Supplement

A Definitions & notation

Let (Z, p) be a metric space, (£2,A) a measurable space and Ly(f2, A) denotes the set of (2,.A) — R measurable functions.
A family of maps G = {g.}.cz C Lo(Q,A) is called a separable Carathéodory family w.r.t. Z if (Z, p) is separable and
z + g.(w) is continuous for all w € Q. Let G C Lo(Q,A), e = (€1,...,6m) be a Rademacher sequence, i.e., €;-s are
iid and P(g; = 1) = P(e; = —1) = 3, and (wj)jL; € Q™. The Rademacher average of G is defined as R (G, w1.) =
E. SUPgeg ‘% Z;n:l Ejg(wj)
z € Z there is an s € S such that p(s,z) < r. The r-covering number of Z is defined as the size of the smallest r-net, i.e.,
N(Z,p,r) =inf {€>1:3s1,...,s;suchthat Z C US_, B,(s;,7)}, where B,(s,r) = {z € Z : p(z,5) < r} is the closed
ball with center s € Z and radius r. log N'(Z, p,r) is called the metric entropy. A (Z,||-||) Banach space is said to be of type
PO EjfjH <C (Z;n:l ||fj||q) * holds for every finite set of
vectors {f;}72; C Z. For example, L" (€2, A, u) spaces are of type ¢ = min(2,7) [6, page 73], where the C' constant only
depends on 7 (C'= C,.). For a (Z, ||-||) normed space, Z* denotes the space of continuous linear functionals on Z.

; we use the shorthand wy.,, = (w1,...,wm). S C Z is said to be an r-net of Z if for any

q € (1,2] if there exists a constant C' € R such that the E

B Proofs

We provide proofs of the results presented in Sections 3land[dl Lemmas used in the proofs are enlisted in Section [C

B.1 Proof of Theorems [l and 4

Below we prove Theorem[d] thereby Theorem [Tl (p = q = 0). The idea of the proof is as follows: (i) We note that

0P — 5P 9|5 x5 = Sup, 0”9k (x,y) — sP9(x,y)| = sup [Ag — Amgl =t |A = Anllg (B.1)
x,y€ ge

where G := {g, : z € 8a} and g : supp(A) = R, w — wP(—w)9hp4q (w?'z), which means the object of interest is
the suprema of an empirical process indexed by G. (ii) We show that ||A — Am||g is measurable w.r.t. A™ by verifying that G
is a separable Carathéodory family (see the discussion following Definition 7.4 in [9]). (iii) (B.I) can be shown to satisfy the
bounded difference property in[C.land therefore by McDiarmid’s inequality (LemmalCI)), ||A — A, ]| ¢ concentrates around its
expectation. (iv) By applying the symmetrization lemma [9, Proposition 7.10] for the uniformly bounded function family G, we
obtain an upper bound in terms of the expected Rademacher average of G. (v) The Rademacher average is bounded by the metric
entropy of G (making use of the Dudley’s entropy integral [2, Equation 4.4]), for which we can get an estimate by showing that
G is a smoothly parametrized function class using the compactness of Sa.

e G is a separable Carathéodory family: G is a separable Carathéodory family w.r.t. Sa since
1. gz : supp(A) = R, w — wP(—w) ¥ p1q (w'z) is measurable for all z € Sa.
2. 8a C R is separable since R? is separable.
3. 2 WP(—w)%hpq) (w!z) is continuous for all w € supp(A).
e Concentration of ||A — A, ||; by its bounded difference property: By defining f(w1,...,wm) = [[A — Ay
have that for Vi € {1,...,m},

g’ we
‘f(w17"'7wi717wi7wi+17"' 7wm) - f(wla'"7wi717w£7wi+17"~7wm)| =
9€G m geg

1 T 1 m 1 1
=lsup|Ag— — Y glw;)| —sup |[Ag — =Y g(w;) + — [g(wi) — g(w))] || < = sup |g(w;) — g(w!
o oot —supla = 5 Sate) + ) —atel] | < ouplat) —ateh)

2715 .q
g

IN

1 1 1
— sup (|g(wi)| + |g(w))]) < — {Sup lg(ws)| +suplg(w§)l} < — [P + |(w)PF9|] <
m geg m |geg geg m

Applying McDiarmid’s inequality (Lemmal[C.J) to f, for any 7 > 0, with probability at least 1 — e~" over the choice of

m ie.d.
(wi)ity ~" A,
2T
A—AmHg—i—Tp)q o (B.2)

1A = Apllg < B,
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Bounding E,,, , [[A — Ay, g: By the symmetrization lemma [9, Proposition 7.10] applied for the uniformly bounded
function family G (sup,cg ||9| o < Tp.q < 00), we have

Ew,.,, ”A - Am”g < 2Ew11mfR(g7w1:m) . (B.3)

Bounding R (G, w1.,,): Using Dudley’s entropy integral [2, Equation 4.4], we have

1G] 2 Am
R (G, wrom) < 8*\/% " Jlog NG, L2 (Ao, 1) dr-. (B.4)
0

The upper limit of the integral can be bounded as

(%)
9220, = sup g1 — g2l 12,y £ sup (Hng + g2l z2(a,,, ) < 2sup|lgll2a,) < 2V T2p.2q5 (B.5)
91,92€G 91,92€G geyg

where (x) follows from

1 1 2 1 o= 2(p+a)
) = [0S [ g ()] < 0D < VT

sup ||9||L2(Am) = Ssup
geg zZESA

Bounding NV (G, L2(A,,), ) by the compactness of Sx: For any g,,, gz, € G,
192, _gzz||L2(Am) = Hw = wP(—w)q (h|p+QI (szl) hiptql (w ZQ))HH(A N
By the mean value theorem, there exists ¢ € (0, 1) such that

|Pipal (@721) = hipiq) (W 22)[ < [|[Vahipg (@ (cz1 + (1 - 0)z2)) ||, llz1 — 22|, ,

where
||Vzh‘p+q‘ (w (cz1+ (1 —¢)z2 )||2 < Jwll2-

Therefore,

m

1 2 1m2+ 2
922 = 9uslliza,y < | 70 22 (@5 il 121 = 22llz)” = 121 = 2]l ;g§2\<qun il B6)

(B.6) shows that the existence of an e-net on (84, ||-||,) implies an r = e\/rln Z;n:l

In other words,

2
w2 g [3net on (6, L2(Am))

N|=

1 o= -
N (G L2 (An)r) SN | Sasllllyr [ =37 [ ooy
j=1
Define
L~ 2(pt 2
Apai= | — 3 [wF Py 3
j=1
By using the fact that S C By, ( 182 ‘) for some t € R? and N (By.,(s, R), |||y, €) < (22 + l)d for any s € R?
[10, Lemma 2.5, page 20], we obtain
4/8]A ¢
N (G, L*(Ap),7) < <qu + 1) , (B.7)

by noting that |Sa| < 2|8]. Using (B.3) and (B7) in (B.4), we have

2V Tep 20 4l8|A 24 [2VTepia 4|8|Ap,q +2,/T:
R (G, wrom) < 8v/2d \/log <M n 1) r < S\ﬁ/ log S14p.q P24 ) 4
0 T T

T Vm Vm Jo

(B.8)
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where in the last inequality we used the fact that 7 < 2,/Tbp24. By bounding 2|8|Ap g + /Top2q < (2/8| +
\/M) (Ap,q + 1), (B.3)) reduces to

8v/2d 2,/T2p 2q 2|5|+ /T2p 2q)
f

1
— G\ﬁ T2p2q</ \/lo Bpatl dr—l— logqu+1>, (B.9)

2|8

N By applying

R(G,wim) < dr + 24/ Top 2q108(Ap g + 1)

where the last equality is obtained by changing the variable of integration and defining By, 4 :=
Lemmal[C.2]to bound the integral in (B.9), we obtain

16v2d /
R(G,wim) < \/ T log(Bp g +1 —|— log( +1) B.10
( 1:m) Jm 2p,2q ( g( p,q ) Tog( Bp . Y g(A p,q ) ( )

¢ Bounding the expectation of the Rademacher average: From ([FI_UI), we have

16\/ /
EwLm:R (g, wl;m S —F—/ T2p,2q 10g Bp q + 1 \/log (\/ 02p72q + 1)
2\ /log( Bp at+1)
which is obtained by repeated applications of Jensen’s inequality to bound E, . +/log(dpq+1) <
\/IE‘,,1 wlog(Ap q+1) < \/1og wimAp.q+ 1) where E,,,  Ap o < \/ Zm w; ijz(erq)’ ”w]”ﬂ < v/Cop 2g-

e Final bound: Combining (B.2), (B.3) and (B.11) yields the result. O

(B.11)

B.2 Proof of Theorem[3

Below we prove Theorem 3 (i) We show that f(w, ..., wy) = ||k — k| L~ (s) satisfies the bounded difference property, hence
by the McDiarmid’s inequality (Lemma [C.I) it concentrates around its expectation E|[k — k|| Lrs)- (i) By L™(8) = [L™(8)] :
(1 + 1 = 1), the separability of L"(8) and the symmetrization lemma [11, Lemma 2.3.1] the value of E|k — k| Lr(s) is
upper bounded in terms of E. |1, &; cos({w;, - — -)) HLT(S). (iil) Exploiting that L"(8) is of type min(r, 2) with a constant
independent of S, we get the result.

e Concentration of ||k — k|| L~(s) by its bounded difference property: Define ki(x,y) = - ZJ zicos(w] (x —y)) +

L cos(@] (x — y)) where @; is an i.i.d. copy of w;. Then ||k — kHLT (s) satisfies the bounded difference property in (C.1):

. 2 2 r
oS 1k = Ell sy — Ik = kill Les)| < sup ki = Kl Lr(s) < o 5P || cos({wis - = NllLr(s) < Evolz/ (8)
Wi)i=1> w’ Wi)i=1s w1
and therefore by McDiarmid’s inequality (Lemmal[C.1)), for any 7 > 0, with probability at least 1 — e~ over the choice of
(wi)™, ~ A, we have
2
w(s) + voI2/T(8)y | == (B.12)

m

o Symmetrization, reduction to E. ||3=7" , &; cos({wi, - — -)) || » (s, Let 7 be the dual exponent of r, in other words ; +7 =

1. Then, by L"(8) = [LF (8)] * and the separability of L7 (8), there exists (see LemmalC.4) a countable G C L7 (8) (Vg € G,
gl LAs) = 1) such that

() < B,

|k — k| £r(s) = sup
geg

/ 9(x,y) {k‘(x,y) — ]%(x, y)} dxdy’ . (B.13)
§x8

One can rewrite the argument of this supremum by Eqgs. (I)-@) as

[ atxn [ioey) = bxoy)] axdy = [ gty | [ con(w x - y)dh - 4,))| dxay
= [ | ateyyeostuT (x - y)yaxdy | a(a - ) (@),
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and thus
Ik = k|| sy = sup [(A — A3l (B.14)
geg

where G := {j,: g € G}, §,(w) = Jss 9(%,y) cos(w” (x — y))dxdy and g, is continuous. Hence, using with
the symmetrization lemma [11, Lemma 2.3.1] and (B.13)), we have

m

" 1 & 2
Ew,., |1k =kl zrs) < 2Ew,,,, Eesup | — Z gig(w;)| = —E,,., Eesup Zaz/ g(x,y) cos (w] (x —y)) dxdy
geg |™M 4 m 9€6 |1\, Sx8
2 “ 2 ’"
= 7Ew1:7nE€ sup / g(Xa y) Z €3 COS (UJ;T(X - y)) dXdy = 7Ew1:mE€ Z €i COS(<wi7 T >) (B715)
m g€ |Jsxs ] m i=1 L7 (8)

where (g;)72, is a Rademacher sequence and E. is the conditional expectation w.r.t. (g;)72; with (w;)7, being the

conditioning random variables. Notice that the measurability of g,-s with the countable cardinality of G enabled us to
write expectations instead of outer expectations in [11, Lemma 2.3.1, page 108-110], and hence in Eq. (B.13).

e Bounding E. ||}, &; cos({w;, - — Dl z-(s) by the type of L7(8):

Ee

1

(*) m . min{r,2} .

< <§ Il eos((wi, - - ->>I?i?§§’2}> < Cpvol/"(8)mm{E3), - (B.16)
i=1

Z g; cos({w;, - — )
i=1

Lr(8)

since L"(8) is of type min(2,7) [6, page 73] and there exists a universal constant C). independent of 8 (the so-called
Khintchine constant) [5, page 247] such that () holds; in addition we used

m min{2,r}
r

m ‘ min{2,r}
min{2,r T minisr)
Z || cos({w;, - — '>)‘|Lr(é{) - Z (/S ) |cos(w] (x — y))| dxdy) < m [vol*(8)] :
i=1 i=1 X
and min{12,r} = max {%7 % .
Combining (B.12)—(B.16) and using the bound on vol(8) given in the proof of Corollary Rlyields the result. O

B.3 Proof of Theorem[3

Below we give the detailed proof of Theorem[3l At high-level the proof goes as follows: (i) By the compactness of S (implied
by that of 8) one can take an r-net covering Sa (for any » > 0). (ii) Small approximation error can be guaranteed at the
centers of the r-net by Bernstein’s inequality combined with a union bound. (iii) Propagation of the error from the centers to
arbitrary points is achieved by Lipschitzness. (iv) The Lipschitz constant is, however, a random quantity and we show with high
probability that it is ‘not too large’. (v) Union bounding the two events (small errors at the centers and small Lipschitz constant)
leads to a uniform bound for arbitrary r, which holds with high probability. (vi) Optimizing over r gives the stated result.

Formally, the proof is as follows. Let us define

zEconv(8a)

Bp,q,S =Euon [ sup vzf(z;w)|2‘| ’

where f(z;w) = 0Pk (z) — WP(—w)9h p1q| (wTz). Let us notice that since conv(S) is compact (by the compactness of
S, implied by that of 8§) and z — ||V, f(z; w)||, is continuous, the supremum inside the expectation in By, 4 s is finite for any
w.

e Covering of Sa: By the compactness of S there exist an r-net with at most
2|8 ¢ a8 ¢
N = (|A|+1> < ("+1> (B.17)
r r

balls covering Sa [10, Lemma 2.5, page 20], where we used that [Sa| < 2|8]|. Let us denote the centers of this r-net by
Ci,...,CN.
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e Bounding f(b;w.,,) — f(a;wi.m), where a,b € a3 w1y = (Wi, ..., w,,) is fixed: Let

- 1 & 1
f(zwim) = m Zf(Z;wj) ~m Z [0k (z) — WP (—w;)piq| (“"JTZ)] :
j=1 j=1
z +— f(z;w.,,) is continuously differentiable since 1 is so. Thus by the mean value theorem 3¢ € (0, 1) such that
f(b§w1:nz) - f(a; Wiim) = <sz(ta + (1 = t)b;wim), b — a> .
Hence by the Cauchy-Bunyakovsky-Schwarz inequality, we get
‘f(b7w1m) _f(a;wl:m)| < |‘sz(ta+(1—t)b,w1m)H2 Hb_a||2 < sup Hvzf(z;wl:m>H2Hb_aH2

zEconv(8a)
=: L(wi:m) b — a5, (B.18)

where we used the compactness of conv(Sa) (implied by that of $) and the continuity of the z — ||V, f(z; wi.m)|,
mapping to guarantee that L(w;.,,,) exists, and it is finite for any w1.,,.

Bound on E,, ., [L(wi.,)]: Using the definition of f(z;wi..,), the linearity of differentiation, and the triangle in-
equality, we get

£ 1 m 1 m 1 m
IVeftesonml = Vo | 502 i) || =150 2, Val@n)| < 02 Vel @il
- 2 = 2 =
Therefore,
_ 1 m
VZ 5 m < — vz Yy
ZECST?EZSA) || fzw H2 m J;zec;lzlf(SA) ks wJ)HQ
and

m

1
For [L@1m)] = By, | sup ||vzf<z;w1;m>2] <—> E..

zEconv(8a) j=1

sup ||V f(z;w;)ll,

zEconv(8a)

1 m
= — B =B . B.19
m ng pP.q;8 pP.q,8 ( )

Bound on By, 4 s: Note that
sup  [[Vaf(zw)ll,

sup Hvz [6p7qk(z) — WP (—w)hp g (wTZ)] HQ

zcconv(8a) zEconv(8a)
< s (V207 %@)]l + Vs [P () hpra (7 2)] )
zEconv(8a
< _swp  [Va[0*Uh(@)lll+  sup  |[Va [P () hipiq (@7 2)] |,
zEconv(8a) zEconv(8a)
=Dpqs+ sup HVZ [wp(—w)qh‘p+q‘ (sz)] H2 . (B.20)
zEconv(8a)

By the homogenity of norms (||av|| = |a| ||v]|), the chain rule, and |h,(v)| < 1 (Va, Yv)
|92 [ ()i (7 2)] |, = 0P i (7)), < [P e, ®2)
Combining Eq. (B:2Q) and (B.2])) results in the bound

Bp.q.s = Ewna sup ||V, f(z;w)[ly| < Dp,q,s + Ewna pr+q‘ [l ] Dyp.qs + Ep.q- (B.22)
zcconv(8a)
Error propagation from the net centers: We will use the following note to propagate the error from the net centers (c;,
j=1,...,N)toan arbitrary z € S point. Note: If | f(c;; wi.m)| < § (V) and L(w1.m) < 5., then

|f(z;w1m)| <€ (Vz € 8a). (B.23)
Indeed

_ — — €
||f(z;w1:m)| - |f(cj;w1:m)| ’ S |f(Z;(.d1;m) - f(cj;wl:m)‘ S L(wlzm) ||Z - Cj”g < 57
<% <2L <r

r =

where we used (B.I8) and our assumptions in the note, thereby yielding (B.23).
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e Guaranteeing the conditions of (B.23)) with high probability:
- Notice that E,,A[f(2z; w)] = 0 (Vz). Also since (7) holds, applying Bernstein’s inequality for the individual c; points
(LemmalC3t &, := f(cj;wy),n=1,...,m; S = \/mo) gives that for any n > 0

_1 n
_ o 2 L
A™ (If(cj;wl:m)l > \7}%) <e vme. (B.24)
Setting € = 27’\/—%, (B24) is written as
M E 2
) 2
2 me me

By union bounding ( =1, ..., N), we get

771.52

A" (0, {1 (s 01m)] < %}) >1- Ne *(+55), (B.25)

- Condition L(w1.,,) < 5-: Applying Markov’s inequality to L(w;.,,) (note that L(w.,) is non-negative), for any
t > 0, we obtain

A™ (L(lem) >t) < Ewl,...,wmt[L(wl:m)} < DP’CLS;'_ EP,Q7
by invoking (B.19) and (B22). Choosing ¢ = 5, we have
m € 2r
A" (Lwim) < 5) >1- L (Dpas + Epa): (B.26)

¢ Final bound for any r > 0: By (B.23) and (B.26)), and substituting the explicit form of N in (B.17), we get

A" <sup F (@ w1m)| < ) > A" ({Lwim) < 5= b {IF(esiw0m)] < 5 )

ZESA

2
418 d —__me 9 Q)
>1- <|| - 1) e *lid) l(Dp,cuS +Epq) 2 1—co—rr™? — kar,
T € i

(B.27)
where we invoked the
d d
48]\ 2o LY @ [N a] e [ (481N
—+1] =12 r — =291 L+ — < 2°— —_— 191 =2 —_— 1
< r + ) 2 + 2 2 + 2 -2 r + r +
_ me2
Jensen’s inequality in (1), ¢, := 20=1e **(+3572) ;= 49|8|dc, and kg = 2(Dp,q,s + Ep,q)-
e Matching the two terms to choose r: Maximizing w.r.t. r in (B.27)
d
fr)y=kr 4+ hor = f(r) =k (=d)r 4 ry =0= P _ a1
K2
_1
we note that r = (%) “ maximizes it. Using this in (B.27), we have
d 1
_ d —a+1 d a1 1
A™ (sup |f (z;wim)| > e) < ¢y + K1 <f<~'1> + Ko <m> = ¢y + Fyr{ ryT!
zESA K2 Ko
o me? me? -

_ me? I e ==
= od-1e 5?(45%) 4 Fy 254718 %e s )] {2(Dp,q78 + Ep,q)
€

771.62

me i —— 5
—_meZ {|5|(Dp7q75 + Ep7q):| a+1 . 8(d+1)02(1+2?2)
)

2

€ 4d—1
:2d716 802(1+#) +Fd27d+l
€
__d_ _1
where Fy := d~ 3+ + da+T,
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B.4 Proof of bounded supp(A) = (@)

We prove that the boundedness of supp(A) implies that of f [see (B.28)], specifically (7).
Proof: Indeed, let

f(z3w) = OPU(z) — wP(—w)hptq (w'z) = [/}Rd WP (—w) ¥y q| (w'2) dA(w)} — WP (—w)¥hpiq (w'z). (B.28)

Applying the triangle inequality and |h,(v)| < 1 (Va, Yv) we have
fase) < | [ 5P (s72) AAGS)

< / |sPTdA(s) + |wPT| = / |sPF9| dA(s) + |wPT9| <2 sup |[sPTI.
R4 supp(A s€supp(A)

+ “"’p W) ptql (""TZ)’ < / ‘sp(_s>qh|p+q\ (STZ)‘ dA(s) + ’wp+q‘
R4

K = SUDgeqpp(a) [8PF9] is finite since supp(A) is bounded, thus | f(z; w)| is bounded.

C Supplementary results

In this section, we present some technical results that are used in the proofs.

Lemma C.1 (McDiarmid Inequality [7]). Let (X;)", be X-valued independent random variables. Suppose f : X™ — R
satisfies the bounded difference property,

sup [Fury ey tm) — fu, e U1 Uy U1y ey U] < e (VP =1,...,m). (C.1)

Then for any € > 0,

P(f(X177Xm)7]E[f(X177Xm)} >€) Seizlﬂzlﬁ'

Note: specifically, if ¢ = ¢, (Vr) then applying at = m2 7 = 73 & € = ¢/ reparameterization one gets
IP’(f(Xl,...,Xm)<E[f(X1,...7X ) +c¢ )>1

Lemma C.2. Fora > 1, fo V/Ilog & de<\/loga+2\/l—

oga

Proof. By change of variables, we have fol Viog ¢de=a fl:; u Vte~t dt. Applying partial integration, we have

o ' <1 V1 V1 1
VieTtdt = [Vte !]lga 4 / _etdr < VOB / e~tdr = Y82 ,
log a loga 2Vt a 2v1oga Jioga a 2a+/log a
thereby yields the result. O

Lemma C.3 (Bernstein inequality [12]). Let & € R be a random variable, E¢. p[¢] = 0, and assume that 3L > 0,5 > 0
satisfying

m M!S2LA172
> Eeor [l = ——— (WM 22),
j=1
where (£;)72, i p, Then for any 0 < m € N, n > 0,
m _1_
P> g =nS | <e T

j=1
Lemma C.4 (L" norm as countable supremum). Assume that 1 < 7 < oo. If (X, A, p), p(X) < oo, L + 1 =1, then
[L7(X, A, p ] = {Fy: feL" (X, A, pn)}, where Fy(u) = [y ufdu, and ||f| ;. = ||Ff|l (= SUD||g| =1 |Ff( )|); see [8,
Theorem 4.1]. Specifically, if X = 8 C R? compact and it is endowed with the Borel o-algebra, then by the separability of S,
L7(8) is also separable [4, Prop. 3.4.5] since the Borel o-algebra is countably generated [1, page 17 (vol. 2)], thus there exists
a countable G C L7 (8), [3, Lemma 6.7] such that ||g|| =) = 1 (Vg € G) and ||Fy|| = supyeg | Fr(g)|-

Note: the o-algebra of Lebesgue measurable sets is typically not countably generated [1, page 106 (vol. I)].
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