A Proof of Theorem 1

Before we prove the main result, we provide a couple of useful lemmas. The first shows that ¢(t, y)
is an upper bound on L(t, y).

Lemma 9. Foranyt € R y € [{], we have ¢(t,y) > L(t,y).

Proof. We have,
max (L(o,y) — <pred_1(0y) - pred_l(a),t>)

o€[k]
> L(pred(t),y) — <pred_1(0y) — pred ! (pred(t)), t)
> L(t,y).
Note that the last step is by the similarity maximization property of pred ™" (pred(t)). O

The next lemma proves a key self-bounding property of the derivative of ¢(t,y), w.r.t. ¢, that is
crucial for the analysis of the generalized perceptron algorithm to go through.

Lemma 10. Fixat € R y € [{] such that L(t,y) > 0. Then, we have
4

Proof. Note that V;¢(t,y) is
pred71(5t7y) — predfl(ay)
where

Gty = argmax (L(U, y) — <pred_1(ay) — pred_l(a),t>)
o€lk]

o, [[Vio(t, )13 < (| pred " (G¢)|l2 + || pred ™" (o,)||2)? < 4. On the other hand, on a mistake
round L(t,y) > cL. O

Finally, the lemma below states that if ¢ gets large enough margin on a label y then ¢(¢, y) is zero.
Lemma 11. Ift € R? has margin v > Cy, on vy, then ¢(t,y) = 0.

Proof. Note that for any o ¢ X,
L(o,y) — (pred ™" (o) — pred~*(0),t) < L(o,y) — 7 < L(0,y) — C <0
For any oy, € X, we have L(0;,y) = 0 and
<pred_1(ay),t> = <pred_1(aé),t> = max <pred_1(cr),t>.

Therefore, ¢(t,y) = 0. O
Now we have all the ingredients to prove the main result.

Proof of Theorem 1. Recall that a mistake round is one where L(W, X, Y,) > 0. Define the fol-
lowing sequence of convex functions:

0 on non-mistake round

fT(W) = {W NN ¢(WX7—7YT) on mistake round

Consider online gradient descent (OGD) updates: W, = W, — nV f.(W,). Standard OGD
analysis (see, e.g., [6, Eq. (2.15)]) implies that, for any W (we will deal with the issue of choosing

7 shortly):
S 5wy SZfT(W)jL;’ZvT@H%lF 3
=1 T=1 T=1
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where V., = Vy f(W;).

On non-mistake rounds, the gradient as well as loss, are both zero. On mistake rounds, the gradient
is
Ve =Vwfr(Wy) = Vig(W, X, Vo) X ]

and therefore

4
IVl < —RLW-X,, Y7)

by the self-bounding property (Lemma 10) and boundedness of X ;. Therefore, we have

N v MR2 &
§ZHVTH2F < TZL(WTXTVYT) 4)

T=1 T=1

On non-mistake rounds, f; as well as loss, are both zero. On mistake rounds,
fT(WT) = ¢(WTX’T7 YT) > L(WTXT7 YT)
by upper bound property of ¢ (Lemma 9). So we also have

n

S LW-X-Y,) <> f-(Wy) )

=1 =1
Now plugging in (5) and (4) into (3), we get

n

> LW, X, Y;) +

T=1

2nR?

‘L

W |%
2n

S LWX,, Vo) <> f(W) +
T=1 =1

By assumption, the sequence (X, y,) is linearly separable with margin ~. That is, there exists a
W* with margin y on (X, y,). By the scaling property of margin, this means that W = C,W™* /~
has margin Cy, on (X, y,). For this W, by Lemma 11, we have >."_, (W) = 0. Since |W||%. <
C? /42, we have the bound

27}R2> " C}
1- S LW, X, Y,) <
< ) = ( ) 2v%n

and choosing n = cr,/(4R?) gives the bound
4R2C}

LW, X.,Y,) <
Souowx v <

T=1

B Algorithm Variants

We provide two variants of Predtron. First, we present Predtron.LD, a loss driven version that uses a
surrogate that is not dependent on the loss but incorporates the loss in the stepsize. Then, we present
Predtron.Link, a version that allows for margin to be defined w.r.t. an arbitrary norm and uses an
appropriate link function in its updates.

B.1 Choice of Surrogate
Consider using the surrogate:

o1(t,y) = max{0,1 + I%%X <pred—1(g), t> — <pred—1<gy), t>}

For any y, ¢1(t,y) is obviously non-negative and convex in t. Moreover, when a mistake is made
this surrogate is at least 1.

Lemma 12. Suppose t,y are such that L(t,y) > 0. Then ¢ (t,y) > 1.
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Proof. Since L(t,y) > 0, there exists o ¢ 3, such that (pred”'(0),t) = max,s (pred”"(¢), t).
Therefore, we have
I%%X <pred o),t) > <pred oy),t)

and therefore ¢ (¢,y) > 1. O

The surrogate ¢; is also zero given large enough margin.
Lemma 13. Ift € R? has marginy > 1 on y, then ¢1(t,y) = 0.
Proof. Note that forany o ¢ ¥,
1 — (pred™"(0y) — pred ' (0),t) <1—~ <0.

Therefore,
1+ Héz;x <pred > <pred oy), t> <0

and hence ¢ (t,y) = 0. O

Algorithm 2 Predtron.LD: A Loss Driven Version of Predtron
1: Wi+ 0
2: forr=1,2,...do
3:  Receive X, € RP

4:  Predict o, = pred(W, X,) € [k]

5:  Receive label y, € [{]

6: ifL(or,y,) > 0then

T <t7 y) = (WTXT7 y‘r>

8: 0r = argmax, gy, <pred71(0),t> € [K]
9: V., = (pred ' (5,) — pred ' (g,)) - X,| € R*P
10: Wip1 =W, —nL(os,y:) -V,

11:  else

12: Wrpr =W:

13:  end if

14: end for

Theorem 14. Suppose the dataset (X1,y1), ..., (Xn, yn) is linearly separable with margin ~y. Then
the sequence W, generated by Algorithm 2 with n = 1/(4Cy, R?) satisfies the loss bound

4R2CY,
72

anL(WTXT,yT) <

T=1

where || X |2 < R forall 7.

Proof. As before, let a mistake round be one where L(W, X, Y,) > 0. Let L, = L(W, X, y,).
Define the following sequence of convex functions:

fT(W) =L, ¢1(WXT7yT)'

Algorithm 2 is simply running online gradient descent (OGD) updates: W, 11 = W, — Vf.(W,).
This is trivial to see for non-mistake round. On mistake rounds, observe that the outer maximum in
the definition of ¢; is not achieved at 0 and hence the gradient is given by

Viop(t,y) = pred_1(5) - pred_l(ay)

where
0 = argmax <pred_1(a), t> .
o¢¥,
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Setting V., = V f- (W) and using standard OGD analysis (see, e.g., [6, Eq. (2.15)]) we get that,
for any W:

ILOED WGP S A s
=1 =1 =1
. n . 2 2 2 HWH%
< DL W)+ 5 3L [Vebn (X W) 51X + 25,
=1 =1
< ZfT(WHZZCL'LTAoR%”%”F
=1 T=1
n n 2
=> f-(W)+2nCLR*>> L, + ”V;;”F.
=1 =1

By Lemma 12, we know that L, < f.(W,). Further, by assumption, the sequence (X,,y;) is
linearly separable with margin . That is, there exists a W* with margin -y on (X, y,). By the
scaling property of margin, this means that W = W* /~ has margin 1 on (X, y, ). For this W, by
Lemma 13, we have > __ | f(W) = 0. Since | W||3. < 1/~2, we have the bound

< 1
1 — 2nCyL R? L, <—
( nen ); = 292p
and choosing n = 1/(4Ct, R?) gives the bound
L.y, < L
T=1 v
O
B.2 Choice of Norm
Algorithm 3 Predtron.Link: Predtron with a Link Function (V) ~!
l: ©) o; W, = (V¢)‘1(@1)
2: forr=1,2,...do
3 Receive X, € RP
4:  Predict o, = pred(W, X)) € [k]
5:  Receive label y, € [{]
6: if L(o,,y,) > 0 then
7 (t, y) = (WTXT? yT)
8: 07 = argmax, ¢ (L(o,y) — <pred_1(ay) — pred_l(o'),t>) € [k]
9: V., = (pred ' (5,) — pred ' (0,)) - X,| € R*P
10: Or1 =0, =V ; Wiy = (Vil))*l(@rﬂ)
11:  else
12: ®T+1 = @T’ WT+1 = WT
13:  endif
14: end for
Let || - || be a norm and /(W) = £||[W||? be a-strongly convex w.r.t. || - ||. Note that 1/(0) = 0 and

Vip(cW) = ¢Vip(W) for ¢ > 0. Consider Algorithm 3, a version of Algorithm 1 that uses inverse
of the mapping V1 to generate iterates. Since 1) is strongly convex, the mapping V1) is indeed

invertible. Let || - ||, be the norm dual to || - ||. Since the gradients V., are rank one, we need one
additional property. Suppose there exists a norm |- || such that, for any u € R%,v € RP, we have
luv "l < Hlull2 - ol (6)

We can now prove a loss bound for Algorithm 3.
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Theorem 15. Suppose ¥, || - ||, || - ||s, Il are as above. In particular, let ¢ be a-strongly convex
w.rt. || - ||. Suppose the dataset (X1,y1),...,(Xn,yn) is linearly separable by a unit norm W*
(|W*|| = 1), by margin ~y. Then, Algorithm 3 with 1 = acy,/(4R?) satisfies the loss bound

AR2C2

acLy?

n
> LW, X Y;) <
T=1

where || X, || < R.

Proof. Recall that a mistake round is one where L(W, X, Y, ) > 0. Define the following sequence
of convex functions:

£ (W) = 0 on non-mistake round
T W ¢(WX,,Y,) on mistake round

Consider online mirror descent (OMD) updates: Vi)(W,41) = Vip(W,) — nV f(W,). Standard
OMD analysis (see, e.g., [6, Theorem 2.21]) implies that, for any W (we will deal with the issue of
choosing 7 shortly):

S L) <3 £ Z vz + 191 @
T=1 T=1

where V. = Vi f(W;).
On non-mistake rounds, the gradient as well as loss, are both zero. On mistake rounds, the gradient
is
Ve =V fr(W;) = Vig(W, X, Y;) X[
and therefore
4
2
HWWSWMWJMQﬁM&MSEWMMKJH

by the inequality (6), the self-bounding property (Lemma 10), and boundedness of X ;. Therefore,
we have
2nR?
o va 7<= ZLWXT,H ®)

On non-mistake rounds, f, as well as loss, are both zero. On mistake rounds,
f‘r(W‘r) = ¢(WTXT7 YT) Z L(WTXTu Y‘r)
by upper bound property of ¢ (Lemma 9). So we also have

n n

S LWX,,Y:) <> £ (W) 9)

T=1 T=1

Now plugging in (9) and (8) into (7), we get

n n n
2nR? w2
ZL(WTXT7YT) S ZfT(W)+ Qcy, ZL(WTXTaYT)+H2n”
= T=1

By assumption, the sequence (X, y,) is linearly separable with margin ~. That is, there exists a
W* with margin vy on (X, y,). By the scaling property of margin, this means that W = CL,W™* /~
has margin Ct, on (X, y,). For this W, by Lemma 11, we have >_"'_, f-(W) = 0. Since ||W||? <
C% /42, we have the bound

2nR? C?
1— L(W.X,, Y, L
( Qacy, ) Z )=
and choosing 7 = acy, /(4R?) gives the bound

IR2C?

acLy?

n
> LW, X, Y;) <
=1
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C Details of Results in Section 3

C.1 Classification with REJECT option

We note that the separability requirement to allow REJECT option is more stringent than the standard
classification in the following sense. If a dataset is linearly separable with margin ~ for the standard
classification, it may no longer be linearly separable with the same margin ~y if we allow REJECT
option. The other way, however, holds true. This is observed by examining the definition of margin
requirement in Section 2.2. Consider 1 > 3; > B2 > 0. Then, a score ¢ € R? has a margin v > 0

on label y = 1, iff pred(¢) = 1 and ¢; > max (tg, tl\J/%tQ) + +, and a margin v > 0 on label y = 2,

iff pred(t) = 2 and 5 > max (tl, %) + ~v. For the case 2 = 0 (i.e. instance of class 2 can be

predicted as REJECT without penalty), then a score t € R? has a margin v > 0 on label y = 2, iff

pred(t) € {2, REJECT} and t; < min (tg, tl\gZ) —.

C.2 Subset losses for Multilabel learning

For a given y and ¢, using the definition of rep in Section 3 for multilabel learning, the surrogate (2)
for a given loss L can be expressed as:

t,y) = — (pred " 1(o,),t) + max  L(v,y)+ (v,t).

o(t.y) = —(pred™ (o)) ) + _max | L(v.y)+(v.0)

Clearly, we can compute the surrogate (and its gradient) efficiently if we can compute the max
efficiently. Define the indicator function I(P) = 1 if predicate P is true or 0 otherwise. Let:

Q:E:umzlﬂ@ew, sz:Hw:1H@¢w,
c= ZI(W = —1)I(i ey), d= ZI(%« =-DIG&y).

In the following, we show that the max in the surrogate can be computed in time O(m?), for any
loss which can be expressed as a function of a, b, c and d, i.e.

7b7 7d + at .
vaﬂ%umﬂa ¢, d) +(v,1)

The three subset losses listed in main text take this form: Ligx(v,y) = I(b = 0)I(c = 0),
Lyam(V,y) = b+ ¢, and Lggsesize(V,y) = be. The key idea is that though the max itself is

a

over 2™ quantities, there are only O(m?) possible values for C' = g} — note that fixing a

(where 0 < a < m) also fixes ¢ = |y| — a, and similarly fixing d (where 0 < d < m) also fixes
b= m — |y| — d. For any fixed C (i.e. fixing a, b, ¢ and d), let V.4 denote the set of vectors v that
yield C. We can compute maxyecy,, (v,t) in closed form, because the objective to be maximized is
linear. Let Z,,,, denote the classes in y sorted in decreasing order of ¢. Let Z,,., denote the classes
not in y sorted in decreasing order of t. Now, for v to be optimal, we set the values corresponding
to the first a indices in Z,,, to 1, the remaining indices in Z,,,, to -1, the last d indices in Z,,¢4 to —1,
and the remaining indices in Z,,¢4 to +1.

The procedure can be implemented with two for loops, where in the innermost for loop, we will
set v{, that maximizes maxyey, (v, t), compute Jo = f(a, b, ¢, d) + (v, t) and keep track of the
best Jo so far. Finally we note that faster implementations can be obtained for specific functions
f(a7 b? C7 d)'

D Proofs for Results in Section 4

Proof of Lemma 3. Both the surrogate as well as its gradient (w.r.t. t) can be computed if we can
compute

&1,y = argmax (L(o,y) — <pred_1(0y) — pred_l(a),t>)
o€lk]
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Let L(o, y) be a loss derived from an NDCG type gain function. That is, let
1 Fly@)
L(0'7 y) =1- -
W) 2= Glo)
for some monotonically increasing functions F, G and

_ ~ Fly(i)
W(r) = mGaX; Glol)

Note that 17 (r) can be computed easily by sorting y. Since rep(c) = pred () = f(0)/Z, where

Z = />, f%(i), we have,

Gy = argen[};]ix (L(cr y) — <pred_1(oy) - pred_l(a),t>)
= arger&z]ax (L(o,y) + (pred~' (o), t))
= argmax — Ly Fly() l 3 o(2))t;
e (1 W) 2 Gt * 7 25" (”t’)
(O FG) | fel)
e ( WG 2 ) |

i=1
This is a linear assignment problem where the cost C'(4, j) of assigning item ¢ to position j is
~F(@) |, G

WyGG) 2

which can be solved, e.g., using the O(m?) time complexity Hungarian algorithm (also known as

C(i,j) =

Munkres’ algorithm). O
Proof of Lemma 4. Note that y is sorted in decreasing order with relevance grade changes at posi-
tions i1, ...,4y. That is, the entries of y obey the following ordering:

yD=...=yll1r -1 >y(1)=...=ylia—1) >yli2) =[...] =ylin = 1) > y(in) =... =y(m)

Define N + 1 sets G; = {4;,...,1j41 — 1} forj € {0,...,k} where ip = l and iy 41 = m+1to
handle boundary cases. If £ has margin v on y, it has to be first of all compatible with y. So entries
of ¢ in group 7 — 1 should be equal to each other and larger than the entries in group j:

tij71 =... :tij—l >tij :--~:tij+1—1

for j € [N]. Moreover, we should have

min (flo),t) > max (flo),t) ++

where v/ = vZ and Z is the normalization needed so that f(o)/Z is a unit vector.

Note that ¢’ ¢ X, means that there is at least one “bad” pair (¢,4") such that y(i) > y(i') (and
hence ¢; > t;/) and yet o’(i) > o’ (i'). We now claim that the maximum on the RHS is achieved at a
o’ ¢ ¥, with exactly one such bad pair. This is because, if we swap a bad pair in o’ to get a new o’
then (f(c"”),t) < (f(c’),t). So we can eliminate all bad pairs but one. This keeps us outside of X,
and increases (f(c’),t). We further claim that if there is exactly one bad pair (7,¢’) then ¢, ¢’ have to
be in adjacent groups with one of them right next to a group boundary. This is because, otherwise,
there will have to be bad pairs other than (4,4’).
Let the bad pair be in groups j — 1 and j, ie. i € G,;_1,7’ € Gj and 0(3) = ', 0(¢") = i. The
margin condition then says that,
PGty 1+ P, = F) 1+ F@)t, +
which means
,y/
ti 1 — ti. 2 YN YRR
j—1 J iEG}?ﬁ%EGJ‘ f(’t) _ f(l/)

Since f is strictly decreasing, the worst case is when ¢ = 4; — 1,4 = ¢;. This proves the lemma. []
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Proof of Corollary 5. The condition || X ||, arises because the form of V; in the subset ranking
setting implies ||V |2 < 2| X;||,,. For L = Lxpca, Cr, = 1 and g, can be computed as follows.
Let y be sorted in decreasing order of its entries. Minimum non-zero loss occurs if the last two
documents are relevant and irrelevant get ranked incorrectly (errors higher up in the ranking will
only incur more loss). So the minimum possible non-zero loss for a given y is

ou(m—=1)_q gu(m) _q . oy(m—=1)_q ou(m) _q 1 _ 1
log, (14+m—1) log, (1+m) log, (14+m) log, (14+m—1) logo, m log, (m+1)
m 2u(i) —1 — Yinax — m 1
>ict log, (1+4) (2¥mex = 1) 30374 log, (1+4)

log,(141/m)
- log, m-log, (m+1)

_ 1
(2Ymax — 1) Z;’il log, (1+4)

1
2m-log3(m+1)
- (QYmax —-1)- ﬁ
1
2(2Ymax — 1)m2logy(m + 1)

Therefore, the bound in Theorem 1 becomes

4CE R? < 2Ymax+31m2 Jog3 (2m) R?

cLy? T 72
O
Proof of Corollary 6. We use Theorem 15 with 1)(w) = ||w||? where 7 = log po/(log po — 1). For
suchan r, [lwll, < [wlly < 3wl Also, [[-[[=1- [l |- I« = Il - ll; where g = log po. Note that
¥ is (r — 1)-strongly convex w.r.t. || - ||- (see, e.g., [17]). Since

1X Tully < 31X Tufloo < 3[1X T |2 oo ull2

the norm ||-||| is simply 3|| X T ||l2—00 Where || X T [|l2—s00 = max;—1_, || X2 (X;’s are columns of
X). Since |[w*||, < ||w*||; there obviously exists a unit £, norm vector that has margin at least -y
on the dataset. The bound in Theorem 15 then becomes

4(3R)2C} - 36R2log poC}
(r=Dey® = ay®

Corollary nows follows by using the bounds for Cy,, 1, from proof of Corollary 5. O

E Proofs for Results in Section 5

Proof of Corollary 7. Corollary follows immediately from Theorem 1 and the Ct,, ¢y, calculations
in the proof of Corollary 5. O

Proof of Corollary 8. We use Theorem 15 with ¢)(w) = ||[W||3 . where r = log p/(logp — 1). For
such an 7, [Wla.r < [Wiax < 3IW - Also. | -1l = I+ 2, || - [l = || - 2. Where g = log p.
Note that ¢ is (r — 1)-strongly convex w.r.t. || - |2, (see, e.g., [17]). Since

T T
[uv " {l2,g < 3[Juv [|2,00 = 3[ul2][v]loo

(2,7)-norm matrix that has margin at least - on the dataset. The bound in Theorem 15 then becomes

4(3R)?C} < 36R?logp C}
(r—1ecpy? — cLy? '

the norm ||-||| is simply 3|| - |loo. Since ||[W*||2,» < |[W*]|2,1 there obviously exists a unit group

Corollary nows follows by using the bounds for Cf,, ¢y, from proof of Corollary 5. O

17



