Appendix

A. Proof of Theorem 1

This section provides the detailed proof of Theorem 1. The following error decomposition is proved
in terms of the definitions of gy and g, in Section 3.

Proposition 1 Denote D(\) = in?f{{é'(g) —&(f,) + Mlgll3,}. Foranyz € Z™, the excess general-
ge

ization error of f, in Section 3 can be decomposed as below:
E(m(fz)) — E(fp) < Er + B2+ D(A),

where

Ey = E(n(f2) — &am(f2)) + E2(9r) — E(9r)

and

By = £(gx) + Xmlgall7, — €(gx) = MlgallZ-

Proof: It is easy to deduce that

E(m(fa)) — (/)

< E(n(fa)) = Ealnm(f2)) + E4(fa) — E(S)

< E(fa) = Ea(m(fa) + [Ealfa) + Am f2lI7, — (E2(Gr) + Aml|gallZ,)]
+E(9x) — E(x) + E@x) + Amllgallz, — E(f)

< Er+E(G) + Amllgallz, — E(fo),

where the last inequality follows from the definitions of f,, gy.

According to the definition gy, we can see that

E(9x) +xml|gallz, — E(f,) = B2 + E(9x) — £(f,) + Allgall3-
Combining the above two estimates, we get the desired result. [J

The error term F; depends on the full samples and the subsampling set, which usually is called as the
sample error in learning theory [[1]. The error term Es is induced by the vary from the data dependent
hypothesis space H,,, to data independent hypothesis space 7, which is called the hypothesis error
[214]. The last term is the approximation error, which reflects the approximation ability of learning
model to the regression function.

Before error estimates, we provide the upper bounds of f, and f).

Lemma 1 For any z € Z™, there holds

1 DOy
< — < .
HfZ”@l = \/X and ”f)\Hoo = \

Proof: From the definition of f,, we can see that Am)| f,||7, < &,(0) < 1, which means

1 faller < vl fulles < \L&

To estimate f), we introduce an auxiliary function ¢ : R — R defined as

6(6) = /X (Lic(f + 1) — £,)2dpx + A /X (s + 61)2dpr,

where h is any fixed function in Li -



Note that $(0) = D(A) + £(f,). It means that d%&) lo=o = 0. Then

¢'(0) = Q/X(Lfo(l’) —fp(x))[/X h(t) K (x, t)dpx (t)]dpx (x) +>\/Xfx(1?)h(d?)dpx =0.

According to the arbitrariness of h, we get
A0 == [ (Lca(@) = fyla) K (@, 0)dpn(@). ¥ € X.
X
Then, for any t € &,

|fA(D)]

3 [ (L fila) = @) K o @)

IN

Av /X (Licfr(x) - fp(x))dex(af)\/ /X K2z, )dpa(x)
VD).

- A
This completes the proof of Lemmal[l] O

A.1. Hypothesis error estimate

The hypothesis error E5 involves the random variables with values in Hilbert space. To bound this

term, we introduce the following concentration inequality in [3].

Lemma 2 Let H be a Hilbert space and § be independent random variable on Z with values in H.
Assume that €]l < M < oo almost surely. Let {z;}"., be independent random samples from p.

Then, for any § € (0,1),

1 & 2M log(%) 2E| 13, 1og(5)
|2 S ], < 2 2t

holds true with confidence 1 — 4.

Proposition 2 For any 0 < 6§ < 1, with confidence 1 — ¢, there holds
41og(1/96) N 810g2(1/6))

mA m2\2

E(Gr) —E(gn) < D(A)<1 +

and

n 6log(2/0) n 8log?(2/9) n 210g(2/6)).

<
Bz < DY (1 mA m2\2 mA

Proof: From the definitions of gy and gy, we have

m

gl = Moale = A (5 S (@) = [ (5@)Pdpx(a)).

i=1 X

Let & (2) = (fx(x))2. From Lemmall] we get |¢;(z)| < D(\)/A? for any z € X and

2
£t < 2 [ () dpnta) < P

Applying Lemma 2] to random variable &;, we get for any & € (0, 1)

2D () log(1/4)
mA

21log(1/0)

+ D(N) Y

mAlgallZ, — Algallz; <

(D



with confidence 1 — §.

Now we turn to estimate £(gx) — £(gx). Observe that
E(9r) —€(9n)

A~ 2 2
lgx — fPHLﬁX —[lgx — fp||szX

< lax—aallzz, - lax +9x —2fpllz
< o —gallez, - (lax —gallez +2llgx = follzz )
< 2[ga —gAH%gx + D(N), 2

where the last inequality follows from

2llgx = Follzz, - l9x —gallzz, <llgr — pr%gX +lgx — gAH%ix.

Denote &(x) = f(r) K (1), Then, &2l < /s lloc < /DOV/A and Ela]2 < 1433, <
D(X)/A. Applying Lemmal2]to &, we get with confidence 1 — 4,
24/D()\) 2D())log(1/6)

< 2V e Al A
S T log(1/8) + o

. 1<~ , o
l9x = gallez = HE > &) - E&‘
i=1

Then, from (2)), there holds
4D(\)log(1/6) N 8D(\)log?(1/6)

E(Gr) — & < D(A 3
(92) —E(gr) < D(A) + Y T 3)
Combining the estimates (I and (3), we get the desired upper bound of E5. O
A.2. Sample error estimate
Given any R > 0, define a class of functions as
BR:{f:ZaZK(u“)Z|az|§R,{ul 21162(’”} 4)
i=1 i=1

Recently, some tight estimates have been established in [4} 5] to bound the empirical covering number
of B;. Now recall some basic definitions for covering numbers.

Definition 1 Let (U, d) be a pseudo-metric space and denote a subset S C U. For every € > 0, the
covering number N'(S, €,d) of S with respect to ¢, d is defined as the minimal number of balls of
radius € whose union covers S, that is,

l
N(S,e,d) = min{l eN:SC U B(s;,€) for some {sj}ézl C U},
j=1
where B(sj,e) ={s €U :d(s,s;) <e}isaballinl.
The empirical covering number with £5 metric is defined as below.

Definition 2 Let F be a set of functions on X, u = (z;)%_, and Fly = {(f(u;))k_, : f € F} C R~
Set Na w(F,€) = N(Flu, €, dz). The by empirical covering number of F is defined by

No(F,€) =sup sup Noyu(F,€),e>0,
keNuexk

where {5 metric

k 1
1 3
dg(a, b) = (E Z |ai — bz|2) ,Va = (ai)le € Rk, b = (bi),]le S Rk.
i=1



The following concentration inequality, proved in [6], is used for our sample error analysis.

Lemma 3 Assume that there are constants B,c > 0 and o € [0, 1] such that || f|lc < B and
Ef? < c(Ef)® for every f € F. If for some a > 0 and p € (0, 2),

log(N2(F,e€)) < ae P, Ve > 0,
then there exists a constant c;, depending only on p such that for any t > 0, with probability at least
1 — et there holds

Bf =Y f) <
i=1

t\ === 18Bt
nl’o‘(Ef)“+c;)n+2(%)2 +T,Vf€]-",

N =

where

2
2—p a\ i—2a+pa 2—-p /A 2Fp
7) i= max q ct-2atpa | — , B?Fr [ — .
n

The sample error F/; can be further decomposed as
Ey = E11 + Eio,
where

En = E(n(fa)) = E(f,) = (&a(n(f2)) = E(1)))

and
Ero = E,(9x) — Ea(fp) — (E(9r) — E(fp))-
Now we provide the estimates for F'1; and F1».

Lemma 4 Suppose that X is compact subset of R% and K € C*(X x X) for some s > 0. For any
0 € (0,1), with confidence 1 — 6, there holds

1 » 2
En < 5(E(n(fa) = E(fo) + ex(AT7n” 755 4 n7 log(1/9)),
where c1 is a positive constant independent of n, \, §, and p is defined in Theorem 1.

Proof: From Lemma and the definition of Bp in , we can see that f, € Br with R = A3,
Denote

Gr=1{9(2) = (y = 7(f)(@))* = (y = fo(x))?: f € Br,z = (z,y) € Z}.
It follows that for any z € Z,g € Ggr

l9(2) = |2y = n(f)(x) = fo(@)| - |w(F)(z) = fo(x)] < 8 )

and
Eg® = E2y — n(f)(x) — fo(@)]* - [7(f)(2) = f,(x)]> < 16Eg. (6)

For any fi, fo € Br and z = (x,y) € Z, denote g1(z) = (y — 7(f1)(x))? — (y — fo(z))? and

92(z) = (y — 7(f2)(x))? — (y — fo(x))?. Then,
l91(2) = 92(2) = 2y —7(f)(@) = fo(@)] - |7 (f)(z) — fo(2)]
< Ar(f)(z) — 7 (f2)(@)]
< Alfi(z) = fol2)].

It means that
€ €
log N2(Gr, ) < log Na(Bk, Z) < log N> (B, )
where the last inequality follows from Theorem 2 in [4] and Theorem 3 in [5]].

The inequalities - tells us that Lemmaholds true for any g € Gg witha = ¢, (4R)?, ¢ = 16,
« = 1and B = 8. Then, for any g € G, with confidence 1 — §

) < cp(4R)Pe™7, (7

Eg— %Zg(zz) < %(5(7"'(]0)) —&(fp)) + C~1((>\_ﬁ”_ﬁ +log(1/8)n™1),

where ¢ is a positive constant independent of n, d, A. This competes the proof. [



Lemma 5 Suppose that X is a compact subset of R? and K € C*(X x X) for some s > 0. For any
6 € (0,1), with confidence 1 — 6, there holds

1 1
Biz < 5(E(32) = E(g2) + 5D + 2 DA)A 0" 75 + X720~ log(1/6)),
where cs is a positive constant independent of \, 6, n.

Proof: Denote
m

D @)K (vs,0),v = (v)y € XM}

i=1

1
m
and

H = {hlh(z) = (y = §(2))* — (y — f,(2))*,§ € G}.
It is follows that gy € G by the definition of g and using v; = @;,4% € {1,...,m}. Forany g € G

DOV
lglle < Walloe < 2= YR,

where the last inequality follows from Lemma|[T} Moreover, for any h € H
1h]loe = sup 12y — §(z) = fo(@)| - |9(x) = fo(2)| < 3+ R)? (8)
T,y

and
ERh? < (3+ R)2E(g(z) — f,(z))* < (3+ R)*Eh.

For any g1, g2 € G, we have
|hi1(2) — ha(2)] < 2(1 4+ R)|g1(2) — g2(z)|-
This means

1OgN2(HaE) < IOgNQ ((], H%R) < 10gN2 (Bla m

where the covering number bounds in [4} 5] are used for the last inequality.

) < e, 22(R2+ R, (9)

The estimates (8)-(9) verifies the conditions of Lemma 3] Then, for any 0 < § < 1, we get with
confidence at least 1 — 6,

B < 5(660) ~ Eon) + (B 5+ (R+3)n " log(1/5))
< 5 (660 ~£00) + 232D (5 0 10s(1/9)),

where ¢ is a constant independence of n, §, A. This completes the proof. [

Combining Lemmaf]and Lemma[5] we obtain the estimate of sample error F.

Proposition 3 Suppose that X is compact subset of R and K € C*(X x X) for some s > 0. For
any 0 € (0,1), with confidence 1 — 20, there holds
1 N _p 2 _
By = S(E(m(fa) = E(fp) +€(9n) — €(ga)) + ex(A">F7n 7% +n " log(1/9))

e A" 2D\ (R~ 7 + ntlog(1/6)).
where c1, co is a positive constant independent of n, A, d, and p is defined in Theorem 1.

A.3. Proof of Theorem 1

The proof of Theorem 1 is provided as below.

Proof of Theorem 1. Combining Propositions [T}j3} we have with confidence 1 — 44
1 _p 2 _
E(m(fo)) —E(fp) < S(EW(fa) = E((f,)) + ex(AZn™ 77 + 0~ log(1/9))
+e A 2D\ (7% +ntlog(1/6))

161og(2/6)  32log*(2/) log(2/6)
m\ + m2\2 + m )

+D(\) (4 +

By a direct computation and setting 6 = 46, we obtain the desired result of Theorem 1. [J



B. Proof of Theorem 2

Proof of Theorem 2. Under the approximation condition D(\) < cg\?, Theorem 1 yields with
confidence 1 — §

E(m(f2)) = E(fp)
< ¢log?(8/0) (Afﬁnfﬁ F M NI T N2 )\ﬂ_2n7ﬁ).

We have m~—2 > rfﬁ asm < nﬁ. Then, the above estimate implies that with confidence 1 — §
E(m(fa)) — E(f,) < 261og>(8/5) (xﬁm—2 FA A Aﬂ—2m—2).
Setting A = m~? for some 6 > 0, we get with confidence 1 — &
En(fa)) —E(f,) < 2Elog*(8/d) (m—@—%) +m P (080 m*@*”’*ﬁ@))
< 8clog?(8/8)m™7,

where
. po
7:m1n{2— 7,2+,30—29,59,1+59—9}.
2+p
This completes the proof of Theorem 2. [

C. Proof of Theorem 3

Proof of Theorem 3. Observe that > p; = 1. Then
i=1

Srsenpn) = S K> = > (R K)o (V)
- P i=1 i=1 a i=1
n 2
= Z(\/l_LiiHKiH2)7
i=1

where the last inequality follows from the Cauchy-Schwarz inequality.

Here the Cauchy-Schwarz inequality holds under equality when 7”_\/;“ | Kill2 = v/Piri = 1,...,n.

Thus, we can set p; = k|| K;||2v/1 — L;; such that " | p; = 1. This yields the desired result in
Theorem 3. [
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