0] < 2¢%exp ( 7 ) (25)
Z?:l > a1 mj,aQ’YQ_leQb
where we used [|VLZ |2 < m;2v; 'e?. Choosing § = ~; 'e®\/Gnplogd gives the desired
bound.
Now we are left to show that \\Vﬁg]g”) 12 < 2mjj o5 'e® forany 6 € Q. Recall that o € Arye, )
is the set of all full rankings over T'(e; ,) items. In rest of the proof, with a slight abuse of notations,
we extend each of these ranking o over T'(ej ,) U B(ej,,) items in the following way. Consider
any full ranking & over B(e; ) items. Then for each o € Ap, ), the extension is such that
o(|T(ej,0)| +¢) =6(c) for 1 < ¢ <|B(ejq)|- The choice of ranking & will have no impact on any
of the following mathematical expressions. From the definition of Pg(e; ) (2), we have, for any
1€ V(ejﬂ),
81?9(6]}@)

2. I{i € T(ej.a)}Po(ej,a) (26)

3 exp (ZZ”;; Oo(c)) %:a ]I{U_%(i) 2 u'yexp(6;) |
L (02, 0 (8a) \ 5z Sz exp (o)

=A, By

UEAT(Ej,a

E;

Note that A,, B, ; and E; depend on ¢, . Observe that for any 1 < u < mjqand any o € AT(EW),

Z H{Uil(i) > ul} eXp(ai) = Z €xXp (eo(c’)) . 27
i€V (eja) c/=u’

Therefore, 3 ey (., ) Bo,i = mj,q- 1t follows that

> Ei= ) AU< > Bm) = mja >, As = mjPo(eja), (28)

i€V(ej,a) oE€AT(e; ) i€V(eja) TEAT(e; )
where the last equality follows from the definition of Py(e; ) (3). Also, since for any 4,7/,
el0i=0) < ¢%; for any i, B,; < €23y ,2° 1 (1/k) < (1 +1og(rja/(rja — mja +

k:r]-,afmj,a
1))) < 75 'e?, where the last inequality follows from the definition of 5 (7) and the fact that
x < /T+logx for all z > 1. Therefore, E; < 5 'e?® ZaeAT(g. )AU = yglezbﬂpg(ej@). We
have 810gP9(€j,a)/89i = (I/PQ(€j7a))8pg(€j7a)/8ei = ]I{Z S T(ej@)} — Ei/P9(€j7a). Since
[T (eja)l = Mjas |\V£§§“)||2 < myq + Ziev(ejya)(Ei/Pg(ej,a))z < 2mj 47, 'e?’, where we
used (28) and the fact that 7y, b>,

C.2.1 Proof of Lemma C.3

First, we prove (22). For brevity, remove {j, a} from Py(e; ). From Equations (26) and (28), and
|T(€j.q)] = mjq, we have Ziev(ej 2 %Pg(e) =m; Po(e) — m; Po(e) = 0. It follows that

Z 9*logPg(e)\
06,00, N

i€V(eja)
Li 81?’9(6) . 1 8@9(6)
Pde)aew(iev(zem( 90, >> (Po(e)® 06x (

Since by definition Lgp(0) = Z?=1 Zf;j:l logPy(ej,q), and H;; (0) = % which is a sym-
metric matrix, Equation (29) implies that it can be expressed as given in Equation (22). It follows

that all-ones is an eigenvector of H(—6) with the corresponding eigenvalue being zero.

= () e

iEV(EJ‘,a)
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To get a lower bound on Ao (—H (6)), we apply Weyl’s inequality

A2(—H(0)) = A2 (E[-H(0)]) — || H(6) — E[H(0)]]| (30)
We will show in (33) that A2 (E [ H(9)]) > e %ay1v9y3(np/(4(d — 1))) and in (50) that || H (0) —
E[H(9)]|| < 16e%y, [Pmax ) log d. Putting these together,

Kmin ﬁ(

pmax n

Kmin 6( )

n
Xo(—H(0)) Zeﬁ%%wwqdfnw&%¢ log d (31)

e ayiyeys  mp
- 8 (d-1)’

where the last inequality follows from the assumption on nky;, given in (9).

(32)

To prove a lower bound on A2 (E[—H (6)]), we claim that for § € Q,

n
El—H -~ o 6b _ b e Ve — e )T
| 0)] = e ’7172’732 Iy = 1) Z (ei —ei)(e; —eir) (33)
Jj=1 i<i’'€S;
e 7273
—L
4 )
where L € 8¢ is defined in (5). Using \2(L) = npa/(d — 1) from (6), we have \o(—H (0)) >
55 ary1927y3(np/(4(d — 1))). To prove (33), notice that

0?logPy(ejq
B = B[ Y X 6 € Vi ZEERE)]
Jj€ln] a€lt;] 100y
when i # . We will show that for any i # i’ € V(e q),
~2Pm; P
0% logPo(€j.a) e@% if 4,7 € B(ejq)
o000, - 2 (35)

j,a 3
Ty a T2 otherwise .

We need to bound the probability of two items appearing in the bottom-set B(e; o) and in the top-set
T(ejya).

Lemma C.4. Consider a ranking o over a set S C [d] such that |S| = k. For any two items i,i’ € S,
0y, andl <L, 0,0y <kKk—1,

—dby,. . 2e%v 2
Polo )0 @) > ] > S ”Q—ﬁ) R
L e6b
Polo™'()=t] < —, 37)
e10b
Pyo~ ' (i) = t1,07 (i) = £5] (38)

(H - 61 — 1)(%3 —62) '
where the probability Py is with respect to the sampled ranking resulting from PL weights 6 € ).

Substituting £ = k; — 1,4 +Mj 4 in (36),and £, 41, by < Kk; — 7.4 +mj 4 in (37) and (38), we have,

e_4b(7"- s )2 e o 2e20 -2
Po[(3,) C Bleja)] > po— Tyl (e Tie) : 39
9[(@ i") C Ble;, )] > T (r; — 1) p (39)
Poli € T(eja),i' € Bleja)] < myja max  P(o~'(i) =)
Le[kj—Tj,a+Mj q]
6b,, .
< e®m; q 7 (40)
Tja — Mja
Py[(i,i') CT(eja)] < m?a max P(o~'(i) = £1,0 (i) = £o)
’ 317626["%_7‘] a+mj,a]
100
m?
< i , (41)

2(rja = mja— 1)(rj.a —Mja)
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where (39) uses 1,4 —Mj o —1 > (rj o —mjq)/4, (40)uses Pgli € T(ej,q),7 € Bleja)] < Poli €
T(ej,q)], and (40)-(41) uses counting on the possible choices. The bound in (41) is smaller than the
one in (40) as per our assumption that y3 > 0.

Using Equations (34)-(35) and (39)-(41), and the definitions of v, s, v3 from Section 3, we get
E[—-H(0):] >

Z Z { ( mja)%%—? (rj’a — mj,a>2 e %m;, e%m; . e'm3 , }
et Tja drj(hj =1)  Tja = Mja (0 = Mja +1)2
> >72
nyze”mya (1- de® mi Y ) @)
— 4 ARk = 1) N (Tja —Mja)

>3
This combined with (22) proves the desired claim (33). Further, in Appendix E, we show that

2 " ; . . . . .
if mj, < 3forall {j,a} then %&%M is non-negative even for i # i’ € T'(e;,), and i €

T(ejq), i € B(ejq) as opposed to a negative lower-bound given in (35). Therefore, bound on
E[-H(¢)] in (33) can be tightened by a factor of 3.

To prove claim (35), define the following for o € AT((;J )

exp (et 0o (o) mzj .
AO’ = mj a T.a o’ = ’
1.2 (Zcfzu exp (0o(cr)) S i exp (9 (e))
Mj a mMj.a
Bu= Y gl G =Y

Z ’—u’ exp J(C,)> o u'=1 (Z:%“ 1 €Xp (9 (C')))Q

=y
I{o~'(i) > '} = U @ ) 2 )
LS (e (0a))” 2 (S exp (Boe)”
First, a few observations about the expression of A,. For any o € Ap(,;,)and any i € V(€j.a),
0; is in the numerator if and only if ¢ € T'(e; 4), since in all the rankings that are consistent with
the observation e; 4, T'(e;, ) items are ranked in top m; , positions. For any o € A, ,) and any
i € B(ej.a), 0; is in all the product terms [, (+) of the denominator, since in all the consistent
rankings these items are ranked below m; ,, position. For any ¢ € T'(e; ), 6; appears in product term
corresponding to index wu if and only if item ¢ is ranked at position u or lower than « in the ranking
o € Ar(,.,)- Now, observe that B, is defined such that the partial derivative of A, with respect to
anyi € B (e] o) is —A, Bye%, and BU ; 1s defined such that the partial derivative of A, with respect
toany i € T(ejq)is Ay — As B, Y. Further, observe that —C,e% is the partial derivative of B,
with respect to ¢ € B(e;.q), C’me ¢ is the partial derivative of B, ; with respect to ¢ € T'(e;q),
and —C,, ;%" is the partial derivative of B, ; with respect to i’ € B(e; ). —Cy ;€% is the partial
derivative of B, ; with respect to i’ # ¢ € T'(e; o).

(43)

For ease of notation, we omit subscript (j, a) whenever it is clear from the context. Also, we use
>, to denote ZJGAT(%“). With the above defined notations, from (3), we have, Py(e) = > A,.

With the above given observations for the notations in (43), first partial derivative of Py(e) can be
expressed as following:

OPg(e) {ZU (Ay — AgBoie?)  if i € T(eja) )
90; X, (— AsBse%) if i€ Bleja).
It follows that for ¢ # i’ € V(ejq),
621%(6)
96,00,

Yo ((Aa(Bo)? + A5 Cp)el00)) if 6,7’ € Blej.a)
=03 (A — Ao By €% + (A By i By + AgCo i )e@iH0) — A B, ;e%) ifi,i' € T(ej,)
>y (A BoBoi + AsCy i)l H0) — A, Byel) otherwise .

(45)
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2 2 - -
Using & 5;’%12"_,(6) = Pel(e) ngé?} i (16))2 d]};%(_e) dgg{f), with above derived first and second deriva-

tives, and after following some algebra, we have

(Py(e))* 9*log Py e)
e(0:i+6;r) 00;00;

(X0 A0) (s Ae(Bs)?) — (X, AeBs)? + (1, A0) (2, AoCo) if i,7" € B(ej.a)

= (ZU Aa)(zg AJBJ,iBU,i’ + AJCJ,i,i’) - (ZU AG‘BO',i)(ZO- AaBa,i’) if i; i' € T(ej,a)
(>, As)(> o, AeBsBsi+ AxCori) — (3, AeBs)(D_, AsBo,i) otherwise .

(46)

Observe that from Cauchy-Schwartz inequality (3", A,)(Y>, As(Bs)?) — (3., AcBy)?* > 0.
Also, we have e(%*9)C, > e=2(m/r?) and e’ B, ; < % B, < e®*(m/(r —m + 1)) for any
i € V(ej o). This proves the desired claim (35).

Next we need to upper bound deviation of —H (#) from its expectation. From (46), we have,

I%&fm < 3e4bm§7a/(rj,a —mya+1)? < 3e*vm; o /(k;(kj — 1)), where the last inequality

follows from the definition of v (8). Therefore,

—H(O) = 3e4buz Z Z I{(i,i") CV(eja )} (e; —eir)(e; —eir) T (47)
j=1la=1i<i’'€S; -(Hj - 1)
= 4b E 1m3a , Ne — eNT = S T
< 3e VZ Z P ( —ei)(e;—ey) = ZijJ , (48)
j=li<i’eS; j=1

where y; = (3¢**vp;)/(kj(k;—1)) and L; = Zi<i/esj(eifez")(ereﬂ)T = r;diag(es;)—es, eg;
foreg, = Zz‘esj e;. Observe that ||y;L;|| < (3¢**vpmax)/Kmin. Moreover, L? < k;L;, and it
follows that

8b,,2
Z;ﬂL? < 968%22 nijij, (49)

H] —1)2 Kmin

where we used the fact that L = (pj/(fij(ﬁj —1))) Zj 1 Lj, for L defined in (5). Using \¢(L) =

np/(B(d — 1)) from (6), it follows that || 37| Eg YAl < % ﬂ(:;fl). By the matrix
Bernstien inequality, with probability at least 1 — d—3,

4b log d
|H(0) —E[H(O)]] < 12e4by\/pma" P 1y g 4 B VPmaxlogd

Rmin ﬂ( ) RKmin
< 1664by\/p ma"”ilo d, (50)
o B(d— 1) °

where the last inequality follows from the assumption on nk,;, given in (9).

C.3 Proof of Lemma C.4

Claim (36): Since providing a lower bound on Py [0~ (i), 0~ (i’) > £] for arbitrary 6 is challenging,

we construct a new set of parameters {5]} jelq) from the original ¢. These new parameters are
constructed such that it is both easy to compute the probability and also provides a lower bound on
the original distribution. Define c; ; ¢,9 as

(51)
' efe] QCS\{l 7 }
Q=

exp(0;) + exp(6;/) }
(Zjeﬂexp( ))/|Q|

and o i p.0 = [@; 4 .0,0]. For ease of notation we remove the subscript from « and &. We denote the
sum of the weights by W =3, s exp(f;). We define a new set of parameters {0 }ies:

7 - log(a/2) forj=iori,
7o 0 otherwise .

Q4000 = Max max {

(52)
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Similarly define W = Yjes exp(aj) = Kk — 2+ a. We have,

P, [a‘l(z’),a_l(i’) > e]

_ exp(0;,) oxp(0y) exp(6;,)
B Jzes< Ty (W—exp%) ( 2 LD exp(Gk)> ))

Jj2€S tzES k=j1
17, JaFi,i’ g1 JeAisi,
Jiysje—1
_ Z ( exp(0;, ) Z ( exp(6;,_,) Z (exp(%ﬁ) ))
goe \W—exp(0p) Sz \W =000 exp(0h) b w
q#i,i Je—174,4, e,
J1ysJe—2 J1ssJe—1
(53)
Consider the second-last summation term in the above equation and let Qg S\, 7, j1, .., je—2}
Observe that, [€2y| = k — ¢ and from equation (51), w < —©_ We have,
€, exp(0;) K—
Z eXp(GjZ 1)
Je—1€Q W — Z” ; exp(ek)
_ Z _ exp(0j, ,)
Je—1€2 W— Z?@Z;; exp(@k) - eXp(ejeq)
> . Zje,lem exp(0j,_,) (54)
) —2
W — 35325 exp(0r) — (X5, ca, exP(05,,)) /||
_ Ejl’ 1€Q eXp(ejﬁfl)
exp(e ) + exp( ) + Z][ 1€Q, exp(eji 1) - (Zj@,leﬁg eXp( Je— 1))/|Qf‘
-1
exp(6) + exp(6) 1
= 41—
Zjé—lege eXp(ej,__l) -t
-1
a 1
> 1— 55
() -
_ k—1 _ Z exp(t‘)j[ 2 (56)
a+rxk—0—-1 W — SVt ey (5)7
Je—1€Q k=3, SXP\Uk

where (54) follows from the Jensen’s inequality and the fact that forany ¢ > 0,0 < x < ¢, ﬁ is

convex in z. Equation (55) follows from the definition of &; i/ ¢,9, (51), and the fact that || = x — £.

Equation (56) uses the definition of {6;}cs.

Consider {Q7}, 7y 1. Q7] = £ — 7, corresponding to the subsequent summation terms in (53).

Observe that % < «/|Q;]. Therefore, each summation term in equation (53) can be
Je,
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lower bounded by the corresponding term where {6; };cs is replaced by {gj }jes. Hence, we have

Py [J_l(i),a_l(i') > 4

> Z ( exp(bvjl) Z ( exp(0j,_,) Z (exp(%))m))
s \W—exp(0;,) ;52 \W =02 exp(0h) ik w
1’ Je1#i.d, et
1y sJe—2 J1ssde—1
> b Z < exp(f ) Z ( exp(6;,_,) Z (exp(@ﬂ)
j1€8 —exp(@ ) jeses \W— Z” i, exp(0) je€s w
J17#4, Je- 17521 JHSH,
]11 '7]Z 2 Jl Ji, 1

- (e’4b)P§[a’1(i),o’1(i’) > e] .

The second inequality uses %) > =20 /i and @‘I’T@) < % /1. Observe that exp(6;) = 1 for all
j #i,i" and exp(6;) + exp(0 ) = a < [@] = a > 1. Therefore, we have

Bolo @07 () > (] = (Kf) (H—2+&)(n—2+a—§;~~~(/{—2—|—&—(€—1))
(k —2)! 1

(k—L=-2)(k+a—-2)(k+a—=3) - (k+a—(L+1))
(k—Ll+a—-2)(k—Ll+a—-3)---(k—L—1)

>
- (k+a—-2)(k+a—3)---(k—1)
a—2
> (k=0)(k—--1) - L . (58)
k(k—1) k+1
Claim (36) follows by combining Equations (57) and (58) and using the fact that o < 2¢%°.
Claim (37): Define,
N o : exp(6;)
Q = min min min . 59)
0,0 i€S el ‘QsTeS\{Z/} 1 { (X,caexp(9;))/19] }
: =k—{ +

Also, define ap g = |9 Note that ap g > 0 and dpg < €2®. We denote the sum of the weights
by W =3, gexp(f;). Analogous to the proof of claim (36), we define the new set of parameters

{GJ}JGS-

5 log(ag) forj=1,
0; = { 0 otherwise . (60)

Similarly define W= > jes exp(aj) = k — 1 + ay, 9. Using the techniques similar to the ones used
in proof of claim (36), we have,

P, [afl(i)zz} < e4bpg[a*1(z‘):4. 61)

Observe that exp(gj) = 1forall j # i and exp(f;) = Qgo > |aee| = age > 0. Therefore, we
have

1/ -1 Oégg(g*l).
]PN 1 — — K 5
9[" (®) 4 (£—1)(ﬁ—1+am)(n—2+ag,9)---(n—z+az,9)
(k —1)! e2b
(H*f)! (/{—1+o¢579)(/<;—2+a£,9)-~~(/{—€+a£79)
e2b Y agp—1 e2b
< —(1- < . 2
- m( Ii—l—au)) ~ k-4 (62)

18

)

(57)



Claim 37 follows by combining Equations (61) and (62).

Claim (38): Again, we construct a new set of parameters {(3]} jela) from the original 6 using ay g
defined in (59):

~ log(aygg) forje {i,i'},
0; = { 0 otherwise . (63)

Similarly define W= ZjeS exp(gj) = Kk — 2 + 20ay,9. Using the techniques similar to the ones
used in proof of claim (36), we have,

P(,[a* (i) = 01,0 1(i )—42} < eprg[a*I(i):el,afl(i/):@] (64)

Observe that exp(g’j) = 1forall j # 4,47’ and exp(@) = exp(g’i/) =aup > |al, g = are > 0.
Therefore, we have

_ Pg[a_l(i) — 0,07 l(i) = ez}
_ ( (ﬁg z)o‘e o(l2 —2)!

(Ii—2+2&g79)(/€—1+2ag,9) -(K—Q—&-Q&gﬁ — (61 — 1))

1
(H—Q—i—&g’e—(fl—1))“-(%—2—"-&4,9—(@2—2)))
(k —2)! elh
T k=) (k=2)(c=1) k=l —1)(k=Ll1=1) - (k—¥2)

oAb
< .
- (I‘i -l — 1)(/£ —fg)
Claim 38 follows by combining Equations (64) and (65).

(65)

D Proof of Theorem 4.2

Let H(0) € S? be Hessian matrix such that H;; (0) = ngi%%(?)‘ The Fisher information matrix

is defined as I(#) = —Eq[H (0)]. From lemma 2.1, Lgrgp(0) is concave. This implies that 1(6) is
positive-semidefinite and from (22) its smallest elgenvalue is zero with all -ones being the correspond-

ing eigenvector. Fix any unbiased estimator 0 of 0 € . Since, 0 eu, 9 @ is orthogonal to 1. The
geig y g

Cramer-Rao lower bound then implies that ]E[HH 0*)|?] > Zi:Q SWOICH] 1(9)). Taking supremum over
both sides gives

d
sngHl@—@*H > supzA Z (66)

In the following, we will show that

n

m; a a
1(0) = —E4[H(0)] < Z J "J) 3 (ei—en)(ei—en)T 67)
j=la=1 rij (K i<i’€S;
= max {mj,a—nj,a}L. (68)
J,a

Using J e li h d 1 > (d—1)2 _ (d-1)® F 67
sing Jensen’s inequality, we have > . , Ny = ST ,\(1(0)) Te(1(0)) - rom (67), we

have Tr(1(0)) < > (M0 — 1j,4). From (68), we have Zi:Q 1/A:(1(0)) > (1/ max{m;, —

Nial) Z?Zl 1/X;(L) . This proves the desired claim.

Now we are left to show claim (67). Consider a rank-breaking edge e; ,. Using notations defined in

lemma C.3, in particular Equation (43), and omitting subscript {j, a} whenever it is clear from the

context, we have, for any i € V' (e; 4),

PPyleja) >, (— AsByel + A (Bo)2e®i 4+ A,Cpe%) if i € B(ej,a)
920; |2, (Ar — 34,B, €% + A,Cy)e? + A, (B, ;)%e®)  if i€ Tlej,),

(69)
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and using (44), we have

_ ((Cs = Bs)) y_o . if i € Blej,q)
6=0 (m;al p (Cﬂﬂ' —Boi + (3071)2) - (Zo f:a') )9:0 if i €T(eja),

where 0 € A, ) and the subscript § = 0 indicates the the respective quantities are evaluated
at @ = 0. From the definitions given in (43), for # = 0, we have B, — C, = ZZZOI (;:Lu_);)

m—1 (m—u)(r—u m—1 m—u
and, 3=, (Bo,i — Coi)/(ml) = - 3200 %@21) Also, 35, Byi/(ml) = 1 30 By
and 3 (B,,;)?/(m!) = L Z;n:ol (ZZ/:O ﬁ)z Combining all these and, using Py—q[i €
T(ej.q)] = m/k and Pog—g[i € B(e; )] = (r —m)/k, and after following some algebra, we have
forany i € S,

-

E[E)Q logPy(ej.a)

m—1 m—1 m—2 m—1
1 1 ufm—u) 1 2u m—u
H(m_uz_%r—u Ez (r—u T m r—u(zr—u’)>

0?logPy(e;q)

520, (70)

026,
u=0

_ M e (71)
Kj

where 7); , is defined in (11). Since row-sums of H (6) are zeroes, (22), and for § = 0, all the items
are exchangeable, we have for any i # i’ € S},

[ 1ogPo(e;.)
00;00;

Mj.a = Nj,a
= —0 72
9—0} kj(kj — 1) 72

The claim (67) follows from the expression of H (), Equation (22).
To verify (71), observe that (r — m)(By — Cy) +m(X, Bo.i/(m)) =m — S0 —L-. And,
m—1 2 m—1 u 2
1 m—u 1
(2 - (X=)

3 l(éTTi?>22-<T_‘ué”z)+ > (e )

0<u<u’'<m-—1

M3

Ho

_ — —2u(m —u')
B z:: r—u) Z m(r —u)(r—u')’

0<u<u’<m—1

E Tightening of Lemma C.3

Recall that Py (e, ) is same as probability of Py[T'(e;,4) > B(e;,q)] that is the probability that an
agent ranks 7'(e; o) items above B(e; o) items when provided with a set comprising V (e; ) items.
As earlier, for brevity of notations, we omit subscript {j, a} whenever it is clear from the context.
For m = 1 or 2, it is easy to check that all off-diagonal elements in hessian matrix of log Py (e) are
non-negative. However, since number of terms in summation in Py(e) grows as m!, for m > 3 the
straight-forward approach becomes too complex. Below, we derive expressions for cross-derivatives
in hessian, for general m, using alternate definition (sorting of independent exponential r.v.’s in
increasing order) of PL model, where the number of terms grow only as 2™. However, we are unable
to analytically prove that the cross-derivatives are non-negative for m > 2. Feeding these expressions
in MATLAB and using symbolic computation, for m = 3, we can simplify these expressions and it
turns out that they are sum of only positive numbers. For m = 4, with limited computational power it
becomes intractable. We believe that it should hold for any value of m < r. Using (35), we need
to check only for cross-derivatives for the case when ¢ # i’ € T'(ej ) ori € T(ejq), ¢ € B(ejq).
Since, minimum of exponential random variables is exponential, we can assume that |B( ja)| =1
thatis r = m + 1. Define \; = e%. Without loss of generality, assume T(e; ) = {2, -+ ,m + 1}
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and B(e; ) = {1}. Define C, = Hlmgl(l — e~%i%). Then, using the alternate definition of the PL
model, we have, Py(e) = [~ Cy(1 — e=*2")A\;e~*1da. Following some algebra, 9" logPo(e) gggg’g(e) >0

is equivalent to A7 > 0 where A1

(/cx (e M7 — xe“)dx) </C’xcce)‘mdx> - </Cx(e’\11 — eM’)dx> (/C’xzze)‘xd:l:> ,

where all integrals are from 0 to co and, A = Ay + Ay. Consider A; as a function of A;.
Since A1(A\1) = 0 for Ay = A, showing 9A4;/0A\; < 0 for 0 < A; < X would suf-
fice. Following some algebra, and using A; < A, 9A;/0A; < 0 is equivalent to As(\;) =
( fooo mee*)‘l"”) / ( fooo me2e”\1””) being monotonically non-decreasing in A;. To further simplify
the condition, define f©(y) = 1/y2, ¢©9(y) = 1/3° and, fP(y) = fO(y) — fO(y + A3),
and recursively (=D (y) = fm=2(y) — fm=2)(y + X\, 4 1). Similarly define (@, ... | g(m=1),
Using these recursively defined functions,

f(m 1) ()\1)
D)’
()\1 + /\3) ()\1 + )\4)_2 + ()\1 + A3+ /\4)_2

)\1 oM A3 = (M) B A+ A3+ A)3

Therefore, we need to show that A5(\;) is monotonically non-decreasing in A; > 0 for any non-

negative A3, -- -, Ap, and that would suffice to prove that the cross-derivatives arising from i €
T(eja), € B(ej,q) are non-negative.

245(\1) =

form = 3, 2142()\1)

For cross-derivatives arising from i # ¢ € T(ej,), define B, = [/ (1 — edi#)e~ 2z,

2
9 logPa(e) > 01is equivalent to Az > 0, where Ag

</Br(1 — e 27)(1 e’\3"”)d:v> (/Bzx’é’e@zmﬂdm)
_< / Bw(l—eAQ””)xeA3””da:) ( / Bw(l—eA”)xe)‘ﬂdx),

where all integrals are from 0 to co. For m = 3, using MATLAB we can show that both types of
cross-derivatives are non-negative.
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