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Abstract

We consider the problem of recommending relevant labels (items) for a given
data point (user). In particular, we are interested in the practically important
setting where the evaluation is with respect to non-decomposable (over labels)
performance metrics like the F) measure, and training data has missing labels.
To this end, we propose a generic framework that given a performance metric ¥,
can devise a regularized objective function and a threshold such that all the values
in the predicted score vector above and only above the threshold are selected to
be positive. We show that the regret or generalization error in the given metric
U is bounded ultimately by estimation error of certain underlying parameters. In
particular, we derive regret bounds under three popular settings: a) collaborative
filtering, b) multilabel classification, and c) PU (positive-unlabeled) learning. For
each of the above problems, we can obtain precise non-asymptotic regret bound
which is small even when a large fraction of labels is missing. Our empirical results
on synthetic and benchmark datasets demonstrate that by explicitly modeling
for missing labels and optimizing the desired performance metric, our algorithm
indeed achieves significantly better performance (like F; score) when compared to
methods that do not model missing label information carefully.

1 Introduction

Predicting relevant labels/items for a given data point is by now a standard task with applications
in several domains like recommendation systems [Koren et al., 2009], document tagging, image
tagging [Prabhu and Varma, 2014], etc. In many problem settings, e.g. collaborative filtering, features
for the data points might not be available and one needs to predict labels only on the basis of past
labels (e.g., existing likes/dislikes for various labels/items). In the presence of features, the prediction
problem is the standard multi-label classification problem.

Design and analysis of algorithms for such tasks should counter two fundamental challenges: a)
in practical scenarios, desired performance metrics for predictions are typically complex non-
decomposable functions such as Fj score or precision@Fk; standard metrics like Hamming loss
or RMSE over the labels may not be useful, and b) any realistic system in this domain should be able
to handle missing labels. Furthermore, often the locations of missing labels may not be available;
an important special case is the positive-unlabeled learning setting [Hsieh et al., 2015]. Dealing
with missing labels may necessitate imposition of certain regularization on the parameters such as
low-rank regularization so as to exploit the correlations between labels.

Most of the existing solutions address only one of the two aspects. For example, Koyejo et al. [2015]
establish that for a large class of performance metrics, the optimal solution is to compute a score
vector over all the labels and selecting all the labels with score greater than a constant. Their algorithm
treats each label as independent to estimate class-conditional probability separately for each label.
Clearly, such methods ignore available information about other labels, and hence cannot handle
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missing information effectively. Also, such methods do not even apply to the collaborative filtering
setting. On the other hand, most of the existing collaborative filtering/matrix completion methods
focus only on decomposable losses like RMSE, sum of logistic loss [Lafond, 2015, Yu et al., 2014],
which are not effective in real-world systems with large number of labels [Prabhu and Varma, 2014].

In this work, we devise a simple and generic framework that addresses both the aforementioned issues;
the framework leads to simple and efficient algorithms in several different settings and for a wide
variety of performance metrics used in practice including the multi-label F'-measure. Our framework
is motivated by a simple observation that has been used in other contexts as well [Kotlowski and
Dembczynski, 2015, Koyejo et al., 2015]: for a large class of metrics ¥, simply thresholding the
class probability vector leads to bayes-optimal estimators. Hence, the goal would be to estimate
per-label class probabilities accurately. To this end, we show that using a strongly proper loss along
with appropriate thresholding leads to bounded regret wrt. U (Theorem 1), and that the threshold can
be learned using cross-validation over a small fraction of the training data.

In more detail, strong convexity of the loss function ensures that by minimizing a nuclear-norm
regularized ERM (with risk measured by the selected loss function) wrt. a parameter matrix W €
R¥* L we can bound the regret in ¥ by regret in estimation of the optimal W (Theorem 1); here, d
is the dimensionality of the data and is equal to number of users in case of recommender system.
Hence, this result allows us to focus on estimation of W* in various settings such as: a) one-bit matrix
completion (Theorem 2), popularly used in recommender systems with only like/dislike information,
b) one-bit matrix completion with PU learning (Theorem 4) applicable to recommender systems
where only “likes" or positive feedback is observed, and c) general multi-label learning with missing
labels (Theorem 3).

For one-bit matrix completion (and the related PU setting), we obtain our final regret bound by
adapting existing results from Lafond [2015] and Hsieh et al. [2015], respectively. For general
multilabel setting, a direct application of existing results, such as [Lafond, 2015] leads to weak
bounds. A main technical contribution of our work is to analyze the parameter estimation problem
in this setting and provide tight regret bounds. In fact, our result strictly generalizes the result by
Lafond [2015], which is for matrix completion with exponential family noise, to the general inductive
matrix completion setting [Jain and Dhillon, 2013] with exponential family noise. Hence, it should
have applications beyond our framework as well. Finally, we illustrate our framework and algorithms
on synthetic as well as real-world datasets. Our method exhibits significant improvement over a
natural extension of the method by Koyejo et al. [2015] that optimizes W directly but ignores label
correlations, hence does not handle missing labels in a principled manner. For example, our method
achieves 12% higher F;-measure on a benchmark dataset than that by Koyejo et al. [2015].

Related Work. We now highlight some related theoretical work in recommender systems and
multi-label learning. Gao and Zhou [2013] study consistency and surrogate losses for two specific
losses namely Hamming and expected (partial) ranking losses, and leave the other losses to future
work. Dembczynski et al. [2012] consider expected pairwise ranking loss in multilabel learning, show
that the problem decomposes into independent binary problems, and provide regret bound for the
same. Yun et al. [2014] consider the learning-to-rank problem, where the goal is to rank the relevant
labels for a given instance. They show that popular ranking losses like NDCG can be written as a
generalization of certain robust binary loss functions, although they do not provide any explicit regret
bounds. Existing theoretical guarantees for 1-bit matrix completion methods used in recommender
systems focus solely on RMSE or 0-1 loss [Lafond, 2015, Hsieh et al., 2015].

2 Problem Setup and Background

Let x; € X C R? denote instances and y; € {0,1} denote label vectors. Let Y € {0,1}"*L
denote the label matrix, with y;’s as rows. In typical multi-label learning and recommender system
settings a) the labeling process has some inherent uncertainty, which is usually captured by assuming
a conditional distribution P(y;|x;), b) furthermore, we do not get to observe all the entries of y;, but
only a small subset, say €2;. Formally, let @ C [n] x [L] denote a subset of indices sampled i.i.d. from
a fixed distribution 7 over [n] x [L]. We consider the following sampling model for observing labels:

v {1 with probability g, (x;; W*)
ij =

for (i, §) € Q. 1
0 with probability 1 — g;(xs; w*) O (7)€ M



where W* parameterizes the underlying conditional distribution P(y;|x;). Following the low-rank
inductive matrix completion model [Yu et al., 2014, Zhong et al., 2015], we let W* € R?* be the
parameter matrix and g;(x;; W*) = g((x;, w})) where w7 is the jth column of W* corresponding
to the jth label, for some differentiable functlon g : R —[0,1]. A popular choice of g is given by
g((x;,wj)) = %, which corresponds to the logistic regression model. When we do not
iy Wy

observe feature vectors x, as in the classical recommender system or matrix completion setting, the
above model (1) reduces to the widely studied 1-bit matrix completion model [Cai and Zhou, 2013,
Davenport et al., 2014]:

1 with probability g(W7;) .
o i 0
Vi {0 with probability 1 — g(w?,) 1o (1) € & @

where W* € R™*L s the parameter matrix that captures user-item preferences.

The goal is to learn a multi-label classifier f : X™ — {0,1}"*L jointly over n instances, such
that a performance metric of interest ¥ is maximized. The training data consists of input features
X € R™"*4 where each row corresponds to an instance, drawn iid from some distribution Py over X,
and partially observed label matrix Y using the sampling model (1) or (2). In this work, we consider
a large family of non-decomposable metrics [Koyejo et al., 2015] that constitutes linear-fractional
functions of (multi-label analogues of) true positives, false positives, false negatives and true negatives

defined below. Let Y € {0,1}™*L denote the predicted labels, i.e. Y=7f (X) for some f. Define the
primitives:

TP;(Y,Y) = [[Yy; = LY;; = 1]], FP5(Y,Y) = [[Yi; = 1, Y;; = 0]},

TN (YY) = [[Yi; = 0, Yy = 0], FNy(Y,Y) = [[Yi; = 0,Y;; = 1]].
For convenience, we drop the arguments and just write ﬁij to denote T/T)ij (?, Y) and so on.

1. Micro-averaged metrics. Define: TP(Y,Y) = T 2(i)e0 TP;; and

Ief’(?, Y), 'I/’N(?, Y), F/‘N(?, Y) similarly. Let TP = E[TP|,FP = E[FP] (and so on), where
the expectation is defined wrt to the sampling distribution 7 over indices [n] x [L] as well as the joint
distribution P. Micro-averaged performance metric ¥ : {0, 1}"*% x {0,1}"*L — R, is given by:

\I/(?, Y) = ag + a11 TP + a1 FP 4+ a190FN + aooTN' 3)
bo + b11 TP + b1 FP + b1oFN + bgoTN
for bounded constants a’s and b’s. Assume that ¥ is bounded, i.e. 37" > 0 such that by + b1 TP +
bo1FP + b1oFN + booTN > ~/ for all Y, Y.
2. Instance-averaged metrics. Define TP; (Y, Y) = ﬁ >
averaged performance metric U is given by:

FEQ; ﬁz‘j~ Let TP; = E[TP,]. Instance-

. 1 i ap + allTPi + amFPl- + aloFNi + aooTNi

- . 4
n - bo + bllTPi + bOIFPi + blOFNi + bOOTNi ( )

for bounded constants a’s and b’s. Assume that ¥ is bounded, i.e. 3" > 0 such that by + b1, TP; +
bo1FP; + b19FN; + bgoTN; > ’*// for all Y, Y i.
3. Macro-averaged metrics. Let Q) = {i : (i, ) € Q}. Define: TP, (Y Y)= \Q(”| Yicam TPW

LetTP; = ]E[”lf“l?’j] Macro-averaged performance metric ¥ is given by:

- 1 L ap + CLllTPj + CL()lFPj + (IloFNj + aooTN]‘ 5
=7 ®)

f bo + b11TP; + bo1FP; + b1oFN; + booTN;; '

for bounded constants a’s and b’s. Assume that ¥ is bounded, i.e. 37" > 0 such that by + b1:TP; +
b()lFPj + bloFNj + onTNj > ’\// for all Y, Y, j.

Example metrics:

1. Instance-averaged Fi metric defined as: Up, (Y,Y) = 15" | %.



2. Accuracy (equivalent to the Hamming loss): \I!Ham(?, Y)=1- % > FP; + FN,.

Remark 1. The aforementioned definitions of performance metrics naturally apply to the recom-
mender system setting, where data is observed via the I1-bit matrix completion sampling model (2).
Note that in this case, the expectations are defined wrt the sampling distribution w and the inherent
noise in 1-bit sampling P(Y;;|W;).

Let ¥* denote the Bayes optimal performance, i.e. U* = max; U(f(X),Y). Our objective can be

now stated learning f such that the W-regret, i.e. * — ¥(f(X),Y), is provably bounded. Koyejo
et al. [2015] showed that the Bayes optimal U* thresholds the conditional probability of each label j,
i.e. P(y;|x) at a certain value §* € (0,1), and that the value 0* is shared across all the labels.':

3 Algorithm

Our approach is based on estimating real-valued predictions and then thresholding the predictions
optimally in order to maximize a given metric ¥. Koyejo et al. [2015] proposed a simple consistent
plug-in estimator algorithm, which first computes conditional marginals P(y;|x) independently for
each label j, and then estimates a threshold jointly to optimize W. While the approach is provably
consistent asymptotically, it is not clear if it admits a useful regret bound; in particular, we would
like to characterize the behavior in the finite samples regime. In case of the sampling model (1), the
approach translates to learning columns of the parameter matrix W* independently. In many cases,
W exhibits some structure, such as low-rankness, reflecting correlation between labels [Yu et al.,
2014, Zhong et al., 2015, Davenport et al., 2014]. Statistically, capturing correlations via a low-rank
structure could help improve the sample complexity for recovery, and computationally, it would help
reduce space and time complexity of the learning procedure.

Our proposed algorithm is presented in Algorithm 1. In Step 1, we solve a trace-regularized
minimization problem to estimate the parameter matrix W*, where the function ¢ can be any bounded
loss such as the squared, the logistic or the squared Hinge loss. In particular, using the logistic loss
corresponds to the maximum likelihood estimation of the sampling model (1). Yu et al. [2014] also
solve essentially the same objective as (6), except for the additional bound constraint on entries of
XW. The optimization problem (6) can be solved using a proximal gradient descent algorithm, with a
fast proximal operator computation by storing the current solution in a low-rank form. We could also
use fast non-convex procedure, by writing W = Wy Wg, where W1 and W5 are low-rank matrices
with k < min(d, L) columns each, and applying alternating minimization.

The real-valued estimator is given by Z = XW in Step 2. To obtain binary-valued predictions, we
solve a 1-dimensional optimization problem to compute the optimal threshold, on the training data.
Note that this step can be done in |Q| time.

Remark 2. In the 1-bit matrix completion setting, we obtain a thresholded max-likelihood estimator
of W* € R using identical procedure; where we interpret X in Algorithm 1 as the identity matrix
of size n.

4 Analysis: Regret Bounds

Here, we first show that &


















