Appendix

A Properties of Hybrid Regularization Function R (; c)

Let us briefly study some properties of this hybrid regularization function R(-; ¢). In the remainder
of this section, we suppress the dependence of the notation on the weights c. From (2), it can be
seen that R(-) satisfies the triangle inequality:

R(O+6") <R(O) +R(). (11)

Under the additional assumption that each R,/(.) is 1-sub-homogeneous, so that R,(80) <
BR(0), we get that:

R(BO+ (1= B)0") < R(BO) + R((1 - B)8') < BR(0) + (1 — B)R(Y), (12)

so that R is convex. Moreover, provided the individual regularization functions R (-), for o € I,
are non-negative, it can be seen that R(-) is non-negative as well.

From the above properties, it follows that provided the the individual regularization functions R (+),
for « € I, are norms, R(-) is a norm as well.

We can also derive the dual of the hybrid regularization function, assuming it is a norm:

* — s (0,u) — s > alu,ba) — sup > alu/casba)
R = o R gy = S S e RaB) b S R (B)

Za RZ(U/CO/)RO/( ) max * c
S?;J(B S R (0) < maxR a(u)/ca-

Noting that the inequalities become equalities by setting ¢/, = 0, for all &’ not attaining the maxi-
mum in the last expression, we obtain the required expression for the dual norm:

R*(u) = mg;cRZ(u)/ca. (13)

On the other hand, its Fenchel conjugate (again, assuming it is a norm) is given by:

Ry () = sup {<o, ) — R(e)} = sup {<o, Wl ;caRa(Ga)}

—Zsup{@u/ea) Ral } ZRaf )/Ca-

acl Oar acl

B Proof of Theorem 1

Throughout the proof, we make use of the fact that the optimal error vector o — 0" is guaranteed
to belong to a specific set, as a consequence of the decomposability of the respective regularization
functions:

PropOSItlon 4. Suppose that conditions (C1) and (C2) are satisfied. Then for any opnmal solution

) of (1), with the regularization penalties satisfying Ao, > 2R, (V@ L(0*; Z7 )) the error A lies in
the set

(C(Mh./\i/lf,.. M|[| M|I| ) {(Al,...,A”)EQl X...XQ‘”‘
> AR (Mg (Aa)) < D Ao [3Ra (T, (Aa))+4Ra(HM§(9;))}} (14)
acl acl

See Appendix B.1 for the proof of this claim.

To set up the first crucial ingredient of the proof, we define the function F': 21 x ... X Q) — R:

F(A1, - Ap) = £007+ A) = £(07) + Y [MaRal0; +A) — Ra(02)]. (15)

acl

10



By virtue of its optimality, it can be seen that the error (31, PN 3‘ 71) of the optimal solution
(61, ... ,§|1|) satisfies F(ﬁl, . -’A\I\) < 0. Also note that F/(0,...,0) = 0.

As the following lemma shows, in order to compute an upper bound on the optimal error,
> act |Aqll, it suffices to control the sign of function F' over the following set:

K(5) := C N { S Al = 5}
acl
Lemma 1. Suppose that conditions (Cl) and (C2) are satlsﬁed IfF(Al7 -, Aq)) > 0 for all pos-

sible vectors (Ay, ..., A ) € K(9), then the optimal error (A, .. A\II) satisfies Y 1AL <
J.

See Appendix B.2 for the proof of this claim.

The other crucial ingredient of the proof, is that we show the following “global” restricted strong
convexity condition given the “local” restricted strong convexity conditions in (C3) for just individ-
ual structures:

Lemma 2. Suppose that conditions (C3) and (C4) are satisfied for the M -estimation problem (1).
Then, for (01,...,0/1|) € (Q1x...xQy) the following “global” restricted strong convexity (RSC)
condition holds:

SL(AL, . A3 07) = L(D (05 + An)) — L) 05) =Y _(VeL(D 0:),A

acl acl acl acl
Re — — *
> 52 = 52020102) Y Al - 320101 D [NARE (ag (62)) .
acl acl
(16)
where g is defined as max,, %\/ga + ha.
See Appendix B.3 for the proof of this claim.
We will next prove the following bound on _ ; [ .E
~ || /3 =
S8l < (50 + VET), a7

acl
where 7 := & — 32| I|®? and 7 == Y, [32;,%372% (Mage (62)) + B Ra (HMé(eg))}.
Given this bound, we can use the following inequality and complete the proof:

-1 0. - S = | £
< 1.0 < 3 1A <oy i),

acl

It thus remains to show the bound (17).

As shown in Lemma 2, given conditions (C3) and (C4), the loss function satisfies the following
“global” RSC condition with curvature £ and tolerance 7:

OL(AL, ., A3 07) > RZ [Aa]l* —7(6%).

a€el
Then, by the construction of F, for an arbitrary error vector (Aq, ..., A| I|) € C, we have
F(AL . A = Y (VeL(07),Aa) + 5 [Aal®> = 7(07) + Y [Aanawzwa)—na(em]
acl acl acl
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Using the bounds (18) and (19), we obtain

FAr . M) = =30 22 [Ra (M, (8a) + R (g (8))] +5 3 14l 7(60°)

ael acl

3 A [Ra (e (An)) = Ra (Mg, (Aa)) = 2Ra (M (62))

acl
— >\a * = *
> 3[Rl - 32 [3Ra (e, (30) + 40 (T 02)] | - 76°)
ael
where in the last inequality we dropped the term %*Ra (H v (Aa)) , since it is always positive.

The following proposition allows us to reduce the task of bounding a multivariate function to that of
bounding a univariate function.

Proposition 5. Consider the K -variate quadratic function: F(xy,...,xx) = Zszl (az?+bxy)+c
for some constants a,b and c. Suppose further that: a > 0, x;, > 0 for all k and y , x1, = § > 0.
Then F(x1,...,x k) attains its minimum value atx1 = ... = vx = 0/ K.

Denote ® := max,er AoV (M,) and D := ﬁf(@*) + D aer Q‘ATTRQ (HMi (6%)). Armed with

these notations, and using the definition of subspace compatibility constant,

Ra (HM(,(AOL)) < \Ila(ﬂoz)HH/\?la (Aa)” < \I’a(/\?a)l Aa||7
we obtain:
_ 3
F(Ar,. ., A) 2> (BlA”P - 5204l - D).
acl
Now consider an error vector (Ay, ..., A ) s.t. > o/ [|Asll = 6. From Proposition 5,

F(Ay,...,Ajg)) > R6® — gqns— DII|.

It follows that F'(Ay,...,Aj) > 0solongasd > % (%CI>+\/ /?;D). Therefore, for all error vectors
(A1,...,Ayp) such that 3/ [|Aa] > Z(26 + V&D), and in particular, if (Aq,...,Ay) €
K(ﬂ(%@ + \//%D)), we can guarantee F'(Aq,...,Aj;) > 0. This satisfies the conditions for

K
Lemma 1, whose statement then completes the proof.

B.1 Proof of Proposition 4
In the proof, we use the fact that F(ﬁl, e E\I\) <0.

For any decomposable regularizer R, on (M., Mi’), it is known that the following inequality
holds (See [11] for the proof):

Ral0 + Do) = Ra(03) = Ra My (An)) = Ra (T, (D) = 2Ra (Tys (62) (1)

At the same time, by the convexity of £, we have

L(O0* + A) — £(6%) :L(Z&; +ZAQ) —5(29;)

acl acl a€el
>N (Vo L(07), Ad)
ael
(%)
. Z RZ (VGQL"(G*»RQ(Aa)
acl
(i) Ao
> =30 5 [Ra(ly, (A0) + Ra (Mg (Aa) | (19)
acl
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where the inequality (i) comes from the generalized Cauchy-Schwarz inequality, and the inequality
(ii) from the triangular inequality and the assumption in the statement.

Combining (18) and (19) yields

~ ~ Ao ~ ~ .
0> F(Ala ERE) A\I\) > Z 7 [Ra (H/\?[é (Aa)> —3Ra (HMQ (Aa)) — 4R, (HMé (ea))}a
a€el
as claimed.

B.2 Proof of Lemma 1

We first show that the set C has some special structure, and then show that that structure guarantees
the error upper bounded as in the statement.

Let (Ay,...,A|) be an arbitrary error vectors in the set C. Then, for any ¢ € (0, 1), we have
> AaRa (g (tA4))

acl

Z AaRa (tHM(J; (Aa))

acl

DS ARa (s (Ad))

acl

< 13 [3Ra (M, (A)) + 4R Ty (92))}

=
.
=

YN [BRa (T, (FA0)) + 4R (TTag 62))
acl

< Y Aa[BRa (Mg, (HA)) + 4Ra (T (62)) (20)
ael
where step (7) uses the fact that
II 1 (tA,) = argmin |[tA, — || = targmin |A, — 1|| = tI1 1 (Ay),
“ ~yeML yEML t “
step (i7) uses the positive homogeneity of norms, and step (éi7) holds since (Ay,...,A) € C.

Moreover, step (iv) holds similarly as in equalities () and (47), and finally step (v) trivially holds for
any t < 1. Therefore, if (A1,..., A7) € C, then the line segment {(tAy,...,tA|;) [t € (0,1)}

between (A, ..., A|;) and the origin (0,...,0) also lies in C.

Now, we show the statement in the lemma by its contrapositive; suppose >, ; |Aa > 4. Since

Y oacl ||t£a|| =ty ger HﬁaH, there exists some constant t* € (0,1) s.t. (t*ﬁl, e ,t*ﬁm) €
K(0). At the same time, by the convexity of £ and the regularizers,

F(t* Ay, ..., t'Ay) < F(Ay,..., Ay) + (1 —t)F(0,...,0) < 0.
Therefore, (t*Aq, ... ,t*ﬁm) is in K(8) such that F(t*Aq, ... ,t*ﬁm) < 0 by construction.
Hence, by its contrapositive, the claim follows.

B.3 Proof of Lemma 2

The definition of 6 £(Ay1, ..., Aj7; 0%) can be rewritten as
SL(AL, .. A3 07) = L(0" + A) — L£(07) = > (VoL(07), Au)

a€el
=L(0" + A) + ([T| - 1)LO") = > L(0° + Ad)
+y [ﬁ(a* FAL) — L(67) — (Ve L(67), Aa>] .

acl
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Then, simply by the inequalities in (C3) and (C4), 6L(A1, ..., A|y); 0%) can be lower-bounded by

> [rellBal? = gaRE(A)] = 52 3 186l = - haRE(A

acl acl acl

> 5 1802 = Y (g0 + ha) RE(Aa). @D

acl ael

Now, let us focus on the term Y° ./ (ga + ha)R2 (A4 ) in the RHS of (21). By the basic property
of the square, we have the following inequalities:

S (90 + ha) RE(A) < (3 Ve + haRal ) < (gZAaRQ(Aa))Q (22)
acl acl acl

where in the second inequality we use (z,y) < ||z[|so||y[|1 and § := maxa 5-v/ga + ha. Since by
Lemma 4, for any (Ay,...,Ayy) € C,

> AaRa(Aa) £ D7 Aa [ Ra (M, (An)) + Ra (Tas (An)) |

acl acl
<Y A [4RQ(HMQ(AQ)) 4R, (HMé(f)zz))],
a€cl

the LHS of (22), > «; (ga + ha)Rg (A,), can be upper-bounded by
32° 1] S A2 R2 (T, (Aa)) + RE (as (63)) ]
acl
< 32%(1] > 2 [ W2 Au? + R2 (TTaes (62)) | (23)

acl

By plugging (23) back into (21), we can construct the RSC condition as stated in Lemma 2 and
complete the proof:

SL(AL - As67) = [ = 3202 1102 37 [ Aall® — 326%111 S0 NERE (T (65)).

acl a€cl

C Proof of Proposition 2

Given the pair of complementary subspaces (M, M J'), the error vector A, can be written as A, =
I (Aq) + o (Ay), we have

XAo = X (I (A) + M (Ar)) = (XPo) i (Ag) + (XP g )Mo (Aa). (24)
We will now assume that the regularization functions R, are atomic norms [4] with respect to the
orthonormal basis vectors used to describe the subspaces (M, M,,); though the proof generalizes.

Specifically, suppose there is a set of orthonormal vectors or “atoms” A, := {a;}, such that the
regularization function R, can be written as

Ru(62) :ngf{zcj - 0, :chaj}. (25)
J J

. . —L1 N
We will also assume that the subspace pair (M, M., ) contain disjoint orthonormal subsets of the
basis set; it can be seen that R, is decomposable with respect to any such subspace pair.

Let ¢ be the dimensionality of M,,. Suppose {a1,...,a;} C A, are a set of atoms, such that the
L .. .=
first ¢ atoms characterize M, and the remaining J — ¢ atoms characterize M, . Note that we can

then write A, as
J
= E Cja;
j=1
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We now split the index set {1,...,J} into subsets S(1),...,S(K), such that S(1) = {1,...,¢}
contains the atoms characterizing M., the second set S(2) contains the largest ¢ entries from the
remaining coefficients (c¢11,...,cs), S(3) contains the largest set of ¢ entries disjoint from S(1)
and S(2) and so on. Let M; denote the subspace characterized by the atoms indexed by set S(7)
suppressing the dependency on «v. With these notations, we can rewrite (24) as

XAa=X> Y ca; =Y Py X x( Y, ¢ay). (26)

i jES(3) i JjES(i)
Turning to the condition (C4), we have

2 2
ﬁ| Z<XAQ,XAB>| <= Z (XAn, XAp)|. (27)

a<f a<p

For any pair @ < (3 in the index set I, we use the equality (26) as follows:

2

(O Pax (3 ea) Srax( 3 am)

Jj€S(3) k 1€5(k
2
ZE‘Z@)/‘;“X( Z cja] Py, X Z d; by >’
' JES(E) 1ES(k
ZKPMl CJ' a;), Py, X Z diby) >’
JES(?) leS(k)
(@)
§2[I?%X0max(PM( X'x) PMA)}ZH Z cja)|l; || Z diby)l],
| bk jes() leS(k)

where the inequality (¢) holds by the multiple applications of Cauchy-Schwarz inequality inequali-
ties and Rayleigh quotient. For now, we define Chax 1= 2 {maxm Omax (73 M, (HX Tx ) P . )} .

Note that P, denotes the projector matrix corresponding to the structure o while P, does to the
structure /3.

Usmg the fact that the basis vectors are orthonormal, so that [|a;[|2 = 1 and I1,; (a;/) = 0 for all
j # j’, we obtain

ﬁ|<XAa,XA5>| < Coax (D10 )ly) (ZH > a)ll,)- 28)

t jEeS(4) leS(k)

To upper-bound ), H ( > jes() Cj)’ we can directly appeal to the following standard bound in

[2]. :
2wl =t 2y e
i=3  jeS(i) i=2 jeS(i)

Since 37,5 2 jcs5(i) €5 1S equal to R (I g1 (Aq)) by construction, we have

SIS all, < 20Aalle + 2 Ra (Mg (Ad)).

v jeS®)
In addition, since A, should belong to Cin (14),
AR (Mg (Ba)) < 300 [3R, (g, (A5)) + 4R (s (65))]

el

Under the assumption IT . (67,) = 0 for all a € I for simplicity,

_ 3\ 3\, U (M)
2R (M (AR)) < i O (A)) <Y 22" 1AL .
R ( Ma( )) — ’Yze:l Aa\/'ER’Y( M'y( 'Y)) — ’)Z:I )\(X\IJ (Ma) || ’YH2
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Ay Yoy (/?l“q )
Avg Uag (M)

0> c]!|2<AZ||A 2.

t jes(d)

Let A be max., ~, {2 + } Then, we obtain

Similarly,

ZH > dz|\2<AZ||A l2-

1€S(K)

Combining all the pieces together, we obtain

g|<XAa,XA5>’ < Cmax(AZ ”A"/”Q)Qa

" v
and hence,
2 1] 1Y 42 2
2 S (X80 X)) < o )(AZHA 1)< o (13 ) 2101 U2l 29
a<f «@

In order to complete the proof, we use the following lemma to control the remaining parameter Cl,ax
used in the above inequality.

Lemma 3. Suppose that X has independent sub-Gaussian rows. Then, for any fixed i,k and every
§ > 0, with probability at least 1 — 4 exp(—ca6?),

Omax (,P/\?ll(%

< Gmax (Pt S P, ) + e max(n, n?) (30)

XTX)'P/\;(k)

where n = \/7 + —=, and constants ¢y, cz only depend on the distribution of the rows in X.

See Appendix C.1 for the proof of this claim.

In order to build a bound (30) for all 4, k& and additionally for all @ < [3, we use the standard
union bound with the appropriate choice of §; let p’ be the max{n, p}. By choosing § = \/c3 log p’

and the union bound, (30) holds with = [ +4/2 logp for all 4 and k with probability at

least 1 — 4 exp(—cocglogp’ + 2logp + log ( )) for some large enough constant c3 so that 1 —
4dexp(—caczlogp’ + 2logp) > 1 —4dexp(—logp’) =1 —

Now, for every i, k, a and 3, since the set S(i) is the subspace of M., or ./Wi and similarly S(k) is
that of M B Or ./\71;3', along with the assumption in the statement, we have

Omax (P/\;LZPM]C) < s

s(I)a

1 (11122
At the same time, provided that n is greater than 128(%)2 (t + c3logp’ ), we have

2 ke
c1max(n,n”) < —m———.
8(5)A211]
Combining two inequalities yields
1 - 1 T B Re
icmax N r?,z}cx (PMi (EX X)PM’“) = 4(|£|)A2|I|’

hence, from (29)

fl D (XAa, XAp)] ZHA 13.

a<f

as claimed.
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C.1 Proof of Lemma 3

For any fixed i and k, in order to bound omin (X Py, ) and omax (X Py, ), we will appeal to the
following result in non-asympototic random matrix theory (see, for example, Theorem 5.39 in [13]):

Theorem 2. Let M be a n x p matrix whose rows M; are independent sub-Gaussian with its the
second moment Y € RP*P, Then with probability at least 1 — 2 exp(—c202), we have,

Oumin(M) = V/owin(Z) (Vi = e1vB - 8) |
Omax(M) < \/Omax (D) (\/ﬁ +c1y/p+ 5) ,
where the constants c1 and co only depend on the distribution of the rows M.
Therefore, we have
Tmin (XPxt,) = 1/ Omin(E Py, (\/ﬁ —avi- 5) , 31)
T (XPas,) < 3/ Tmax (S P ) (Vi + e1VE+3) (32)

where t is the number of non-zero columns of X P Mo which is usually same as the number of atoms
in the space M. From (31) and (32), the difference between the mean and the sample mean can

be derived by a straight forward way (we can extend Lemma 5.36 in [13]): For every § > 0, with
probability at least 1 — 4 exp(—c26?),
1
Omax [PNL; (EXTX),P/%C — 'P/\;“E'PMJ

< max(n, nz)\/omax(E P_/\;li)\/o—max(z Pxa,.)

where n = ¢; \/%—i- %. Since omax () is @ norm, by the triangle inequality of a norm: ||a|| — [|b]] <

|la — b||, we can finally have
1
Omax (PML (ﬁXTX)IP./\;lk)

< O (Pt S Pty ) + 1001, 7%)1 O (5 P, ) O (5 Py, ).

D Proof of Proposition 3

The overall proof can be easily extended from the trivial connections between || - ||2 and || - || 7, and
between (-, -) and ((-,-)). For the matrix parameter, however, there is a caveat in proof of Lemma
3: even after the projection, the dimension of X will not change unless the left singular vectors are
the standard bases. However we can still show the inequalities (31) and (32) from the following
reasoning:

Omax (X,P/\;ll) = UHlaX(XUUT) - Umax(XU)
S\/ Umax(ZU)(\/ﬁ+cl\/E+5) = Umax(E,PMi)(\/ﬁ"’_cl\/%'i_é)-

E Proof of Corollary 2

Fist we restate the condition (D3) for individual clean structures, which have been analyzed previ-
ously in [11].
lo

ELIAL|? forall A, € RP
n

1
—MIXANE > ma|As]l3 — 2

1 ||€Gt a1\ 2 .
A5 2 w18 I = i ([ o S]] YA, foral A, € BY
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with probability at least 1 —c; exp(—can). Note that ||-|| 4+ is dual norm of ||- ||, and € ~ N (0, Ipxp)
is a standard normal vector. As noted in [11], for a = 2 as a special case,

1 m 3logq\2
fXA2>’A2—’(,/— \/ )A2.
nH alls = w1 Agllz =k n+ " A7

The next step is to choose the appropriate A\, in order utilize Theorem 1. Since the dual norm of
|| - ||1 is the infinity norm, we need to choose A for the sparsity structure such that

1
A > 2R;(Vo, L(0; + 0% 27)) = 4||EXTw||OO.

Under the conditions on the column normalization of X and sub-Gaussian of w, [11] showed that

[LXTw|e < 20\/'°E2 with probability at least 1 — ¢; exp(—canA?).

Moreover, [11] proved that the choice of A\, as in the statement satisfies:,

ml~1/a log q 1+
A = 80{ =V }2475:11171?3'(”[1HEXGtw|

with probability at least 1 — 2 exp(—21log ¢q).

o = QRZ(V(;QE(G; +0527)).

Finally, when 07 is exactly s-sparse, we use the fact

U (My(S8)) =  sup SIVe (33)
Aerifo} 1Al

where S is equal to the support set of 6. At the same time, for a exactly group-sparse with non-zero
groups S¢ with cardinality s,, for any A € M,(S¢), we have

Yo lAclla= D 1Acla < Y 1Al < V5l Al (34)
te{1,2,...,q} teSa teSa

where the first inequality holds for a > 2. Hence, the claim follows from Corollary 1.

F Proof of Corollary 3

For n > max(p, m), the RSC conditions for each structure are satisfied with g, = 0:

O-min(XTX)
Tuint =2 A, I

1 1< _
EHIXAaIHF = Z [(XAL)j5 >

j=1

Then, by Theorem 5.39 in [13], we can easily verify that

1 » /1 1
%amin(X) >V omin(X) (1 — c\/;— c Elog 5) (35)

with probability at least 1 — 24.

At the same time, the subspace compatibility constants for each structure can be easily extended
from (33) and (34):

_ 1AL
U, (M;) = < \/ga
Mo)= S 18]
_ 1Al
\IJT Mr = — < Sry
M= > &, <V
e M\{0}
\IJ(M ) — Z ||A||Caa < o
M= Al =V
e M\{0}
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Hence, in order to leverage Corollary 1, it remains to show A\, > 2R, (Vgaﬁ(G*; Zf)) for each

structure. Under the conditions of % < 1, omax(X) < v/n, and the sub-Gaussian observation

noise, we can simply extend the results in [11]:

1 1 1
Ao =80y BEEOE 5 4 S X TV || = 2R} (Vo, £(6} + 6] + O} 21)

with probability at least 1 — ¢; exp(—ca(log p + logm)). Moreover,

1-1/a 1 1
)\T:8U{m +4/ ng}zél max H—XTWH|
Vn n t=1,2,...,p ' '

with probability at least 1 — 2 exp(—2log p). Similarly,

1-1/a 1 1
)\C:8o{p +4/ ogm}24 max H—XTWH
\/ﬁ n t=1,2,...m"'n ’

with probability at least 1 — 2 exp(—2logm).

= 2R} (Vo, L(O} + O + ©% Z1)).

a*

= 2R} (Ve L(O] + O] + O3 27)).

a*

G Proof of Corollary 4

Since the PCA model can be understood as the special case of (7) with X = I,,,, the restricted
strong convexities for both structures are trivially satisfied with . = 1 and g, = 0.

As in the previous case, the subspace compatibility can be easily derived as:

_ 1Al
Ug(Me) = < VT,
olMe)= s 1Alr

— A
Ur(Mp) = sup A2l

aermifo} IAllF

Hence, it again remains to show A\, > 2R}, (Vguﬁ(é’*; Z{‘)) for each structure; we can directly
appeal to the results for clean models [1]:

Yo = 16V [2 > 4l = 2R (VaL(© + 13 27)

with probability at least 1 — 2 exp(—cyp). Also,

lo
Ar = 320(%)4/ % > 4| W s = 2R:(VrL(O +T5 Z1))

with probability at least 1 — 2 exp(—cs log p), which completes the proof.
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