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Abstract

Non-negative matrix factorization is a popular tool for decomposing data into fea-
ture and weight matrices under non-negativity constraints. It enjoys practical suc-
cess but is poorly understood theoretically. This paper proposes an algorithm that
alternates between decoding the weights and updating the features, and shows that
assuming a generative model of the data, it provably recovers the ground-truth un-
der fairly mild conditions. In particular, its only essential requirement on features
is linear independence. Furthermore, the algorithm uses ReLU to exploit the non-
negativity for decoding the weights, and thus can tolerate adversarial noise that can
potentially be as large as the signal, and can tolerate unbiased noise much larger
than the signal. The analysis relies on a carefully designed coupling between two
potential functions, which we believe is of independent interest.

1 Introduction

In this paper, we study the problem of non-negative matrix factorization (NMF), where given a
matrix Y € R™*N | the goal to find a matrix A € R™*" and a non-negative matrix X € RnxN
such that Y ~ AX." A is often referred to as feature matrix and X referred as weights. NMF has
been extensively used in extracting a parts representation of the data (e.g., [ESY4, LS99, LSOT]). It
has been shown that the non-negativity constraint on the coefficients forcing features to combine, but
not cancel out, can lead to much more interpretable features and improved downstream performance
of the learned features.

Despite all the practical success, however, this problem is poorly understood theoretically, with only
few provable guarantees known. Moreover, many of the theoretical algorithms are based on heavy
tools from algebraic geometry (e.g., [AGKMTI?]) or tensors (e.g. [AKET17]), which are still not
as widely used in practice primarily because of computational feasibility issues or sensitivity to
assumptions on A and X. Some others depend on specific structure of the feature matrix, such as
separability [AGKMTI?] or similar properties [BGKPTH].

A natural family of algorithms for NMF alternate between decoding the weights and updating the
features. More precisely, in the decoding step, the algorithm represents the data as a non-negative
combination of the current set of features; in the updating step, it updates the features using the
decoded representations. This meta-algorithm is popular in practice due to ease of implementa-
tion, computational efficiency, and empirical quality of the recovered features. However, even less
theoretical analysis exists for such algorithms.

'In the usual formulation of the problem, A is also assumed to be non-negative, which we will not require
in this paper.
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This paper proposes an algorithm in the above framework with provable recovery guarantees. To
be specific, the data is assumed to come from a generative model y = A*z* + v. Here, A*
is the ground-truth feature matrix, x* are the non-negative ground-truth weights generated from
an unknown distribution, and v is the noise. Our algorithm can provably recover A* under mild
conditions, even in the presence of large adversarial noise.

Overview of main results. The existing theoretical results on NMF can be roughly split into two
categories. In the first category, they make heavy structural assumptions on the feature matrix A*
such as separability ([[AGMTI?]) or allowing running time exponential in n ( [AGKMI?]). In the
second one, they impose strict distributional assumptions on z* ([AKFT12]), where the methods
are usually based on the method of moments and tensor decompositions and have poor tolerance to
noise, which is very important in practice.

In this paper, we present a very simple and natural alternating update algorithm that achieves the best
of both worlds. First, we have minimal assumptions on the feature matrix A*: the only essential
condition is linear independence of the features. Second, it is robust to adversarial noise v which
in some parameter regimes be potentially be on the same order as the signal A*z*, and is robust to
unbiased noise potentially even higher than the signal by a factor of O(y/n). The algorithm does not
require knowing the distribution of x*, and allows a fairly wide family of interesting distributions.
We get this at a rather small cost of a mild “warm start”. Namely, we initialize each of the features
to be “correlated” with the ground truth features. This type of initialization is often used in practice
as well, for example in LDA-c, the most popular software for topic modeling ([IdaT&]).

A major feature of our algorithm is the significant robustness to noise. In the presence of adversarial
noise on each entry of y up to level C,, the noise level ||v||; can be in the same order as the signal
A*x*. Still, our algorithm is able to output a matrix A such that the final |A* — A1 < O(||v]1)
in the order of the noise in one data point. If the noise is unbiased (i.e., E[v|z*] = 0), the noise level
lv]|1 can be Q(y/n) times larger than the signal A*x*, while we can still guarantee |A* — A||; <
O (||l7]l1v/n) — so our algorithm is not only tolerant to noise, but also has very strong denoising
effect. Note that even for the unbiased case the noise can potentially be correlated with the ground-
truth in very complicated manner, and also, all our results are obtained only requiring the columns
of A* are independent.

Technical contribution. The success of our algorithm crucially relies on exploiting the non-
negativity of * by a ReLU thresholding step during the decoding procedure. Similar techniques
have been considered in prior works on matrix factorization, however to the best of our knowledge,
the analysis (e.g., [AGMMIS]) requires that the decodings are correct in all the intermediate itera-
tions, in the sense that the supports of x* are recovered with no error. Indeed, we cannot hope for
a similar guarantee in our setting, since we consider adversarial noise that could potentially be the
same order as the signal. Our major technical contribution is a way to deal with the erroneous decod-
ing through out all the intermediate iterations. We achieve this by a coupling between two potential
functions that capture different aspects of the working matrix A. While analyzing iterative algo-
rithms like alternating minimization or gradient descent in non-convex settings is a popular topic in
recent years, the proof usually proceeds by showing that the updates are approximately performing
gradient descent on an objective with some local or hidden convex structure. Our technique diverges
from the common proof strategy, and we believe is interesting in its own right.

Organization. After reviewing related work, we define the problem in Section B and describe our
main algorithm in Section B. To emphasize the key ideas, we first present the results and the proof
sketch for a simplified yet still interesting case in Section B, and then present the results under much
more general assumptions in Section B. The complete proof is provided in the appendix.

2 Related work

Non-negative matrix factorization relates to several different topics in machine learning.

Non-negative matrix factorization. The area of non-negative matrix factorization (NMF) has a rich
empirical history, starting with the practical algorithm of [LS97].On the theoretical side, [AGKMT?]
provides a fixed-parameter tractable algorithm for NMF, which solves algebraic equations and thus
has poor noise tolerance. [AGKMT?] also studies NMF under separability assumptions about the



features. [BGKPIA] studies NMF under heavy noise, but also needs assumptions related to separa-
bility, such as the existence of dominant features. Also, their noise model is different from ours.

Topic modeling. A closely related problem to NMF is topic modeling, a common generative model
for textual data [RNI03, RIeT?]. Usually, ||z*||; = 1 while there also exist work that assume x} €
[0,1] and are independent [ZXT2]. A popular heuristic in practice for learning A* is variational
inference, which can be interpreted as alternating minimization in KL divergence norm. On the
theory front, there is a sequence of works by based on either spectral or combinatorial approaches,
which need certain “non-overlapping” assumptions on the topics. For example, [AGHT13] assume
the topic-word matrix contains “anchor words”: words which appear in a single topic. Most related
is the work of [ARTS] who analyze a version of the variational inference updates when documents
are long. However, they require strong assumptions on both the warm start, and the amount of
“non-overlapping” of the topics in the topic-word matrix.

ICA. Our generative model for 2* will assume the coordinates are independent, therefore our prob-
lem can be viewed as a non-negative variant of ICA with high levels of noise. Results here typically
are not robust to noise, with the exception of [AGMST?] that tolerates Gaussian noise. However, to
best of our knowledge, no result in this setting is provably robust to adversarial noise.

Non-convex optimization. The framework of having a “decoding” for the samples, along with
performing an update for the model parameters has proven successful for dictionary learning as
well. The original empirical work proposing such an algorithm (in fact, it suggested that the V1
layer processes visual signals in the same manner) was due to [DF97]. Even more, similar families
of algorithms based on “decoding” and gradient-descent are believed to be neurally plausible as
mechanisms for a variety of tasks like clustering, dimension-reduction, NMF, etc ([PCI5a, PCT4]).
A theoretical analysis came latter for dictionary learning due to [AGMMTS] under the assumption
that the columns of A* are incoherent. The technique is not directly applicable to our case, as we
don’t wish to have any assumptions on the matrix A*. For instance, if A* is non-negative and
columns with /; norm 1, incoherence effectively means the the columns of A* have very small
overlap.

3 Problem definition and assumptions

Given a matrix Y € R™*V the goal of non-negative matrix factorization (NMF) is to find a matrix
A € R™*"™ and a non-negative matrix X € R™"*N 5o that Y ~ AX. The columns of Y are
called data points, those of A are features, and those of X are weights. We note that in the original
NMEF, A is also assumed to be non-negative, which is not required here. We also note that typically
m > n, i.e., the features are a few representative components in the data space. This is different
from dictionary learning where overcompleteness is often assumed.

The problem in the worst case is NP-hard [AGKMT?], so some assumptions are needed to design
provable efficient algorithms. In this paper, we consider a generative model for the data point

y=A"x"+v (1)

where A* is the ground-truth feature matrix, x* is the ground-truth non-negative weight from some
unknown distribution, and v is the noise. Our focus is to recover A* given access to the data
distribution, assuming some properties of A*, x*, and v. To describe our assumptions, we let [M]?
denote the i-th row of a matrix M, [M]; its i-th column, M, ; its (¢, j)-th entry. Denote its column
norm, row norm, and symmetrized norm as |[M|[; = max; >, |[M, ;|, [[M]|, = max; >, [M; ;],
and [ M|, = max {| M|, |M]l__}, respectively.

We assume the following hold for parameters C1, ¢, Co, ¢, C,, to be determined in our theorems.

(A1) The columns of A* are linearly independent.
(A2) Foralli € [n], z} € [0,1], E[z}] < €t and 2 < E[(z})?] < £2, and 2} ’s are independent.

?

(A3) The initialization A(®) = A*(Z() + E©) 4+ N©), where (? is diagonal, E(®) is off-
diagonal, and

<.

S

0 = (101, HE(°>

We consider two noise models.



(N1) Adversarial noise: only assume that max; |v;| < C,, almost surely.

(N2) Unbiased noise: max; |v;| < C,, almost surely, and E[v|z*] = 0.

Remarks We make several remarks about each of the assumptions.

(A1) is the assumption about A *. It only requires the columns of A* to be linear independent, which
is very mild and needed to ensure identifiability. Otherwise, for instance, if (A*)3 = A1 (A*); +
A2(A*)q, it is impossible to distinguish between the case when ©5 = 1 and the case when x5 = A\
and x7 = Ao. In particular, we do not restrict the feature matrix to be non-negative, which is more
general than the traditional NMF and is potentially useful for many applications. We also do not
make incoherence or anchor word assumptions that are typical in related work.

(A2)is the assumption on x*. First, the coordinates are non-negative and bounded by 1; this is simply
a matter of scaling. Second, the assumption on the moments requires that, roughly speaking, each
feature should appear with reasonable probability. This is expected: if the occurrences of the features
are extremely unbalanced, then it will be difficult to recover the rare ones. The third requirement
on independence is motivated by that the features should be different so that their occurrences are
not correlated. Here we do not stick to a specific distribution, since the moment conditions are more
general, and highlight the essential properties our algorithm needs. Example distributions satisfying
our assumptions will be discussed later.

The warm start required by (A3) means that each feature Az(-o) has a large fraction of the ground-truth
feature A and a small fraction of the other features, plus some noise outside the span of the ground-
truth features. We emphasize that N(©) is the component of A (%) outside the column space of A*,
and is not the difference between A(®) and A*. This requirement is typically achieved in practice
by setting the columns of A(%) to reasonable “pure” data points that contains one major feature and
a small fraction of some other features (e.g. [Idalf, ARTS]); in this initialization, it is generally
believed that N(°) = (. But we state our theorems to allow some noise N(%) for robustness in the
initialization.

The adversarial noise model (N1) is very general, only imposing an upper bound on the entry-wise
noise level. Thus, v can be correlated with z* in some complicated unknown way. (N2) additionally
requires it to be zero mean, which is commonly assumed and will be exploited by our algorithm to
tolerate larger noise.

4 Main algorithm

Algorithm 1 Purification

Input: initialization A O threshold a, step size 7, scaling factor r, sample size N, iterations T’
1. fort =0,1,2,....,T —1do
2:  Draw examples y1,...,yn.
3. (Decode) Compute AT, the pseudo-inverse of A®) with minimum ||(A)T| .
Set x = ¢ (A'y) for each example y. /¢, is ReLU activation; see () for the
definition
4:  (Update) Update the feature matrix
AT = (1 =) AD 4B [(y —y/) (@ — 2')T]
where [ is over independent uniform v,/ from {y1, ...,y }, and z, 2’ are their decodings.
Output: A =A™

Our main algorithm is presented in Algorithm [. It keeps a working feature matrix and operates in
iterations. In each iteration, it first compute the weights for a batch of IV examples (decoding), and
then uses the computed weights to update the feature matrix (updating).

The decoding is simply multiplying the example by the pseudo-inverse of the current feature matrix
and then passing it through the rectified linear unit (ReLU) ¢, with offset a. The pseudo-inverse
with minimum infinity norm is used so as to maximize the robustness to noise (see the theorems).
The ReLU function ¢, operates element-wisely on the input vector v, and for an element v;, it is



defined as

¢o(v;) = max {v; — a,0}. (2)
To get an intuition why the decoding makes sense, suppose the current feature matrix is the ground-

truth. Then Afy = ATA*z* + ATy = 2* + ATv. So we would like to use a small AT and use
threshold to remove the noise term.

In the encoding step, the algorithm move the feature matrix along the direction
E[(y—y)(x—2a')T]. To see intuitively why this is a good direction, note that when the
decoding is perfect and there is no noise, E [(y —y/)(z —2’) "] = A*, and thus it is moving
towards the ground-truth. Without those ideal conditions, we need to choose a proper step size,
which is tuned by the parameters 7 and r.

5 Results for a simplified case

Our intuitions can be demonstrated in a simplified setting with (A1), (A2’), (A3), and (N1), where

(A2%) z}’s are independent, and x7 = 1 with probability s/n and 0 otherwise for a constant
5> 0.

Furthermore, let N(®) = 0. This is a special case of our general assumptions, with C; = ¢ = Cy =
s where s is the parameter in (A2’). It is still an interesting setting; as far as we know, there is no
existing guarantee of alternating type algorithms for it.

To present our results, we let (A*)" denote the matrix satisfying (A*)T A* = I; if there are multiple
such matrices we let it denote the one with minimum ||(A*)T||.

Theorem 1 (Simplified case, adversarial noise). There exists a absolute constant G such that when

. N . . _ < Qc
Assumption (A1)(A2°)(A3) and (N1) are satisfied with 1 1/10, C, < ves e (VO ! for

some 0 < ¢ < 1, and N©O) = 0, then there exist a,n,r such that for every 0 < €,0 < 1 and
N = poly(n,m,1/e,1/0) the following holds with probability at least 1 — 4.

After T = O (ln %) iterations, Algorithm O outputs a solution A = A*(X + E) + N where ¥ =
(1 — Ol is diagonal, |E||; < €+ cis off-diagonal, and |N||; < c.

Remarks. Consequently, when ||A*||; = 1, we can do normalization A, = A, /||As]|;, and the
normalized output A satisfies

|A — A%y < e+ 2
So under mild conditions and with proper parameters, our algorithm recovers the ground-truth in

a geometric rate. It can achieve arbitrary small recovery error in the noiseless setting, and achieve
error up to the noise limit even with adversarial noise whose level is comparable to the signal.

The condition on ¢ means that a constant warm start is sufficient for our algorithm to converge,
which is much better than previous work such as [ARTS]. Indeed, in that work, the ¢ needs to even
depend on the dynamic range of the entries of A* which is problematic in practice.

It is shown that with large adversarial noise, the algorithm can still recover the features up to the

noise limit. When m > n| (A*)Jr |loo» €ach data point has adversarial noise with ¢; norm as large
as ||v||1 = Cum = Q(c), which is in the same order as the signal || A*z*||; = O(1). Our algorithm
still works in this regime. Furthermore, the final error ||A — A*||; is O(c), in the same order as the
adversarial noise in one data point.

Note the appearance of || (A*)" ||« is not surprising. The case when the columns are the canonical

unit vectors for instance, which corresponds to || (A*)T llo = 1, is expected to be easier than the

case when the columns are nearly the same, which corresponds to large || (A*)" |l oo-

A similar theorem holds for the unbiased noise model.

Theorem 2 (Simplified case, unbiased noise). If Assumption (A1)(A2’)(A3) and (N2) are satisfied

with C, = gev/n
sl [ AT

antee in holds.

7 and the other parameters set as in Theorem [, then the same guar-



Remarks. With unbiased noise which is commonly assumed in many applications, the algorithm
can tolerate noise level \/n larger than the adversarial case. When m > nl| (A*)T |loo, €ach data
point has adversarial noise with ¢; norm as large as ||v||; = C,m = Q(cy/n), which can be Q(/n)
times larger than the signal ||[A*x*||; = O(1). The algorithm can recover the ground-truth in
this heavy noise regime. Furthermore, the final error |[A — A*||; is O (||v||1/+/n), which is only
O(1/+/n) fraction of the noise in one data point. This is very strong denoising effect and a bit
counter-intuitive. It is possible since we exploit the average of the noise for cancellation, and also
use thresholding to remove noise spread out in the coordinates.

5.1 Analysis: intuition

A natural approach typically employed to analyze algorithms for non-convex problems is to define
a function on the intermediate solution A and the ground-truth A* measuring their distance and
then show that the function decreases at each step. However, a single potential function will not
be enough in our case, as we argue below, so we introduce a novel framework of maintaining two
potential functions which capture different aspects of the intermediate solutions.

Let us denote the intermediate solution and the update as (omitting the superscript (¢))
A=A'(Z+E)+N, E[ly-y)=-a)"]=A"(S+E)+N,

where = and 3 are diagonal, E and E are off-diagonal, and N and N are the terms outside the span
of A* which is caused by the noise. To cleanly illustrate the intuition behind ReL.U and the coupled
potential functions, we focus on the noiseless case and assume that we have infinite samples.

Since A; = X,;A7 + 3., E;; A%, if the ratio between |[E;|, = >, |E;;| and 3;; gets
smaller, then the algorithm is making progress; if the ratio is large at the end, a normalization of A;
gives a good approximation of A7. So it suffices to show that 3; ; is always about a constant while
||E;||, decreases at each iteration. We will focus on E and consider the update rule in more detail to

argue this. After some calculation, we have
E < (1-n)E+rE, E =E[(z" - (2)") (z—2) "], 3)
where x, ' are the decoding for 2*, (x)* respectively:

z=¢o (Z+E)a*), v =¢o (Z+E)"!(2)). )

To see why the ReL.U function matters, consider the case when we do not use it.

E=E@" — (")) [ATA"@" — (@))] =E[@" - @)) @ - @))T] [(S+E)71]

< [(Z+E)] 22— ED

where we used Taylor expansion and the fact that E [(z* — (2/)*)(2* — (2/)*) "] is a scaling of
identity. Hence, if we think of 3 as approximately I and take an appropriate r, the update to the
matrix E is approximately E < E — nET. Since we do not have control over the signs of E
throughout the iterations, the problematic case is when the entries of E' and E roughly match in
signs, which would lead to the entries of E increasing.

Now we consider the decoding to see why ReLLU is important. Ignoring the higher order terms and
regarding 3 = I, we have

2=0¢o (Z+E)'2") m ¢ (T7'2" - B'ES'2%) m ¢o (2" — Ez™). (5)

The problematic term is Ex*. These errors when summed up will be comparable or even larger
than the signals, and the algorithm will fail. However, since the signals are non-negative and most
coordinates with errors only have small values, thresholding with ReLLU properly can remove those
errors while keeping a large fraction of the signals. This leads to large X; ; and small E; ;’s, and
then we can choose an r such that E; ;’s keep decreasing while X; ;’s stay in a certain range.

To get a quantitative bound, we divide E into its positive part E and its negative part E_:

[E]; ; = max{E; ;,0}, [E_]; ; = max{-E; ;,0}. (6)

/L7



The reason to do so is the following: when E; ; is negative, by the Taylor expansion approxima-

tion, [(2 + E)*lx*]i will tend to be more positive and will not be thresholded most of the time.
Therefore, E; ; will turn more positive at next iteration. On the other hand, when E; ; is positive,

[(E + E)_lx*}i will tend to be more negative and zeroed out by the threshold function. Therefore,
E; ; will not be more negative at next iteration. We will show for positive and negative parts of E:
postive 1)« (1—p)positive® +(n)negative® , negative ") «— (1—n)negative® +(en)positive ")

for a small ¢ < 1. Due to €, we can couple the two parts so that a weighted average of them will
decrease, which implies that | E| s is small at the end. This leads to our coupled potential function.?

5.2 Analysis: proof sketch
Here we describe a proof sketch for the simplified case while the complete proof is presented in the
appendix.

One iteration We focus on one update and omit the superscript (¢). Recall the definitions of E, X
and N in (Bl), and E, 3 and N in (B). Our goal is to derive lower and upper bounds for E, 3

and N, assuming that 3; ; falls into some range around 1, while E and N are small. This will allow
doing induction on them.

First, begin with the decoding. Some calculation shows that, the decoding for y = A*z* 4+ v is

T =¢o(Zz"+¢), whereZ = (Z+E) ", ¢ = —ATNZz* + Afu. (7)

Now, we can present our key lemmas bounding E, ENJ, and N.

Lemma 3 (Simplified bound on E, informal). (1) ifZ;; <0, then

E;i| <0 (% (1Zij] + ),
<O (LZi;1) -

(2)if Zi; > 0, then —O (5% + £1Zi ;| + 7=1Z: 4]) < ’Eyv

Note that Z ~ 7! — X7'EX!, s0 Z; ; < 0 corresponds roughly to E; ; > 0. In this case, the

upper bound on |E; ;| is very small and thus |E; ;| decreases, as described in the intuition. What
is most interesting is the case when Z; ; > 0 (roughly E; ; < 0). The upper bound is much
larger, corresponding to the intuition that negative E; ; can contribute a large positive value to E; ;.
Fortunately, the lower bounds are of much smaller absolute value, which allows us to show that
a potential function that couples Case (1) and Case (2) in Lemma B actually decreases; see the
induction below.

Lemma 4 (Simplified bound on %, informal). f]” > Q(X}Zi1 —a)/n.
< O(C,/n).

Lemma 5 (Simplified bound on 1<T adversarial noise, informal). ‘I(TZ j

Induction by iterations We now show how to use the three lemmas to prove the theorem for the
adversarial noise, and that for the unbiased noise is similar.

Let a; = HESf) and by = HE(_t)
three claims by induction on : at the beginning of iteration ¢,

, and choose = ¢/6. We begin with proving the following

1) (1-01=<x®

) HE(t)HS < 1/8,and if t > 0, then a; + Bb; < (1 — %77) (at—1 + Bbi—1) + nh, for some
B € (1,8), and some small value h,

3) IN®|| < ¢/10.
The most interesting part is the second claim. At a high level, by Lemma B, we can show that
3 24 1
agy1 < | 1— 257 ) + Tnbs + nh, biyr < |1 - 35" b, + Too et + nh.

’Note that since intuitively, E; ; gets affected by E; ; after an update, if we have a row which contains
negative entries, it is possible that ||A; — Aj||1 increases. So we cannot simply use max; |A; — Aj|l1 as a
potential function.



Notice that the contribution of b; to a,1 is quite large (due to the larger upper bound in Case (2)
in Lemma B), but the other terms are much nicer, such as the small contribution of a; to by41. This
allows to choose a 3 € (1,8) so that a;11 + Bby11 leads to the desired recurrence in the second
claim. In other words, a;+1 + by is our potential function which decreases at each iteration up
to the level h. The other claims can also be proved by the corresponding lemmas. Then the theorem
follows from the induction claims.

6 More general results

More general weight distributions. Our argument holds under more general assumptions on z*.

Theorem 6 (Adversarial noise). There exists an absolute constant G such that when Assump-
tion (A0)-(A3) and (NI1) are satisfied with | = 1/10, Cy < 2cy, C; < Ge3n, C, <

2 4 2
c5Ge c5Gce (0) cGc 1
{CfM’Can(A*)THm}for 0 <c¢<1, and ||N ||oo < I then there exist a,n,r

such that for every 0 < €,0 < 1 and N = poly(n,m, 1/e,1/0), with probability at least 1 — ¢ the

following holds.

After T = O (ln %) iterations, Algorithm U outputs a solution A = A*(X + E) + N where ¥ =

(1 — 0)Xis diagonal, |E||; < €+ ¢/2 is off-diagonal, and |N||; < ¢/2.

Theorem 7 (Unbiased noise). If Assumption (A0)-(A3) and (N2) are satisfied with C, =

3 {czg\ﬁi*)TH 7 and the other parameters set as in Theorem B, then the same guarantee
1 max{m,n

holds.

The conditions on C1, ¢z, Cy intuitively mean that each feature needs to appear with reasonable
probability. Cs < 2c¢o means that their proportions are reasonably balanced. This may be a mild
restriction for some applications, and additionally we propose a pre-processing step that can relax
this in the next subsection. The conditions allow a rather general family of distributions, so we point
out an important special case to provide a more concrete sense of the parameters. For example,
for the uniform independent distribution considered in the simplified case, we can actually allow
s to be much larger than a constant; our algorithm just requires s < Gn for a fixed constant G.
So it works for uniform sparse distributions even when the sparsity is linear, which is an order of
magnitude larger than in the dictionary learning regime. Furthermore, the distributions of x can
be very different, since we only require C5 = O(c3n). Moreover, all these can be handled without
specific structural assumptions on A*.

More general proportions. A mild restriction in Theorem B and @ is that Co < 2co, that is,
max; e E[(x})?] < 2min,ep,) E[(2])?]. To satisfy this, we propose a preprocessing algorithm for
balancing E[(z})?]. The idea is quite simple: instead of solving Y ~ A*X, we could also solve
Y ~ [A*D][(D)~!X] for a positive diagonal matrix D, where E[(z})?]/D?, is with in a factor of
2 from each other. We show in the appendix that this can be done under ass{lmptions as the above
theorems, and additionally 3 =< (1 4 ¢)I and E(© > entry-wise. After balancing, one can use
Algorithm @ on the new ground-truth matrix [A*D] to get the final result.

7 Conclusion

A natural algorithm with alternating updates is proposed for non-negative matrix factorization and
theoretical guarantees are provided. The algorithm provably recovers a feature matrix close to the
ground-truth and is robust to noise. Our analysis provides insights on the effect of the ReLLU units
in the presence of the non-negativity constraints, and the resulting interesting dynamics of the con-
vergence.
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A Preliminary

Given a matrix Y € R™*"  the goal of non-negative matrix factorization (NMF) is to find a matrix

A € R™*™ and a non-negative matrix X € R™*" so that Y ~ AX. The columns of Y are called
data points, those of A are features, and those of X are weights.

The notation [M]; denotes the j-th column of M, [M]’ denotes the i-th row of M, and M, ; denotes
the element of M at the ¢-th row and j-th column. Furthermore, let M| = denote the positive part
of the matrix, and let M_ denote the absolute value of the negative part of the matrix:
M;, ifM;,>0
M i = ,J ] =
(M- ]i {0 it M, j <0,
0 if M; ; >0,
ML =S 1 M
M, ;| if M, ; <0.

For analysis, the following norms of the matrices are needed.

Definition (/; norm of a matrix (induced column norm)). The (induced) /; norm of a matrix E €
Rn)(n is

€ln

IElly = max 3 > [Ej
P

Definition (/. norm of a matrix (induced row norm)). The (induced) /., norm of a matrix E €
]Rnxn lS

n
Bl = max ¢ > |E |
1€[n] =

These two norms are related, and they enjoy the sub-multipicity property of the induced norm.
Property 8 (dual norm). For a matrix E € R™"*",

El =B lo-

Note that unlike I norm, it is possible that [|E||; # |ET||1 or |E|lec # |ET ||sc-
Property 9 (induced norm of a matrix). Let Eq, Es € R™*"™ be two matrices, then
[E1Es[ly < By [[1]|Bzl]1,
[B1E2[lo0 < [[E1[loo [[E2]|oo-

The following two kinds of norms are also useful for the analysis.
Definition (symmetrized norm of a matrix). The symmetrized norm of a matrix E € R"*" is

B[l = max([[E]]1, [[El|oo)-

Note that || E||, is a norm since it’s the maximum of two norms.
Definition (max norm). The max norm of a matrix E € R™*"™ is
IE]l

max = max [Eq 51
,

For the function ¢, used in our decoding algorithm, we frequently use the following properties in
the analysis.

Property 10 (ReLU). ¢,(z) = max (0, z — «) is non-decreasing. It is 1-Lipschitz, i.e.,

|pa(21) — Pal(22)] < |21 — 22| 3
It satisfies
Pa(z) = 2 — a, ©)
Pa(2) < |z —al. (10)
Furthermore, if o > 0,
Pa(2) < 2] (11)
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B Proofs for main algorithm: Purification

Since NMF is NP-hard in the worst case, some assumptions are needed to make it tractable. In this
paper, we consider a generative model for the data point y = A*x* 4+ v, where A* is the ground-
truth feature matrix, z* is the ground-truth non-negative weight from some unknown distribution,
and v is the noise. Our focus is to recover A* given access to the data distribution, assuming the
following hold for parameters C, co, Cs, £, C,, that will be determined in our theorems.

(A1) The columns of A* are linearly independent.

(A2) Foralli € [n], z} € [0,1], E[z}] < €t and 2 < E[(z})%] < £2, and 2} ’s are independent.

(A3) The initialization A(®) = A*(Z(© + E©) + N©), where £(? is diagonal, E(©) is off-
diagonal, and

</

S

2O = (1oL HE<°>

‘We consider two noise models.

(N1) Adversarial noise: only assume that max; |v;| < C,, almost surely.
(N2) Unbiased noise: max; |v;| < C,, almost surely, and E[v|z*] = 0.

Algorithm 1 Purification

Input: initialization A(O), threshold «, step size 7, scaling factor 7, sample size N, iterations T’
1: fort=0,1,2,....,T —1do
2:  Draw examples y;,...,yn.
3:  (Decode) Compute AT, the pseudo-inverse of A() with minimum ||(A)f|| .
Set x = ¢ (Aty) for each example y. /¢, is ReLU activation; see (B) for the
definition
4:  (Update) Update the feature matrix
A = (1= ) A® 4+ i [(y — y/)(z — o) ]
where E is over independent uniform y, 3’ from {y1,...,yn}, and z, 2’ are their decodings.
Output: A = AT

Our main algorithm is presented in Algorithm [. It keeps a working feature matrix and operates in
iterations. In each iteration, it first compute the weights for IV examples (decoding), and then use
the computed weights to update the feature matrix (updating).

The decoding is simply multiplying the example by the pseudo-inverse of the current feature matrix
and then passing it through a one-sided threshold function ¢,. The pseudo-inverse with minimum
infinity norm is used so as to maximize the robustness to noise (see the theorems). The one-sided
threshold function operates element-wisely on the input vector v, and for an element v;, it is defined
as

¢o(v;) = max {v; — a, 0} .
This is just the rectified linear unit (ReLU) with offset a. To get some sense about the decoding,

suppose the current feature matrix is the ground-truth. Then Aty = ATA*z* + Aty = 2* + Afw.
So we would like to use a small AT and use threshold to remove the noise term.

In the encoding step, the algorithm move the feature matrix along the direction
E[(y —y)(x—4a')T]. Suppose we have independent z}’s, perfect decoding and no noise,

then E [(y — y/)(# —a’) "] = A*, and thus it is moving towards the ground-truth. Without those
ideal conditions, we need to choose a proper step size, which is tune by the parameters 7 and 7.

At the end, the algorithm simply outputs the scaled features with unit norm. The output enjoys the
following guarantee in the adversarial noise model.

B.1 Analysis of one update step

In this subsection, we focus on one update step, bounding the changes of 33, E; N and some auxiliary
variables, and then in the next subsection we put things together to prove the theorem. So through

12



out this subsection we will focus on a particular iteration ¢ and omit the superscript (¢), while in the
next subsection we will put back the superscript.

For analysis, denote AW g5
A=A"E+E)+N

where 3 is a diagonal matrix, E is an off-diagonal matrix, and N is the component of A that lies
outside the span of A* (e.g., the noise caused by the noise in the sample).

Recall the following notations:

Z=(Z+E),
o0
V=z-2"'=%") (-Ex" ")
¢ =—-ATNZz* + At

Consider the update term & [((y —y')(x — )] and denote it as
A=E (y—y)(x—2)T] = A*(Z+E)+N

where 3 is a diagonal matrix, Eisan off-diagonal matrix, and N is the component of A that lies
outside the span of A*.

Since we now use empirical average, we will have sampling noise. Denote it as
N, =E[(y —y) (@ —2")T] = El(y —y') & —2)"].
Then by definition, for y = A*z* + v and ' = A*(2')* 4+ v/, we have

El(y ~y)(x— )] =Elly ~ )z — )]+ N,
= A" E [~ ())&~ )| +E[(v =)~ 2)T] + N,

S+E N

Our goal is then bounding f), E, N in terms of 3, E,N. Before doing so, we present a lemma for
the decoding.

Lemma 11 (Main: Decoding). Let m > n be two positive integers. Let A € R™*"™ be a matrix
such that A = A*(X 4+ E) + N where A* is full rank, X is a diagonal matrix such that X > %I

and |E||1 < &. Then for y = A*x* + v, the decoding is
T = ¢ (Za* +§)
“6u (57 V)a 1)

Proof of Lemma . Since A = A*(X + E) + N, we have
A*=(A-N)(Z+E)!
=(A-N)(Z+E) 2" +v.
Plugging into the decoding we get the first statement.

Observing that ¥ + E = (I+ EX )X and |[EX !y < |7 1||El1 < 2||E|1 < 1, we have
(X4 E)™! = (27! + V), resulting in the second statement. O

Lemma 12 (Mam Bound on X). Suppose |&] < p < a for any example and every i € [n], and
suppose X = I Then for any i € [n],

20,
i > E {(xf)ﬂ (QEi_,il -2 ‘Vz',i‘) T (Oé +2p+ 721 i

)

A

i <E {(xz*)ﬂ (22;,2'1 +2[Vii

)




Proof of Lemma 2. According to the definition, we have
ii,i = [(A*)T]E[(y - y/)(aj - m/)TH i

= E[(2] — (2))")(wi — 27)]

= E[(z] — (27)")a] + B [((27)" — 27)af].
Since (z} — (z})*)z; and ((z})* — x7)x} has the same distribution, and (z')*, z* are i.i.d. , we have

i = 2E [(] — (2))")as]
= 2E[z]x;] — 2E[z]]|E[x;].
So it suffices to bound E[z}x;] and E[z;]. To do so, we first take a look at z;. By the decoding rule,
i =[6a (BT + V) 2" +g)];.

Since ¢, is 1-Lipschitz, denoting A = |[Vz*], + ;| we have

[ba (B7'2")], = A <2 < [¢a (Z712%)], + A (12)
For [¢q (E’lx*)]i by the Property [ of ¢, (2),
S0l —a < (¢ (B72)], = ¢a (B 2]) < 27 2] (13)

For A = |[Vz*], + §i|,

E[A]<E Zvi,ﬂ; + E [|&]]
J

=> Vi |E 23] +p
J

S
n

where the second step follows from the assumption |¢;| < p, and the last step follows from Assump-
tion (A2).

Bounding E[z;]. By (I2),(3), and (Id), we have

(14)

Elz;] <E[Z; /2] + E[A] < 2 P+ H

Bounding E[z}z;]. First, note that

Elz;Al <E |2} Y Vijzi|| +E[z] |&]]

" . pCi
< E Z; Za)‘j |Vi,j + T
j
pC1
=Y E[afef] [Vig| + =+
, n
j
o2 PC1
=E|(z7) |V“|—|—ZE |V,J|+
i i Jig#i
[/ 2] Ct pCi
<E (%)2 |V”|—|——Z\V”|+ n
i i JijFi
M an2] C2 Pcl
<E @] Vil + [V ++22,
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where the second and the fifth steps follow from Assumption (A2). Therefore,

Elz;z] > E [z} (37, Jaf —a—A)] (15)
C C?
> 58 (@] - 2D g (@] vid - S| (16)
Putting together. For the first statement,
% = 2E[z}z;] — 2E[z}]E[x;]
C 2
S [(xﬂ 2O o (0] (vl — 252 V)
2 1Y H - 2,)701
2C
>E [(w?) | =z} —2\Vm')—f ( +20+ et 4 2 vy )
The second statement follows from
¥ < 2E[2}2y] < 2E[a} (57} a] + A)]
and the bound on E[z}A]. O

Lemma 13 (Main: Bound on E). Suppose |&;| < p < « for any example and every i € [n]. Then
foralli,j € [n] such that i # j, the following holds.

(1) IfZ;; < 0, then

ACE|Z'x
et e LT/
TLQ(Oé ) (| J‘ + p)

‘Em‘

(2)Iwa > 0, then

~ 8Cip  (CiZ||x
n(a — p) n

+Zi,j> ClZ < By 8C1p (01||Z|1

(o= p) " +Zi7j)+2E[($§) 1Z; ;.

Proof of Lemma 3. Since i # j, we know that
E;; E[( 5= (@) ) (@i — )]
E [2] ( — )] + E [(})" (] — )]

where the last equality follows from that 2% (z; — 7) and (z ) (2} — x;) has the same distribution.
This quantity can be bounded by a coupling between x; and z;. Define a new variable Z* as

. o, ifi# g,
@ = { ?

(z), ifi=j.

By Assumption (A2), conditional on x;f, Z* has the same distribution as (2’)*. Therefore, consider
the variable 7 given by ¥ = ¢, (AT(A*F* + 1)), we then have

In summary, we have

Ej’i = 2E[:L‘;k (331 — .’Z‘Z)}
where
z; = [po (Za* +€)];, € =—-ATNZz* + ATy,
P = {qba (Zz +§)} £ = —AINZ# + AT/
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Introduce the notation
w = Zz,zxf + Z ZiJl‘zk.
I#i,j
We have

i = ¢ (w+ Zi jx} + &),
T = Qg (w + Zivj(LE;')* + 5}) .

(1) Since Z; ; < 0, 1&;] < p, and |§~z| < p, we know that when w < a — p, ; = Z; = 0. Then

E [z} (x; — ;)] = Prlw > a — p] E [2} (z; — Z)|lw > a — p] . (17)

By Property I, ¢,, (-) is 1-Lipschitz, so
& — &

i — | <1251 |25 — ()

+

b

which implies that

& —&

|E (25 (2 — Ti)|w > o — pl]| <E x5 |2 |x;‘ - (x;)*| + ]

w > o — p}
< 1Z; j| max { x; — (2})"
< |2 j| max {|2} — (2)"[} E [2}] + 2K [27]
< 2 [15] (1201 + )

2C
<= (1Zigl + ). (18)

Now consider Pr[w > «a — p|. Since

* * Cl 7
Elw| < |Zii|Blz]]+ ) |Zig| Blz}] < —M1Z°s,
4,
we have that
>a-—pl < E |w] < Cil|Z||x
a—p = nla—p)

Combining (C2)(IR) and (I9) together completes the proof for the case when Z; ; < 0.

Pr[w

19)

(2) Now consider the case when Z; ; > 0. Again, we have
T = ¢o (0 + Zi jx} + &),
71 = 6o (0 + Zis(a))" + &)
For the analysis, introduce a variable
U = Pa (w +Z; 7] + é:z> :
If (z})* > x7, by Property 0 ¢, (-) is 1-Lipschitz, so
i‘i S ﬂi + Zi,j ((.13;)* — .Z‘;) .
If (2),)* < a7, by Property I ¢,,(-) is non-decreasing, then
T; < Uy
In any case,

.fi < ’&;1 + Zw(x;)*

16
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Therefore,

02
Z ]E [33;((331 — ﬁl)] — n—;Zm-.

So we only need to consider E [a:;‘(a:, — dz)] Let G denote the event that x; # 0 or @; # 0. Then
by conditioning on z;, we have

and

E {x, — Uy x*] =Pr {G

By Property I ¢ (+) is 1-Lipschitz, so

Now consider Pr {G xﬂ ‘We have
B |+ 2oy o5 | < & |l o5 + 22,

Ci i
< Sz, + 2.,

where the first step follows from 27 < 1 and the second step follows from the conditional indepen-
dence in Assumption (A2). Then by Markov’s inequality,

1 Cl 4 ..
< <n||z I, +zm) .

* 1 ¢ g
5| (S + 2

i) < 75 (2l 7).

Pr {ml #0

x;‘] < Pr [{w—}— Ziijﬂ >a—p

A similar argument leads to that

IN

Pr [aﬁéo

and thus

Pr [G

Putting things together,

i 5 4 Ch||Z .
|E [} (z; — w:)]| < - fp <1n||1 + Zm‘) E [27]

4Cip  (CilZM 7
~ nla—p) n “ e

This completes the proof for the lower bound.

Similarly, for the upper bound, introduce
Ui = do (W + Zij ()" + &)
Then in any case,

vy <+ Zi
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and thus
E I:x;k(xz - 5%)] <E [Sﬂ;(uz - 5%)] +E [(x;)ﬂ Z;.
The same argument as above shows that
. . ACip  (ClIZ'
’]E [xj (u; — xz)” < o= p) ( - +Z;; ).

This completes the whole proof. O

Lemma 14 (Main: Bound on N). Suppose |IE|, <6 X = (1—-0Land || <p <o
(1) If the noise is correlated (Assumption (N1)), then

~ 4C,C4

N, | <

‘ T (1= 20)2n(a — p)

+ [[N]i

(2) If the noise is unbiased (Assumption (N2)) and || ATv| s < p’ < a, then

< 2G10,p'(1+ | ATN| ) N,
=T (1 20n(a—p) s

‘Nm‘

Proof of Lemma [[d. (1) By the update rule,
N = 2E[v(z — 2')T] + N,.
Under Assumption (N1), we have that for every i € [n],j € [n],
N

= [2E[v;(x; — )] + [N ]
< 4C E[z;] + |[Nyls ]
=4CE o ([Z27]; + &)] + |[No]i 4.
since |v;| is bounded by C,,.
Now focus on the term E [¢,, ([Zz*]; + £;)]. We have
22151 < [Zlolla” oo < 2o < 5

by the fact that ||2*||cc < 1 in Assumption (A2), and the assumptions of the lemma on X and E.
Then when [Zz*]; + & > a,

1
bo ([Z27]; + &) < [Za"]j + & —a< —— +p—a

< _
1-2¢ - 1-20
and thus
* 1 *
Ef¢a ([Z27]; + &) < 77—, PrilZa’]; + & 2 o}
1
< - el > —
< = Pr{l[Za"];| = a - p}
1 E|[Zz"];)|
T 1-20 a—p
1 2l 1y
T 1-2la—p [xj}
C1

= T =202n(a—p)

*

} in Assumption (A2). Therefore,

J
4C,C,
(1 —=26)2n(e = p)

where the last step uses the bound on E [a:

IN; ;| < + |[NGi -

18



(2) When the noise is unbiased, we have E[v|z*] = 0. Then E[v;2] = 0, and

‘Nm‘

= [2E[vi(z; — )] + [Nuli | < 2[Eliz;]] + |[NuJi sl (20)

Consider the first term for a fixed z*, i.e., consider the conditional expectation E[v;z; | *]. For
notational simplicity, let Z = (Z — A'NZ) and ¢ = Afv. Then

Elviz; | o] = Evida ([Z2"]; + &) | 2] = E [viga ([Za"); + &) | 2]
We consider the following two cases about [Zz*] j-
(a) If [Zx*]j < a-—p,then ¢, ([Zx*]] + éj) = 0 always holds, which implies that
Elviz; | o)) = E [viga (Za"]; + &) | 2*] = 0.
(b) If [Zz*]; > o — p/, then
bo (1Z27); +&5) < 0a (1207 +#) < [Za")j + 0 — o
On the other side, by Property [,
bo ([Zx*]j + éj) > [Za*); + & —a > [Za*]; — p — o
Putting together, we conclude that
vl(Za’); = o) ~ lvipl| < vid ([Za']; + &) < vilZa']; — ) + v
Note that E[VZ([ZIE*]] —a)l|z*] =0, so

Elvsz; | 2] = |E [nida (Za"]; + &) | a*]| < Ellwselo*] < Cup.

Putting case (a) and case (b) together, we have

|E[viz; | 2¥]| < Cl,p'Pr{[Zx*]j >« —p’} < Cl,p’Pr{‘[Zx*]j > a—p'}.
By definition of Z and the assumptions of the lemma on 3 and E,
5 . . . 1+ |AN|» .
Za);| < (14 ANl ) [Z0)] < (04 AN 2], 25 < 2Tl )
Then
N E‘[ch*]j\ C1(1+ ||ATN| o)
pef| ey > sp < T < QLAY
B ey S T S U n(a - )
The lemma then follows from (E0) and (). O

There are three terms Z, V and £ in the above lemmas that need to be bounded. Since Z =V + -1,
we only need to bound V and ¢ in the following two lemmas, respectively.

Lemma 15 (Bound on V). Suppose ||E|, < {. and ¥ = (1 — {)I. Then

(1) ||V+||s S (1 _ g)l(l_gege _ Z) ||E*Hs + (1 _ £)2(f ée _ g) ||E+Hs’
@ V-l £ g —g 1Bl + T =g 1B
Le(1—4,)

1—021—t.—0)
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Proof of Lemma 3. Denote T = X717 (~EX~1)*, 5o that
V=-X'EX'+T.
The following bound on ||T||; will be useful.

1T, < (=71, D @®sH,
k=2

_ = —_1nk
<=7, 2 lERT
k=2

12

Y X1y

- [[EX

1 IEl,

< e X £ X p——
< 14

T (-02(1—¢.—-10)

<|="

IE,- (22)

(1) We need to show the bound for both ||V ||; and ||V || . By definition of V, for any ¢,
Vi, = H [k o) S T}+H1.

Since for any A and B,
A+ Bl < [[[AJ+]ly + [I[Bl4lly, and [[[A] 4[], < A,

we have
IVl < ||-=71B= ||+ I,
1
< —||E_ T, . 2
By (22),
IT], < ! IE], < ! (B[], + B ]l,)
L= a=020—te—0)" M= =020 —t.—0) " i
Combined with (23), it implies
1-—4, V4
. < E_ E .
||[V+]7,H1 — || ||1+ (1—8)2(1—66—8) || +H1

- 021 L —0)
Similarly, we have
v

L < 1- ()2(1 y _£> ”E_”oo + (1 P01, - ﬁ) ||E_~_||Oo

Putting things together we have
1-2, l

Vil < (1—0)(1—¢,—0) [E-l + (1—02(1 -0, —0)

||E+Hs

(2) The argument for ||V _|| is similar to that for ||V ||,.
(3) We need to show the bound for both || V||, and || V]| ...
VIl < [|-=7"Ex7[, + T,
< le n 14
-t a-ora-e-9
< le . o,
(R R Gyl pyy
le(1—2.)
=02 =t —0)

1Bl
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where the second step is by (22).

. L,(1—¢, L. (1—¢,
S]mllar]y, ||VH00 S W, SO HVHS S W
(4) Now consider V ;. By definition of T.

Vii=[-ST'EX7'],  + T,

Note that since E; ; = 0, [-X1EX ] ; = 0. Then

i

Vil = T4l
<7l
4
<
= (1 7 6)2(1 - ge 7 é) ||E||1
e,

<
T (1-02(1—-4.—10)
where the third step is by (Z2). This completes the proof.
Lemma 16 (Bound on &). Suppose ||E||, < ¢ < 1/8 and 3 = (1 — £)L Then for any i € [n],

1
&l < 7= 757 AT NIl + G [ AT

If furthermore, N||OOH(A*)TH < 1/8, then

AT, <2|anf|
v < 3|[(AM)| . (N[l + C) -

Proof of Lemma [[A. First, we have

l€loe < [[ATNZa"[| , + [[ATv]| < [AT] NI IZ] ol oo + AT 1

Note that ||z*[|, < 1 and ||v|, < C,. Furthermore,
1

Z < —-.
12l < =

The first statement follows from combining these terms.
Now consider the second statement. We apply Lemma [A. Since
(= [ES +(A)INE
< [IES™ oo + [[(A") N o0

1 N _
<z +lia ) lloe X INJloo X 87|
2
< =
-7
Lemma 2 implies that
||2_1||OO * *
1A < T A ) oo < 20(A) .

Then ~ is bounded by

1
_ f t
3= s AT INI + G AT

< =5 % (2IAY ) X INJl + G, x (201(A") )

1
<3[|(A] . (IN[[, +C.).
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The following is the lemma about the norm of the pseudo-inverse, which is used in Lemma [8.
Lemma 17 (Pseudo-inverse). Let A*, N € R™*" be two matrices with m > n. Let (A*)1 be one
pseudo-inverse of A* such that (A*)TA* = 1. Let A = A*(Z + E) + N be another matrix, with
X being diagonal and

(= |EZ™!+ (A")INZ | .
satisfies ( < 1. Then there exists a pseudo-inverse AT of A such that ATA =1 and

oo .
At < Bl ianyr

Proof of Lemma I[4. Consider the matrix
AT = (Z+E+ (A")IN)"H (AN
Then by definition,
ATA = (Z+E+ A)'N)"H AT (A*(Z +E)+ N)

= (Z+E+(AY)'N)"YZ+E+ (A")N)

=1
What remains is to bound || Af||,. We have

1A o < (S +E + (A")N) o[ (A") e

By Taylor expansion rule, the first term on the right-hand side is

(B+E+(A)N)" = (I+ES "+ (A%)INE ) %)~

— S (I+EX! 4+ (A%)INZ )™
=Y m (B! - (A")INZ)
=0

where we use the assumption that [EX~! + (A*)INX |, = ¢ < 1. Therefore,

1= oo

I(S+E+ (AN o <57 o ) ¢ = ¢

i=0
B.2 Putting things together

We are now ready to prove our main theorems.
Theorem 6 (Adversarial noise). There exists an absolute constant G such that when Assump-
tion (A0)-(A3) and (NI) are satisfied with | = 1/10, Cy < 2co, C; < Gc3n, C, <

2 4 2
c5Ge cyGc (0) cGc 1
Cfm’can(A*)THm}for 0<c¢c<1, and ||N ||OO < AT then there exist a,n,r

such that for every 0 < €,0 < 1 and N = poly(n,m,1/e, 1/0), with probability at least 1 — ¢ the
following holds.

After T = O (In 1) iterations, Algorithm I outputs a solution A = A*(% + E) + N where 3 =
(1 — 0)1is diagonal, |E||; < €+ ¢/2 is off-diagonal, and |N||; < ¢/2.

Proof of Theorem B. We consider the following set of parameters

Co n Y4
o = r = — = —.
8001’ Cg’n

6

Furthermore, set p = Bl% for a sufficiently small absolute constant By. Since Cy > nE[z}] >
nE[(x)?] > ca, this is small enough so that

< min g CoX Cox CCox
p= 2’ 2048C7 ' 8000 x 100C7’ 48000C7
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which will be used in the proof. The proof also needs C? < Bjcon, C3 < Bacin for sufficiently
small absolute constants By and Bs. Since C; > co, we only need C’f < gcgn. Similarly, we need
a—plee  (a—pe (a — p)ezp p }

mCy " nCy[(A)| " nCL[(A%) T[] " [1(A%) [lo
for a sufficiently small absolute constant B;. This can be satisfied by setting G small enough in the
theorem assumption.

C, < B min{c(

After setting the parameters needed, we now prove the theorem. We prove it by proving the follow-
ing three claims by induction on ¢: at the beginning of iteration ¢,

M 1-01=30,
@ [[E®| < § andift >0

+8|EY|. )+

=2

< (1- ) (imi-

for 8 = \/842+22800784 e (1,8),

@) [ND| < greatyr— and [0 ]l < p.

Claim (1) and (2) are clearly true at ¢ = 0 by the assumption on initialization. The first part of Claim

(3) is true because of the assumption that ||N(0) ||OO < W and that u = Cy /¢y > 1. Then

the second part follows from Lemma 6.

Now we assume they are true up to ¢, and show them for ¢ 4 1.

(1) First consider the diagonal terms. Combining Lemma [ and Lemma 3, we have

26, [V(t)] '
n

=02 E @] (2 -2 vl

2C4 &)

2252(“‘@?1—&2)‘27?( e *Clll—ﬁQ?u—afl—w)'
=22 (0~ ) o (ot saa)
> — g;

The first inequality uses p < «/2 and the last inequality is due to a < oo, and C? < %

Therefore,
25’52“) (1— )E(t) +77r§3§f2 > (1- 77)25? - g

+1)

Assume for contradiction E( < 1 — £. Then by the above inequality,

T )

which implies Z}E 2 <1 — £+ 2n. In this case, by Lemma [ and Lemma 3,

= 2C, Ch 2C ¢
=0 2 E[@)] (238 -2 |V )—n< +20+ @D+ [V >
1
2¢o 1 2 2C, Cy
> 2= _ _
~n <1—€+2n (1—26)(1—6)2> n (2a+n(1—€)(1—2€))
S 2
n
Then

S = (1 = 40 = (1 S0 4 > B,

i1
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which is a contradiction. Therefore, (1 — ¢)I < »(®),

(2) Now consider the off-diagonal terms. We shall split them into the positive part and the negative
part. By the update rule, for any ¢ € [n],
=)

[l = o=l [0

7 — (g(t) + E(t))*l - (E(t))*l +V®,

i 1

Recall the notations

v® = (g(t))fl (fE(t)(g(t))fl)k
k=1
By Lemma [3, we have
B, < 2 s (20, (221, |+
1l — n?(a — 1 “ iy
J#i
T1
S ot (ST, =, )
oy nla—p) \ n 1 i
T2
+> 2B [2¢)] |-
J# "
T3
First, by Lemma [,
i —1 i 1
() < (®) (t) < -
7] <[] el s e
Now consider ng and Z". We have
() ) ) (t)
Z [Z_ L] = H[V_ L 1 Z {Z"' :|ZJ = H[V"' L 1
JijFi JigFi
Therefore,
2
T1 < 8Ct H[ (t} 8Cip ’
n?(a — 1 nla—p)
T2 < 16C7p 8C1P H[ (t)} ’
n(a—p) nf 1
2
T3 < &H vl
il
and thus we have
~ 2C 8C1ip ¢ 24C%p
E! <7H VOl |+ (22 22 [ [vY _24Cip
H[+L1_n2a— [ ] 1+ n +n(afp) [ +L1 n(a — p)
Similarly, for any ¢ € [n],
o], sl (222 e -2
T T n2(a—p) 1 n n(a —p) L n(a—p)
Putting the two together, we have
~ 2C 8C 24C%
B0, Ay vl (B2 0 20 e o 2 oo
s n(a— n nla—p) n(a — p)
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By Lemma IS and ¢ < %, we have:

So (Z4) becomes

e

o] <32 HE(t HE
HV+ s 210 147
=5 0 o [
HV7 s E 147 E
2
< 64C, n 256C1 p 256C1 HESf)
147n  4n(a—p) 2In%2(a—p

256C1 p 256C2

(6402
+ +

2In  2In(a—p) 14Mm2(a—p

;) e

Now consider the negative part. The same argument as above leads to
256C" p 256C%

|E

- (64012

147n2 = 147n(a — p)

256C p 25602

E(t)
+ 21n2(0z—p)> H *

(64012
+ -

21n?2  21n(a — p)

E(t)
+ 147n2(a—p)> H -

S

Note the difference between (Z8) and (Z7): C2 in the former is replaced by
much smaller. This is crucial for our proof, which will be clear below.

For simplicity, we introduce the following notations:

Q¢ 1= HE(j)

Then by the update rule, we have

Plugging in (ZH)and since r =

a1 < (1 —=n)ar +n

b1 < (L—=mbe+n

Ag4+1 S (1 — ’I’})(lt + nr

bt+1 S (1 — ’I])bt —|— nr Hﬁ(j) B

o
S

Oy

C >

)

bt = HE(j)

o< 27 we have

256C%

64C,  256Chp
147n  14n(a — p)

256C, p 2562

21n2(a—p

n (64Cs
oy \ 21n

)
S

Oy

21n(

64C?2 256C p

a—p)  147n%(«

(

147n2  147n(a — p)

256C1 p 25602

n (64CF
e, \ 21n2

2In(a—p)  14™Tn?(«

512Cp 51202 1
When <1 5 and Ton(a=p) < i1

Ca(a—p)

Similarly, when

at+1 < (L —n)ar + @Wt + @Ubt + 48Ctp
147 21 Co(a— p)
(1 - &W) ar + %Ubt + 7704(8512pp)
51(2(101;;) <1 5 and % < L 11» and furthermore, 2,8212 <
b1 < (1—mn)b + 10077at + 25"7bt + Cj(gacl_pp)
2
< (1 - % >bt+ 100?7@#?704?51_[)0)

25

(25)
2UCE g
n(a —p)
%. (27)
n(a —p)

1n the latter, which is

Ja

L ) b +1 n _2ACTp
—p) "Cyna—p)
N 25602 ) .
21n2%(a — p)
2n 24C%p
)) CT G =)



48C7p

Calaspy® Ve then have:

Let h =

3
at41 < <1 - 2577> a; + by + nh,

24 1
b <|{1——=m]|b —_— h.
i1 < < 2577) ¢ + Too"% +n

Now set 3 = 7”42“2800’84, so that

3 24 B
b <|1—-— b h - — — h
a1 + By < ( 2577> a; + by + nh + (5 25775> + 10077‘1t +np

3
= (1 55" + 1€()77> (at + Bb) +n(1 + B)h

1
(1 - 25’7) (at + Bbt) + 9Inh,

where the last inequality follows from that 3 < 8.

Note that the recurrence is true up to ¢ 4+ 1. Using Lemma 9 to solve this recurrence, we obtain
1 1
a; + by < ag + by + 250h < T0+250h§ g

4000C2p 1
when Cala ) < 159 Moreover, we know that

1 t
HE(tH) < apyr + Bbiyr < (1 - 77) +250h.

25

(3) Finally, consider the noise term. Set the sample size N to be large enough, so that by Lemma [4,
we have
4C,C4
(1-2x0)>2n(a—p)
8C,C4
<
na—p)

~T (T
[N < + | N,

(a—pea
t+1)‘ 8TLO Cl 1
B ~ 8[(A)T|

Then by the update rule, we have ’N(H_l)’ < 8GCL Thep

HN(tH)H < nmax ‘N

o0
where the last inequality is due to

(a—p)e
C, < —ifr i
64nCy [|(A*)T]|

On the other hand, by Lemma [, we have

1€ Voo < BIAN) Nl (INFV|oe + Co)
8nC,C
<A () <o
(@ —p)ea
where the last inequality is due to

(a —p)eap
C,<————,andC, < ————
48nC1 [|(A*)T|oo GH(A*)TIIOO
We also have (which will be useful in proving the final bound)

[N < max | N “1)’ smCy Cl <5
1 i,J -
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where the last inequality is due to
C, < cla—p)ea
- 80mC;
Now, we shall prove the theorem statements. Recall that solving the recurrence about a, and b, leads

to ‘

Since the setting of p makes sure h = O(c), when t = O (In 1), we have the second statement
’ E| <e+ <. Note that
S

1 t
' < app1 + Pbiy1 < (1 — 257]) + 250h.

A*S=A - A*E-N

and = n
H{A*E} =3 Al =1, HA*EH - HEH ’
i ! !
so we have
2> A, — HEH - HﬁH
1 1
>1l—€e—c.
Similarly,

Zio < 14l -+ [B], + |
<l4+e+ec

Then the final statement of the theorem follows by replacing ¢ with ¢/4. This completes the proof.
O

Theorem 7 (Unbiased noise). If Assumption (A0)-(A3) and (N2) are satisfied with C, =
ng\/a

Ch max{m,n” (At ||oo

holds.

7 and the other parameters set as in Theorem B, then the same guarantee

Proof. The proof is similar to that of Theorem B, except using the second bound for unbiased noise
in Lemma [4. We highlight the different part, that is, the induction on the noise term.

In the induction, by Lemma I4 we have when NN is large enough,
20,C,p/ (1 + | ATNG)|) | 3C1Cup (1 + |ATN®)|)
(1—20)n(a—9) n(a— ) '

By Lemma @8 and the induction, we have | ATN®) ||, < 1/4. Furthermore, p’ < C,||Af|s <
20, ||(A*)T||o and the parameter setting makes sure p’ < a/2. Then

16C2C || (AT,

S

N
e

N(t)} 1<
,]

)

‘N@. <
ij| = no
Then by the update rule, we have
vy < 22l
- Colx
and
32nC2Cy || (A)T| 1
HN(t+1)H S v S.S) S " (28)
Co0x 8(A*)T]
by the definition of «, and C,, < 256 01 m This completes the induction for the noise.
Also, in proving the final bounds, we have
2 *
HN(H”H i CIH A TH (29)
1 Cotx - 10
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by the definition of «, and

o, < @ vn cvee
Y= 320 C1 max {m, n|(A*)T]| .} ~ 320 C1 \/m]|[(A¥)

Ml

where the last inequality can be shown by consider the two cases when H(A*)THOQ < m/n and
| (AT HOO > m/n. The rest of the proof is the same as in Theorem B. O

C Results for general proportions: Equilibration

Algorithm 2 ColumnUpdate

Input: A matrix A, a threshold value «, a step size 7, ratios {r; : j € [n]}, iteration number T’, a
subset S C [n], sample size N

1: Set A = A
2: fort =0—T1T —1do
3:

Vie S, [AtTD]; = [(1 —n) AW ik [(y — ) (@ - x’)TH . (30)

(2

Output: A = A7)

Algorithm 3 Rescale

Input: A matrix A, a threshold value «, a step size 1), ratios {r; : j € [n]}, iteration number T, and
aset S C[n],ee (0,1).
1: Let A = ColumnUpdate(A, o, n, {r;};,T,S,N)
2: fori € Sdo
3: Set [A]z = [A}z
Output: A

Algorithm 4 Equilibration

Input: A, a,n,T,ande € (0,1), \, N
1: S+ 0,D<«+1I
2: while |S| < ndo

3 my; + E[2?) for j ¢ S using N examples

4:  while max;ggm; < X do

5: A Rescale(A, a,n,{3/(5m;) : j € [n]},T,S,¢,N)

6: A(‘(l*ﬁ))\,Dﬁj(‘DjJ/(l*E)

7: mj + (1 — €)?m; for j € S, and m; < E[2?] for j & S using N examples
8: S+ SU{j:m; >}
Output: A

When the feature have various proportions (i.e., E[(z})?] varies for different i), we propose Al-
gorithm B for balancing them. The idea is quite simple: instead of solving Y ~ A*X, we
could also solve Y ~ [A*D][(D)!X] for a positive diagonal matrix D. Our goal is to find
A = A*D(X + E) + N so that X is large, E, N are small, while E[(x})?]/D? ; is with in a factor

of 2 from each other.
The algorithm works at stages and keeps a working set S of column index 7 such that E[(z})?]/D3,

is above a threshold \. At each stage, it only updates the columns in S; at the end of the stage, it
increases these columns by a small factor so that E[(z})?]/D7, decreases. Then it decreases the

threshold A, and add more columns to the working set and repeat. In this way, E[(x})?]/D7 (i € S)
are always balanced; in particular, they are balanced at the end when S = [n]. Formally,
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Theorem 18 (Main: Equilibration). If there exists an absolute constant G such that Assumption

(A1)-(A3) and (N1) are satisfied with | = 1/50, C{ < Gc3n, max {C,, [N@ |} < ﬁ
and additionally ¥(©) < (1 — 01, and E > 0 entry-wise, then there exist a,m, T, \ such that
Sor sufficiently small € > 0 and sufficiently large N = poly(n,m, 1/e,1/6) the following hold with
probability at least 1 —0: Algorithm B outputs a solution A = A*D(X+E)+N where ¥ = (1-4)1

is diagonal, |E||s < L is off-diagonal, |N||s < 2||N©)| ., and D is diagonal and satisfies

maX;en] %E[(ﬁ)z] <9
—E[(27)2] T

J€[n] D2 j
NEN)

min

If Assumption (Al)-(A3) and (N2) are satisfied with the same parameters except
0 . Ges 1 Ge3
max {C), N )||Oo} < min { @?1 TESAS Cf'l\(A*Q)TH(x, }, then the same guarantees

hold.

Now, we can view A*D as the ground-truth feature matrix and D~'z* as the weights. Then apply-
ing Algorithm [ with A can recover A*D, and after normalization we get A*.

The initialization condition of the theorem can be achieved by the popular practical heuristic that
sets the columns of A (%) to reasonable almost pure data points. It is generally believed that it gives

EEOJ) > 0and N(®) = (0. We note that the parameters are not optimized; the algorithm can potentially
tolerate much better initialization.

Intuition. Before delving into the specifics of the algorithm, it will be useful to provide a high-
level outline of the proof. As described above, the algorithm makes use of the fact that samples from
a ground truth matrix A* and distribution z* can equivalently be viewed as coming from the ground
truth matrix A*D and distribution D~'z*, for some diagonal matrix D. Therefore, the goal is to
find a D such that the features are balanced:
)2
maXi;en) L](Dzl) ]
= < K.
. E[(z})?] —
MiNie(n] 7[1(3) ]
The algorithm will implicitly calculate such a D gradually. Namely, at any point in time, the algo-
rithm will have an active set S C [n] of features, which are balanced, i.e.
E[(z})]

maxie[n] 7D$L
min BT S Gl
D}

minge s

3

It is clear that when S = [n] the algorithm achieves the goal. Our algorithm begins with S = () and
gradually increase S until S = [n].

The mechanism for increasing .S will be as follows. Given S, A is of the form
A=A'DEZ+E)+N

with

_|E11 Eip
E= |:E2,1 E2,2:|

where the columns of A are sorted such that the first |S| columns correspond to the features of S,
and E; ; € RISIXISI By € RO-ISDXISI g, , € RISX(=ISD B, , € R(=ISDx(n=IS)) Then
scaling up the columns of A indexed by S by a factor of %_E is equivalent to

(1) scaling up the columns of D indexed by S by a factor of =— and

(2) scaling up the columns of E» ; by a factor of %_6 and

(3) scaling down the columns of E; > by a factor of 1 — .
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Therefore, to increase the set S, the algorithm will scale up the columns of A indexed by S, until
some j ¢ S satisfies
)2 E[(z*)?
(0 e (i

<K
i€[n] D2, Di]

1,0

Then it can add j into S while keeping the corresponding features balanced as in (EIl). Note that
we do not need to explicitly maintain D, though it can be calculated along with the scaling. Further
note that the values of E[(z})?] are not known but they can be estimated using the current A.

However, there is still one caveat: E should be kept small, so that at the end of the algorithm, we
still have a good initialization A. For this reason, the algorithm additionally maintains that for a
small constant 1 <y < 2,

IEvll, <ot (B2l <4,
B2l <4, ||Egzll, < (32)

Since scaling up A will scale up E5 1, we will need to first decrease ||Eq 1|, before the scaling
step. The key observation is that by applying our training algorithm only on the columns indexed
by S, ||Ey1]|, and ||Eg 1|, will be decreased, while ||E; »||, and ||Ez ||, unchanged. On a high
level, using the fact that the matrix E; 5 has no negative entries (which we get by virtue of our
initialization), and the fact that the contribution in the updates to the entry (E; ;); ; mostly comes
from (E; 1), (i.e. the matrix E4 ; in the first order contribution “updates itself”), and the fact that
the features in .S are balanced, we can show that after sufficiently many updates, the symmetric norm
of E1 1 and E5; drops by a reasonable amount: ||Eq ;|| < (y—1)fand ||[Ez ||, < (1 —¢€)(y—1)L.
Now, we can do the scaling step without hurting the invariant B2.

Organization. The result of the section is as follows. We first prove in Section [l that applying
our training algorithm only on the columns indexed by S will decrease |E1 1|, and ||Ez 1| . Then
in Section 2 we analyze the scaling step, and show that the invariant (B2) is maintained. In Sec-
tion C3, we show how to increase S while maintaining the invariant (E1l), where the main technical
details are about how to estimate E[(z})?].

C.1 Equilibration: ColumnUpdate

In this subsection, we focus on the update step, bounding the changes of 32, E, and N.

First recall some notations. Let A = A*(¥+ E)+ N where X is diagonal, E is off diagonal, and N
is the component outside the span of A* P Given the set S C [n] and a matrix M € R™*", let M ;
denote the submatrix indexed by S x S, and My ; denote the submatrix indexed by ([n] — S) x S,
M, ;> denote the submatrix indexed by S x ([n] — 5), and Mj 5 denote the submatrix indexed by

([n] = S) x ([n] — S). ? In the special case when S = [s] where s = |5/,

M — [Ml’l Ml,z] _

My; M,

Also, let Mg denote the submatrix formed by the columns indexed by S, and M _g the submatrix
formed by the other columns. ¥

The input A(?) of Algorithm B can be written as A(?) = A*(2(©) + E©) + N© where 3 is
diagonal, and E(©) is off diagonal. Define Eg(’)i, Eg, E;Oi and Ey 5 as described above. Similarly,
define ]:Jm, E172’ E271 and EQ,Q for the output A=A~ (ﬁ) +E) +Nof Algorithm Q. Finally, define
Ng)), N(_Og, Ns, and N,S as described above.

The main result of the subsection is Lemma 9.

3Note that A* here can be any ground-truth matrix; in particular, later Lemma [d will be applied where A*
in the lemma corresponds to A*D in the intuition described above.

“These notations will be used for M = E, M = E, and related matrices.
>These notations will be used for M = N or M = N, and related matrices.

30



Lemma 19 (Main: ColumnUpdate). Define

e *\2 — ] _ 4
Ry =Bl R=mas Ry, r=maxrs (33)
_ 8C1(C1+1)p 402 1
SR 7)o oy B 7)o e L N e 7)) A
_ RpB20? 12C1(Cy + 1) 1
"2 7T(1_£)2(1—€—55) - n?(a—p)(1 —£—j0) (1_g_5€ Jrn/’) T (35)
h = hl + hg, (36)
Ua _ 87“CVC1’ (37)
a—p
1 2 A* T

(1 =20)(a = 2C, [[(A*)T]| o)
Suppose ¢ < 1/8, B is a constant with Bt < 1/2, v € (1,2), € € (0,1). The initialization satisfies
(1—0I=< %0, HEQH <0, HEQH <0, )<Eg?;;Eg?g>Hs < (B > 0and BY) > 0 entry-

wise, and HN(_O;HOO < U and ||NA(90)||OO < 2U < 1/(16][(A*)||o). Furthermore, the parameters
satisfy that for any i € S,

o B2 204 C 20, Be(L- Br)
”(1+2’"’R1(1—é)21—5e—e+”n(0‘+2”+n+n(1—4)2(1—5e—e)>>g
(39

1 B2 20, Co1 20 Be(1—B0)
riRi(22(1—6)21—ﬁ£—€)ri<n<a+2p+n1—€+n(1—£)2(1—6£—€)>)21g

(40)
rR
e+he <(1—e€)(y—1)¢ (42)
rR
hi+ €< (B —1)¢, h2+((1€)2+1>£§(ﬁ_1)£ (43)
3I(A") | (8U + C) < p < c. (44)
If we have adversarial noise (Assumption (N1)), assume
é4+U, <(1—-eU, and 3[|(A*)||eo QU+ U, +C,) <p<a<l. (45)
If we have unbiased noise (Assumption (N2)), assume
€ +U, <(1—eU. (46)
Finally, let N = poly (n,m, 1/§,1/¢) sufficiently large.
Then with probability at least 1 — 6, after 2111((61/_(%)) + lil((elig)) iterations, the output of Algorithm

Ris A = A*(2 + E) + N satisfying
1-0I=8=ul, [|[Eplls <(y=1f [[Eaalls (1 —e)(y—1)¢,  [[(Er2Eap)lls <4,

and By 5 > 0 and By 5 > 0 entry-wise. Furthermore, |N_g||oo < U and |Ng|lo < (1 — €)U.

Proof of Lemma 3. Tt follows from Lemma 22 and the conditions (&) and (E2). O

To prove Lemma 2, we will first consider how E changes after one update step, and then derive the
recurrence for all steps in Lemma 2.
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C.1.1 One update step of E

In this subsection, we focus on one update step, bounding the change of E. So through out this
subsection we will focus on a particular iteration ¢ and omit the superscript (¢), while in the next
subsection we will put back the superscript.

For analysis, denote A® g5
A=A"E+E)+N

where 3 is a diagonal matrix, E is an off-diagonal matrix, and N is the component of A that lies
outside the span of A* (e.g., the noise caused by the noise in the sample).

Recall the following notations:

Z=(Z+E),
V=z-%"'=%") (-Ex"")
£ =—ATNZz* + Afv.

Consider the update term I [(y — y/)(z — 2’) 7] and denote it as
A=E[y—y)z—2)"]=A"S+E)+N
where 3 is a diagonal matrix, Eisan off-diagonal matrix, and N is the component of A that lies
outside the span of A*.
Since we now use empirical average, we will have sampling noise. Denote it as
N, =E[(y —y) (@~ )] - Elly —¢)(x —2')].
Then by definition, for y = A*z* + v and ' = A*(2’)* + v/, we have
El(y — )@ —2) "1 =E[(y —y) (@ —2) "]+ N,
=A"E[@z" —@))z—-2)|+E[v—-v)(x—2")"] + N,.

S+E N

Recall the definition of E1 1, 1.e., it is the submatrix of E indexed by S x S. Define E1 1 similarly,

i.e., it is the submatrix of E indexed by S x S. Define E1 2, Eg 1 and E2 -2 accordingly. So in the
special case when S = [s] where s = | 5],

=~ [E;; E
E— [ 1,1 ~1,2] '
Es1 Eoo
We also use the notation M or M~ to denote the positive or negative part of a matrix M.

Lemma 20 (Update ]:]171). Let El,l be defined as above. If ||{]|cc < p<a<land ¥ = (1—0)I,
then
(1). Negative entries:

ACTN1Z)s(1Z]ls +1) | 8C1(C1 + Dol Z] s
. .
n*(o — p) n(a — p)

B [ls <

(2) Positive entries:
12C1(C1 +1)||Z]|s
n*(a = p)

Proof of Lemma 0. (1) By Lemma [3, we have

- 402”Z||s 4C2HZH5 8C1p
1Br s <max{;_||zns+ “lzl. ,,
o —p) a—p)

Rt n max{E[(z})? S IE,
1B, < 1z, + p)+2jes[1n]{E[( 2} <(1_£)2||E1,1||s+ (R ”E”5)>.

20
(Cy+ )2l + 1||Z||s}.

n(a—p)
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Observe that for o < 1,
4C31Z)), (121, + 1) >max{ acizlz 20t }
sp-

n*(a = p) - n*(a—p)’ n?
Moreover,
8C1p ACT|1Z]|
—(C DI Z||s > ———=np.
’I’L(O[—p)( 1+ )” || —ng(a_p)n
Therefore,

= ACT|Z|ls | 8Ci(C1+1)p||Z]s
BT [ls < —7 + :

~ n*(a—p) n(a — p)
(2) By Lemma I3, when Z; ; < 0,
~ 4C32\|Z|1
E < =0z, .
> 7’/’L2(Ot—p)(| »J +p>

When Zi,j Z 0,

E;; <
S e p)

_ 8Cip (Ci|Z!
1p ( 1 |1+zi,j)+2E[(w§)2]Zm

n
Consider a fixed i. Let G = {j € S,Z, ; > 0} and let G° = S — G. We know that

IES il = > B0

J€[n]
ACE|Z'||x
<Y = (1Zigl +p)
jEGe n2(O[—p)
8Cip (CulZiy o,
+ 3 (i (0 v )+ sl iz
ACT||1Z]s 8C1(Cy + 1)p )
nz(a_p)(ll s 4+ np) =) 1Z]] ]; [(25)7]Z,;
ACH|Z|2 | ACH|Zll, . 8Ci(Ci+ L)p )
< =+ np + —————|Z||s + > 2E[(x})"]Z;;
Ha—p) t et wa—p) VAt 22
1201 (Cy + 1)|1Z] s N
= n2(a — p) (I1Z]]s JFnP)JFZQ]E[(x]) ]sz_
jeG

A similar bound holds for ||[E],][|;.
By the definition of Z, we know that

Z=(Z+E)"!
="' (-Ex71)
k=0
=X ' -X'EXT 4+ 27') (-ExHE
k=2

Therefore, we know that for 7 # 7,

Zi; < —[ZTES i+ > ST(-EZ T
k=2

33



This implies that

> Zi; <> <_[E_1E2_1]i7j +) \2_1[(—E2_1)k]i,jl>

JEG j€G
1 1 (!Eu)gz
< m||E1,1||s + mw
1 - IE2
< Bl + : .
(L—0270 T 1 -02(1 -0 |Ell)
Putting together, we complete the proof. O

Lemma 21 (Update Eg)l). Let EQJ be defined as above, and suppose ||E|lcc < p < a < 1,
Y= (1—-0Iand Ey 5 > 0, then we have
12C1(C1 + 1)||Z]ls

Es s <
|| 2,1H = ng(a_p)

. E)2
(IZ, + np) + 2 max{E(x})?]} ((1 — 0Pt ||E||s>> '

Proof of Lemma Z1. The proof is almost the same as that of Lemma T, combined with the fact that
E; > > 0 entry-wise. O

C.1.2 Recurrence
Recall that
A=A"X+E)+N

and recall that Eq ; is the submatrix indexed by S x S, and E; 2, Eo 1, Eg 5 are defined according.
Recall that M g denote the submatrix of M formed by columns indexed by S, and let M _ g denote
the submatrix formed by the other columns.

Lemma 22 (Recurrence). Suppose the conditions in Lemma [[9 hold. Then with probability at least
1— 6, after % iterations,
(1-0I=3%®,
IES) Il < e+ b,
rR
(1-0?
IESDIs < e+ ho.

IES s < (e + h1) + ha + ¢,

Also, after % iterations, for both adversarial and unbiased noise,
t t
NG| =u N9 <a-ou
o0 o)

Proof of Lemma ZA. We first prove the following claims by induction.
() (1 -1 <=0,
2)

IEL )OS

IEL DO

IN

974

rR
7(1 — 6)2’}/64— ho

1B [ls < ¢
1B, < ¢
IES|ls < ¢,

IN
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3) |ED|, < s,
(4) for adversarial noise,
U+U,.

The basis case for ¢ = 0 is trivial by assumptions. Now assume they are true for iteration ¢ and show
that they are true for iteration ¢ + 1.

’Ng) H < U+U,,and ||| o < p; or for unbiased noise,

N

(1) By the update of 32, we have
D = (1 - )@ 4 prx®),

(t+1) , we will consider two cases, 25? > 1and EE? <1

To lower bound X3;
For EE? > 1, by Lemma I2,

Sis > E ()] (257) - 2 [Vidl) - % (a +2p+ Dpt 1 20 vy

)

2C C 2C
+7; <nl (a +2p+ —1(E£t2)_1 + Tl

2C; C 204
Jr’f‘iT a+2p+—+
1

)

=i+ 2w

2C1
n
Hence,

v

vl

(2%3

E(H’l) >(1- 77)25? -7 (2riRZ—

1))
]

1 Be? 20, 20, BE(1— B
(1—5)%—&—5*”( +2p++n(1—€)2(1—6£—£)>)'

zln(umm

where we use the bound on V(). By condition (B9), the claim follows.

For E(t) < 1, again by Lemma 2,

_ ) 2 i
= 2B [@)?] (2-2[v]) - (S <a+2 L& ) % (v ))
1
Hence,
Egtjl) ( n)z(t) + 777“2( )

> =n1-1

+ (R (2—2‘V£t)

?

)= (5 (oo St 22

1 B2
Z(l—n)(l—g)"f"l’]?"iRi <2_2(1£)216€€)

2C, Cc; 1 2C4 BL(1 — L)
—nr; | — 2 —_——t+ — .
"r ( n (‘” P T T U= —pi—0
By condition (E0), the claim follows.
(2) By Lemma [0,

1))

8C1(C1+ Dl 25 4CHIZY (125 + 1)

IEST) s

IN

n(a— p) n?(a — p) ’
. @12
(h1)es R ® R|BW]Z
E s < T
IELT) s < G 1B s + 720 — 7= BTy
1201(C1 + D)]|Z9] (HZ@) )
n2(a — p) .
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By the update rule, we have

t4+1)\— )\ —
IEST) (s < (1 =) IES) s

8C1(Cy+ 1)p 4012 1
T Bom(a—p) T (== B0n(a—p) ((1 =80 " 1> ",
< (1= II(E) " [ls +nha @7)

)

RB2(?
(1—0)2(1—¢— B)
12C4(Cy + 1) 1
n2(a— p)(1— (- BY) (1—@—56

R _
< (L= s+ 7 3 ) s+ e (48)

R -
IR e < (= I B+ 55 (B

+rn

+ np) ™

where we use ||[E(M|| | < 8and |Z1)||, < ;.

The claim on || (ngfl) )~ ||s follows from (&2) and the condition (E).

t+1
For [|(B{"TV)*

s, by induction (EX) becomes

R
2*y€—|—7]h2 < T77€+h2.

DV« (1 — () \+ _R
[EL )T <@ =n)[(E) ||s+7"77(1_g) (1-20)

Now we consider || (Egtiﬂ))ﬂs By Lemma [T,

HEST ) < @ =)l ES)s
RpB%0?
(1021~ (- Br)
12C4(Cy + 1) 1
n2(a— p)(1— (— BO) (1—€—6€ *””) M
= (1= )[[(ESD)]ls + 1 (49)
<A

+rn

where the last line follows by condition (E2) and induction.

Finally, clearly we have HEgtng)

< Cand Hng;U

< /, since they are not updated.
S

(3) Note that (E4) (B8) hold for all iterations up to ¢ + 1. Then by Lemma I8, we have
t+1)— t+1
IELT) s + NEE)

_ rR _ rR
< max{n(E%?i) s+ ICED s ICELD* s + s Bz + ( s 1) 1B sz + ((1—@ n 1) hl}.

Since hy < ¢ and hy < ¢ by (BET)(E2), and ||(E§O%)_ IIs + H(EQ)*’HS < ¢ by assumption, we have

)

R
BT+ I e maf e s+ (s 1) ef o)

Then we have by condition (E3),

HEST) [l + IEST) )l < (8- 18, [[BEY, < se.

36



(4) Finally, we consider the noise. We first consider the adversarial noise. Set the sample size NV to
be large enough, so that by Lemma [4, we have

~ 4C, ~ v
[NO| < et IR0 | < S
v (1-20)2n(a— p) n(a —p)
and thus
[N < a=mfo|_+ .0 (51)
a—p
Then for any ¢ > 0,
HN(t)H < HN«))H +M §U+M <2U +U,
o a—p a—p

where the last inequality is by the definition of U,. On the other hand, by Lemma [[8, we have
16D loo < 3)I(A") oo (IN® o + C)

< 3] (A"l (2U+ 8rCy Cl +C )

<p
where the last inequality is due to condition (E5).

We now consider the unbiased noise, where the proof is similar. Set the sample size IV to be large
enough, so that by Lemma [4, we have
2C10,p'(1 + ANl )
(1 =20)n(a—p)
8C1C3|[(A) |
~ (1 =20n(a =2 [[(A*)T])
10C,C2| (AT,
~ (L=20n(a = 2C[|(A%)T]| )’

N (8
N

and thus
10rC1C2 )| (A%)T]|

T 20 (0 — 20, (AT 42

s s am

Then for any ¢t > 0,

0, G2 A) o GG (A, —_
(1 =20)(a = 2C,[|(A)l) ~ (1 =20)(a = 2C,[[(A)[l) — !

e

< s

where the last inequality is by the definition of U,,. This completes the proof for the claims.

Now, after proving the claims, we are ready to prove the last statement of the lemma. First, by (&2)

and Lemma P9, we have that after IH(E/ (w;) iterations,

t _
1B [ls < €+ R

Now (EX) becomes

IEST) s < (1= ES) s+ (€ + 1) + nhs (53)

R
(1-10)?

After an additional IH(E/ Sl ; ) jterations, by Lemma

rR
1B s < (€+h1) + ho + €

S -0
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Similarly, Lemma P9 and (&9), after hllr(lz{ (%) jterations,

H@%MSHM.

t
N

’ does not change since it is not updated. Now consider HN(St)
oo

For the adversarial noise, by (81) and Lemma 9, after % iterations,
8rC, v Cl

), <o+
o] a—p

<(1-qu

where the last inequality is due to condition (E3).

’

For the unbiased noise, by (82) and Lemma 9, after % iterations,

10rC, C2|| (AT

N H <(1-eU

N =<+ e seas T < 0

where the last inequality is due to condition (EH).

This completes the proof. O

C.2 Equilibration: Rescale

The input of of Algorithm B can be written as A(?) = A*(2(©) + E(©)) 4+ N(©)_ The output A can
be written as A = (A*D)(2 + E) + N where 3 is diagonal, and E is off diagonal, and D is a
diagonal matrix with D; ; = %_6 for ¢ € S and the rest being 1. Recall that for a matrix M, let M ;
denote the submatrix of M indexed by S x S, and define M 5, My ; and M3 5 accordingly. Also
recall that Mg denote the submatrix of M formed by columns indexed by S, and let M _g denote
the submatrix formed by the other columns.

Lemma 23 (Main: Rescale). Let A9 = A*(2©) + E©) 4 N© satisfies the condition in Lemma
[[9 and € be defined as in Lemma 09. Then the output of Algorithm B is A = (A*D)(X + E) + N
satisfying

1-0I=%, Byl <O =16 (Bl <(v =16 [[(Bi2Ezo)lls <6 |Nslw <U,

Moreover, El’g > 0 and ]:]2,2 > 0 entry-wise.

Proof of Lemma E3. Note that A =Ax (E + E) +Nfora diagonal matrix 3, off- diagonal matrix
E and error matrix N. By lemma [9, we have 3 &= (1 — £)I, error matrix | Ng||lso < (1 — €)U and

IB1alle < (v = 1)¢, ||E <AL= -1 [[(EroEz)ls < ¢
and ELQ > 0and 173272 > 0 entry-wise.

Therefore, by the rescaling rule:
A=AD=A*X+E)D+ND
= A*D(X + D 'ED) + ND.
Therefore, = = 3 = (1 — )L, |[Ng|loo < 12[|Nsfoo < U. [N_glloc = [N_g]loc < U since it
is not updated.

For the E term, denote D; = Diag ( L ) € R%*%. We know that

T—er " T—¢
El,l = DflﬁLlDl = Em
) - 1 ~
Ey1 =E; 1Dy = TEZI

— €
ELQ = DIIELQ = (1 — G)ELQ
E2,2 =Ey,.
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This leads to
IBiills < (v =10 [Boalls < (v =1)¢,  [[(E12,Ea0)]ls < £,

with ]:]Lg7 ]:]2,2 > 0. This completes the proof. O

C.3 Equilibration: Main algorithm

Lemma 24 (Main: Equilibration). Suppose the conditions in Lemma 3 each time Algorithm B.
Additionally, there exists constant 0 < b < 1, kK > 1 and u > 1 such that bk, > 1 such that the initial
A > max;ep,) E[(2])?]/b, and the initial ¥ < ul. Furthermore, for any X\ > min; ¢, E[(2})?]/x,

1 2 ) 1
< I
(1_£+h6> bA + h2bkA + hg < (1 100) A, (54)
2
1—h (1 — €)brX — h2bkA — hy > 1+i A l>h (55)
u o ° 5 4= 100)7 w”"®
1
< — mi )2
hs < 555 irg[lﬁlE[(xz) ], (56)
1
< — min E[(z%)?
ha < 555 min [(z)7], (57)
where
o2 2
h3—n2h5(h5+1_ >7
_012 2 2(a+p)C'1
ha = n2h5<h5+1—€> n(l—20) "’
e = (DA = (v + 1O
(=020 - (v +2)0)°
2
he = (y+1)e

Q=021 -(v+2)0)
Finally, set N = poly(1/ min;e [, E[(2})?], n, 1/0) large enough.

Then with probability at least 1 — 6, the following hold. During the execution of the algorithm, for
any j € S,

1 2 1\ E[(z})?] 1 : 1\ E[(z})%

Furthermore, the output of Algorithm B is A = A*D(X + E) + N where X is diagonal and
(1 =01 =X, Eis off diagonal and |E||s < v¢, N satisfies |N||oo < 2U, and

max;c(,) prEl(z])?]

i

e

B =

Ju—

minje[s)

<.

Proof of Lemma 4. We prove the lemma by induction. For notational convenience, let us introduce
a counter (p) denoting the number of times the inner while cycle has been executed, and denote
A as AP, Recall that for a matrix M € R ™ and index set S C [n], let My ;1 denote the
submatrix indexed by S x S, and M, >, My ; and M are defined accordingly. Also, let Mg
denote the submatrix formed by the columns indexed by S, and M _ g the submatrix formed by the
other columns.

Our inductive claims are as follows. At the beginning of each inner while cycle,
AP — A*D® (2@) + E(p)) L N®

where D(®) and 3(P) are diagonal, E(®) are off diagonal satisfying
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1 1-01=x0),

2) E(lp % > 0 and Eép 2) > 0 entry-wise and

HE(’J) <9,
HEépl) <A,
S

|eeEgh| <

3) NP, <y and N? < 20,
(4) We have
(a) When E[(27)%] < bAP),j ¢ S, then m; < AP,
(b) When E[(23)?] > (1 — €)bkAP),j ¢ S, thenm; > AP,

and consequently,

(©) Vie S, o < Bl

( (p)

@) Vi € [n], @] < pop@)

(D)

The claims are trivially true at initialization, so we proceed to the induction. Assume the claim is
true at time p, we proceed to show it is true at time p + 1.

First, consider (1), (2) and (3). By Lemma 3, after applying the rescaling algorithm, (1—¢)T < %)
and

IERs < (v -1t BRI < (v - 16, [(EBFLED) s <t NPl <U, NP}l <U

Moreover, Egp % > 0 and E(p ) >0 entry-wise. Observe that when moving from time p to p + 1,
potentially the algorithm 1nc1udes new elements in S. Then

(p+1)
B s < B + max{[ES [, [ETll} < (v = 1)¢+ £ =12
Where the last inequality used the fact that v < 2. Similarly,

IEFTV Nl < IER s + IES s < (v — 1)+ = L.

Also, H(E(pﬂ) E erl))||g < |(E 1p2),E(p))||s </, and (E(p+1) E(pH)) > 0 entry-wise. Further-
more, |\N(p+1)||oo < IN®)||o < U and

+1
INE oo <IN [loc + NP oc < 20
Hence, (1), (2) and (3) are also true at time (p + 1).
Finally, we proceed to (4). Since (a)(b) are true at time p, (c)(d) are true at time p+ 1. 8 Furthermore,

when A < min;ep,,) E[(2)?]/k, it is guaranteed that all [n] C S, so we only need to prove that when
A > minep, E[(a])? ]/l{ (a)(b) are also true at time p + 1.

To prove (a)(b) are true at time p + 1, we will use Lemma 3. Note that since A has been scaled,
so A*D should be regarded as the ground truth matrix A* in Lemma 3. We first make sure its
o < 3U and ||(A*D)THOO < ||(A*)T||oo By Lemma [@ and
condition (B4), the assumption in Lemma 3 is satisfied.

We are now ready to prove (a). By Lemma DF,

_ 2 E[(25)?] E[(z})? , ; 1, C?
Ele) < (255 +Vasl) Jgrmy +IIVF I3 max ]E(,,ﬂﬂ IVP I (IVE L+ 285 ) =5
757

*Note that in (b), the factor (1 — €) is needed to ensure (d) is true at time p + 1.
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By Lemma I3, |V ;| < he, [[V[|5 < [I[VI[[ < £3. so

B < (1 + o) (E[(x;ﬂ ETTO(C3 I

J pt e " (o

E[(z*)?
By (d), maxjey % < brA, so for any j ¢ S with E[(z ) | = % < b\, we have
VAN
J 1-¢

By using large enough sample, with high probability, the empirical estimation

2
1
E[z?] < ( + h6> bA + hEbrA + ha.

E[2?] < E[z ]+—>\ A

J 100
where the last step is by condition (84).
As for (b), by Lemma 3 we have
E[(x})?] E[(})?] Cct :
2 -1 _ v, )2 _ k 1 j -1
Elz3] > (25 — V,4l) (D) VY IIQIQ% (D)2 ( IVP IV I +2%55) +

1 2 El(x* 2 E %12

(b T g B
" Dy )? el (D) )?

The last step uses that E;Jl < u, which is by the initial condition assumed and that it is not updated

for j ¢ S. Putting in the bound that % < bk, then for any j ¢ S with E[(x;k)ﬂ =

E[(2})]

DF): > (1 — €)bkA, we have
757

1 2
E[z3] > (u - h6) (1 — €)br\ — h2bkA — hy.

Again, use large enough sample to ensure that with high probability

where the last step follows from condition (B3). This completes the proof of the induction.

We now prove the statements of the lemma. The statement about the output follows from the above
claims. What is left is to prove that m;(j € S) approximates E[(x%)?] well. Since m;; for j € S is
updated along with D ;, we only need to check the right after adding j to S, the statement holds.
Suppose the time point is p, we have

2 E *)2 *\2

E[2?] < L+h6 MthQmaXMJrhg.
J 1-—¢ (P)y2 5k (P)\2
(D;;) €l (D)

Since j is in .S, by the claims (c)(d) we have

max B _ o o (ELED?)
kel (D}f)? (D572

Since N is large enough so that

E[2?] < E[(2)?] (1 + 2(1)0)

Combined these with the condition (Bf), we have

1 1 E[(aﬁ;)Q]
my; < <<€ —|—h6> -|—l€h 100) W

The upper bound on m; can be bounded similarly. This completes the proof of the lemma. O
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The following is the lemma used in the proof of Lemma 4.

Lemma 25 (Estimate of feature weight). Suppose |&;| < p < a for any example and every i € [n],
and suppose 3 = %I. Then

K2

Elaf] > (S5 = [Vad) E{@D)?) = V]I max B{(r})?)

- (f;||[vr||1<||[vr|1 Lomrh 4

ct

El2?] < (5] + [Vial) El(=)?) + II[V]illﬁjHé%E[(x;*)Q] IV (I0VE L+ 2357 —-

Proof of Lemma 3. By the decoding rule,
z; = [¢a(AT[A* 2" 4 1)),
= [t (BT + V)" + )],
Let [V]' = v and E;il = o, then we can rewrite above as
zi = ¢a(ow + (v, 27) + &)
which implies that

ox + (v,2*) — p—a < x; <oz + (v,2")]. (58)

First, consider the lower bound.

E[z}] > E[(02] + (v,2") = p — @) da(07] + (v,27) + &)]

The following simple lemma is useful.

Claim 26. Let x be a variable such that |x| < «, then for every w € R™, k € [n],

CQ
Ezda((w,2") + x)] < [wi[E[(2})"] + — > lw] (59)
J#k
*\2 CV12
< fun |El(})?] + 5wl (60)

Proof. The proof is a direct observation that when |x| < «,

$a((w, ) +x) < [(w, 2)| < (|w], z)

where |w] is the entry wise absolute value. O

Therefore, we can obtain the following bounds.
(1). By (I8) in Lemma I2, we have

(a+p)C1

D0 g (7] V.l - vy

E[o}alow] + (0.0) + )] = Z1E [(@)?] -

)

1
(2). By (BD) in the above claim,

02
B[z} ¢a(0z] + (v,2%) + &)] < [0 [El()*] + —5 (vl + o),

(3). By (8R), for j # i,
(o + |lvll)Cr

n

E[pa(ozi + (v,27) +&)] < Eflox] + (v,27)[] <
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Putting together, we can obtain
— 2 * 1 *
Elzf] > (37 = [Vial) El(z))*] — [[[V] ||§jné?5§E[(fﬂj)2]

2 o e
- (Svenavrn +2mc + 2020,

Second, we proceed to the upper bound. Similarly as the lower bound, by (88), we have

Ezf] <E | [ (Josl +0)2} + Y [vsl2] | daloz] + (v,2") + &)
J#i
= (lvil + 0)E[2] ¢a (02} + (v,2%) + &) + Y [0j|E[2] b0z} + (v,2%) + &)].
J#i
For the first summand, same as in (2), by (Bl]) in the above claim we get

2
B[z} ¢a(0z] + (v,27) +&)] < (0 + [0iDE|(])?] + —3 0],
E[zjga(ow] + (v,27) +&)] < [v;[E[(2})*] + —5 (vl + o).
Therefore, we get
_ 2 » 4 4 _.C? - )
B[] < (25 + [Vial) EI@)] + (VI (VY + 285 — + ||[V]z||§jnel?ﬁE[(xj)2]~
which completes the proof. O

C.4 Main theorem

Theorem 18 (Main: Equilibration). If there exists an absolute constant G such that Assumption

(A1)-(A3) and (N1) are satisfied with | = 1/50, C} < Gc3n, max {C,, [N@ |} < ﬁ

and additionally () < (1 — 0L, and E > 0 entry-wise, then there exist a,n, T, \ such that
Sor sufficiently small € > 0 and sufficiently large N = poly(n,m, 1/e,1/0) the following hold with
probability at least 1 —0: Algorithm B outputs a solution A = A*D(X+E)+N where X = (1-4)1
is diagonal, |E||s < L is off-diagonal, |N||s < 2||N©)| ., and D is diagonal and satisfies

maxX;e|n] ﬁE[(ﬁ)Q]

: 1 *\2 S 2.
Miljen] @E[(%) ]

If Assumption (Al)-(A3) and (N2) are satisfied with the same parameters except

Gel 1 ge3
max {C,, [NO| o} < mln{ Tgitl\(A*)*Hoo’C?H(AC*Q)HIOQ , then the same guarantees
hold.

Proof of Theorem [[8. The theorem follows from Lemma 4 (taking union bound over all the itera-
tions and setting a proper 9), if the conditions are satisfied. So in the following, we first specify the
parameters and then verify the conditions in Lemma 9 and Lemma 4.

Recall that £ = 1/50. Defineu =1+ ¢,y =3/2, =4,k =2,b=3/4, and let e < 1/1000.

Conditions in Lemma 09. For (39), we need to compute r; R; and the the third term. Note that
by the induction in Lemma U3, the m; is an good approximation of E[(x7)?]/(D;;,;)*. Furthermore,

when Lemma [ is applied in Lemma [, it is applied on the ground-truth matrix (A*) = A*D
and (z})" = x% /Dy j, s0 m; is a good approximation of E[((x7))?]. Then
*\/\2
il 3 |
; 1 1
™5 (k) - whE o)
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For the third term, first note that C; < Gc3n, and thus C? < Gean by Cy > co. Furthermore,
r; = O(1/m;) = O(n/cz) for i € S. Plugging in the parameters, we know that the third term is
less than 1/1000 when G is sufficiently small. Then (B9) can be verified by plugging the parameters.

Similarly, for (B0), we can compute 7; R; and let G small enough so that the second term is less than
1/1000, and then verify the condition.

For (E1) (B2) and (&3, we need to bound &1 and ko, which in turn relies on 7 and 7 R. Since for: € S,
r; = O(n/ca), r = O(n/cy). Then similar to the argument as above, h; < 2/10000 when G is
sufficiently small. when Lemma [ is applied in Lemma 4, it is applied on the ground-truth matrix
(A*)" = A*D and (z})" = z7/D; ;. By the induction claims there, max;e(y ]E[((x;‘)/)z] differ
from minjeg E[((x})")?] by a factor of at most «, so rR < 2. So the first term can be computed.

The second term is less than 1/10000 when G is small enough. Then hy can be computed. And the
conditions can be verified.

Condition (E4) is true since max {C,, ||[N|loc } = O(ﬁ) Condition (E3) is true by setting
€ <U/8andby U, < U/8and U = ||N||» < O(m). Similarly, condition (ES) is true
by setting ¢ < U/8 and by U,, < U/8 and ||N|| is sufficiently small.

Conditions in Lemma 4. First, consider (88) and (587). As mentioned above, since C; = O(c3n)
and C = O(cgn), then h3 and hy can be made sufficiently small to satisfy the conditions. () and
(B3) can be verified by plugging (86) and (57) and the assumption that A > min;¢p, E[(x])?] /.

This completes the proof. O

D Auxiliary lemmas for solving recurrence

The following lemmas are used when solving recurrence in our analysis.

Lemma 27 (Coupling update rule). Letr {a;}52, {b:}52, be sequences of non-negative numbers
such that for fixed values h > 0, n € [0,1], R > 4r > 0:

a1 < (L=mn)ag +nro + nh
bt+1 S (1 — T])bt + %at + 7’]h

Then the following two properties holds:

1.
2 1
V> 0,0y + by < ag+ by + 2R L,
R—r
2. Foralle > 0, whent > In %, we have:
R(r+1) R+1

Cl,t<

<5, h+ e, bt<Th+e

Proof of Lemma Z4. Observe that the update rule is equivalent to

=N R TS I A S5
(bm - gi_lh) < (1-7) (bt - %h) Z (at - wo

Therefore, define ¢; = a; — Rgfl) handd; = by — g“ h, we can rewrite above as:

¢t + 777“dt
dt + *Ct

1 < (1-
div1 < (1-

ne
)
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Since we just need to upper bound c;, d;. without lose of generality, we can assume that
cir1 = (L—=mn)er +nrd;
div1 = (1—n)d + %Ct

Which implies that

<Ct+1 + dt+1> = (1 -—n+n
<0t+1 -

JE
T
r IR
dt+1> = (]_ —-—n—-n ) (Ct — ’rdt>
Which can be simplified to

IR
(Ct + dt> ( "
r
IR
(Ct - dt)
T
Therefore, we can solve

YR (R W
(v~ o)

Observe that for every t > 0,a > b > 0, a’ — b < (a — b)ta'~?
Which implies:

R A P (e

Therefore, when cg, dy > 0,

t t—1
T T
ctS(l—ner/R) 00+t77<1—n+m/R) do
T T ¢ T ¢
d < —n(1-= /= 1— =) d
t_Rn< n+n R) cO+( n+n R) 0

Taking the optimal ¢, we obtain ¢; + d; < ¢g + dg, which implies that

R 2R+1
at+bt§a0+b0+%h

SENE

Il
—
|
=
+
=
=
~—

I
/N
—
|
3
|
3
==
~_
-

1 /r
dy ==4/=
oV R

Moreover,

On the other hand, when ¢ > In C‘)Sj;j", ¢, dy < €, which implies that

R(r+1) R+1
< —" <
“="R hte bt_R—r

h+e.
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Lemma 28 (Simple coupling). Let {a;:}72,, {b:}72, be sequences of non-negative numbers such
that for fixed values hy,hs > 0,7 € [0,1], r > O:

a1 < (1—n)ay+nh
b1 < (1 —n)b + nsas + nha
Then
a; < ug :=max{ag,h1},
b: < max{bg, ho + su.}.
Proof. We have
(a1 —h1) < (1—=n)(ar =)
(be41 —h2) < (1 =n)(be — h2) + nsa

Solving the first one gives
at < ug :=max {ag, h1}.

Then
(bty1 —h2) < (1 —=mn)(bs — ha) + nsu,

leads to
b: < max {bg, ha + sug} .
O

Lemma 29 (Simple recursion). Let {a;}i2, be a sequences of non-negative numbers such that for
fixed values h > 0, n € [0, 1],
ary1 < (1 —n)ag + nh.
Then,
a; < (1—mn)'ao + h,

and thus for t > 112((61/:1 7‘;)) , we have

a; < e+ h.

Proof. We will prove by induction that a; < (1 — n)*ag + h, which implies the statement of the
lemma. The base case is trivial, so we proceed to the induction:

a1 < (1 =n) (L =n)'ag+h) +nh < (1 - n)*tag + h
as we need. O

E Detailed discussion about related work

E.1 Non-negative matrix factorization

The area of non-negative matrix factorization (henceforth NMF) has a rich empirical history, starting
with the work of [CS9Y]. In that paper, the authors propose two algorithms based on alternating
minimization, one in KL divergence norm, and the other in Frobenius norm. They observe that
these heuristics work quite well in practice, but no theoretical understanding of it is provided.

On the theoretical side, [AGKMT?] provide a fixed-parameter tractable algorithm for NMF: namely
when if the matrix A € R™*"and X € R"*¥ they provide an algorithm that runs in time (mN)".
This is prohibitive unless n is extremely small. Furthermore, the algorithm is based on routines from
algebraic geometry, so its tolerance to noise is fairly weak. More precisely, if there are matrices A*,
X*, s.t.
Y — A*X*||r < €Y

their algorithm produces matrices A, X, s.t.

Y — A*X*||p < O(e/?n!/)Y
They further provide matching hardness results: namely they show there is no algorithm running
in time (m.N)°("™) unless there is a sub-exponential running time algorithm for 3-SAT. They also
study the problem under separability assumptions about the feature matrix. [BGKPTH] studies the
problem under heavy noise setting, but also needs assumptions related to separability, such as the
existence of dominant features. Also, their noise model is different from ours.
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E.2 Topic modeling

A closely related problem is topic modeling. Topic models are a generative model for text data, using
the common bag-of-words assumption. In this case, the columns of the matrix A* (which have norm
1) can naturally be interpreted as topics, with the entries being the emmision probabilities of words in
that topic. The vectors x* in this case also will have norm 1, and can be viewed as distributions over
topics. In this way, y* = A*x* can be viewed as the vector describing the emission probabilities of
words in a given document: first a topic i is selected according to the distribution x*, then a word
is selected from topic i according to the distribution in column [A*]*. There also exist work that
assume x; € [0, 1] and are independent (e.g., [ZXT2]), which is closely related to our model.

The distinction from NMF is that when documents are fairly short, the empirical frequencies of the
words in the document might be very far from y*. For this reason, typicall the algorithms with prov-
able guarantees look at the empirical covariance matrix of the words, which will concentrate to the
true one when the number of documents grows, even if the documents are very short. This, however,
results in algorithms that scale quadratically in the vocabulary size, which often is prohibitive in
practice. Also note that since x* is assumed to have norm 1 in topic modeling, it does not satisfy
our assumption (A2). However, there also exist work on topic modeling [ZXT7] that do not restrict
x* is assumed to have norm 1 and can satisfying our assumption.

There is a rich body of empirical work on topic models, starting from the seminal work on LDA due
to [BNIO3]. Typically in empirical papers the matrices A*, as well as the vectors z* are learned
using variational inference, which can be interpreted as a kind of alternating minimization in KL
divergence norm, and in the limit of infinite-length documents converges to the [[CS9Y] updates

([ARTS]).

From the theoretical side, there was a sequence of works by [AGMIZ],[AGHT13], as well as
[AHIKTZ], [DRISTY], [DRIST4] and [BBKT4]. All of these works are based on either spectral or
combinatorial (overlapping clustering) approaches, and need certain ‘“non-overlapping” assumptions
on the topics. For example, [AGMT7] and [[AGHT™13] assume that the topic-word matrix contains
“anchor words”. This means that each topic has a word which appears in that topic, and no other.
[AHIKT3] on the other hand work with a certain expansion assumption on the word-topic graph,
which says that if one takes a subset S of topics, the number of words in the support of these topics
should be at least |\S| + Synaz, Where sp,q, 1s the maximum support size of any topic.

Finally, in the paper [ARTS] a version of the standard variational inference updates is analyzed in
the limit of infinite length documents. The algorithm there also involves a step of “decoding”, which
recovers correctly the support of a given sample, and a “gradient descent” step, which updates A* in
the direction of the gradient of a KL-divergence based objective function. However, [ARTS] requires
quite strong assumptions on both the warm start, and the amount of “non-overlapping” of the topics
in the topic-word matrix.

E3 ICA

In the problem of independent component analysis (henceforth ICA, also known as blind-source
separation), one is given samples y = A*x* + 7, where the distribution on the samples z* is
independent for each coordinate, the 4-th moment of z is strictly smaller than that of a Gaussian
and A* has full rank. The classic papers [Com94] and [ETK96] solved this problem in the noiseless
case, with an approach based on cumulants, and [AGMST?] solved it in another special case, when
the noise 7 is Gaussian (albeit with an unknown covariance matrix).

Our approach is significantly more robust to noise than these prior approaches, since it can handle
both adversarial noise and zero mean noise. This is extremely important in practice, as often the
nature of the noise may not be precisely known, let alone exactly Gaussian.

E.4 Non-convex optimization via gradient descent

The framework of having a “decoding” for the samples, along with performing a gradient descent-
like update for the model parameters has proven successful for dictionary learning as well, which is
the problem of recovering the matrix A* from samples y = A*z*+n, where the matrix A* € R™*"
is typically long (i.e. n > m) and x* is sparse. (No non-negativity constraints are imposed on either
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A or z*.) In this scenario, the columns of A* are thought of as a dictionary, and each sample y is
generated as a (noisy) sparse combination of the columns of the dictionary.

The original empirical work which proposed an algorithm like this (in fact, it suggested that the V1
layer processes visual signals in the same manner) was due to [DF97]. In fact, it is suggest that
similar families of algorithms based on “decoding” and gradient-descent are neurally plausible as
mechanisms for a variety of tasks like clustering, dimension-reduction, NMF, etc. ([PCI5a, PCT5H,
HPCT4, PCT4])

A theoretical analysis of it came latter due to [AGMMTS]. They showed that with a suitable warm
start, the gradient calculated from the “decoding” of the samples is sufficiently correlated with the
gradient calculated with the correct value z*, therefore allowing them to show the algorithm con-
verges to a matrix A close to the ground truth A*. However, the assumption made in [AGMMTS] is
that the columns of A* are incoherent, which means that they have /5 norm bounded by 1, and inner
products bounded by O(ﬁ) a

The above techniques are not directly applicable to our case, as we don’t wish to have any as-
sumptions on the matrix A*. Additionally, the incoherence assumptions on the matrix A* used in
[AGMMTY], in the case when A* needs to be non-negative and has [/; column-wise norm would
effectively imply that the columns of A* have very small overlap.

"This is satisfied when the columns are random unit vectors, and intuitively says the columns of the dictio-
nary are not too correlated.
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