Supplementary Material
Multi-armed Bandits: Competing with Optimal Sequences

A Analysis of the Deterministic Feedback Setting

In this section we present an intermediate setting, in which ¢; (i) = p;(¢) for any ¢t € [T] and ¢ € [k]
(that is, the feedback is noiseless). This setting demonstrates some of the techniques later used in the
more complex stochastic feedback scenario. Our solution is given in Algorithm 2.

Let ¢(j, 7) denote the time index of the 7-th round in the j-th block.
Initialize: OVp; = 0for j > 1.
Algorithm: In each block j =1,2,...

(Exploration phase)

(1) Select actions 1, ..., k.
(2) Define the corresponding losses as the k-dimensional vector £o.

(Exploitation phase) Set7 =k + 1. While 7 < ﬁ do

B
argmin;{¢o(i)} w.p. 1 — (k/7)"/?,
Uni{l,...,k} otherwise.

(2) Update OVp,; = |£y(;,r)(is(j,r)) — Lo(is(s,r)| and increment 7.

(1) Select action 45,7y = {

Algorithm 2: An algorithm for the intermediate setting, in which the feedback is noiseless.

Theorem A.1. With probability at least 1 — % the regret of Algorithm 2 is bounded by

T
Rr =Y pelis) — pe(i7) < 10log(T)k/>TV2 + 20 log(T)k > T2/3;/°.
t=1

Proof. In what follows we provide a high probability regret bound stating that given some event A,
that occurs w.h.p. over the internal randomness of our algorithm, the regret is bounded. Our analysis
applies for every block separately hence the high level structure of our proof is as follows. We fix
some initial time point g, and consider the algorithm’s performance on a block starting at tg,c. We
show that w.h.p. the regret of the algorithm is bounded in that block hence via union bound over all
possible values of ty, we obtain a high probability bound in each block.

We start with some definitions in order to characterize the random bits used by our algorithm. For

any tyan € [I'] we define an sequence i,gtjf‘i‘), ZSJ;Q‘), ..., of random elements in [k] such that igt*‘““) is

equal to 1 w.p. 1 — (k/t)'/? and uniform in [k] otherwise. Notice that these random numbers can
completely characterize the behavior of the algorithm; For a block B; starting at time ¢, the arms
are chosen according to the sequence of numbers corresponding to the time stamp t,. Specifically,
the arms are assigned numbers according to their rank in the exploration phase, performed at times
tstare through tg. + k and during the exploration phase, the chosen arm at time ¢ > g, + & is the
one corresponding to the chosen random number.

We continue to define the mentioned event A w.r.t. a single block B. Assume first w.l.0.g., for ease of
notations that g, = 1, and that during the exploration phase, the ranking of the arms via their losses
exactly matches their indices. We also write 7. in short for igl) according to the above definition of
the random sequence. The event we are interested in is the intersection of two sub-events. The first
informally states that the best performing arm in the exploration phase is chosen in all but a small
fraction of the time during the exploitation phase of a block. Formally, event .A; occurs if for all Zeng
(denoting a possible value for the end of the block) we have that

{k < t < tenalic # 1} < /1110g(T)ktena )
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Lemma A.2. Event Ay occurs with probability at least 1 — %

Proof. The claim is a direct application of Hoeffding’s inequality (given in Theorem B.1). Using the
notation there, we define I; as the indicator of whether i # 1, and n = t.,qg — k. The expected
value of I, is (k/(t + k))*/? hence

n

ia] =Y (k/(t+ k) <2Vk(n+k+1)

t=1

E

1.5log(T)k(n+k+1)
n

Setting ¢ = gives

Pr (Z I > 2\/k(n + k+1) +\/1.5log(T)k(n + k + 1)) <e 2 <173
t=1

where the last inequality holds since 2ne? = 3log(T')4/ W > 3log(T). Restated in terms of
the claim we obtain

Pr (|{k << tealic £ 1} > Mlllog(T)k:tend) <1/18

and the required result follows via a union bound over the 7" possible values of t.pgq. O

The next event informally states that the overall regret of a policy choosing the arm that performed
best during the exploration phase has a small regret. We denote by ¢* the best action in the exploration
phase of the block (that is w.l.0.g. assumed to be 1), that is,

i* = arg min {¢, (1)},
T€[k]

For t > k, representing a possible time index of the exploitation phase of the block, define A; =
0,(i*) — £,(iF), where i} is the best action at time ¢, and §, = 1{A, > (k/t)*/?}. Additionally
denote by {t,,}52 ; the rounds in which é;, = 1, sorted according to the cardinality of ¢,,, and define

2 1
Smin = arg min > 2log(T) ;. 3)
{3 i > 20}

If no such s exists, define sy,;, = 1'. Let Y denote the total number of rounds in the block for which
0; = 1, thatis, Y = ZteB 0;. Event A, is the event in which Y < s.,;,. In Lemma A.4 below we

prove that this occurs w.p. at least 1 — %

Now that the events are defined we prove the regret bound conditioned on them. For a block B
starting at some fixed time (w.l.0.g. 1), the regret endured during the block can be written as follows

| B | B] | Bl

Rp = Z (e(ie) — Le(iy)) = Z (Ce (i) — €(i")) "‘Z (e (i) — (7)) - 4)

t=1 t=1

1 2)
RB 7?’B

The occurrence of event A1, along with the fact that the losses are in [0, 1], guarantees that regardless
of the value of | B] it holds that

| B

Ry =37 (0u(ie) — 6(*)) < b+ [{k <t < |Blliy # 1}| < k + /11 1og(T)k[B|

t=1

The occurrence of event A, guarantees that for the variable Y described above

Y-1. Yz_:l L 9 (T)
< og(T),
Vkty = = VEt,
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or equivalently®, Y < 1 + 2log(T)v/kty < 310g(T)k1/ 2|B|1/ 2, Tt follows that

Rg) = Z gt(Z — ft ’Lt Z ét Z gt — ft ’Lt)

teB teB;5,=1 teB;5,#£1
| B|

<Y+Z< )1/2

§3log( )k‘l/2|B|1/2+2k1/2|B‘1/2
< 5log(T)k*/?|B|V/2.

Combining the bounds on the regret types lead to R < 10log(T)k'/?|B|*/2. Now, by taking a
union bound over all possible T starting points for a block we get that w.p. at least 1 — 2 , the total
regret is bounded by the following expression, where N denotes the overall number of blocks

N
R < 10log(T) Y k"2 B,['/2. 5)
j=1

Finally, we use Holder’s inequality and the guaranteed bound on the variation in each block to achieve
the final regret bound

N N-1

SORVIBE = k2B [ KN (B (kB )
j=1 j=1
N-1 2/3 /N1 1/3
< KTV 4 W( > Bj|> ( > <k/|Bj>1/2>
j=1 j=1
N—1 1/3
& i g psges (o > 0V,
=1

®) 13
< k1/2T1/2+2k1/3T2/3VT/ 7

where (a) follows by the stopping condition of the exploitation phase; and (b) holds since the observed
variation is only less or equal the true variation. Specifically, for any 7 > k and block j with over 7
rounds, it holds that

T

OV, = iy (i) = L Gl < D sy (D) = Ligjosy—1(8)] < V.

s=i++1

The reason for separately dealing with the last block is because this block has no lower bound guaran-
tee on the observed variation since it is terminated due to the end of the time horizon. Substituting
the above in Eq. (5) gives the result stated in the theorem.

O

We turn to prove the technical lemma bounding Y in the above theorem. To this end, we begin with
an auxiliary lemma analyzing the probability of stopping a block in a round in which d(; ) = 1.

Lemma A.3. Consider a block B; and lett(1,j) € Bj be such that 0,(; y = 1. Then, the probability
that Algorithm 2 stops at round t (given that it did not stop before) is at least 1 /\/ k.

Proof. Using our notation, we know that A, = (i, ) — £:(i}) = (k/7)'/2 for the t specified in

the lemma. Denote £y (i) = £;(;,;)(i), that is, the value assigned to action i in the exploration phase
of block B;. Thus, we can write

Ca(i,) — Loli,) + Lolif) — €u(if) + Lo(i,) — bo(iy) = (k/7)?,

’If Smin = T, then it must hold that 7 _, \/% < 2log(T) for any s and in particular for Y.
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where (o (i}, ) — £o(i7) < 0 from the definition. This implies that either

(/)2

N —

1
@ £e(ip,) = Lo(i,) > 5 (k/m)12 or  (0) bo(if) — (i) >

Recall that Algorithm 2 stops whenever it encounters an action ¢ such that [¢, (i) —£o(d)| > 4 (k/7)/2.

Thus, if (a) holds then Algorithm 2 stops with probability 1 — (k/7)Y/? + (k/7)'/?(1/k), which
is the probability of choosing action i};j. If (b) holds, then Algorithm 2 stops with probability
(k/7)*2(1/k) = 1//kt, which is the probability of choosing action i}. We therefore get that the
probability of stopping at round ¢ is at least 1/v/k7, as required. O
Lemma A.4. Set j and let s, and 75, be as defined in Eq. (3) for block B;. Then, it holds that

1

BBy < 7) 21— 7.

Proof. We bound log (P (|B;| > 7s,,,)) from above and the result will follow. Here and on the sequel,
log refers to the natural logarithm. Thus,

log (B (1B, > 7,,)) < log (H (1 ﬁ*))

Smin

1 1
— 1 1— — | < — < —2log(T
) og( ﬁ) <Y g < 2len(D)

where we use the fact that when d;(; ) = 1, then the probability of stopping is at least 1/v/kT as
shown in Lemma A.3. The rounds in which d;(; -y = 0 can simply be ignored for this calculation, as

the algorithm cannot stop at these rounds. It follows that P (| B;| < 75,..) > 1 — 7. O

Smin

B Analysis of the Statistical Tests

Proof of Claim 2.3. The lemma is an immediate corollary of the following two versions of Hoeffd-
ing’s inequality [12], denoted Hoeffding-1 and Hoeffding-2.

Theorem B.1 (Hoeffding-1). Let X™ = {X;}], € [0,c]™ be a sequence of independent random
variables, such that E [X;] = p;. Then, it holds that

2ne?

P(!le _ﬂlzn’ > E) < 2e 2,

Corollary (Hoeffding-2). Let XP*™ = { X} € [0,c]"*™ be a sequence of independent
random variables, such that E [X;] = p;. Then, it holds that

2¢2

P (‘Xlzn - Xn+1:n+m - (ﬂl:n - ﬂn-&-l:n-ﬁ-m)’ > 5) < 2¢ (nT+m=HeZ,
O]

Claim B.2. Let X™ = { X}, € [0,c]™ be a sequence generated from p™, and assume that X™ is
concentrated. Then, by executing TEST I on X™ and pg € [0, 1] we know that:

(1) if u™ is weakly stationary and |fiy.,, — pio| < n=1/? logl/2 (T), then the test is never wrong
(that is, it always classifies u™ as weakly stationary).

(2) if it classifies ™ as weakly stationary and V., > (\/ 10c + 2) logl/2 (T)n_1/2, then
> lus — ol < (VI0¢ + 2)*° log!/*(T)n/ 3V},
i=1

(3) if it classifies u™ as weakly stationary and V1., < (\/100 + 2) logl/z(T)nfl/% then for
any i € [n] it holds that

lpes — po] < 2(@04— 2) log/?(T)n=1/2.
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Proof. To prove (1), assume that X™ is concentrated and p" is weakly stationary. Thus, for any
ny,ng € [n] it holds that

|Xn1:n2 - NJO| = |Xn1:n2 - /jnlznrz + /_ffnlzng - ﬂl:n + ,al:n - ,LL0|

—~
S
~

‘anzng - ,Dnl:ng‘ + ‘/171,1277,2 - ﬂl:n| + ‘/jzl:n - /,[,0|

INZ 1A

(2.502 log(T))l/2 1 (n1,ng) + N2 412 logl/Q(T)
(\/ﬁc + 2) logl/Q(T)sl (n1,m2),

IN

where (a) follows by the triangle inequality; and (b) holds since X" is concentrated and p™ is weakly
stationary. It follows that TEST 1 classifies X" as weakly stationary.

To prove (2), assume that TEST 1 classified 4™ as weakly stationary. Thus, for any ny,ng € [n] it
holds that

Xnymy — ,lL()’ < (\/2.50 + 2) logl/Q(T)el (n1,n9)

Let nq,. .., Ny, be rounds for which {p,, > po and pin, 11 < po} or {pn, < po and fin, 11 > po}-

We deal with the case where m = 0 later. Additionally, denote ny = 0 and n,,+1 = n. Now, the
term we are interested in bounding can be written equivalently as follows

n m
Y lwi = pol = Y (it = 13) |fn,1imiss — o
i=1 i=0

- _ 2/3 | _ 1/3
= Z (i1 — 1) |+ 1imsry — Hol / |Fin;+1imiy — Ho s (6)
i=0

Next, we bound the terms of the form |ﬂm+1:ni+1 — Lo |

ﬁni+1:ni+1 - /LOI < |ﬂni+1:n7~,+1 - X"i+13ni+1‘ + |X'ni+13ni+1 - /u‘0|
<V2.5¢c logl/z(T)El (nl +1, ni+1) + (\/ 2.5c+ 2) 10g1/2(T)51(ni + 1, ni+1)
= (V10¢ + 2) log"/*(T)e1 (n; + 1, mi41).

By substituting this in Eq. (6) we get that

1/3
ZM uo|<z nis1 — ) (V10e + 22 10g"*(T) (nis1 — 1)~ [fin,41im s — 0]

m
(\/>C + 2 2/3 1/3 Z Nj41 — ni)2/3 ’/janiJrl:niJrl - M0‘1/3
=0

m 2/3 m 1/3

m 2/3 m
< (\/EC —+ 2) 2/3 logl/s (Z Ni+1 — nz)) <Z |,un1+1 Mg ,ani,l +1:n;

=0 =1

2/3 ;o 1/3
(\/704— 2)2/3 1/3 <Z Nj+1 — nz)> (Z Vn,i1+1:n,-+1>

=0 i=1

(%) (\/Ec+2)2/3 1/3 (

1=

3

g (V10c + 2)2/3 log!/3(T)n?/3V113

where (a) follows from Holder’s inequality; (b) has a technical proof given in Claim B.3 below; and
(c) follows from the fact that > .~ Vi, 1 4+1iniyy < Vi

14
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We deal now with the case of m = 0 (that is, po & [min;{p;}, max;{u;}]). In this case, we can
bound the term of interest as follows:

Z lti — pol = |f1:n — pol -1 < (|ﬂ1:n - Xl:n| + |X1:n - /l0|) ‘N

i=1
< (\/2.5clog1/2(T)51 (1,n) + (V2.5c+2) log!/?(T)e, (1,n)) -n
< (\/Ec + 2) log'/?(T)n'/2,

Now, since we assumed that V., > (\/ 10c + 2) 1og1/2(T)n‘1/2, then we can replace the bound
above with

S ls — ol < (V10¢ + 2)** log!/3 (T3},
i=1
which proves the statement of the claim for the case of m = 0 as well.

To prove (3), assume that (a) Vi., < (\/100 + 2) 1og1/2(T)n_1/2; (b) that the sequence is con-
centrated; and (c) that the test classified the sequence as weakly stationary. Repeating the same
calculation from before gives

i = ol < |pi = firen] + |1 — X1en| + | X1in — pio]
< (V10c + 2) log"*(T)n™ 2 4+ v2.5¢log™*(T)n ™2 4 (V2.5¢ + 2) log"/*(T)n /2
< 2(@0 +2) log?(T)n=1/2,

for any ¢ € [n], as required. O

Claim B.3. Lef i1, . .., p, be a sequence of scalars, and let m < n. Assume that {1, ..., fim >0
and pm1y -y i < 0} or {pa, .oy o < 0and iy, ..., pin > 0} Then,

1 & Lo o
aiz:;ui_n—m Z Hi §;|M1+1—ui|.

i=m-+1

Proof. Assume without loss of generality that {1, ..., ttm < 0and 41, ..., pn > 0}, and let
i1 = argmingeqy, . 3 {pi} and i = argmax;e fym41,... .} {1 }- Thus, we have

1 & 1 -
E;uiin—m Z i

1=m-+1

ig—1
< My — iy = ZﬂHl —Hi S

=11

ig—1

n—1
Z it — pil < Z it — il

i=iy i=1
O

Claim B4. Let XQ = {Xi}?zl € [0,c]? be a sequence generated from u and revealed to us

gradually (one realization after the other). Assume further that X is strongly concentrated. Then,
by executing TEST 2 on X® we know that:

(1) if uQ is weakly stationary, then the test classifies it as weakly stationary.

(2) ifit classifies uQ as weakly stationary, then

Q

_ 2/3
>l = ol = (VA0e +2)** 10 (1)Q**V15.
i=1

(3) ifit classifies the sequence ;i@ as non-stationary at round S, then

S5—1
Z i — fi1:s—1] = (\/‘TOC + 2)2/3 logl/S(T)Sz/gvll:§~
i=1
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Proof. To prove (1), we assume that pQ is weakly stationary (that is, Vy.,, < 1//n for any n € [Q]),
and upper-bound | X, ., — X% .,,,|- Thus, set some n € [Q] and ny,n, € [n].

niping
|Xn1:712 - X51:n2| = ‘XTM no XTCLl Mo :L_l‘nlinQ + ﬂfll:nQ + ﬂnlan - :L_l‘lezn2|
S ‘XTH ng X’rcn ma ﬂnlinz + ﬂ%1:n2| + |ﬂn1:n2 - ﬂ%1:n2|
(a)
< V2.5clog"*(T)ex (n1,n2) +log"/*(T)ea (n1,m2)
= (V2.5¢ 4+ 1) log"*(T)ez (n1,n2)

where (a) holds since X @ is strongly concentrated and ;@ is weakly stationary. It follows that TEST
2 classifies u™ as weakly stationary.

To prove (2), assume that TEST 2 classified 4 as weakly stationary. Thus, for any ni, ny € [Q)] it
holds that
|X'n1:n2 X1 n2| < (\/ c+1) 10g1/2( T)ea (n1,n2) .

Letnq, ..., Ny, be rounds for which {g,, > fi1.q and i, +1 < fi1.Q} or {tn, < fi1:Q and i, +1 >
ﬂle}. Additionally, denote ng = 0 and n,,,+1 = n. Now, the term we are interested in bounding
can be written equivalently as follows

Ms

Zlui fir.ql =

(i1 = 10) [ing 1m0 — 10|

s
I

_ o 1/3 . 23
(ni-‘rl - nl) ‘/‘l’ni+1:ni+l - ,Ul:Q‘ ‘/‘l’ni+1:ni+l — M1:Q . (7

I

I
=)

i
Next, we bound the terms of the form ’ﬂn,ﬁl:ni 41— AL ] By the triangle inequality it holds that
|ﬂni+1in7¢+1 - /_‘1:@| = |ﬁn7;+l:n,;+1 - X”i+1ini+1| + |Xm+1inz‘+1 - X11Q| + |X11Q - /_‘11@| :
Since X is concentrated, we know that |fin, + 1:m:, — Xnitimess| < V2.5clog?(T)eq(n; +
<

1,n41), and also that |fi1.o — X1.9| < v/2.5¢ log!/?(T)e1 (1, Q). Trivially, it holds that £1 (1, Q)
e1(n; + 1,m;41). The third term requires a somewhat longer argument. Notice we can write

UZES)
[Knittimcs = n+1*n1j;+1 Qjez[c:?]

1 = iyl — Ny 1 Q—niy1+n;
S I S X, i m Ry 2 &AL T
=N Z ( J Q J) Q —nip1 +n; Z Q J

Ni41

! j=nitl Jg{ni+1,.nip1}
Mit1

_ 1 Q—ni+1+niX 1 Q—ni+1+niX
=|— g j— E J

Nit1 — Ny — N1 + Ny

LT e @ @omiitn o T @

= Q — nit1 + 1y
— c i+1 i
- Xni+1:ni+1 Xn,—i—l Mit1 Q .

Now since the test classified the sequence as weakly stationary we know that | X, y1:m,,, —
X& i1me| < (V25e+ 1) log'/?(T)ez (n1,m2), which implies that

Q—niy1+n;

‘Xni+1ini+1 - XI:Q| < (V 2.5¢ + 1) logl/Q(T) ( Q

) e2(ni +1,m541).
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By substituting the value of e5(n; + 1, n;41) we get that

_ _ —Ni+1 + N 1 1 v
Xt 1miss —X1:Q| < (\/ﬁc—i— 1) log1/2(T) (Q Nit1 + 1N ) ( + )

@ Nit1 =N Q= Niy1 + 1y
. ) 1/2
< (\/ﬁc—kl)logl/?(T) (Q_nz+1 +n@> ( 1 )
Q Ni+1 — Ny
1/2 Q—ni+1—|—ni 1 1/2
+ (V2.5¢ +1) log (T)( 0 )(Q_ni+1+ni>
1 1/2
< (V25¢+ 1) log"?(T) <H>
i+l — Ny
_ N\ 1/2
+ (V2.5¢ + 1) log!/*(T) (W)
1 1/2 12
< (V25c+1)log!*(T) () + (V25e+1) log*(T) <)
Nit+1 — Ny Q

< (V10c + 1) log"/3(T) (1>1/2

N1 — Ny
< (V10c+1) log'/?(T)e1 (ns 4 1,n411).
Combining all three calculations gives |ﬂni+1;ni+1 — ﬂ1;Q| < (\/400—1—2) logl/z(T)sl(ni—i—l, Nit1).
Substituting this in Eq. (7) yields
Q m
_ _ _ 13 2/3
D i = Al <D (iry = 1) |fny g1y — g ’* (VA0e +2)** 1og ¥ (T)er (ny + 1,mi41)

=1 1=0

= (\/Ec + 2)2/3 logl/B(T) Z (Nit1 —ny) |ﬂni+1:ni+1 - Ml:Q‘l/3 (Mig1 — ni)_l/S
i=0
S (\/EC + 2)2/3 logl/?’(T) Z (niJrl - ni)2/3 |/~1ni+1:ni+1 - ,U/1:Q|1/3
i=0
a) m 2/3 m 1/3
< (VA0c +2)** log! /(T ) D (i — > (Z B4 1imis — m:cz\)
i=0 i=0

m 2/3 m
(b)
S (V 40c + 2)2/3 1Og1/3 ( E nz+1 - nz)) ( E |ﬂni+1:ni+1 - ﬂnl,lJrl:ni
i=1

=0

(c) )

< (VA0e +2) " 10g 3 (T)Q¥/*V) 15
where (a) follows from Hélder’s inequality; (b) holds since (fin,41:m,,, — f1:q) and
(ﬂniflﬂmi — ,ule) have different signs, according to the definition of n,;. Inequality (c)
follows from Claim B.3 and the fact that ;" | Vi, 41501 < Vim-

The proof of (3) resembles the proof of (2) in its techniques, but is somewhat more subtle. Thus,
denote by .S the round in which TEST 2 classified the sequence as non-stationary, and let ny, ..., 1y,
be rounds for which {ft,,, > fiz.5—1 and pp, 11 < fi1:5-1} of {in, < fi1.5—1 and fip,+1 > fi1.5-1}-
Additionally, denote ng = 0 and n,, 11 = S. Now, the term we are interested in can be written as
follows

Z ‘,U/z /~L1 S— 1| - Z (ni+1 - nz) ‘ﬂni+1:ni+1 - /741:5'71|
=0
2/3

_ _ 1/3 _
= E (Rig1 — ) ‘,Llfni+1:77.,¢+1 - ﬂl:S—1| |,un7¢+1:n7¢+1 — H1:S—-1
i=0
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As for the proof of part (2), it holds that |fin,+1:n,,, — p1:5-1| < (V40c + 2) log'/?(T)ey (n; +
1,m;41). Substituting this above gives

S—1 m
_ _ _ 1/3 2/3 :
Z lpi — ps—1] < Z (i1 — M) |yt 1ingyy — B1is—1] / (V40c + 2) / log"/3(T)e1(n; + 1,m41)%/3

i=1 i=0
< (\/Ec + 2)2/3 logl/B(T)SWSVll:/;’,

where the same arguments from the proof of (2) apply here also. [

C Analysis of the Stochastic Feedback Setting

In this section we provide an analysis of the performance of our main algorithm. In our analysis we
partition the randomness into two independent sources. The first is that originating from the noisy
observations ¢;(7), combined with the source of random bits based on which the algorithm determines
the realizations of the random variables X;. The second source of randomness is that determining
during the exploitation phase whether we pick arg min{io(¢)} or not, in each bin. Notice that the
first source can be thought of as if we generate a random sequence yT € {1,2}7 beforehand, and
define two new sequences:

Xi(i) = { 0 otherwise.

Thus, we overall have four sequences ({/;(i)}Z_; and {X; (i)}, for i = 1, 2), that encapsulate the
first source of randomness. During the analysis we condition on this source, and assume it is such
that all four sequences are strongly concentrated. By Claim 2.3 we know that this event occurs w.p.
of at least 1 — 7.

The second source of randomness can also be controlled beforehand, exactly as detailed in the proof
of Theorem A.1. Essentially, we show that with high probability the worst arm is picked throughout
at most log(T) N, ]-1*9 bins in block Bj. In addition, we show that the number of “bad” bins we

encounter in block B; is at most log(T") N, JQ. The definition of these “bad” bins (non-flat bins), along
with the proofs of these two observation are given below.

Definition C.1. (flat bin) We say that a bin A is flat if either

3 (i) — fio()] < (V10 +2)** log!2(7)| APPVY?
teA

or

|1 (8) — fio ()] < 2(V10 + 2) log"/*(T)|A| /2, Wt € A

for any action i € {1,2}; otherwise we say it is non-flat.

From hereon, whenever j is set and block B; is considered, we denote by ¢, the indicator of the
event {the a-th bin in block B is non-flat}.

Lemma C.2. Assuming 6 < 1/2, the following event occurs with probability at least 1 — % For any
block B; that reached the exploitation phase, with N; bins in total, the total number of bins in which
the worst arm (according to the estimates of the exploration phase) is chosen is upper bounded by
510g1/2(T)N1—0

(1-0) i

Proof. Fix some block B;. Notice that given the realization of the source of randomness determining
our actions in the exploration phase and the observed losses, both A, fio(¢) for ¢ = {1, 2}, and the
starting point for the exploitation phase are determined only based on the starting time t,,; of the
block. As a result, the lengths of the bins and the flatness of each bin is also deterministic given the
mentioned source of randomness and ¢,. We prove a high probability result for any starting time
and value IV; and obtain the result via a union bound argument.
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Define I, as the indicator of the event {the worst arm was picked throughout bin A; ,}. The ex-
pected value of I is 5 —9. hence

1 1 1—
S

t=1

4log!/? (T,

for any n € [T']. Setting e = ~——;

—9 gives

- 1 Lo Alog'*(T) | o
r<§_1)§t>2(1_9)n +71_0 n <e <1/T%,

where the last inequality holds since 2ne? = 1?1137%()?711_29 > 41og(T) for 6 < 1/2. As there are at

most 7" possible values of both n and ¢y, the result follows via union bound. O

Lemma C.3. The following event occurs w.p. at least 1 — % For any j, in which Algorithm I reached
the exploitation phase in block B, the total number of non-flat bins in this block is upper-bounded

by 9log(T)NY

Proof. Set j and look at block B;. Let d, be as defined before, and denote by {a, }72; the bins in
which d,, = 1. Notice that given the realization of the source of randomness determining our actions
in the exploratlon phase and the observed losses, both A, fig(7) for i = {1, 2}, and the starting point
for the exploitation phase are determined only based on the starting time ¢ Of the block. As a result,
the sequence {a,, }2 ; is also deterministic given the mentioned source of randomenss and .

Define

in = 1 —0 > .
Smin = arg min {Z a,’ > 8log(T)

n=1

‘We have that for a fixed g,

Smin Smin Smin 1
log (P (|N;| > as,;,)) < log H (1 - ag) Zlog <1 — fa ) < Z <—2a”9> < —4log
n=1

where we use the fact that when 6, = 1, the probability of stopping is at least 1 50, ~9 by Algorithm 1.

It follows that P (| N;| < as,,,) > 1 — 7. Now, let Y; denote the total number of bins in block B;
for which d, = 1. From the calculation above we know that

(Y; 9<Za < 8log(T),

or equivalently, ¥; < 1+ 8 log(T)a% < 9log(T )N]e . If sy, does not exist, then it must hold
that Zi:l a;? < 8log(T) for any s and in particular for Y. Using the argument above gives
Y; < 810g(T)NJ‘9 for this case.

By taking a union bound over all possible %y, it follows that with probability of at least 1 — T we

have that the number of non-flat bins in any block B; is upper-bounded by 9 log(T")N. ;). [

After establishing these two lemmas, we condition the game on the high probability events described
in them. We use this at the end of the section to provide a high probability bound on the overall regret.
We begin by bounding the regret in the blocks where we never reach the exploitation phase. We
proceed to refine the bound via a lower bound on the variation in these blocks. To ease the notation,
we denote ip(i) = 151 Xsep (i) and Xp(i) = 157 2,c p X¢(i), where D can be any subset of
rounds (in particular, a block or a bin). In addition, we denote by R p the regret suffered in rounds
t € D. Thatis, Rp = > ,cp Ht(it) — pe(i}). Thus, fix a block index j and recall that £;; de-
notes the set of round indices in the exploration phase of the block and Vg, , denotes the variation in it.
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Lemma C.4. Fix a block index j and consider its exploration phase. It holds that

R, < 121og"*(T)| ;1 |2V + 46010g"/*(T)| ;1 [2.

Proof. We divide the analysis into two cases: (1) the exploration phase ended since the condition
lower bounding A was met; and (2) the exploration phase ended since the test identified non-
stationarity. If we are in the first case then from Claim B.4 part (2), by substituting c by 2, we know
that

Z e (@) — g, (1)] < 610g ( )| E;. |2/3V1/3
telE; 1

for both ¢ = 1, 2. Thus,

Z pe(ie) — pe(if) Z e (1 (2)]

telk; 1 teE;

DS )~ a1+ S J ()~ Ke,, (O

teE; 1 teEE; 1

teEj teE; 1

+ Y 1aE. (2) = m(2)

teE;1

1/3 1/3
< Z | Xg,, (1) — Xg,,(2 2)| + 121log!/ (T)|Ej71\2/3VE§1
teEj

+7|Ej 1] log"*(T)er (1, | Ejal) (8)

where (a) follows by the triangle inequality; and (b) holds because the feedback is concentrated. Now,
since Algorithm 1 did not stop at round ¢(j, | E; 1| — 1) we know that

|XE_7»,1(1) - XEj,l(2)| = |Xt(j,1):t(j,|Ej,1|)(1) - Xt(j,l):t(j,|Ej,1|)(2)|

1 .
+ X001y 1) (1) = X 1) 5.01-1) (2)]
|E 1

1
|E 1

+16(V10 4 2)° log(T) (| Ej 1| — 1) 2.

Substituting the above in Eq. (8) yields the result stated in the lemma for the first case. The proof of
the second case follows similarly to the first case, albeit using part (3) of Claim B.4 instead of part (2)

and using the fact that | X, , (1) — Xp, ,(2)| < 16(v/10 + 2)2 log(T)|Ej1|~*/? for this case. [

Lemma C.5. The total regret suffered throughout blocks in which Algorithm 1 did not reach the
exploitation phase is upper-bounded by

1210g"/*(T)T*/3V}/? 4 460 10g(T)T'~/*V;"? + 460 log(T)T* /2.

Proof. By Claim B.4 part (1) we know that the algorithm never misclassifies a sequence as non-
stationary during the exploration phase (since the the feedback to the test is strongly concentrated).
Now, let

Jo = {j | TEST 2 identified non-stationarity during the exploration of block B }.

Using this notation, we know that for every j € J; it holds that VBJ. > |Bj |’1/ 2. In addition, by
Lemma C.4 we know that for every j € J5 it holds that

R, < 121og"/*(T)|B;**Vy/? + 460 1og(T)| B, | /2.
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Thus, we can write
> Ry, <1210g"3(T) Y |B[AV? + 46010g(T) Y B[ 2

jE€J2 jE€J2 Jj€J2
= 1210g" /(1) 3 [B*PVY? + 46010g(T) 3 B, By 0
JE€J2 JjE€J2
(@) 2/3 1/3
a
< 1210g1/3(T)< > IB]-I) ( > VBJ)
JjE€J2 JEJ2
1-\/3 \/3
+ 46010g(T)< > Bj|> ( 3 |Bj|1/2>
jEJ2 JEJ2

< 1210g!/3(T)T?/3V2/3 + 460 1og(T)T'>/3V3
where (a) follows by Holder’s inequality. Notice that Jo might not include the last block in the game
(even if Algorithm 1 did not reach the exploitation phase in this block), simply because this block
can be terminated due to the end of the time horizon. Thus, an extra term 460 log(T)|B;|'~*/2 <
460 log(T)T*~*/? is added to the regret in this case. O

We now proceed to bound the regret in the blocks in which the exploitation phase is reached. We
begin by providing a bound with an additive element dependent only on the block size and not its
variation, and will prove later on a satisfactory bound on this quantity.

Lemma C.6. Set j, and assume that Algorithm 1 reached the exploitation phase in block B;. Then,
for any flat bin A; , € Bj in which the best arm was chosen it holds that

S puelin) — pe(iy) < 61og" (1) A0V .
tEA; o

Proof. Assume without loss of generality that action 1 was the better action in the exploration phase,
that is, 1 = arg min;e (1,23 {/t0(4) }. Thus, we have

37 omie) = peis) = 0 (D) —pelip) = D> (pe(1) — p(2)).
tGA]‘,a teA]‘,a teAj’a,’LIIZQ
In order to bound ir=2 (1¢(1) — p+(2)) we use the guarantee of the bin flamess, and divide the
analysis into three cases: In the first case we assume that

2/3 .
S Jei) = fio(0)] < (VIO +2) " 1og! (1) | 4.0V
tEA
for i € {1,2}. Thus, by Claim B.2 part (2) we have that

Yo )= m2) = Y (1) = f0(1) + fio(1) = fo(2) + fi0(2) — me(2))

tGA]‘Y,lA,’L-:ZQ tGA]‘,a,’L—::2
D7) = poMI+ D (@) = @+ D (1) — fio(2))
tEA; o tEAj o tEA;  q,iF=2
<2(V10+2)" 1o A1) A4V + 3T () — 0(2).

tEAj a,i; =2
Now, since action 1 is assumed to be the better action (in the exploration phase of the block), then it
must hold that ZteAj it =2 (f10(1) — f20(2)) < 0, which proves the lemma for this case.

In the second case we assume that |u. (i) — fio(2)] < Q(fc + 2) 2) log*%(T T)|A;j.o|~1/? for any
t € Ajqandi € {1,2}. Notice that the term (,uo(l) fi0(2)) can be bounded as follows:

Mo(l) - MO( ) = XEj,l( ) - XEj.l( )

< —16(v/10 + 2)* log(T) | E; 1|2
< —4(V10 +2) log"/2(T)| A 4| 7Y/2,
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hence it must be the case that for all ¢ € {1,2} andt € A; ,
pe(1) < fio(1) +2(V10 +2) log'/(T)| 4.0 1/
< i0(2) — 2(V10 + 2) log"(T) | A0 7/? < e(2).
Therefore, there are no rounds ¢ € A; , in which ¢} = 2, hence ZteA_,»,a,,z‘;fﬁ (ue(1) — e (2)) = 0.
In the third case we have w.l.o.g. that for; = 1
2/3
D (1) — (D] < (VIO +2) gt (D) 4PV

t€A a
and for ¢ = 2

e(2) = f10(2)] < 2(V10 +2) log!/*(T)|Aja| 7/, VE € Aja.

Using the bound above for fig(1) — fi0(2) we get that for all ¢ € A; , it holds that 1 (2) > fio(1),
hence in any round where i} = 2 we have u:(1) — p(2) < pe(1) — fip(1) leading to

oo M —m@)< D (1) = (1))

tEA 0, if =2 tEA  4,if =2
< 3 (1) — fio(1)]
teA;  q
< (\/ﬁc+2)2/310 U3 2/3y)1/3
< g"/3(T)| Ay PVI.

O

To bound the regret throughout flat bins in which the worse arm was picked, we simply use the
guarantee presented in Lemma C.2 on the total amount of such bins.

Lemma C.7. Set j, and assume that Algorithm 1 reached the exploitation phase in block B;. Then,
the total regret suffered throughout flat bins in which the worst arm was chosen is at most

5log!/*(T)

B. 1-6(1—X)
(1 _ 9) | J‘

Proof. From Lemma C.2 we know that the total number of flat bins in which the worst arm was
chosen is upper-bounded by

5log"/*(T )N1—9
(1-0) 7
In each of these bins, the regret we suffer is naturally at most |Aj}a|. Thus, we can bound the total
regret as follows:

510g1/2(T)N179|A 5log1/2( )| | <|Ej,2>1 o 5log1/2( )| |1—9|A |9
—_° v /N al = ia j,2 jal -
x-e 7 =7 (1-9) A [4j.al (1-9) !

Now, since |E; 2| < |B;| and |4; .| < |E;j1|* < |B;|* by the algorithm (for blocks in which the
exploitation phase was reached), we overall get the result stated in the lemma. O

Lemma C.8. Set j, and assume that Algorithm 1 reached the exploitation phase in block B;. Then,
the total regret suffered in flat bins throughout block Bj; is bounded by

N; /2

f 1
> (1 60)Ra,, < 6l0g /(1) B;2Vy* + E’E’lg())w 1=601-3),
a=1

Proof. The result follows via simple aggregation of Lemmas C.6 and C.7, and simple application of
Holder’s inequality.
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We proceed to bound the regret suffered due to non-flat bins. Here, rather than bound the regret inside
such bins we bound the total number of such bins.

Lemma C.9. Set j, and assume that Algorithm 1 reached the exploitation phase in block B;. Then,
the total regret suffered in non-flat bins throughout block Bj is bounded by

N;
> 6aRa,, < 9log(T)|B; [N,
a=1

Proof. Set j and look at block Bj. Since we condition the game on the high probability event of
Lemma C.3 we know that the number of non-flat bins in this block is upper-bounded by 9 log(T") N f .
In each of these bins, the regret suffered is upper-bounded by the length of the bin, |A; ,|. Thus, by
summing over all non-flat bins we get that

NJ
>R, < Dlog(T) AN = 9106l

a=1

Now, since |Ej 2| < |B;| and |4;,| < |E;j1|* < |B;|* by the algorithm (for blocks in which the
exploitation phase was reached), we overall get the result stated in the lemma. O

|Ej 2]
|4j,al

0
) — 9log(T)|E; 2l | Asal .

From the above we get a bound on the regret inside each block. The bound has an additive term
dependent only on | B;| and not Vg, that does not trivially add up to a sub-linear term in 7'. In the
following we use a lower bound on Vg, to deal with this issue, and get our final regret bound for
blocks in which the exploitation phase is reached.

Lemma C.10. The total regret suffered throughout blocks in which Algorithm 1 reached the exploita-
tion phase is upper-bounded by

; 12
6log"/3 (1) T3V + 2010g"/>(T)T 773 VI + 20log(T)T 20—,
if we set 0 = %
Proof. By Claim B.2 part (1) we know that the algorithm never misclassifies a sequence as non-
stationary during the exploration phase (if the feedback is concentrated). Now, let
J1 = {j | TEST 1 identified non-stationarity during the exploitation of block B, }.

Denote by | A; .| the bin length in block B;. Using this notation, we know that for every j € J it
holds that Vg, > |A;.|~'/2 > |E;1|~*? > |B;|~*/2. From Lemmas C.8 and C.9, we obtain that
for every j € J; we can upper-bound

R, < 6log"/*(T)|B;[7/*V}{* + 201og(T)|B;|'~2 Y,
if § = 1. Thus, we can write

> Rp, < 8log!/3(T) > |Bj|2/3v;é3 +8log(T) > |B; |12~

JE€JL JjE€J1 JEJL
A(1=N)
= 6log1/3(T) Z |Bj|2/3V}3/]_3 + 201og(T) Z | Bj] Ficy |Bj| ™ 2@

JjE€J1 JEJ1

142X

2/3 1/3 PESY
(%) 610g1/3(T)< > |Bj|> ( > VBj> + 2010g(T)< > |le> ( > 1By TM?

JEJ1 JEJ JE€J1 JEJ1

142 1-x
< 6log"/3(T)T/3VY? + 201og(T)T 272 V2P

where (a) follows by Holder’s inequality. Notice that .J; might not include the last block in the game
(even if Algorithm 1 reached the exploitation phase in this block), simply because this block can
be terminated due to the end of the time horizon. Thus, an extra term 20 log'/?(T) | B, 1=z (=) <

20log'/?(T)T* 21~ needs to be added to the regret in this case. O
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We are now ready to combine the results above, and to prove Theorem 2.4.

Proof of Theorem 2.4. We start with the case where the feedback received throughout the game is
strongly concentrated, and the high probability events of Lemmas C.2 and C.3 occur (as discussed in
the beginning of the section). From Lemma C.5, we know that the total regret suffered throughout
blocks in which Algorithm 1 did not reach the exploitation phase is upper-bounded by

121Og1/3(T)T2/3V11~/3 +46010g(T)T1—A/3V;/3 +46010g(T)T1_>‘/2

Additionally, from Lemma C.10 we know that the total expected regret suffered over blocks in which
Algorithm 1 reached the exploitation phase is upper-bounded by

: : 12
610g1/5(T)TZ/3V:1p/‘3 +20 logl/Q(T)leiizf]}q%H +20 log(T)Tl—%(l—/\)7

for the case where 6 = % Summing the above together and substituting A = @’5 gives

T T
Rr = Z pe(ie) — Z e (i) < 5001og(T)TO-82V%18 + 500 log(T) T 7.
t=1 t=1

for this case. Now, recall that the probability of the feedback being strongly concentratedis 1 — %

(Claim 2.3). Additionally, by taking union bound on the high probability events described in Lemmas
C.2 and C.3, we get the upper bound above on the total regret (suffered throughout the entire game)
with probability of at least 1 — %. O

D Extending the Result to &£ Arms

Our results can be extended to the case of k > 2, using the same core techniques of the £ = 2 case.
Due to the technical nature of the algorithm and its analysis, we omit it from this version of the paper
and defer it to a full version. The high-level idea is to replace the exploration phase of Algorithm 1
with a soft elimination tournament: Initially, the algorithm explores all arms (i.e., chooses each arm
with probability of 1/k in each round). Once an arm is exhibiting significantly worse performance
compared to the leading arm, this arm enters the pool of eliminated arms. From this point on, the
algorithm works in bins with length proportional to the inverted squared gap between the leading
arm and the arm that was lastly eliminated. The bin counter (denoted by a in Algorithm 1) resets
every time an arm is eliminated. Within each bin, the algorithm either:

(1) explores non-eliminated arms (i.e., chooses an arm from the set of non-eliminated arms
uniformly in each round) with probability 1 — o(1).

(2) or otherwise samples one of the eliminated arms (and pulls it throughout the bin).

E Discussion and Conclusion

In this work we showed that the regret with respect to the optimal sequence of actions in the MAB
setting can be non-trivially bounded if the environment is guaranteed to vary sufficiently slow. The
important contribution over previous works that considered the same setting is the ability to adapt
to the changes of the environment without requiring any prior knowledge on them whatsoever. An
interesting open question is whether our bounds can be improved to match the current known lower

bound for the problem Q(7°%/ 3]2%/ ‘3) [8]. It would also be interesting to extend our techniques to the
BCO setting, in which the decision set is continuous and the losses are general convex functions.
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