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1 Pseudocode of Stochastic Gradient Richardson-Romberg Langevin
Dynamics

In this section, we provide a pseudocode of SGRRLD with fixed step size in Algorithm [[]and a
pseudocode of SGRRLD with decreasing step size in Algorithm 2}

Algorithm 1: Stochastic Gradient Richardson-Romberg Langevin Dynamics with fixed step size.

Input :Random number seed S, Step size ~, Initial state 9(()7/ 2 _ 0(()”) = 0, Test functi(zn f),
Number of iterations K, a probability distribution £ of an unbiased estimators VU for VU
Output: 7R (f) ~ [ f(0)n(d)

// Run two chains in parallel with consistent Brownian increments

Chain 1: Chain 2:
fork=1,--- ,Kdo fork=1,--- ;2K do

Set random number generator seed to S Set random number generator seed to S

Draw Z{1/%) ~ N(0,1d), 285/ ~ N(0,1d) | Draw Z""? ~ N(0,1d)

Set 2 = (Z207%) + 207 V2 Draw VU "% from £

Draw VU from £ R A v s (1))
00 =00, - VOO0 vz L +v7z) "

~ (/2 2K 2

Compute 7 (f) = £ 342, £(6") Compute ¢/ () = 5k Y25, (6177

// RR extrapolation.
() =222 — 7
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Algorithm 2: Stochastic Gradient Richardson-Romberg Langevin Dynamics with a sequence of step

sizes.

Input

:Random number seed S, Sequence of step sizes (yx)x>1, Initial state 0(()7/ 2 — 0(()’7) =6,

Test function f(-), Number of iterations K, a probability distribution £ of an unbiased

estimators VU for VU
Output: 7R (f) ~ [ f(0)n(db)

// Run two chains in parallel with consistent Brownian increments

Chain 1:
fork=1,---,K do
Set random number generator seed to S

Draw Z31/2) ~ N(0,1d), z0/® ~ N(0,1d)
sa ) = (293 + 20 2

Draw VU ,EW) from £

o —of7, SO0, + vEl?

Chain 2:
fork=1,--- ,2K do
Set random number generator seed to S

Draw Z,(j/z) ~ N(0,1d)
Draw VUISY/Z) from £
9}(:/2) _ 91(37/12) _ Vrk-é/zw VUIEWD(QIE;Z/?)

w2

N A (v/2 2K 2
A (f) = B i e f(0)) a () = o= o e (007

// RR extrapolation.
() =22 7 )

2 Assumptions for the Theoretical Analysis

Notations: For M € R%*?, denote by M > 0 if and only if M is a positive definite matrix, and
M > 0if and only if M is a nonnegative definite matrix. Let ' and F' be two vector spaces, denote by
E ® F the tensor product of F and F'. Forallx € F andy € F denote by r Q y € F ® F' the tensor
product of z and y. Let n € N*, denote by C™(R9) the set of n times continuously differentiable
functions from R? to R. Let f € C™(R?), denote by D™ f the n™" differential of f. Let f € C1(R%),
denote by V f the gradient of f. Let f € C?(R?), denote by Af the Laplacian of f. Denote by
|-] and [-] the floor and ceiling function respectively. For a,b € R, denote by a VV b and a A b the
maximum and the minimum of a and b respectively.

In this section, we give the full statement of Theorem [I]and Theorem 2] the appropriate conditions
which imply these results, and their proof. We begin with two conditions which are common to both
Theorems. The first following assumption ensures the stability of the Markov chain produced by
SGLD (2) and the diffusion process (I)).

Al. There exists a Lyapunov function V€ C%(R%), V' > 1 with bounded second derivative such
that lim|jg | o0 V(0) = +00 and satisfying:

N - 12
(i) Let VU be drawn from L, almost surely 0 — VU (0) € C°(R?, R?) and HVUH <V.

(ii) There exist a > 0 and b > 0 such that for all 6 € R4,
(VV(0),VU(0)) > aV(0) —b.

VO + [VU(O))* < bV (0) and

In a Bayesian inference context where U is the opposite log density of a posterior distribution and
is of the form U(6) = *(ZL log p(x;]6) + log p(#)), note that All{ holds with the Lyapunov
function V'(0) = [|6]|° + 1 for B € (1,2], if there exist C; > 0, C > 0 such that for all § € R,
(VU (9).0) > Cr ||z = Co,

sup }{||V9U1(Xi,9)||2}+ IVU(0)]* < Ca(6]1” + 1) ,

i€{l,- ,N
and VU is defined by (3).

Under AllH(ii)} [1} Theorem 2.2] implies that the process (¥ ):>0 is exp(cV')-uniformly ergodic, for a
small constant ¢ > 0. Therefore, we have that for all function f : R? — R, sup,cga | f/V?| < o0,
fors > 0, w(f) < 4oc.



We now make some assumptions on the regularity of the solution of the Poisson equation associated
with (T). Define the generator associated with (T]) by for all function h € C?(R?) and all § € R?,

Ah(8) = —(VU(09),Vh(0)) + Ah(9) . (S1)
A2 (q). Let g € Nand s > 0. Forall f € C4(R?) such that for all § € R* and i € {0,--- ,q},
||le(0)|| < CpVE(0), for Cy > 0, there exists a unique solution g € C9(R?) to the Poisson

equation Ag = f — w(f) satisfying for all 6 € R% i € {0,--- ,q}, ’Dig(9)|| < Cy V() for
Cy,r > 0.

Let ¢ € N. [2, Theorem 2] shows that if U € C9+2(R¢) and there exist 8 € (1,2], C > 0 such that
(VU (x),x) > C(|lz]|” = 1), then A2|(g) holds with V' = 1 + |-

3 Asymptotic Analysis of SGRRLD

3.1 Proof of Theorem[]

We give in this section, the full statement and the proof of Theorem |1} Before that, we make some
preliminary observations. Let (7;)r>1 be a sequence of step sizes. Recall that for all KX > 1 and
neN

K
n n 1
F(KL) = Z'Vk+1 ) Ik = Fg() :
k=1

We are interested here in the convergence of 7% ( f) for a function f : R? — R and with a sequence
of step sizes which satisfies the following assumption.

A 3. The sequence of step sizes (y)k>1 is nonincreasing and satisfies limy_, ooy = 0,
1imk_>+oo 'y = +o0.

Then under a straightforward application of [3, Theorem 7] implies that almost surely
limg 400 A (f) = 7(f) as soon as f : R? — R is a continuous function and |f/V*| is upper
bounded for some exponent s > 0. under A1} [3] Lemma 5] shows that for all s > 0, if E[V*(6y)] <
+00, then supyso E[V*(6k)] < +o0. This upper bound will be used many times in the proofs.

To show Theorem [T} the duplicated diffusion associated with (I) needs to be considered. It is the

SDE on R2? defined by:
{dXt = —VU(X,)dt + v2dBY 2

dy, =-VU(Y,)dt+v2dB? |

where (Bt(l),Bt(Q))tZO is a 2d dimensional Brownian motion, (Bt(l))tzo and (Bt(Q))tZO are d-
dimensional standard Browr%ian motion and there exists a d-dimensional standard Brownian motion
(Bt)e>0 independent of (Bt( ))tzo such that

1/2 =~

B¥ =x"BY 4+ (l0-2T%) " B, , (S3)

where ¥ € R%*? is such that Id —X T ¥ is a positive definite matrix. Under All, VU is Lipschitz,
therefore (S2) has a unique strong solution (X3, Y;);>o. Note that if a probability measure of (S2) is
invariant for (X, Y;):>o then each of its marginal distributions has to be equal to 7. A significant
point in the analysis of 7% is the following assumption.

Ad. (X,Y};)1>0 has a unique invariant measure I1.

When X is invertible, the generator associated with the SDE is uniformly elliptic and AH]is a
direct consequence of A[I] see [4]. In the general case, the generator of (S2)) can be hypoelliptic and
AH] can be more intricate. However, weak assumptions on U which guarantee that A4]holds can be
found in [3]], a particular case being when U is strictly convex [S, Corollary 3.2 (a)].

A is necessary in the proof because we use that the two sequences (Géz/ 2), 0,(:)) k>0 and
(Géz/_ 21), 9,(3)) %>0 can be viewed as two chains produced by SGL started at (6, 0p) and (957/ D o)

'Note that they are not produced by a standard SGLD but the analysis is the same.



respectively, applied to the SDE (S2). Therefore if AT} AB}AH]hold, adaptations of the proof of [6l
Theorem 1] implies that for every continuous function b : R? x R? — R, |h| < CV* for some
C, s > 0, almost surely we have

K—+o00 d R4

K
lim TRt > gah(05)?,60) = / h(z, y)I(dz, dy) (S4)
k=0 R

and the same statement holds for the chain (65772, 607),5,.

Before giving the full statement of Theorem I} we need to introduce some notations and definitions.
Define for all functions h; € C*(R?) and hy € CO(R?), G hy and GB)hy, for all § € R by

d
G (0) = 3(A%(h)(0) + BID* O){[TT0)%H) = 3 Du(0) {VU(0) &8}, (53)

G®hy(0) = (61)'E [DO(ho)(0) {Z2%°}] — (31)'E [D°ha(0) {VU(0) @ Z®*}]

d
— (1/3)E[D*h (O{[VU(0)]*}] + 3 ZE[D4hl(9){[VU(9)]®2 ®e*}], (S6)

where {e;}_, stands for the canonical basis of R?. Assume that 9) holds and let f € C°(R?)
satisfying for all € R? and i € {0,--- ¢}, ||[D'f(0)|| < C;V*(6), for Cy > 0. Let g €
C?(R?) be the solution of the Poisson equation Ag = f — m(f), associated with f. Under A
G®g € C°(RY) and there exists C,r > 0 such that for all # € R? and i € {0,---,5},
| D{GPg}(8)|| < CV"(H). Therefore using again, there exists a unique solution to the Poisson
equation AG = G g—n (G g), associated with G(?) g, denoted by G, such that there exist C, 7 > 0,
forall # € R¢andi € {0,---,5}, | D'G(0)] < CV7(h).

Theorem S1. Let s > 0 and f € C?(R?) be a function satisfying for all & € R% and i € {0,--- ,q},

||le(9)|| < CyVe(8), for Cy > 0. Assume (9)-AE| Let (9,(67), 9?/2));@20 be defined by
@)- @), started at 0y € RY and assume that the relation () holds for ¥ € R4*<,

a) Iflimg oo F([?)/F}(/z =0, then F%Q (#R(f) — 7(f)) converges in law as K goes to infinity
to a zero-mean Gaussian random variable with variance O’%{ defined by

0% = 10 / IVg(a)|* m(de) -8 / (Vg(x). SVg(y) (da,dy) . (ST)
Rd R

d wRd

b) Iflimg oo F(Ig)/F}(/Q =k € (0,+00), then I‘}(/Q(frIR((f) —7(f)) converges in law as K goes
to infinity to a Gaussian random variable with variance o, and mean r jig where oy is defined in

(S7),
i = [ {9960 +69g(0)} n(ad). (S8)
Rd

g is the solution of the Poisson equation associated with f, G the one associated with G g, G G
and G®) g are defined in (S3) and (S6), respectively.

¢) Iflimg 400 rﬁ?/vr = +o00, then (I‘K/Fff))(fr%(f) — 7(f)) converges in probability as
K goes to infinity to ug given in (S8).

Before giving the proof of Theorem [SI] we make some remarks on the asymptotic variance oy
defined by (S7). Since necessarily the two marginals of IT are equal to m, the Cauchy-Schwarz
inequality and the condition Id — ¥ is definite positive imply that 03 > 27(||g||?). On the other
hand, when ¥ = Id, this lower bound is reached, which shows the benefit of choosing consistent
Brownian increments. It is also notable that in this case the asymptotic variance is the same as in the
case of SGLD.



Proof of TheoremlS’_Tl Since under ), g € C°(R%), by a 7th order Taylor expansion, denoting

by A0) = 9k+1 6" we have for a]l k > 0 there exists s\ € [0, 1] such that

6 . ®7 ®7
901 = (e,<3>>+Z<ﬂ>-1DZg<e,i”>{Ae,@} + (607 D7 (0 + 570 {20}

%

k%1_+§: 1§:<])gzva@+nmly (60 {~[VT, 601 o (200,196
§=0
+(6) 7107 (67 + 5V6(") {AG,(])}@?
After a change of variables and rearranging the terms, we get
00 = ol07) + Yoo+ D7) o 207 {0}
where

Li/2]
g —J i— i— j i—2]
D](C) = Z < )2( 2§)/2 i—j (91(3)) {[ VU;Sl)l(H( ))]®g ® [Z]il)l]®( 2])} _

=0 N
Let (.7-"1(") )i>1 be the filtration generated by the sequence
(Z£?1§)7Zéz/2), Zi(y), VUQ(Z_/?),VUQ(Z/2)7VUi(7))i21 and 0(()7/2). Introducing the conditional
expectation of D,(C’) foralli € {1,---,12}, we have

g(6)) = g(65) + 21/2 ileg(e” )Z] + Y1 Ag(0) + 774,16 g(0L)

3 — ®7
+ 7k+1g(3 0("/) )+ Z’yk/fl ) + (61 1D7g (9](;/) + 827)01(6’7)) {Ael(j)} ’
=2

where Ag, G g, G®)g are defined in (ST), (S3), (S6) respectively and Eéi) = Dl(f) — IE[D,(;) | Fe].
Therefore since Ag = f — 7(f), we have for all K > 1,

12
ot {1007) = ()} = 0 o032 LD )3 005

_ Z g(3) 9(7) ZZ ]lc/flg(l )—1D7g (HI(C’Y) +8](C’Y)91(€’Y)) {Agl(cv)}@?? . (Sg)

k=1 k=11i=2

Similarly for (6(7/2));>0, but conditioning this time by the filtration (F, (r/2) )i>0 generated by the
sequence (2, vT/?);5; and 6§, we have for all k > 1,

9O = <0§J/2)>+v;/2 Dg(0") 200 + (1) (Ag(0072)) + (7241 /4GP g (6072)

. i _ &7
R DTG s /2 I 6) DT (0072 + s a0 ) {nop? )
=1
where 5(7/2) € [0,1], IC,(f) = ’H,(f) - E[’H,(j) \.7:1»(7/2)] and
(i) R AR ) =) (p() V@34 (1) 1@(i—2j
wl =3 (1)) i) (9O o )
=0



This equality implies that for all K > 1,

2K 2K
Z'YkJrl {f(el(:/z)) _ W(f)} (Qé’%i)l) (9%7/2)) _ Z 1/2 Dg(g(’Y/Q))Z(’Y/2) (S10)
k=1 k=1

—Z{ /NP g0 + (111 /819D g0 +Z% 1/2>”2“’(Z}

1=2

®7
_ (6!)_1D7g (91(:/2) + S;W/Q)AQI(C’Y/Q)) {Ael(:/m}
Combining (S9) and (S10), we get
i {73 () —m()} =2 wé}ﬁ)n g(0772) = g(021) — 9(61")

—Z{vifmkﬂiﬂl?ﬁ) 9 BY + Ne+Ref (S

where

My =2 {Dg(05 ) (257 + Do(o/ Dz 2} 22 Dg(67 )2 1)

B = 21~ l{g“ (ogg/2f)+g<”>g(9§;/2>)}fg@)g(o,(j)) fori=2,3 (S13)
6
Ne =32 {20m/2) 720650, + K5) — 560} (S14)
1=2

N /2 1) @)y _ 2 oli) () o (D A9 &

Ric =3 {20041/2) 25, + K =280} = DTg0)) + 17 a0) { a6}
=7

2) 2) 2 2)
2(61) D790/ + s/ % 2052 {202}
7
+ 2(6!) 1p7 (9(7/2 + 8(7/2 9&’2/2)) {Agézﬂ)} . (S15)
First under 9), g < CyV", therefore using and and [3, Theorem 7] we get

1/2p (v/2) (/26 =
KI_I)TEOOF H (92K+1) g(01 )H =0,
which implies that Fl_(l/ *(g (9;%5_)1) (057/ 2))) goes to 0 in probability. Using the same reasoning,

we have that F_l/ 2 (g(&%’il) (0(7))) goes to 0 as well. The proof then consists in controlling the
weighted sums of each term appearing in (STI)). The two leading contributions are:

1. Zf: 1 Yk+1M; is the fluctuation term, which converges in law to a zero-mean Gaussian
random variable if it is scaled by I‘%Z. It is the content of Lemma

2. 3K 22,,BP 443, B s the bias term. Tt is shown in Lemma and|b) below that,

divided by Fg) , this term converges in probability to a constant. Note that this is the main
difference between the convergence of SGLD and SGRRLD. Indeed, in the case of SGLD

the bias term converges at the rate Fg) , see [3, Theorem 8].

As regards to the other terms in (STI)), it is shown in Lemma|[S3|that they are negligible. O

Lemma S2. Under the assumptions of Theoreml ~1/2 Z o1 Vi +1M k converges in law to a

zero-mean Gaussian random variable with variance o where (My)k>1 and o, are defined in (S12)
and (S7) respectively.



Proof. Denote by &, x = (er1/Tx)Y?My, for K > 1and k € {1,---, K}. The proof consists

in applying a CLT for the arrays of (f,gv))kzo-martingale increments ({1 k', , &k k) k>1. By [
Corollary 3.1], it is sufficient to show that almost surely

K

I CHENEE
S (v)
vy

i 38 [l 50 <o

Let us first show (S16). By definition (ST12) of (My)>1 and @), forall K > 1,k € {1,--- , K},
we have

2 2 2
E [ |F7] = 2 {4HD OS2+ 4| a6l +2||patel)|
1(Dg(052), =Dg(0)) + 4 (Dg(65/¥), =Dg(0")) } . (S18)

Since (0(7/ ))k>0 is a Markov chain produced by the SGLD applied to 1[_l| with the sequence of

step sizes (x)r>1 defined by 72,—1 = /2 and 72k = /2, and ATFAR|9)-AB]are assumed, [3|
Theorem 7] can be applied and almost surely

- (/2| (/2|2 2
lim > (er1/Ti) 4 [ Dg@G20 |+ Do)t =2 [ 1Dg@) w(aa) . (519)
K~>+ook:1 R4

The same result can be applied to the sequence (91(3))@0 which implies that
K

lim (ka/rK HDg 9”) / IDg(2)|? 7(dz) . (S20)
K—+4o00

For the other terms, by AIZKQ)-A@ and (S4), we have for i = 0, 1
= (v/2) ()
3 /2 v _
Kgrgoo’;(vkﬂ/m (Dg(05/2), 5Dg(0")) = /R {(Dg(), 2Dg(y)) T(d,dy) . (S21)

Combining (ST9)-(S20)- (S21)) in (SI8) shows (S16). We now deal with showing (S17). By Hélder’s

inequality, A2] we have
B [lnl” | 77] < Ctun/rr® { | D02+ [ Date/)| + [ Date] '}
< Clmaa /D)2 LV (052 + V3 (057 + V(o) }

By [3 Theorem 7], almost surely,

K+1
sup (/)7 37 8 (V27 (05%) + V2T (05 ) + V2T (0) } < oo
= k=1

Therefore, using that (v )x>1 is nonincreasing, we have almost surely, for all K > 2,

K
S OE [exl | FP] < or@ mit <oy,

which concludes the proof of (ST7) since limg—, y o ['x = 400. O

Lemma S3. Under the assumptions of Theorem([l] the following statements hold:



a) Iflimg_, 4o F(Ig) = 4-00. Then in probability

. 3) (2 2
G () EZW.HB = (12

where u( ) = 1(GAG), and G is the solution of the Poisson equation associated with

G¥g, AG =GP g —7(GPyg).

b) Iflimg 4o I‘g) < 4o00. Then in probability,
K

. -1/2 2 (2) _
Kl_lfiloo(FK) ;%ﬂlgk 0.

Proof. a) Under and ARl G(?) g is integrable w.r.t. 7. Introducing 7(G(?)g), we have

K
TS B = O + AD), 2
k=1
where

A =2 S {00 %)

K—Zv{w)w>ﬂwmy

the sequence (7 )r>1 is defined by 12,1 = 7v5/2 and 12, = ~,/2. As mentioned before the
statement of Theorem using again Under and we verify that G(?)g satisfies 5).
Therefore the solution ¢(?) of the Poisson equation AG = G — 7(G?)) belongs to C°(R%)

and there exists ¥ > 0 such that for all i € {1,---,5}, 2 € D'G(z)|| £ CV7(x). There-
fore by an adaptation of the proof of [8, Theorem V.3] for SGLD, we have that in probability
limg 400 (T 2)/I‘ 3)) S 9/2 and limg oo (T 2)/I‘(S)) @) ug), which concludes

the proof of the first pomt

b) The proof of the second point follows the same line and is omitted.

Lemma S4. Under the assumptions of Theorem([l] the following statements hold:

a) Iflimg 4o F( ) — = +00. Then almost surely,

K—)Jroo

b) Iflimg 4 F(Ig) < +00. Then almost surely,

K
: —1/2 3 B _
KE}EOO(FK) ; Y18y

Proof. The proof is a straightforward application of [3, Theorem 7] to the sequence of weights
(72)k>1, see [3, Remark 3]. =

Lemma S5. Under the assumption of Theoreml[l] the following limit holds in probability
K

. =1 _

Kl—l}-r&-loouK kg_l {Ne+Ri}=0,

where =g = ' V F1/2



Proof. We consider each term appearing in the definition (ST4) and (ST3)) of (NV)r>1 and (Ry)x>o0-
Let us deal with the first term of (N} )x>1, the proof for the other terms follows the same line and is
omitted. By ATTFAD] there exist C,p > 0 such that

K+1 K+1
CPDRTE Ue< d } < OTi! 3 vk E v

K
<OTH! (1 + Z F,Zil {41 — ’Yk+2}> .

k=1

By Kronecker’s lemma, we get

K+1 @)
2
dim TR 3otz (s ] =0,

Since (€ ,gz))kzl is a sequence of (F, 121/ 1 ))kzg-martingale increment, it holds that in probability,

K+1

1/2 (2)
Klifkloor Z 7k+1€

It can be proved in a similar manner that the term involving (IC,(f))kZl converges to 0 as well. [

3.2 Discussion on Theorem/I]

If (yx)k>1 is of the form v, = vk~ for a € (0,1] then for K > 1 large enough, I‘%Q =
O(K(1=2)/2) and T1Y) = (’)(Kl_?’o‘). By Theorem [S1| #%(f) converges to 7(f) at a rate of
convergence of order T'}/* A (T /T''2)), which corresponds in this case to O (K ~((1=0)/2)A(2a)),

In the case « = 1/5, then I‘}(/Q ~ (571 /4)Y2K?/5, I‘%) ~ (5’y%/2)K2/5, as K goes to infinity.
Therefore, limg_, 400 T2 /T1/? = 51/2¢4%/2 By Theorem [S1}ib)| we get that n/53(#R(f) — )
converges in law to a Gaussmn dlstrlbutlon w1th mean 27 ur and variance (4/(5v1))o%. The second
moment of this distribution is 4v{ 43 + (4/(571))0%. An easy computation shows that this quantity

is minimal when 1 = (03 /(20u3))'/.

4 Non-asymptotic Analysis of SGRRLD

In this section, we give the full statement of Theorem [2]and the conditions which imply this result.
Under the assumption that +;, is small enough for large & and AlT|we could adapt the proof [3| Lemma
5] to show that for all 7 > 0, sup;~ E[V"(6x)] < 400, but to clarify the presentation we make the
following assumption. -

AS. The sequence (Vy)i>1 is nonincreasing, limg_, 1 oo I'x = 400, for some K1 > 1, vg, <1
and for all r > 0, supy> E[VT(H,(J))] < +00, SUPg>q E[VT(H(W2))] < +o0.

Theorem S6. Let s > 0and f € C?(R?) be a function satisfying for all @ € R% and i € {0,--- ,q},
||Dl < CfV6 ), for Cy > 0. Let (9(7) 9(7/ ))k>0 be defined by @)- (), started at 0, € R<.
Assume Then there exists C > 0 such that forall K e N, K > 1:

BIAS: B [#R(f) — =()]| < (C/TK) {mgrg? + 1}

MSE: B [{#R(f) - 7()}’] < C{msT@ /Tx)? +1/Tic}

where mg = E[| VU, ||?].



Proof. Proof for the Bias: We use the decomposition given in (STIJ), which implies that taking the
expectation

Di [E[7(f) = w()]| = E [209(052) — 9(07"*)) = 9(62).1) — 9(6)]
K
a ZE [VEHB;(CQ) + 713+131(63) + R’“} » (823
k=1

Using A2|9), Al5| we get there exists C' > 0,

Is(u>p1E Hg 9&}@1) (9§V/2)) + g(ggjrl) _ g(ggv))H <C 524
éﬁ K
Z’Y}%HE HB](;*)H < Cmsl'? ZEHRk” <cr? 25)
k=1 Pt

It remains to bound the terms involving B,(f). Introducing the integral of G(?)g w.r.t. 7, as it is done

in Lemma|S4} the solution of the Poisson equation G associated with G() g and using a 5-th order

Taylor expansion of G(Q,(cl)l) at (‘9;(3))1@20, as done for (STI)), we get

K+1 K+1

> RAE[GP9(0) - 7(GPg)| = 3 ik [GO) - GO + 7 A0 + Ry
k=1 k=1

where almost surely A(6) < CVP() and Ry, < C*nyl VT’(G( ), for C,p > 0. Using again AI(9 )s
AP|and a summation by parts, we have

K+1

Z ’Yk [g(z) 9(7)) (9(2)9)} <01+ e )) (S26)

Similarly, we show that

K+1
>k E[6Pg(00") —7(GPg)]| < Ca+TR). (s27)

Combining (S24)-(S23)-(S26)-(S27) in (S23) concludes the proof.

Proof for the MSE: Using (STI)), we have there exists C' > 0 such that

MRE[ (7R () - =()] < € (E [( (9(6537) — 9(67*)) = 9632, - g<9§”>)2}
K ) K 2 K 2
(St o | (o) | 2| (Sotast?)
k=1 k=1 k=1
K 2 K 2
()]-<[15)
k=1 k=1

As for the bias, we need to control each term. The main difference is the terms involving the
martingales increments M, and Ny, which can be easily bounded using A@(Q)- by

(Ettasy)]|(E) | <o

k=1
For the others, the proof follows from a straightforward modification of the proof for the bias. [

+E

E
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Figure S1: Bias and MSE of SGRRLD for decreasing step size v, o< k=%, with a €
{0.1,0.2,0.33,0.5}.

5 Stochastic Gradient Hamiltonian Monte Carlo

We present here two algorithms based on the second order Langevin dynamics associated with m,
defined as the SDE on R2%:
dvy = pdt
t Pt (SZS)
dpr = —wpy — VU(9y)dt + /2pd B ,

where w € R is the friction parameter. It can be shown, see [9], that this dynamics has a stationary

distribution with density w.r.t. the Lebesgue measure proportional to (6, 7) e~ UO=Irl?/2,

It has been proposed in [9] to use an Euler discretization for (S28), where similarly to SGLD, the
gradient is replaced by a noisy estimate. The full algorithm is given in Algorithm [3|and its RR
extrapolation in Algorithm 4]

It has been shown in [10] that the SGHMC with the Euler integrator is a first order integrator. They
also proposed a symmetric splitting integrator for (S28)) and proved that it is a second order integrator.
The full algorithm is presented in Algorithm 5]

6 Additional experiments

We present an experiment which shows the optimal rates of convergence that we have derived in
Theorem [2| for a decreasing sequence of step sizes of the form v, o« £~ for all k& > 1, with
a € (0,1). From the bounds given in Theorem the optimal sequence for the bias is of the form
Y = k™3 and 4y, = 3 k~1/° for the MSE. We run a first experiment to determine the constants
¢ and ~3; with 20000 iterations. Then we find that 77 ~ 2 - 1072 and 73; &~ 0.5 - 1073. Then,
to confirm our results, we change the number of iterations to K = 10% and monitor the bias with
the sequences of step sizes v, = Y5k~ and the MSE with ~y;, = ~{;k~ for several values of v in
Figure It can be observed that the optimal convergence rate is obtained for v = 1/3 for the bias
and o« = 0.2 for the MSE, which confirms the results of Theorem 2}

Algorithm 3: Stochastic Gradient Hamiltonian Monte Carlo with the Euler integrator.

Input :Initial state 6, Step size -y, Parameter w, a probability distribution £ of an unbiased
estimators VU for VU
Output : Samples (6x) x>0
Initialize ro ~ N(0,1d),
fork=1,--- do
Draw Zk+1 ~ N(O, Id)
Draw VU, from £ ~
e =(1—wy)re—1 — YVUR(Or—1) + V2072
Or = Op—1 + 71

11



Algorithm 4: Stochastic Gradient Richardson-Romberg Hamiltonian Monte Carlo with the Euler
integrator.

Input :Random number seed S, Step size -y, Parameter w, Initial state 9(()7/ 2 = 9(()7) =0y,
Test function f(-), Number of iterations K, a probability distribution £ of an unbiased

estimators VU for VU

Output: 7R (f) ~ [ f(0)n(d)

Initialize ro ~ A/(0,1d), and set ") = r/2) =1,

// Run two chains in parallel with consistent Brownian increments

Chain 1: Chain 2:
fork=1,--- ,Kdo fork=1,--- 2K do
Set random number generator seed to S Set random number generator seed to S
Draw Z1/%) ~ N(0,1d), Z§/® ~ N(0,1d) | Draw Z0/? ~ N(0,1d)
Set 2 = (27?1 251 )12 Draw VU"/? from £
- (7/2)_(1_ﬂ) (v/2)
Draw VU from £ "k DA /%71 /2)
P = —IVUTO.T) + oy 2y
: - 2 2 2
(1 —ww)r,(;y_)l — 7VU,§’Y)(9,(€’Y_)1) + \/Qw'yZ,(J) B 91(3/ )= 91(3_/1) + (7/2)%(]/ )

o =00, 4

Compute 7 (f) = 7 334 [(6;") Compute 730 (f) = 5 45, £(6")
// RR extrapolation.

R (f) =222 () - 72 (f)

Algorithm 5: Stochastic Gradient Hamiltonian Monte Carlo with a symmetric splitting integrator.

Input :Initial state 6, Step size -y, Parameter w, a probability distribution £ of an unbiased
estimators VU for VU
Output : Samples (0 ) k>0
Initialize 79 ~ N(0,1d),
fork=1,--- do
9;(61) =0r_1+ (7/2)rk
rlgl) =e wW/2p,
Draw Zg1 ~ N(0,1d)
Draw VU, from £
Tl(f) = 7“](61) - ’}/VU]C(QS)) + 2wy Zy,
rE = e_‘”/Qr,(f)

0 = 9;9) + (v/2)rk

12
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