A Proofs for competitive formulation

A.1 Examples of partitions

The following examples evaluate - (A},) for the two simplest partitions.
Example 7. The singleton partition consists of | Ay| parts, each a single distribution in Ay,

Pag 2 {({p} :p€ Ay}

An oracle-aided estimator that knows the part containing p knows p. The competitive regret of
data-driven estimators is therefore the min-max regret,

' (A) = min ma (70, {p}) — ra({p}))

= mqm ;Ielixk T7L(Qa p)

= T'n(Ak);
where the middle equality follows as r.,(q,{p}) = rn(q, p), and r,({p}) = 0.
Example 8. The whole-collection partition has only one part, the whole collection Ay,

{Ar}-

An estimator aided by an oracle that knows the part containing p has no additional information,
hence no advantage over a data-driven estimator, and the competitive regret is 0,

def

AR) = quln Pg1{aA>i} (Iglea}girn(q p) — Tn(P)>

= i n\4, —I'n A
Inqln (ZI)IGL‘ZX’/‘ (q,p) — rnl k)>

= min max (7,(q,p)) — rn(Ak)
9 pEAL

n(Ak) - Tn(Ak)
=0.

The examples show that for the coarsest partition of Ay, into a single part, the competitive regret
is the lowest possible, 0, while for the finest partition, into singletons, the competitive regret is the
highest possible, 7, (Ag).

A.2  Proof of Equation (3)

The definition implies that if P’ C P then r,(P’) < r,,(P), for every distribution class P and P’.
Hence for every g,

P’ _ AN /
"n (¢, Ak) = max (ra(g, P) = ra(P"))

=max max (r,(q,
PEP POP/eP’

> max max (r,(q,
PeP POP/eP’

P') -
P') -

max( max _7,(q, P') — (P))
)

PeP PO P'elP’

I}glél%(rn(q, P) —r,(P))
= TE(Q,A]C)

B Upper bounds

For a distribution p and sequence z", let p(xz™) be the probability of observing ™ under p. Recall
that for a symbol x, we abbreviate p(x) to be p,..
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B.1 Proof of Lemmal]

The proof uses the following result.

Lemma 9. For every class P € Py, 1, (P) > maxpep ' (p).

Proof. We first show that there is an optimal estimator ¢ that is natural. In particular, let

Zp’ePpl(x") :

We show that ¢”,(2") is an optimal estimator for P. Since ¢”,(z") = ¢",(,)(c(2")) for any
permutation o, the estimator achieves the same loss for every p € P,

q",(z") =

r;lealgcrn ".p) =1 Zrn q",p") (6)
peP
For any estimator g,
maxE[D(plg)] > 1 ZE (#llg)]
peP vy

DESY Ypamyios — ( =5~ H)

peEP zneX™ yeX

= Y S sy ( 5~ Hw)
znEX™ yeX peP
n) log 2orePPE)
SPIPD Z< ) o Sy )

1
k,Z > > W—H(P)

peP TnEXT yeX

K Zr" (¢".p).

peP

—
W@

(a) follows from the fact that maximum is larger than the average. (b) follows from the fact that
every distribution in P has the same entropy. Non-negativity of KL divergence implies (¢). All
distributions in P has the same entropy and hence (d). Hence together with Equation (6)

rn(P) = min max E[D(pllq)]

_klzrn >p

pEP

_ "
= lgleagrn(q ,D)-

Hence ¢” is an optimal estimator. Recall that n,, denote the number of times symbol y appears in the
sequence. ¢" is natural as if n, = n,,, then ¢”, (2") = ¢",,(2™). Since there is a natural estimator

that achieves minimum in r,, (P),
7, (P) = min max E[D(p||q)]
q peP

= mi E[D
nin max [D(pllq)]

> max min E[D
= max min E[D(pl|q)]

_ nat
= maxry, (p),

where the last inequality follows from the fact that min-max is bigger than max-min. O
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We can now prove Lemmaf]

Proof of Lemma
o
Ag) = E[D —7rn(P
£ (0.8 = e (max BIDpl)] - () )

< BID(p]o)] — mas 7 (0)

<y (mep EID (0] - magrio

®

< max max (B[D(pl|q)] — r3(p))

= max (E[D(pllg)] - (»))

- r::[(Q7 Ak)
Lemma |§| implies (a). Difference of maximums is smaller than maximum of differences, hence
0). O

B.2 Proof of Lemmal3

The proof uses the following lemma which computes the best natural estimator. For a random

sequence X", let &, & ©:(X™). Recall that Sy(z™) is the sum of probabilities of symbols that
appears ¢ times in 2™. For notational convenience we use S; to denote both S;(2™) and S;(X™).

):S

Lemma 10. Let q;(2")~ 2=, then

¢" = argminry(q,p)
qeQm

and

me

Zstlog] H(p).

Proof. For a natural estimator g, if n, = n,/, then ¢, (2™) = g, (2™) . Hence, with a slight abuse
of notation let g, (") = g, («™). For a sequence =™ and estimator ¢,

Zpy ZStlog Z Z pylog ) ZStlog%

yeEX t=0 y:ny =t

where the last inequality follows from the fact that >, Sy = >, ¢rqi(2™) = 1 and KL di-
vergence is non-negative. Furthermore, equality is achieved only by the estimator that assigns

Sng
@ = . Hence,

r
qEQmt Xn)

ZStlogS]

“(p) = min E |3 p,log —%| = —H(p) +E
yeXx Qy( t=0
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Proof of Lemmal[5] As before, with a slight abuse of notation let ¢, (z") = g,(z") for natural
estimators ¢. For any natural estimator ¢ and sequence =",

D pylog o -y ¥ pylog o

yeX l‘ t=0 y:n,=t )
*ZStlog +Z,S’tlog—
—ZStlog —i—ZStlog—.

Thus by Lemma|[I0]

mn(g,p) = —H(p) +E

n St n @t
Silog — + Silog —
2 Slom g, T2 Se

n St
;St log St]
= E[D(S]|3)].

- P
—E Z St log S:]
t=0

=E

B.3 Optimality of natural estimators

We now show that exist natural estimators that achieve r(Ay) and rfe (Ay).

Lemma 11. The exists a natural estimator q' such that
(@, Ag) = i (Ag).
Similar there exists a natural estimator q' such that

w (' Ak) =17 (Ag).

Proof. We prove the result for 7(Aj).  The result for rfv(Ay) is similar and omit-

ted. Let profile ¢ of a sequence z™ be the vector of its prevalences ie., @(z™) &ef

(po(z™), p1(z™), p2(z™),. .. pn(x™)). For any optimal estimator ¢ and sequence z™y such that
o(x"™) = ¢, and ny(x )= t let

2wn 2w =g ma=t = (W")

iz n
q',(a") =
Y Zu”u:@(u“):@mnu:t 1

q" is a natural estimator as if for any sequence x", n, (z") = n,/(2"), then ¢", (z") = ¢",, (z").
We show that ¢” is an optimal estimator. Observe that for any P € P,

(a) 1 b 1 (c)
ra(q.P) 2 5D ralap) 2 5 D rald".p) = rald”, P). (7
peEP " peP

—~
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Maximum is larger than average and hence (a). Every distribution in P has the same KL loss for ¢”
and hence (c¢). To prove (b), observe that

Soralap) =Y Y. Y pla"y)log ( my ~H®)

peP peEPzneXn yeX

= > D> paty)log ——— ( y —HP)

zreX" ye X peP

=Y > > D plamy)log——— ( my ~ HP)

Pt @) =@, Yyiny=t peP

Zu” v:@p(Un)=@n,n,=t 1
N1 0P BN _-H
> Z Z Z Zp Og Zw” 2@ (WN ) =P N =t qz(wn) (p)

Pt xn:@p(xn) =@, Yiny=t pEP

=y > Zprylog () — H(p)

Pt @) =@, Yiny=t peP

= ZT" q//7p 7

peEP

For all sequences 2"y with the same p(2") and ny (2"), > c p p(2"y) is the same. Hence, applying
log-sum inequality results in (d). By Lemmam every p € P has the same r7(p), hence subtracting
r™(p) from both sides of Equation (7)) results in

max (rn(q,p) —m'(p)) = max (rnlq”,p) — (D)) -

Hence for the optimal estimator ¢,

re(Ag) = max (rnlg,p) — ' (p))

= g (s (ra(0.0) = 720

PeP, \ peP
> l’lﬁ(
> g (s (o) 7200 )
= max (r (rn(q",p) — ()
=Tn (q ) Ak)
Thus ¢” is an optimal estimator and furthermore it is natural, hence the lemma. O

C Regret bounds on the Good-Turing estimator

C.1 Preliminaries

In practice, often the Good-Turing estimator is used for small multiplicities and empirical estimators
are used for large multiplicities. We analyze this estimator and bound its regret. For a symbol

appearing t times, we assign probability ¢/, = S, /+, where S, = C, /N. N is the normalization
factor to ensure that ..~ .S; = 1 and

c,—{# if t > to,
(pry1+1) - EL else.

We set £y o< n'/3 later. Similar to our experiments, we have modified the Good-Turing estimator
to (per1 + 1) - %, thus ensuring that we never assign a non-zero probability. However, unlike
our experiments, where we decided between empirical and Good-Turing estimators depending on
if @141 > t, for our proofs we just decide it based on ¢ for convenience. We remark that in our
experiments the estimator in Section @] performed better than the one above.
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Ideally we would like to analyze this estimator when the number of samples is n. However, such
analysis is complicated as the number of times symbols appear are dependent, for example, they add
ton. A standard approach to overcome the dependence, e.g., [29], samples the distribution a random
number of times ~ poi(n), the Poisson distribution with parameter n. Some useful properties of
Poisson sampling include: (i) A symbol with probability p appears poi(np) times, (i) The numbers
of times different symbols appear are independent of each other, (¢i7) For any fixed ng, conditioned
on the length poi(n) > ng, the distribution of the first n( elements is identical to sampling p i.i.d.
exactly ng times. Thus, to simplify the analysis of the estimator, we assume that the number of
samples is a Poisson random variable with mean n. A similar result holds with n samples.

We first relate the KL regret to a chi-squared like distance between S and C.
Lemma 12. For any distribution p € Ay,

e e e |

Proof. Sincelog(1+y) <y, > oy Se=1landy ;2 C, =N

D(S||S) = ZS’tlog
:Z,S‘tlog Ct
t=0 t
:ZStlog%—i—ZStlogN
t=0 L——
:ZStlog(l—i—Stht)—i—logN
t

t=0
Sy — C;
S, log N
t( Ct )—i—og

I A

- Sy —C, - Sy —C,
=Z<St—ct) < * > +2 G ( t > +1log N
t=0 Ci
Z(&Q)( >+Z —Cy) +logN
t=0 t=0
zzi(st_ct) +1—N+logN
Cy
t=0
o (S: = Cy)?
<2
t=0 Ct
to—1 e’}
< S; — Cy)? S; — Cy)?
_ (tct) +Z(tct)
t=0 t t=to t
Taking expectations on both sides and substituting C; results in the lemma. O

C.2 Empirical estimators

All of our results including the next lemma hold for all distributions in A, and hence stated without
any condition on the underlying distribution. Let N, &t n,(X™) for a random sequence X".
Lemma 13. For any n and t,

—to t@t/n
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Proof.

> St_t@t ’I’L2 > St—tq)t TL2
S (St 5 (S /)

—to t@t/n t—to @tto/n
© & t/n)?
< 1
SpBPECLE
t=top x
DR
x t=to t /Tl
t/n)*
< 1
S5t et
r t=0
(a) follows from the fact that w < 3 a?foray = In,=¢(ps — t/n) and m = &,.

Taking expectations on both sides,

(S; —tds/n E[> 5o In,=t(pe — t/n)?
(S 0] 3 IS bt =/

= Dit/n ~ to/n
pa/T
— to/n
1
=
where the second inequality follows from observing that E[Y ;2 1n, —+(p, —t/n)?] is the variance

of a Poisson random variable with mean np,.. O

C.3 Good-Turing estimators

To bound the regret corresponding to the Good-Turing estimator, we need few auxiliary results. The
next set of equations follow from results in [13]], For any n and ¢,

t+1
E[S;] = % - E[@11]. ¥

Var(S;) < % E[®¢12]. 9
. KS _ lf’*)] < DB, (VBB g,

The next lemma relates E[®; 1] to E[®;].

Lemma 14. Foranyn andt > 1,

t 1
E|® <E|® 1 — Pa—
es] < Bl (Shogn+ - ) +
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Proof. Letr > t+1

E[®:11] = lz In, t+;|
t+1
S
(t+1)!
-y Cemmwa (P2)°
~ t+1 t!

t t
_ Z n e~ (npz) Do+ Z n e (npm) "

1 ! 1 !
z:npy <r(t+1) t+ t z:npg >r(t+1) t+ t
@ T (npa)’ 3 n (r(t+ 1)
—npy z —r(t+1)
=7 ‘ no +1° T
@npe <r(t+1) @npe >r(t+1)

—Npg np$ —r(t+1)( (t+1))
sry e +Zt+1 ET—

t!
(2) ,rzefnpz pT + Z efrt/2
7! t+1 Pa

n rt
< —e 2,
_T‘E[@t]+t+1e 2

(a) follows from the fact that second term is a decreasing as a function of np, in the range [r(¢t +
1), 00). (b) follows from the fact that

¢ ¢
e—r(t—i—l)(r(t:;l)) = oty ot (t "t"l) <eTipt < T2,

Choosing r = 2 < logn + yields

t+1’

t 1
E|® <E[® 1 —_— —.
(eia] < Bl (Flogn + 7 ) + 17

The final auxiliary lemma bounds the inverse moment of Poisson binomial distributions.
Lemma 15. Let X; for 1 < i < n be Bernoulli random variables, then

1 1
E < = .
[Z?_l Xi+ 1] T i E[X]

Proof. Let s; = E[X;]. We show that of all tuples s1, s2,...,5, such that Y., s; = ns, the
one that maximizes the expectation is s; = s, Vi. Suppose for some ¢, 7, s; > s;, we show that
if we decrease s; and increase s; keeping the sum same, then the expectation increases. Let Y =
1+ ke {ij} X}, For any instance of X", taking expectation with respect to only X; and X;.

1 |Y _ (1781)(178]‘) 4 Si(lfsj)+(178i)8j SiSj
Xi+X;+Y Y Y +1 Y 42

1 2
=y Flits) <Y+1_Y> Ty Y T DY 1 2)

Thus if we decrease s; and increase s; (keeping s; + s; fixed), then s;s; increases and hence the
expectation increases. Hence the maximum occurs when s; = s; for all 4, j and

1 1
- - | <E|—
# |zl <2 7))

17



where Z is a binomial random variable with parameters n and s = >, E[X;]/n.

The expectation can be bounded as

n

[ Bt oo

=0

n
1 (n + 1) SHI(1 = gy H1=GHD)
0

(n+1)s e Jj+1
1
~ (n+1)s
1
S N
ns
_ 1
Z?:l E[Xi] '
O
Using the above lemma, we first bound the expectation of SZ/(®; 1 + 1).
Lemma 16. For any n and t, if E[®; 1] > 2, then
S .
Gii1+1] 7 E[@rq] -1
Proof. We first observe that for any =z,
—npy (102)' L DT 1
Elln,= =e "Pr———— < — < - 11
[ N:c—t-‘rl] € (t+1)' € (t+1)' = ¢ ( )

Since St = Zmpwle:t and @tJrl = Em 1Nw:t+1a

SE e 2y PePyln.=tIn,=t ZZ PaPyln,=t1n,=t
D +1 > Inv=t+1 rallp®

z2i2#T,22Y 1Nz:t+1 +1
where the equality follows from the fact that symbol cannot appear both ¢ and ¢ + 1 times thus only

one of 1y, —; and 1n_—;11 can be 1. The numerator and the denominator of the terms on RHS are
independent of each other, hence

PaPyln,=t1n,=t
2212751,2751/ In,=t+1+1

E pa:plem_thy_t} _E

YooIn— +1

1
zz527’5$72¢y In.=t+1+1

=E [popyIn,=tln, =] E [

@ E [pepyln,—eln,—]
<
Zz:z;ﬁm,z;ﬁy E[]'Nz:t+1]
® E [papyln,=t1n,=]
- E[®;41 — 1] 7
(a) follows from Lemma|[15]and (b) follows from Equation (TT)) as

Y Elln=era] = ) Elln.=en] = E[ln,=t41] — E[ln,=r+1] > E[@p1] — 1.
ZI2FX,2FY z

Summing over x and y results in the lemma. O

We now have all the tools to bound the error of the Good-Turing estimator. We divide the set of
values into two groups, depending on the value of E[®;4].
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Lemma 17. For any n and t if E[®;11] < 2, then

(S — (t+ 1) (D1 +1)/n)? 5t dlogn (142 ;
¢ [ (Dry1 + 1)(t++ 1)/n ] < —+ — (m) + =

-
Proof. Let Z = Sy — (t + 1)@y 41 /n.
2 2
(Z_t+1> (t+1)
n

E 2

WEz?) +

O @+ D+ 2EPo] | ([t + 1)215[%1] L +21)2

n? n n

<2

n? t+1 t+2

@ _(t+1)(t+2) [(2logn t+1 (t+1)(t+2) 3(t+1)?
( ) n2(t + 2) n2

Equation (8)) implies Z is a zero mean random variable and hence (a). Equation (I0) implies (b)

and (c) follows by Lemma|[l4]and the fact that E[®; ] < 2. Hence,

(Z —(t+1)/n)? } _El(Z-(t+1)/n)?
(@er +D(E+1)/n] (t+1)/n
2(t+2) [2logn t+1 1 3(t+1)
n '<t+1 t+2>+n+ n
5t 4logn(t+2) 6

IN

n n(t+1)

Lemma 18. For any n and t if E[®:11] > 2, then

(Sy — (t+ 1) (D1 +1)/n)? 5t 4dlogn [(t+2 6
A el R G B

Proof.
(St = (t +1)(@e41 +1)/n)° St (t+1)(Peq1 + 1)

= + — 285;.

(Per1+1)(t+1)/n (Prr1 +1)(t+1)/n n
Thus by Equation (8,

E {(St —(t+1)(Pri1 + 1)/”)2} _ [ St } _ (t+1DE[@44] LU
(D1 +1)(t+1)/n (Prr1 +1)(t+1)/n n
By Lemma([I6|and Equations (8), (9),
S . PR
(Perr+ 1)(t+1)/n] ~ E[@pq —1)(t+1)/n
t+1 E[@;11]? t+2 E[dio]
n K@ —1] n E[@q —1]
Substituting the above equation in Equation (I2)) and simplifying,
B {(St — 4+ 1)(Peyr + 1)/”)2} < G+ DE@iia] + ( + 2)E[Pry] Ll
(P +1)(t+1)/n nE[®; 11 — 1] n
(@ (t+1E[@p1] + (t +2)E[DPry0]  t+1
<9 +
nE[®s11] n

(2)2 t—|—1+t+2 210gn+t-|—1Jr 1 n
- n n t+1  t+2  2(t+2)

5t  4logn <t + 2) 6
= — —|— _— —_.
n n t+1 n
Since E[®; 1] > 2, E[®;41] — 1 > E[®;1]/2 and hence (a). Lemma[14]implies (b).
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Combining the above two lemmas results in
Lemma 19. Foranyty > 1,

to—1 2 2
(St — (t+1)(Pi41 +1)/n) 5t  4logn Tto
E < — t log ¢ 1 .
; [ (D1 +1)(E+1)/n _2n+ n (to +logto + >+2n
Proof. By Lemmas|[17]and[18] regardless of the value of E[®¢ 1],
E (S — (t+ 1) (D1 +1)/n)? < 5t+410gn t+2 6
(D1 +1)(t+1)/n —n n t+1
Summing the above expression for 0 < ¢ < ¢y — 1 results in the lemma. O

Substituting the results from Lemmas [I3]and[T9]in Lemma T2}

A 1 52 4logn Tto
E[D(S||9)] < — + =2 to +logty + 1) + —
DS < 1+ 38+ LB (1 +1ogg +1) + 2.

Substituting o = n'/3/5'/3 results in Theorem 1]

A 2.6  24logn(n'/® +logn+1) 2.1 _ 3+o0,(1)
nal /
pol(n) (q 7Ak) < ;Ieli}i ]E[D(SHS)] < ﬂ1/3 n n2/3 =~ n1/3

D Proof of Theorem

To lower bound 757 (Ay) it is sufficient to lower bound 77 (P) for any subset P C A;. We
construct a subset 73 by considering a set of distributions {p” : v € {—1,1}™"'} and all their
possible permutations. The lower bound argument uses Fano’s inequality and Gilbert Varshamov
bounds.

We choose P to be the set of distributions whose probability multiset are close to that of a distribution
p°, where p° is defined as follows.

Let ¢ be a sufficiently large constant. Let m be the largest odd number less than
min(k, (n/(c?log® n))'/3). Let p° be the following distribution. For 1 < i < m — 1,

o_ logn [c®n < n n 2)
b 6n m mlog®n

and p?, = 1 — 277" Y. Observe that forall 1 < i < m — 1, 1/(6m) < p? < 1/(3m) and
0
Dy, > 2/3.

We choose the close-by distributions as follows. Let € = 4/ 72—*”, where c* is some sufficiently small

constant. For a binary vector ¥ € {—1,1}™71, let p” be the distribution such that p? = p? + v;€
forl1 <i<m-—1landp’(m)=1->" llpf Note that by the properties of p° and ¢, p? is a
valid distribution for every ©. Let C be the largest subset of {—1,1}™~! such that for every v € C,
>, Ui = 0 and for every pairv,v" € C, Y, |0; —7;| > ¢/(m—1) for some constant ¢. The following
variation of Gilbert Varshamov lemma lower bounds size of C.

Lemma 20. There exists a set of vectors C over {—1,1}"~! of size 2¢"(m=1) such that the minimum

hamming distance between any two vectors is > ¢’ (m—1) for some universal constants ¢’ > 0,c¢” >
Oand ), v; =0 forall v €C.

Let P’ = {p" : v € C} and P; = {p”(c(-)) : 0 € ¥™ '} be the set of all permutations of a
distribution p?, i.e., all distributions with the same multiset as p”. Let

P - Uf;eCP@.
We first bound the regret of the induced permutation class P; that contains all permutations of a

distribution p®.
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Lemma 21. For every induced permutation class Py,

Tn(PT)) §

S|

Proof. We prove the bound by constructing an estimator g. Consider the estimator g which sorts the
multiplicities and assigns the i*"-frequently occurred symbol probability p?. Since this is a natural
estimator, it occurs the same loss for all distributions in P and hence,

rn(Py) < }{'rgggE[D(prJ)]

=E[D(p"]|q)]

(a) follows from the fact that the estimator makes an error only if two multiplicities cross over and
if it does make an error, the maximum KL divergence is at most 1og(pmax/Pmin) < logn. Since

probabilities for any two symbols 7 and j differ by at least l%gn Y. C%" and the probabilities them-

selves lie between 1/(6m) and 1/(3m), by choosing a sufficiently large ¢, the cross over probability
can be bounded by e~21°8" using the Chernoff bound and hence (b). O

We now lower bound the KL divergence between p® and p¥ for every pair of vectors o and o’. Let
the Hamming distance between two vectors ¥ and ¥’ be ||v — ¥'||; = ZZ’;I |v; — ).

Lemma 22. For two distributions p® and p® in P,

2
1 mc* 1,5 =1 P 48mc*
8(@’ ) <slp" =p" I < D7) < :

n n

Proof.
B ) p? *p{)/ 2
/
D) £ Y P
i=1 i
© <= 0F —p}')?
<2y ]
=1 g
<2mz*1<m—v;>2< ¢* [nm)?
T 1/(6m)
—1 _ %
< ¥ o
=1 n
-1 - _
§24m [0 = Tile”
n
=1
24| — '|]1c*
a n
48mc*
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(a) follows from bounding the KL divergence by the Chi-squared distance and (b) follows from the
fact that € < 1/m. For the lower bound,

AT @1 i} o’
DE*lIp") = Sllp” =" IR

1<||@—@'|1\/?*>2

2 vmn
(;) 1/ (m—1)\er ?
- 2 vmn
(c)
>

2
1 J mc*
8 n ’

where (a) follows from Pinsker’s inequality, (b) follows by construction, and m — 1 > 2 and hence
(o). O

We now state Fano’s inequality for distribution estimation.

Lemma 23. Let p*, p?,...p" "1 be distributions such that D(p'||p?) < B and ||p* — p’||1 > «, for
all 1, j. For any estimator q,

; o nf + log 2
Eilllp' —qll] > = (1 - 2217292
sup Eif|[p" — ql[1] = 2( oz )

‘We now have all the tools for the lower bound.

Proof of Theorem[3] For every permutation subclass Py in P, by Lemma 21]
1

Thus,

P .
(P) = n\4q, —T'n P’D
ry” (P) = minmax(maxrs(¢,p) = a(Fy))

1
> minmax(maxrn(%p) - *>
q v pE Py n

= mi ( )—*1
= minmaxr7r
in max rr(g,p

1
= min max E[D - -

minmax B[D(pllq)] —
2 min max E[D(pllg)] -
> minmgs (Do) - 5

(b) —q? 1
> min maxE {Hpqh} - —
q peP’ 2 n

(o) 1 1
2 min max SEllp -~ qlh]* - -~

Za(2)-2

o (%)

P’ C P, hence (a). (b) follows from Pinsker’s inequality and (c) follows from convexity. By
construction, for every pair of distributions in P/, 8 = D(p||p’) < 48c*m/nand o = ||p — p'||1 >
Q(y/m/n) (Lemma. Furthermore by Lemma P’ has r+1 = 2¢” (=1 distributions. Setting
c* to be a sufficiently small constant and applying Lemma to P’ with the above values of «, 3,
and r results in (d). Substituting the value of m in the above equation results in the Theorem.  [J

22



