A Transformation to an equivalent binary pairwise model with maximum
degree at most 3
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Figure 2: Demonstration of building an equivalent model with maximum degree A < 3 via ‘expand-
ing’ vertices (in grey). In the new model, one can introduce edge factor 1, ,, between the duplicated
vertices u, v (in bold) such that ¢, ., (zy, ) = 1 if z, = x, and ¥y, (24, T,) = 0 otherwise.

B Proof of Theorem/[I]
First, note that the MC induced by the worm algorithm converges to the following stationary

distribution
mwa(F) < U(F) ] w(e),
eeF

where

n, VF € Lo1eo
W F — b p’
( ) {2, VE € L£5.0dd-

We first prove its polynomial mixing, i.e. it produces a sample from a distribution with the desired
total variation distance from 7w, in a polynomial number of iterations.

Lemma 1. Given any § > 0 and any Fyy € L3.150p U L3-100p, choose
Tie > w(Fy) ™' + (m — n 4+ 1)log 2 + 12Amn* log 61,

and let iy, () denote the resulting distribution of after updating t times by the worm algorithm with
initial state Fy. Then, it follows that

1 .
3 > ’WvTvTa“(F) —mwa(F)| <6,

F €L 1o0pIL2Loop

namely, the mixing time of the MC is bounded above by T,,;,.

The proof of the above lemma is given in Section[B.T] Collevecchio et al. [18] recently proved that
the worm algorithm mixes in polynomial time when the weights are uniform, i.e., equal. We extend
the result to our case of non-uniform weights. The proof is based on the method of canonical path,
which views the state space as a graph and constructs a path between every pair of states having
certain amount of flow defined by 7wa. From Lemma [I| with parameters

N < 1.2nlog(3671), T < (m—n+1)log2+4Amn*log(3nd~ "), and Fo <0,

we obtain that the total variation distance between 7y, and the distribution of updated states in line 4
of Algorithm|l|is at most % Next, we prove that the probability of acceptance in line 6 of Algorithm
[Tis sufficiently large.

Lemma 2. The probability of sampling a 2-regular loop from distribution ww 4 is bounded below by

n_l, ie. TWA (£2-L00p) > :

— n-

The proof of the above lemma is given in Section[B.2] The proof relies on the fact that the size of
L).1.00p is bounded by a polynomial of the size of £;.044.

Now we are ready to complete the proof of Theorem Let 7>.100p denote the distribution of 2-regular
loops from line 6 of Algorithm [I[junder parameters as in Theorem[I] We say Algorithm [T]fails if it
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outputs F' = () from line 9. Choose a set of 2-regular loops Z2—L00p = {F € LoLoop : Tar-Loop(F) >
Ta-Loop (F7) }. Then the total variation distance between 7. o0p and 7. oop can be expressed as:

1 R R ~ ~
5 Z ‘WZ-LOOP(F) - 7TZ-Loop(F‘)| = 7TZ-Loop(‘CZ-Loop) - 7r2—L00p(£2-L00p)-
Fe£2-Loop

By applying Lemma|[T]and Lemma 2] we obtain the following under parameters as in Theorem [}

%Z-Loop (EZ-Loop) — T2-Loop (EZ—Loop )

@ Fwa(LoLoo ~
S AWA( 2-Loop) — (1 = Awa(L2100p))™ = T2-Loop (L2-Loop)
TFWA(£2 Loop)
®) A( 2L00p) + 36 ) N R
> n (1 — rwa (Lo 0 . i
= ([:2 Loop) 35n ( WA( 2 Loop) 371) 2 Loop( 2. LOOp)
(;) - 2—6 — e_(ﬂ'WA(LZ—Lonp)JF:S%)N
B 3n 71—WA(‘CZ—L()op)
Q)
h 3 3

In the above, (a) comes from the fact that a sample from line 6 of Algorithmfollows the distribution
Fwa (L2-Loop)
Twa (L2-Loop)

and the failure probability of Algorithm |l|is (1 — ﬁWA(/Jz_LOOp))N . For (b), we use the
variation distance between Twa and mwa due to Lemma and parameters as in Theorem |1} i.e.,

~ )
[Twa (S) — mwa(S)] < n V'S C Loroop U Lr0da-

For (c), we use (1 — ac) < e~ 7 for any « > 0 and (d) follows from Lemmaland N <nln(3671).
The converse 7). Loop(ﬁz Loop) — . Loop(»CZ Loop) < ¢ can be done similarly by considering the
complementary set £2_Loop\£2_Loop. This completes the proof of Theorem

B.1 Proof of Lemmalll

First, let Pwa denote the transition matrix of MC induced by the worm algorithm in Section[3.1} Then
we are able to define the corresponding transition graph Gwa = (L2-Loop U L£2-0dd; Ewa ), Where each
vertex is a state of the MC, and edges are defined on state pairs with nonzero transition probability,
ie.

Ewa = {(4, A7) : (A, A") € (La1oop U L2-0dd) X (L2Loop U L2:0dd)s Prys (A, A") > 0}.

Our proof makes use of the following result proved in [[18]].

Theorem 4 (Schweinsberg 2002 [18]]). Consider an irreducible and lazy MC, with finite state space
Q, transition matrix P and transition graph Gp, which is reversible with respect to the distribution .
Let O C Q be nonempty, and for each pair (I, J) € Q x O, specify a path yr_j in Gp from I to J.
Let

T = {1 (I,J) €2 x O}

denote the collection of all such paths, and let L(T") be the length of longest path in T. For any
transition T € Ep, let
HTZ{(I,F)EQXO:TE’}/LJ}.

Then
1
Ta(0) < [log <7T(A)+10g®> 4L(T)®(I)
where
- T I)ﬂ'(J)
o(T) = (AES%’&P Z 7(O)m(A)P(A, A’)

I’JGH(A,A/)
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To this end, we choose O = Ls.140p and we show that there exists a choice of paths I' = {15 :
([, J) S (EQ_LOOP U LZ-Loop) X £2—Odd} such that

®T) <Ant, LT <m.

Then we obtain the statement in Lemma|[I]immediately.

We begin by specifying I', and then proceed to the bound of ®(I"). To this end, we fix an [r]-valued
vertex labeling of Gwa. The labeling induces a lexicographical total order of the edges, which in
turn induces a lexicographical total order on the set of all subgraphs of Gwa. In order for the state
I € Lo100p U Lr04q transit to the J € Lo q0p, it suffices that it updates, precisely once, those edges
in I @ J. In order to describe such path, we first prove that there exist a injection from I @ J to
some unique disjoint partition I & J = U¥_,C;, where Cj is either a path or a cycle and Cy, - - - , Cy,
are cycles. Observe that since J € Ls.10p, applying symmetric difference with J does not change
the parity of degrees of the vertices and I © J € Ly 100p U L2.04a- First consider the case when
I @& J € L5.044- Then there exist a path between two odd-degree vertices in I & .J, since the sum of
degrees over all vertices in a component is even. Among such paths, we pick Cy as the path with the
highest order according to the [n]-valued vertex labeling. Now observe that 7 & J\Cy € Lo.oop i8
Eulerian, which can be decomposed into disjoint set of cycles. We are able to choose a Cy, -+, Cj,
uniquely by recursively excluding a cycle with the highest order, i.e. we pick C as a cycle with
highest order from I @ J\Cy, then pick Cs from I @ J\C(\C; with the highes order, and so on. For
the case when I € Ls.1.00p, I © J € Lo.100p 18 Eulerian and we can apply similar logic to obtain the
unique decomposition into disjoint cycles.

Now we are ready to describe 7, 7, which updates the edges in I @ J from Cy to C}, in order. If Cj is
a path, pick an endpoint with higher order of label and update the edges in the paths by it unwinding
the edges along the path until other endpoint is met. In the case of cycles, pick a vertex with highest
order of label and unwind the edges by a fixed orientation. Note that during the update of cycles, the
number of odd-degree vertices are at most 2, so the intermediate states are stil in £o.100p U L2.0ad. AS
a result, we have constructed a path 7 7 for each I € Lo o0p U L2.04¢ and J € Lo 100p Where each
edge correspond to an update on I @ J and |yr | = |1 ® J| < m.

Next, we bound the corresponding ®(T"). First let £4.044 denote the set of subgraphs with exactly 4
odd-degree vertices. We define a mapping 17 : Hr — LoLoop U L2.0dd U L4-0da by the following:
nr(l,J):=1®F® (AUe),
where T' = (A, A @ e). Observe that nr (I, J) agrees with I on the components that have already
been processed, and with J on the components that have not. We prove that 77 is an injection by
reconstructing  and J from np (I, J) given T' = (A, A @ e). To this end, observe that [ @ F' =
nr(I, F) & (AU e) is uniquely decided from 5 (I, F) and (A U e). Then given I & F, we are able
to infer the decomposition Cy, Cy, - - - , C, of I & J by the rules defined previously. Moreover the
updated edge e implies the current set C; being updated. Therefore we can infer the processed part
of I @ J. Then we can recover J by beginning in A and unwinding the remaining edges in I @& J
that was not processed yet. Then we recover I via I = nr(I,J) ® (AU e) @ J and therefore nr is
injective.
Next, we define a metric wwa such that given an edge set F/,

wywa(F) = [] lw(e)l.

eckF
We complete the proof by showing that for any T' = (A, A’) € &, the following inequality holds:
(a) 1 (Dr(J) ® 2A (c)
o) < < ——— U (Dwwalnr(I,J)) < An*.
I,;T 7r(£2—Loop) W(A)P(A, A/) I,-;'[T wWA(£2—Loop)
First, (a) holds by definition of ®. We prove (b) by the following chain of inequality:
1 TI'(I)TI'(J) _ 1 \IJ(I)’UJWA(I)TL’U)WA(J)
T(Loroop) T(A)P(A, AY)  nwwa(Loroop) V(A)wwa(A)Pya(A, A")
1) 1 2A

wwa (L2-Loop) wwa(AUe)

(2) 2A
2B g 1,F)).
W (Catoo) (Dwwa(nr (1, F))
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In the above, (1) comes from the definition of the transition probability and (2) comes from the
definition of function ww,. Finally, we prove (c). First, we have

2A

() < _
( ) - wWA(EZ-Loop)

U (Hwwa(nr(1, F))
(I,J)EH

2A
< Y ————[wwa(£LaLoop U L204a) + 2wwa(LaLoop U L2-0aa U La-0aa)]
(I,J)EHT wwa(£2-Loop)

=2A [(n +2)+(n+2)+ wwa(£20d1) o Wwa(Leoa) } ’

WwA (£2—Loop ) WwA (EZ—Loop)

since 1 (1, J) is an injection on Lo.1g0p U L£2:0dd U L4-0dd» and the set Lo1o0p; L£2-0dd; L4-0dd are
disjoint. Now we prove

wwa (£2.044) < (ﬂ> wwa (L£4-0dd) < <n>7

wwa (L2-Loop) 2 wwa (L2-Loop) 4

which completes the proof of Lemrna since (n+2) 4+ (n+2) + (5) +2(}) < %4 To this end, we
let Lo4a(W) denote the set of generalized loops having W as the set of odd degree vertices. Now
observe the following inequality:

Z wwa (F) W 2% Z H |w(e)] H (1+ (_1)dF(v)) H 1+ (_1)dp(v)+1)

FeLow(W) FeLlecF seV\W seW
1

=5 > X ITw@ L [T

ce{-1,1}V FeLeckF seV vEW

= Z H (1+ |w(e)|ouoy) H Ov

ce{—1,+1}V e=(u,v)EE veEW

> Z H (1+ |w(e)|owoy)

oce{—1,+1}V e=(u,v)EE

(2 Z ’IUWA(F).

FeL CZ—Loop

In the above, (a) comes from the fact that 1 + (—1)% () = 2 if d,,(F) is even and 0 otherwise, so
only the terms corresponding to 2-regular loop becomes non-zero. For (b), the inequality comes
from the fact that 1 + |w(e)|oy0, > 0 and o, < 1. For (c), the equality is from the fact that
Lo1.00p = Loda (D). Therefore we have > rer@) [WE) = Yo perw) [w(F)], leading to

wWA(Ez_Odd) _ ZWQVJW\:Q EFEEOdd(W) ‘wWA(F)‘ < (’ﬂ)
WwA (‘CZ—Loop) WwA (»CZ—Loop) o ’

and the case for £4 044 is done similarly. This completes the proof of Lemmam

B.2 Proof of Lemmalf2]

Given W C V, we let Lo4a(W) denote the set of generalized loops having TV as the set of odd
degree vertices. where Odd(F) is the set of odd-degree vertices in F. Now observe the following
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inequality:

> wa® @ S Tl TT 4+ 0% ®) TT a4 (i)

FeLow(W) FeLecF SEV\W sew
1
=5 2 2 MlwE@IIIa™ ] o
ce{—-1,1}V FeL eeF seV veW
= Z H (14 |w(e)|owoy) H O
ce{—1,4+1}V e=(u,v)€EE veEW

,\
Ve

[I @+l

oce{—-1,+1}V e=(u,v)EE

= Z wWA(F).

Fe L ['Z»Loop

—~
)
~

In the above, (a) comes from the fact that 1 + (—1)% ) = 2 if d,(F) is even and 0 otherwise, so
only the terms corresponding to 2-regular loop becomes non-zero. For (b), the inequality comes
from the fact that 1 + |w(e)|oy0, > 0 and o, < 1. For (c), the equality is from the fact that
Lo1oop = Loaa(!). Therefore we have 3 e p ) (W(F)| = 3 per ) [w(F)], leading to

ZF€£2-Loop TWA (F) - n ZFEEZ-LOQP |wWA(F)|
ZFeLZ_m,,uﬁz_Odd Twa(F) n ZFeLZ.me lwwa (F)| + ZWWAgv,W\zz ZFeLOdd(W) [wwa (F)|
n 1
“n+2(3)

which completes the proof of Lemma 2]

C Proof of Theorem

First, we quantify how much samples from Algorithm [I] are necessary for estimating some non-
negative real valued function f on Lyio0p. To this, we state the following lemma which is a
straightforward application of the known result in [§].

Lemma 3. Let f be a non-negative real-valued function defined on L;.;,,, and bounded above by
fmax = 0. Given 0 < £ < 1and 0 < n < 1/2, choose

-2 —1
s> S04E " Tlog 0™ "] frmax N > 1.2nlog 724fmax ,
B 100y L] EErs 10y L]
8 fmax
T > (m—n+1)log?2+ 4Amn®* log ——2
( ) Er,.., [

and generate 2-regular loops Fy, F, - - - Fg using Algorithm[I|with inputs N and T'. Then, it follows
that

P [ |5 2 [w(F)| = Ery, ()]
Eﬂump(f )

namely, samples of Algorithmestimates Er, .., (f) within approximation ratio 1+ £ with probability
at least 1 — .

Sﬁ] <1l-mn

First, recall that during each stage of simulated annealing, we approximate the expectation of the
function w(F)'/™ with respect to the distribution m.100p (), i..,

Eﬂ’zrmsp(ﬁ) {lw(FHl/n} - Z;'LOOP(ﬁiJrl)/Z;'LOOP(ﬁi)'
Hence, to apply Lemma we bound max p |w(F)|*/™ and B o0p (8) [\w(F)W"] as follows:

fw(F)/ <1 Erypan(@) |[0F)"] = tiin,
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where the first inequality is due to w(e) < 1 for any e € E and the second one is from | F'| < n for
any 2-regular loop F'. Thus, from Lemma [3| with parameters

5 > 18144n2e 2w}, [log(6nv1)], N > 1.2nlog(144ne w 1),

min min

T > (m —n+ 1)log2 + 4Amn* log(48ne w1 ),

min

on each stage, we obtain

IHi B Z;-Loop(ﬁi‘H)/Z;L—Loop(ﬁi)|
Z;—Loop(ﬁi+1)/Z;—L00p (ﬁl>

€ v
6n| — 6n’

<

:

This implies that the product [ [, H; estimates ziz;ﬁ‘j,“il within approximation ratio in
[(1—=¢/6n)", (1+¢c/6n)"] C[1—¢/3,14+¢/3]

with probability at least (1 — v/6n)™ > 1 —v/3,i.e.,

P |: |27n_n-"_1 Hi Hl - Z;—Loop‘

T
Z 2-Loop

>1-2

g
< Z
-3

w

Next we define a non-negative real-valued random function g on L1 40p as

1 ifw(F) <0
F =
9(F) {0 otherwise

namely, Er,, . [9(F)] = Pr,,,,,[w(F) < 0]. Since maxp g(F') = 1, one can apply Lemmawith
parameters

s > 18144¢(1 — 2¢) "2 [log(3v™ 17, N > 1.2nlog(144e~ (1 —2¢)71),
T > (m—n+1)log?2 + 4Amn*log(48¢~1(1 — 2¢)™1)

and have

[l PoulaB) <Ol Q- 2PofolB) <0,
Py W(F) <0 = 6Pr,, [w(F) <0 |~ 3
since ¢ = Pr,,,,,[w(F") < 0]. Furthermore, after some algebraic calculations, one can obtain

p[|(1 = 26) = (1= 2Pn,,, [0(F) <O])| _ ﬂ >1-2

1— 2P, [w(F) < 0] =3

3

The rest of the proof is straightforward since we estimate Z5.1o0p = (1 — 2Pr,,,,, [w(F) < O])Z;_LOop
by (1 — 2k)2m~ "1 [], H;, the approximation ratio is in [(1 — £/3)2, (1 +¢/3)?] C [1 —&,1 + €]

with probability at least (1 — v/3)? > 1 —v.

D Proof of Theorem

Given F' € L, we let the odd-degree vertices in F' (i.e., dp(-) is odd) by vy, ve, - - - vy for some
integer £ > 0. Since we assume G is connected, there exist a set of paths Py, P, - - - P, such that P;
is a path from v9;_; to vy;. Note that given any set of edges D C FE, D @ P; changes the parities of
dp(v2i—1),dp(va;), while others remain same. Therefore, all degrees in F @ P, @ - - - & P; become
even. Then, due to the definition of cycle basis, there exist some C1, Cs, - - - C), € C such that

CiaeCy---@Cr,=FoP & 0P,

namely,
F=C19Cy---CrLoPi®--- P,

This completes the proof of Theorem 3]
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