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Figure 1: Failure probability against scaled noise magnitude on synthetic tensors. From top to bottom rows:

random Gaussian noise, adversarial noise and noise that weakly correlate with the signals (details in main text).
From left to right: scaled noise magnitudes: o, o+/d, od and o In(d), labeled on each plot below the X axis.

A Simulation results

We verify our main theoretical results in Theorem 2.2 on synthetic tensors. T is taken to be a rank-3
tensor T = v{? 4 0.7505% + 0.51)?3, where v; = (1,0,0,0,---,), vo = (0,1,0,0,---) and
vg = (0,0, 1,0,---). The noise tensor E is synthesized according to the following three regimes:

1. Random Gaussian noise: First generate E; j;, RN (0,1) and then super-symmetrize E.

2. Adversarial Gaussian noise: E = Zle vV2R€e; Qe +e QuaRe; +e Re Rus,
where e; = (0,---,0,1,0,---,0) has all zero entries except for the ith one.

3. Weakly correlated noise: Let {vy, - ,v4} be an orthonormal basis of the orthogonal
complement of span{vy, v, v3}. Set E = 22.14 v; QU; Q.

In Fig. 1 we plot the “failure probability” (measured via 20 independent trials per setting) of the robust
tensor power method with random initialization against controlled noise magnitude | E||op, = 0. A

trial is “successful” if for all ¢ € {1,2,3} the recovered eigenvector v, satisfies 'iy;r'ui > 1/4. To
control || E||op, we first compute the operator norm of the generated raw noise tensor by invoking
the eig_sshopm routine in Matlab tensor toolbox [5] (algorithm based on [20]) and then re-scale
the entries. By inspecting the noise levels at which phase transition of failure probabilities occurs
for different tensor dimensions d, ranging from 25 to 200. It is quite clear from Fig. 1 that the phase
transitions occur at ¢ = O(1/+/d) for random Gaussian noise, o = O(1/d) for adversarial noise
and o = O(1/log d) for weakly correlated noises, which matches our theoretical findings in Sec. 2
up to logarithmic terms. Our simulation results and explicit construction of an “adversarial” noise
matrix also suggests that our analysis for robust tensor power method with random initializations
under random Gaussian noise and existing analysis for worst-case noise in [1] are tight.

B Comparison with whitening and matrix SVD decompositions

Another popular thread of tensor decomposition techniques involve whitening and reducing the
problem to a matrix SVD decomposition, which is very effective at reducing the dimensionality of

10



the problem in the k& = o(d) undercomplete settings [1, 21, 28]. We show in this section that without
additional side information, a standard application and analysis of tensor decomposition of whitening
and matrix SVD techniques leads to worse error bounds than we established in Theorem 2.2.
When only the 3rd-order tensor T is available, one common whitening approach is to randomly
“marginalized out” one view of T

M(6) := T(I,L,0), 6 randomly drawn on the unit d-dimensional sphere;

and then evaluate top-k eigen-decomposition of M(0). Let W = span(vy, - - - , vy) be the span of
the true components of T and W be the top-k eigenspace of matrix M (0) obtained by collapsing one
view of T. We then have the following proposition that bounds the perturbation between ¥V and W:

Proposition B.1. Suppose T = T+ Ar as in Theorems 2.1, 2.2 and let 1Ly, IL,; be the projection
operators of VW and W, respectively. Then with probability at least 0.9 over the random draw of 0,

S (VilArly) ~ (Auin
||HW_HVA\)H2SO<)\ml’ip ) lf ||AT|OP:O< \/E>7

Proof. First, we decompose M () into two terms:
k
M(6) = Ai(v]0)-viv] + Ar(1,1,6).
i=1
Define \; = A\;(v ) and E = A7 (I, 1,0). We then have that
M(0) = My + E,

where M is a d x d rank-k matrix with eigenvalues (A1, - -+, A\x) and eigenvectors (v1, - -+ ,vj),
and E satisfies | E||2 < ||Ar|op. Since 0 is uniformly sampled from the d-dimensional unit sphere,

by standard concentration arguments we have that |'ujTO| = Q(1/v/d) with overwhelming probability
forall j =1,---, k and hence

Ok (Mo) = Q()\min/\/g)7
where o (+) denotes the kth largest singular value of a matrix. Applying Weyl’s theorem (Lemma
F.7) we have that N
o1 (M(8)) = 01 (Mo) — |El2 = 2(Aumin/ V),
where the last inequality is due to the condition imposed on noise magnitude | Ar||op and the fact
that [|E||2 < ||A7|/op. Applying Wedin’s theorem (Lemma F.8) with o = 0 and § = 0;,(M(0)) =
Q(Amin/V/d) we arrive at

A |E||2 = (V| AT|op
e o( |Arley )
O]

This simple result shows that the whitening trick does not trivially lead to matching noise conditions
in Theorem 2.2 under k& = o(d) settings.

C Proof of Theorem 2.2

C.1 Proof sketch of Theorem 2.2

In this section we sketch the proof of Theorem 2.2. Our proof is mostly built upon the analysis in [1]
for robust tensor power method. However, we borrow new ideas from [12] to substantially revise
the per-iteration analysis (Lemma C.2), which subsequently results in desired relaxation of noise
conditions. Some results and arguments in [1], especially those involved with absolute constants, are
simplified for accessibility purposes.

We start with Lemma C.1 that analyzes random initializations against eigenvectors.
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Lemma C.1. Fix j* € {1,--- ,k} andn € (0,1/2). Suppose L satisfies L = Q(k/n). Then with
probability at least 1 — 1) there exists a initialization ug such that

max 'UjTuO| < O.5|fva*uo| and |'u;uo| >1/Vd. (3)

1<j<k,j#j*

Roughly speaking, Lemma C.1 shows that with L = (dlog d) initializations the initial vector ug
will slightly bias towards one of the directions j* with overwhelming probability. The lemma is
a slight generalization of Lemma B.1 in [1] to the £ < d case and their proofs are similar. For
completeness purposes we include its proof in Appendix C.2. Applying a standard boosting argument
we have the following corollary, which guarantees exponentially decaying failure probabilities:
Corollary C.1. Forany 7 € (0,1/2), with L = Q(klog(1/7)) initializations Eq. (8) holds for at
least one initialization with probability at least 1 — 1.

The following lemma is the key lemma that characterizes the recovery of single eigenvectors of the
robust tensor power method.

Lemma C.2. Suppose \1 > Ay > --- > A\ > 0 and assume without loss of generality that the
conditions in Lemma C.1 hold with respect to j* = 1. Assume in addition that

A1 & M . A1
P, A . < — < —
40\/g}, | T(Uj,ut,ut)|_mln{\/E,&l}7 & < 500

forallt € [T) and j such that \; > 0. We then have that *

| A7 (I, g, ue)||2 < min {ém

max )\j|v;-rut| < 05N |v] uy|,  tan@(vi,uy) < 0.8tanO(vi, up 1) + 8& /). )
J

In addition, if 0(v1,us) < /3 we have further that

\U]-Tut+1| |'U;'rut‘ 8€¢

ol we| = ol w] o N VE

Vj > 1and X; > 0. (10)

Compared to existing analysis in (Propositions B.1, B.2, Lemmas B.2, B.3, B.4 in [1]), our proof in
Appendix C.2 analyzes the two-phase behavior of robust tensor power method in a unified framework
and is thus much cleaner. Furthermore, we borrow ideas from [12] to prove shrinkage of the tangent
angle between v, and wu;, which subsequently leads to relaxed noise conditions. We also prove
additional bounds regarding |v;rut| for j > 1 to facilitate later deflation analysis. This result is used
for relaxing noise conditions only and is hence not proved in previous work [1].

Finally, we present the following lemma that analyzes the deflation step in the robust noisy power
method, in which both “element-wise” and “full-vector” conditions on the deflated tensor are proved.

Lemma C.3. Let {5\Z7 'f)i}f:l be eigenvalue and (orthonormal) eigenvector pairs that approximates
i, v} with \y > -+ > Xy > 0 such that for all i € [k],

i — Mil < Ce,  tanf(v;,v;) < min{v2,Ce/\;} |9 v;| < Ce/(NVE), ¥ji>i (1)
for some absolute constant C > 0 and error tolerance parameter € > 0. Denote E; = /A\ifJ? 3_ /\i’UZ®3
as the ith reconstruction error tensor. Let 6 € (0,1) be an arbitrary small constant. There exist
universal constants C > 0 such that if ¢ < C' Amin /'k then the following holds for all t € [k] and
ullz =1

t
Z Ei (17 u, U)
i=1

t

5B vy )] < el

i=1

< ke(u)e and , Vi>t, (12)

Vk

2

where ri(u) = \/5 + 0" [vlu|? and C" > 0 is a universal constant.

We are now ready to prove the main theorem.

3For notational simplicity, let tan 6(v1, u_1) = oco.
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Proof of Theorem 2.2. We use induction to prove the theorem. For ¢ = 1 all conditions in Lemma
C.2 are satisfied with é; = 2¢ when € < Cy Apin/ V'k for some sufficiently small constant C; > 0.
Lemma C.2 then asserts that, with L = (d log d) initializations and R = Q(log(\1k/€)) iterations,
|91 — v1|l2 < tanf(v1,v1) < Cae/ A for some universal constant Co > 0. Furthermore,

A=\ = |'T(A1,7317’f)1) = At| < |Arp(91,01,91)| + |T (91, 01,01) — A
<0 (;E il 01 = A+ 30 o] o
j>1
<O< ‘ >+ A [1+O<6)] A +ZAO<€3 )‘
< — 1 ~— ]| M j TR
Vk A = Ak

<O(e), ife<Cy )\min/\/E for some sufficiently small constant C1.

We next prove the theorem for the case of ¢ + 1 assuming by induction that the theorem holds for all
{Aj,v; };'»:1. In this case, the “new” noise tensor A comes from both the original noise and also
noise introduced by deflations; that is, Ar=T+ 23:1 E;. Invoking Lemma C.3 we have that Ar
satisfies conditions in Lemma C.2 with

& = € (1 + max{r;(u), ki (u)?})

where k;(u) = \/5 +C” 22:1 |uTv;|? as defined in Lemma C.3, provided that € < Ci Amin/Vk
for some sufficiently small constant C. Furthermore, note that for arbitrary ¢ € (0, 1), we can again
pick C} > 0 to be a sufficiently small constant (possibly depending on ) such that € < C Amin/Vk
would imply €; < min{)\;/200,0.01\min/0/(C"k)}. Subsequently, by Eq. (9) we know that after
Q(log(Amaxk/€)) iterations we have that tan 6(u;, v;11) < 0.14/6/(C"k) and hence for any j < i,
lul v;| = cosO(ug,v;) = sinf(ug,vir1) < tand(ug,vip1) < 0.14/5/(C"k). Consequently,
c” 22:1 lu v;]? < 0.016 and therefore k;(u;) < v/1.016 < 1. We then have that & < 2¢ and
hence the resuling bounds on |5\¢+1 — Ai+1| and tan 0(uy, v;41) hold with the same constant C' as
all previous iterations before . Finally, applying Lemma C.1 and taking a union bound over all k
iterations we complete the proof. O

C.2 Proof of technical lemmas

Proof of Lemma C.1. Let@” "~ Ny(0,Lsxq) for 7 € [L] and define Z;, = v] @} for j € [d]
and 7 € [L]. Without loss of generality, assume j* = 1. Consider the following sets of events:

& = {Z : ma[mzc] |Z1,+] > 0.5VInL — \/2111(6/77)} , (13)
TE
Eor = {Z.J: max |Z; .| < V2Ink+ \/2ln(3/n)}, (14)
1<j<k
d
Er = Z.: > |Zj.[><3W(3/n)-d+2In(3/n) ¢ . (15)
j=k+1

Suppose &; holds with 7* = argmax_|Z; | and suppose in addition that & ,« and &3 ;- hold. To
derive Eq. (8) we need to show the following inequalities:

0.5VInL — \/2In(6/5) > 0.5 (\/2 Ik + /2 1n(3/77)) :
(0.6VIn L — \/21n(6/7))? .

k- (0.6VInL —/2In(6/7))? + 3In(3/n)d +2In(3/n) ~ d

It can be easily verified that L = 2(k/n) satisfies the above inequalities and hence imply Eq. (8)
under &1 N & r+ N E3 7+
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The rest of the proof is to lower bound the probabilities of events &1, &5 -« and £ ,~. We first consider

&. Because Z11,---, Z1 1, i N(0,1) and f(Z1 1, -, Z1,1) = max, |Z; ;| is a 1-Lipschitz
function, applying Lemma F.1 we have that

_ —t?/2
Pr [max |Z1+| < t} <2e , (16)

where ¢ = E[max; |Z; |]. By Lemma F2, p > E[max, Z; ;] > vVInL/v7In2 > 0.5vIn L.
Setting ¢ = 1/21n(6/7) in Eq. (16) we have that Pr[&;] > 1 — /3.

Next, suppose &£ holds with 7% = argmax_|Z; ,|. Note that & ,« and & .~ are independent
regardless of the choice of 7%, because Z; =, -, Z4 -~ are independent Gaussian random variables.
We can then lower bound the probabilities of £ .~ and &3 .« separately. We consider &; ;- first.
Because Z3 ;«, -, Zy .~ are i.i.d. standard Normal random variables, applying Lemma F.3 we
obtain

>V2Ink+ V2| <e . (17)

Putting ¢ = In(3/7) in Eq. (17) we have that Pr[€; ,+|€1] > 1 — n/3. For &; ,+, it is obvious by
definition that Z;l: i |20 |? is a x2_ -distributed random variable and is independent of £; and
Es,+-. Applying Lemma F.4 the following holds:

Pr | max |Z; -
2g<k

d
Pr| ) (Zj->d+2Vdt+2t] <e . (18)
j=k+1
Putting ¢ = In(3/n) in Eq. (18) and noting that v/d < d, t > 1, we conclude that Pr[&; .- |&;] >
1 — n/3. Finally, applying union bound we have that Pr[€1 N & 7« N &5 7+] > 1 — . O

Proof of Lemma C.2. First, as a consequence of Corollary C.1, we know that |v] ug| > 1/v/d. The
conditions in Lemma C.2 then imply |Ar(vj, us, ur)| < Ai|v] uo|?/8. We now use induction to
prove Eq. (9). When ¢ = 0 Eq. (9) trivially holds due to Lemma C.1 and the condition that j* =1
corresponds to the largest eigenvalue A;. The objective is then to prove Eq. (9) for the case of ¢ + 1,
assuming it holds for all iterations up to t.

We first consider the second part of Eq. (9) concerning tanf(vi,u;). Let V. € R¥X(F=1) pe
an orthonormal basis of the complement subspace V| = span{vag,--- ,v;}. Further let &; =
Aq (I, u, ue). We then have that
tan 0(vy, wer1) = tan 0(vy, T(L, we, uy) + €¢)
VT, g, ue) + 2
lo] [T(L, wg, wy) + &)
VT )l + [V e
[o] T(L, ug, ug)| — [v] &

In addition, note that

k

IVIT@ e uilla = | 3 Ao wl* < oAyl wl-
=

k
D loj il
j=2

where the first equality is due to the orthogonality of {vs, - - - , vy} and in the last inequality we apply

Holder’s inequality. Because 1/ Z?:g |v;ut\2 = ||V T2, we have that

IV T |5 - maxje1 Ajlv] wel + [V el

tan@(vl ut+1) S
7 [o] we| - Aifo] ue| — |v] &

max; 1 Aj|v) | + ||VT€t||2/|VTUt||21

=tanf(vi,u
v t’[ Nlo] wl — [o] edl/lo] ud
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19)

< tan O(vy, uy) [0.5,\1|vfut| + ||VTEt|2/VT’u,t||2:|

Av] uy| — o] /o] wl

SNSRI | S S — IV el

=tanbt(vy,u = . .

P21 ol e/ fof we?) ] T 1= ol el /O] we?) A fo] wl?
« 2 B8

Here in Line 19 we apply the induction hypothesis that max;; A; |'v;»rut| < 0.5A\1|v] u;|. Before

proceeding the analysis we first show that |v] ug| < |v] u;|. Applying the induction hypothesis, we
have that

tan O(vy, us) < 0.8 tan O(vy, ug) + 408 /A1 < 0.8tan (v, ug) + 408 /N1 < tanf(vy,uy),
where the last inequality is due to ¢; < A1/200. Subsequently, 8(v1,u;) < 6(v1,up) and hence
|v{ ws| = cos O(vy,u;) > cosO(vy,ug) = |v] ug|. Now applying |v{ e;| < |v] ug|?/4 we obtain
Ap|v] ugl? < Ap o] ug? N 1 <3
4 4 1= |vfed/ (Ao wf?) ~ 2
Next we bound 3 by considering two cases. In the first case of |v] u;| < 0.5, we have that
[V Tedl2 < 2led:

Mol w1 — o] w2~ Arfo] w

v) & <

3
= a< . Q)

B = tanf(vq,uy) - ~tan O(vq,uy) < 0.05tan (v, uy).

21
On the other

A]v] wol < Ar]v]

where the last inequality is due to the condition that [[g[|2 < 55— < S b=

hand, if |v] u;| > 0.5 the following holds:
_ Vel < Alletll2 o da
)\1|’01Tut\2 - A1 -\

Combining Eq. (20,21,22) we obtain tan 6(vy, u 1) < 0.8 tan8(vq, ur) + 8¢/ Aq.

(22)

We next prove the first part of Eq. (9), namely that max;q A; |'ujTut+1 | < 0.5X\;|v] ugyq]. For those
J with A; = 0 the bound trivially holds. So we consider only j > 1 with A; > 0. We then have that

2
Mol | Mol [T u,w) +e] (Alvfuﬂ) 1= ol e/ (o] ud))

NlvJwea]  Ajlo] [T e, w) + ] — \ Ao el L+ o] ed /Al ed?)

o B’

T 2
Aifvg wol® -

By induction hypothesis o/ > 4. Applying conditions on |v] €;| we get |[v{ & < L <

/\ﬂv+w and hence |v] &;|/(\1|v] u|?) < 1/4. On the other hand,

2 -1 2 -1 -
A v wl [v] el Ajlv] Ajlv] e 1 v &
ToTal ] P oeTazl = T teniar!l 2 it veTar
Ajlv; wl Ajlv;j ul A1]vg wyl Aflvg wl 4 Aifvg we

Ar]v] uol? < Arfv] w|?
8 8

Because |vaet| < < , the right-hand side of the above equation is lower
bounded by 8/3. Therefore, o/ 3’ > $(1 — 1) > 2.
The last part of this proof is devoted to showing Eq. (10). Under the condition that § (v, u;) < 7/3

we have that cos 0(v1,u;) = |v{ us| > 1/2. Subsequently, for arbitrary j > 1 with A; > 0 the
following holds:

v g Aj|v;rut|2 + \v;st| |vaut| 1 1 [v] &l
[of | T Mfof wl? = vfed] T (vl w] 21— vl el/(Aifo] wil?)  Mifof wl? — [v]e]
a v

Because [v] u¢| > 1/2 and |v] €] < 3A1]v] uo|® < 3A1|v] uyl?, we have v < 8|v [ g;]/A; and
hence

8lv,
|v;rut+1| < 0.8|'u;rut| + )z
1
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Proof of Lemma C.3. The first part of Eq. (12) is a simplified result of Lemma B.5 # in [1] because
|9; — v;]l2 < tan@(9;, v;) when ||9;]|2 = ||v;i]|l2 = 1 and @ < 7 /2. The proofs are almost identical.
So we focus on proving the second part of Eq. (12) here. Recall that 'vav,» = 0 forall j > 1.
Subsequently,

t
ZE 'uj,uu‘ Z)\|u D, |'u Z—| T2
i=1

Define #;- = ©; — (¥; v;)v; as the difference between ©; and its projection on ;. It is then by
definition that |7 ||o = ||©; |2 sin 0(#;, v;) < tan 6(#;, v;). Subsequently,

t

Z 2<Z(1+ |>|qu;2-|2 +Z(|u v, + [uTo )

Z 1 IIllIl
t

€ ! Ce C ke
FEIO115+ ) uvif? < +Z|u v; 2.

Amin i—1 )\min

mm

a

For arbitrary ¢ € (0,1), set ¢’ < min{%7 QLC%} and e < C”)\min/\/E we have that a < §/C and
hence the second part of Eq. (12) holds with C” = C. O

D Proof of results for streaming robust tensor power method

Proof of Theorem 3.1. First, note thatif z,,--- ,x, “d p pesg p(0) then the distribution of

the sample mean = 1 37" | x; belongs to SGp(0o/y/n). To see this, fix any @ € R” and one can
show that

n

E[exp(a’2)] = [] E [exp(a"2i/n)] Hexp lall30?/n%) = exp(llal30?/n),
i=1

where the second inequality is due to the fact that z; € SGp (o) and ||a/n||3 = ||a||3/n>.

Under Assumptions 3.1, 3.2 and using the the above arguments, we know that

n

%Zm?ng

i=1

vec(Ar) = vec

€ 8Gy3(o/n)

Now fix v;, u; € R? with unit L, norms. Applying Lemma F.6 with respect to ¥ = vec(v; ® u; ®@
uy)vec(v; ® us @ ug) | we obtain that

2
Pr DAT(UmUt,Ut)f > (1+2VE+ t)a} <et  Vt>0. (23)
n

Subsequently, with overwhelming probability (e.g., > 1 — n~1%) we have that

~ d ~ 1
|A7(L wg, uy)|]2 = O (0\/;> . |Ar(vi,uu)| =0 (U n) :
_ o2d o2d?
n:Q(min{ 2d,c)r\2d })

the conditions in Eq. (4) are satisfied with overwhelming probability and hence the error bounds on
[Ai = Ar(oy| and [|vi — Dy [|2- =

Finally, with

*Except that we operate under a k < d regime, which adds no difficulty to the proof.
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E Proofs of utility results for differentially private tensor decomposition

Before proving Theorem 4.2, we first present a lemma that upper bounds ||w¢|| .o When the components
V € R%*¥ is incoherent (Assumption 4.1) and Gaussian noise across power updates is added.

Lemma E.1. Suppose T = Ele A\vP3 and V = (vy,- - ,vy) satisfies Assumption 4.1 with
coherence level jig. Fixu € R? with ||u|y = 1 and let u = T(I, w,u)+0-z, where z ~ N(0,I3xq)
are zero-mean independently distributed Gaussian random variables. We then have that

2] pok log d
—— =0 [4/— .
a2 d

Proof. We prove this lemma by showing an upper bound for |||« and a lower bound on ||@||2,
both with overwhelming probabilities. For the infinity-norm upper bound, we consider the following
decomposition via triangle inequality:

with overwhelming probability.

[alleo < [[@leo + ollZloc,

where @ = T(I,u,u) and z ~ N (0,I4x4). By definition,

S 2ol = TivTe.
@]l = " lrélftgd’)\ (VTe;)l,
where X is a k-dimensional vector defined as A = (A|u'vy|?, -, A\gJuTvi|?). By Cauchy-

Schwarts inequality, we have that

~ _ T T,.
e = max [AT(VTe))

k
T pok
. 1I£_]a§d ||V 6j||2 < 7 (Z )\12|uTvi|4> ,

i=1

where the last inequality is due to the condition that V is incoherent with coherence level . In
addition, ||z]|s = O(v/logd) with overwhelming probability, by applying Lemma F.3. As a result,

=1

a]e < Qk“(’ (Z /\2|uTv7|4> + O(o+/logd). (24)

We next lower bound the denominator term ||w/||2. By definition, w follows a multi-variate Gaussian
distribution with mean @ and co-variance 021,y 4. Applying Lemma F.5 with 4 = ||@||3/0? and
= O(log d) we have that ||u|% = Q(||@||3 + o2d) with overwhelming probability. Note also that

k
= Z)\?\u—r'uirl
i=1

because {v; }¥_, are orthonormal vectors. Consequently,

a3 = v

2

k
a3 =9 [ \[o2d+ > MuTvl*|. (25)
=1

Combining Egs. (24,25) we obtain

”ﬁ”m < deok Zi’c:l )\%|UTUZ'|4 + O(J\/@ &k 40 log d -0 \/m
fals = d d @)

0 (\/02d +YF )\12|uTvi|4)




We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. Applying Lemma E.1 we can with overwhelming probability upper bound the
per-coordinate standard deviation of Gaussian noise calibrated in Algorithm 3:

T T \/E log(l/é) p’OkIOgd
max vl %, vju”)%} <0 ( Sk
<t< €
1<7<L
where K = kL(T + 1) = O(k?*1og(Amaxd)). Let €™ = B, u!”,u{™) = 67 - 2 be the noise
vector calibrated, where o\ = v/||u!{™||2,. We then have that with overwhelming probability,
B k2 log(Apaxd/ B 52 log(Ayaxd /6
||61E )QO(ILLO Og( / )> and |v1r€£ )| O(,U'O Og( / )) .
eVd ed

Equating the upper bound for |v1Te£T)| with O(Amin/d) we obtain the desired privacy level condition:
P (,uok;Q log(/\maxd/é)) -

)\min

It can also be easily verified that all noise conditions in Theorem 2.2 are satisfied with above lower
bound condition on €. O

F Technical lemmas

F.1 Tail inequalities

Lemma F.1 (Tail bound of Lipschitz function of Gaussian random variables, [8]). Suppose x ~
J\fd(O, UzIdXd) are d-dimensional independent Gaussian random variables and let | : R — R be an

L-Lipschitz function; that is, | f () — f(y)| < L||x — y||2 for all z,y € R%. Suppose i = Eg[f(x)].
Then for all t > 0, we have that

Pr Hf(l') - M| > t} < 9~ t%/(20%L7%)

Lemma F.2 (Bounds on maximum of Gaussian random variables, [19]). Suppose X1,--- , X, L

N(0,0%) and let Y = maxi<i<,, X;. We then have that

mm <E[Y] < ov2VInn.

Lemma F.3 (Bounds on maximum absolute values of Gaussian random variables; Theorem 3.12,
[23]). Suppose X1,--- , X, i N(0,0?) and let Y = maxi<i<y, | X;|. We then have that

Pr [Y > ox/21nn+ax/27} < e_t7 vt > 0.

Lemma F.4 (Bounds on Chi-square random variables, [22]). Suppose X ~ X%i that is, X =
25:1 Yj2 for i.i.d. standard Normal random variables Y1, - - - ,Y}. We then have that ¥Vt > 0,

Pr {Xz k+2\/ﬂ+2t} <et,  Pr [Xg k—z\/kﬂ <et.
Lemma F.5 (Bounds on non-central Chi-square random variables, [7]). Suppose X ~ x2(u); that is,

X = Z?Zl Y,f for independent Normal random variables Yy, - - - | Y}, distributed as Y; ~ N (uj, 1),
>_j Wy = pi. We then have that

Pr[Xz(k+u)+2\/m+2t} < el
Pr[Xg(k—i—u)—Q (k+2u)t] < et
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Lemma F.6 (Bounds on quadratic forms of sub-Gaussian random variables, [15]). Suppose X ~
SGp(o) and let 2 € RP*P be a positive semidefinite matrix. Then for all t > 0 we have that

Pr [XTEX > o2 (u«(z) + 20/t (Z2) + 2||E||t)} <et.

F.2 Matrix perturbation lemmas

Lemma F.7 (Weyl’s theorem; Theorem 4.11, p. 204 in [26]). Let A, E be given m X n matrices with
m > n. Then
max |o;(A +E) — ai(A)‘ < |IE[.

i€[n]

Lemma F.8 (Wedin’s theorem; Theorem 4.4, pp. 262 in [26]). Let A, E € R™*™ be given matrices
with m > n. Let A have the following singular value decomposition

U/ 3 0
U, |A[V: Vaol=| 0 % |,
U, 0 0

where Uy, Uy, Us, V1, V3 have orthonormal columns and 3, and 3 are diagonal matrices. Let
A=A +Ebe aperturbed version of A and (Ul, UQ, U3, Vl, Vg, 21, 22) be analogous singular
value decomposition of A. Let ® be the matrix of canonical angles between Range(U1) and

Range(U ) and © be the matrix of canonical angles between Range(V1) and Range(V1). If there
exists o, & > 0 such that

mjnai(il) >a+0 and maxo;(Es) < a,

then

T T E
max{[[U, U] — 0,07 o, [0, U]~ V/ ] o} = ma{ sin @], | sin @]} < 2.

F.3 Lemmas on random tensors

Lemma F.9 (Spectral norm bound of random tensors, [27]). Suppose X is a pth order tensor with
dimensions dy, - - -, d,, and each element of X is sampled i.i.d. from Gaussian distribution N (0, a?).
Then the following upper bound on || X||op holds with probability at least (1 — 0):

1X[lop < ((Zd ) In(2K/Ko) + 1n<2/6>>

where Ko = 1n(3/2).
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