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Appendix

Proof of Lemma 3.1. Define ¢ = r—1; p = “=L. Note that u is non-negative, by Holder’s inequality

r—2
we have
Pou? < (Pou)? (Pyun)M1

which implies

)
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sup Pou? < sup Pu sup P,u”
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If we rewrite this inequality as y < h'/Pk'/4, then
Ey < E[RY/PEY9) < (Eh)Y/P(Ek)'/9. (0.1)

Since Z;’s are independently identically distributed, we have

n

"(Z "(Zy, 1 .
E sup P, u"=E sup wiZy) .+ (Zn) SE*Z sup u'(Z;)) =E sup u"(Z1).
u€K(go) u€K(go) n N =] wek(go) u€K(go)
This implies
1/2
E sup vPow < [E sup Pyu" < [E sup u"(Z1) i 0.2)
u€K(go) u€K(go) u€K(go)

On the other hand, using the notation P, = P, — P, we have

E sup P,u<E sup Pou+ sup Pu<E sup P u+ sup VPu2 <E sup P, u+te.

u€K(go) u€K(go0) u€K(g0) u€K(go) u€K(go) u€K(go)

(0.3)
Combining (0.1), (0.2) and (0.3), we deduce that
r—2
9 3(r=1) i
—ED(Kx) <E sup VPu?<|e+E sup (P,— Pu (2w)ze-1 .
vn weK(go) uw€EK(go)
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Proof of Lemma 3.2. Using Young’s inequality withp = 1, ¢ =p/(p — 1) = 1/(1 — v), we have
1 1 11
az” = (caz’). () < —(cazx”)? + ——.

c P qci

We deduce that = < az” + b < v(ca)/z + (1 — v)c /=) 4 b,
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If we choose ¢ such that v(ca)'/¥ = 1/2, or equivalently, ¢ = (2v) “a~!, then

% — (2)"/ (1) gL/ (1),
c v

We deduce that z < Cal/(1=¥) 4 2p, O

Proof of Lemma 3.3. Define I'(x) = 22 /r — (1 — B) x + SC. The minimum value of I'(x) will be
attained at zo = r (1 — ) /2 < r with

D(wo) = =7 (1= 8)° + AC.

We note that if 3 < 1 — 2,/C/r, then zyp > 1 and I'(x¢) < 0. To ensure A(l,r,3,C,a) < 0 for
l = zo, we need

y = [ﬁ(l_;‘) _ﬂ 7o+ BC=—Z[1- B2 —a)][L- B +5C <.
If > 1, it is clear that

y < —2(1—B)*+8C =T(ao) <.
Ifa<1l,wehavey < —r[l — 3(2—a)]?/4+ BC;andy < 0if B < (1 —2,/C/r)/(2— ). O

Proof of Lemma 3.6. We have
E(0(f) = £(f*))* < EU(f)* +Ee(f*)?
< 2BL(f)? < 2[BL(f) ]V Y [RL(f))r2/ (0D
< oW/ =D [Rg(f)] =D/ (=)

« )(7”—2)/(7‘—1) [

<owr/h (& E((f) — U(F)] "0
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Proof of Lemma 3.7. Since R(f) has a unique minimizer at f*, there exists « > 0 such that
o]
= : < * .
Uai={f € F: R() < —2= R} CU
where M is the constant defined in Lemma 3.6. Inside U, we have
* * m c * m/2
E(U(f) — €)= B() = R(f*) > ed™(£.9) > 7oy (B —F)) ™. 04

By Lemma 3.6 and (0.4), multi-scale Bernstein’s condition holds fory = ((r—2)/(r—1),2/m). O

Proof of Corollary 3.1. Recall that R( f) is strongly convex and f* is its unique minimizer, we have

w >R (f;g> +ed*(f,9) = R(f*) +cd?(f,9)

which implies that

E(U(f) = 6(f7) = R(f) = R(f*) = 2cd?(f, 9) = TE(US) = £(f"))*.

This proves the Bernstein’s condition. O



