Multi-scale Graphical Models for Spatio-Temporal
Processes: Technical Supplement

Firdaus Janoos* Huseyin Denli Niranjan Subrahmanya
ExxonMobil Corporate Strategic Research
Annandale, NJ 08801

A Proof for Theorem 1

Proof. The original model is given by:

x[t] = Aplx[t — p] + ult], (1)
P
y[t] = Blalylt — q] + Zx[t] + v]t]. ()

Define the short-hand notations I {- | t} 2 E{-|y,; s <t} and B, 2 (ZZ") ® B, captures the
constraint that site ¢ <> site j if they belong to the same global component k. Also to reduce clutter,
we use subscripts for time indexing. Suitably adjusting the time-indices, the model of eqn. (1) can
be re-written as:

P-1
Xep1 = D ApXep + 1y 3)
p=0
Q A
yr = Z Byyi—g + Zx¢ + vy, 4
qg=1

It is assumed that the model is stable, that is all the roots of det |I — Zp Apz*p‘ (i.e. z—transform

of A) lie within the unit circle |z| < 1 system. In order to prove Theorem 1 we first introduce the
following proposition:

Proposition 1. Assuming that the system is stable, , then egn. (3) conditioned on data is equivalent

to:
P-1 P-1
Xty1 |t = Z ApXi_p | t—p-1+ Z Gper—p 5)
p=0 p=0
Q A
Yt = Zqut—q + 7%t -1 + €, (6)
q=1

where x; | y—1 = E{x¢ [t =1}, y¢ -1 = E{y: [t =1}, & = y+ — yi | ¢—1, and G are K x N
matrices defined as follows:

P-1
G, = ZASCOV{xt_Se;}Zzl for p=0...P—1
s=p

*Corresponding Author.firdaus@ieee.org


firdaus@ieee.org

Proof for this proposition is in Appendix A.l. Defining X,Y and T as the z—transform of X, y and
€ respectively, we get the z—transform of eqn. (5):

Q-1 P—1 -1 /p
(1 - Z qup> Y=|(1+2Z (I — Z Apzp> (Z szp> T
q=0 p=0 p=0

As, Zisa N x K matrix of rank K the left pseudo-inverse of Z is well defined and :

(I—P_lApz_p> A (1—§qu—q> (Z G,z P) T+ (I—PZ:lA 2 P) AR

p=0 p=0
therefore
- P-1Q-1
=D AT - Z ZtByz 1+ A, ZF B2~ P

p=0 q¢=0

- pP-1

= (Z G,,zp> T + (I -3 A,,zp> ARY
p=0 p=0

Assuming that the system is minimal[3] that is there is strictly no smaller equivalent model, this
represents an N x N rank-K system of auto-regressive order P + () and moving-average order
P. O

A.1 Proof for Proposition 1

Proof. Firstly, because the assumption on the roots of det |I — Zp A, 2P|, the system is wide sense

stationary (WSS) [1]. Now, by the projection property of linear systems the residual ¢; L y,; s <t
and therefore:

Ef- [t} =E{[t -1} +E{ | e}
Therefore, the conditional estimate of x; :

P—1

Xt+1 | t = Z ]E{ApXt_p + Uy | t}
p=0

P-1
= § , ApXi—p |t
p=0

using the property that u, independent onyy . . . y;. Defining H, = Cov {x;_p¢/ } ! and because
of the WSS condition, it does not depend on ¢. Therefore,

P-1
Xit1 |t = Z Ap (Xp 1 HE{xtp | &})
p=0
P-1 P-1

:AOXt | t—1 + Z Apxtfp | t—1 + Z ApHpét
p=1 p=0

P P—1
:AOXt | t—1 + ZAP (Xt—p | t—2 + E{Xt_p | et—l}) + Z ApHpet
p=1 p=0
P P-1
=AoXy | -1+ A1Xpo1 |4 2+ZApXt —p | t— 2+ZA Hp_16:— 1+ZAHQ
p=2 p=1 p=0



Continuing this expansion, and settingG, = 3>/ ' A,;H,, forp =0... P — 1, we get:

P—-1[P-1

Xt+1|f—ZApr p|tpl+z ZAH —p
= Z Apxtfp | t—p—1 T Z Gpetfp (7
p=0 p=0

Etp

Moreover, since:

Q Q
Yi|t—1 =E {Z Boyi—q+Zxi + vy |t — 1} = ZBthfq + 72Xy | -1
q=1 q=1

we get the following innovations model:

Q
Yt = Z Boyt—q +7Zx; | -1 + €. ®)
qg=1

Defining 7, = x; — X; | t—1, We see that:

€ =Yt — Yt |t—1 = LXe + Vi — LXy |41 = L + vy 9
while:
P-1 P-1
N+1 = Ap (Xt—p — Xt—p | t—l) +u — Z Gpet—p

p=0 p=0

P-1 P-1

= Apm—p +u; — Z Gp (Zne—p + Vi—p)
p=0 p=0
P-1

(A —GZT]t p—l—ut ZGthp

=
I
=

B Proof for Theorem 2

Proof. In order to prove the theorem, we introduce the following proposition:

Proposition 2. For a 1-d C-D system with infinite boundary conditions and constant Péclet num-
ber, for an impulse at the origin x = 0, the response in the near-field (i.e. at a point close
to the origin) can be approximated by G(t) =~ 0(t), the Dirac delta function, while in far—
field (i.e. at a point far from the origin) and be approximated by a Gaussian function: G(t) =~
exp {—0.5(t — p’c ™2} /V2ro? up to a multiplicative factor of order exp {—O(t3)}, where [ is
equal to the distance and o2 is proportional to the product of the distance and the Péclet number.

The proof to Proposition 2 is given Appendix B.1. Therefore, for the system of Theorem 2, the
response at location x; to an impulse at x; = 0 can be approximated by a Gaussian function:
G(t)ij = N (pi,07;) = exp{—0.5(t — pi;)?0; 7} /1/2m0? ;, where pu; ; is equal to the distance
between x; and x; and o ; is proportional to the production of the distance and the Péclet number.

Moreover, the response at x; to an impulse at x; can be approximated by a Dirac delta. Therefore,
in Fourier domain the fransfer function of the 2 x 2 system consisting of only nodes x; and x;:

o 1 éi.j w ot Gi,j t
=51 ,1( )}, where  W(t) = {ijigt) ; t() )} (10)



is the impulse response matrix of the 2 x 2 system consisting of only nodes x; and x;, and \i!(w)
is Fourier transform (FT) of ¥[t]. Also, (A}” (W) ~ n~2 exp{—iwp; j } exp{—07 ;w’} ® F(w)
is the FT of G[t];; while the FT of 6(¢) is 1. The FT of approximation to G ;(w) is ob-
tained by convolution of the FT of the multiplicative error term exp {—(’)(t3)} with the FT of

exp {—0.5(t — p?02} /V2m02.

However for stable VAR system, the transfer function between any pair of variables conditioned on
the rest is[1]:

- z;‘xi,i(w) {Ai,j (w) -

b= Ajiw) Ajjw)] 7 (v

where A; j(w) is the FT of A, ;[t]. Inverting the matrix in eqn. (10) and equating with terms of
eqn. (11) gives

Gij(w)
1= G(w);;Gw)i,

Ajjlw) = -
Taking logs of the absolute value (squared) yields
log(As ()" Au (w) = log (Guy ()" Ciy(w) ) = 2108 (1 Gy ()" Giy(@))
However, since |CA}| < 1 the square magnitude CA}z j (UJ)*GZ‘J (w) < 1 which implies that
log (1 - G (@) Giy(w) ~ 0+ 0 (Gi () Gy (@)
Substituting gives
log(Ai ;(w)* Ay j(w)) ~ log (éu (@)*Gig (w)> +0 (éu ()G (W)

which implies that the FT of |A; j(w)| ~ |@” (w)] and therefore A[t]; ; can be approximated by
a Gaussian function NV (p; ;, 01-27 ;)- Moreover the approximation has a multiplicative error of order

exp {—(’)(t3)}.
O

B.1 Proof for Proposition 2

Consider the dimensionless constant-coefficient convection-diffusion equation in 1—d:

of ,of _ 0°f

ot " or oz

where f is the process, x is the spatial coordinate and v = 1/Pe is the inverse of the Péclet number
of the system. Under infinite boundary conditions, the Green’s function (i.e. impulse response) has

the form
1 1(x—1t)?

t) = —= . 12
g(z,1) Tt P { > ot (12)

In order to derive an approximation, assume v = 1 without loss of generality.

1 Lx—1t)?% 1

t) = —= — —log2t 13
g9(z, 1) o eXP{ T 5 log (13)



Writing ¢t = x + 7, a Taylor series expansion (TSE) of the term in the exponent gives:

:e"p{‘QZ (20)7 = 20) 27 + (20) 7% - 20) 70 + )
1 -1 (2z)"%2 ,  (22)73
_ 7(10g2$+(233) T — 5 24 3 )}

1 172
and exp{—QTB}—exp{—2;}—>O as T — 00,
x

And for the near-field i.e. as  — 0 the response function g(z,t) — d(¢t).

C Proof for Theorem 3

Proof. We start by introducing the following notation - let y; € xj imply that Z; , = 1. For two
vertices y; and y;, let y; ~ y; indicate that there is at least one shared latent component y; € X

andy; € xi , i.e. Z; 255 = 1. Also, let B = (ZZ") ® B, where ® is the Hadamard product.

Therefore, Bw- =0 = 3k st y; ~y;. Without loss of generality, we will prove this assertion
for the case below, that is:

Proposition 3. For a given Z, the least-squares (LS) local optimum A* and x* to

P
x[t] =Y Alplx[t — p] + ulf] (14)
y[t] =Byt — 1] + Zx[t] + v[t], (15)
is also a local optimum for
p
x[t] = Alp]x[t — p] + ult] (16)
y[t] =Cy[t — 1] + Zx[t] + v[t], 17

for some diagonal matrix C.

The more general case of Theorem 3 is a straightforward extension of this proof.

First, we observe that as eqn. (14) is decoupled from B, the local minimum A*[p] conditioned on x*
is de-coupled from B. Therefore, we only need to show that if

xt =argmin f(x)



where:
-
=" [yl = Byl 1] - Zx(t]] [ylt] - Bylt - 1] - Zx[t]
t
then x T also a LS solution to eqn. (17).

Now,

lvx[t]f(x) = ly[t] —By[t—1] - Zx[t]] Z=y[t]'"Z—-yit-1"B"Z-x[t]"2"Z

Defining ) = By[t—1] , we getn; = [By[t - 1]} =2,V [t—l]Bi,j, thatisn; =3, By jy;[t—1]
for all y; such that y; ~ y;. '

Moreover, [ Z], = >, miZix thatis [T Z], = >, n; forall y; € x;. Therefore, chaining these
two we get [Z7n]|, =2, 3" B;jy;[t — 1] foralli st.y; € xg and j s.t.y; ~ y;, which is the
same as [ZTU} L= Zyi@% Ey,-exk Byt —1].

Therefore

5 [Vxnf )], = [l 2] = [27n], = Y Y Bigylt—1 - [x{7272],  (8)

Yi€EXL Y EXE
This gradient is equivalent to §Vg(x) where g(x) is the LS objective of eqn. (17).

5 Vxi9(X) =y[t]'Z-y[t-1)"CZ—x[t) ' 2"Z

where [y[t — I]TCZ]k = Zjexk ijj[t — 1}, for Cj = Eyiexk Bi7j.

Note that the Hessian of the objective function is independent of B and C. Therefore, the two
quadratic problems differ only in a constant independent of x and therefore have the same optimal
solutions.

O
D Optimization with respect to x
The state-space model
P Q
=Y Alp)x[t—p]+uft]  and Z y[t —q + Zx[t] +v[t],  (19)

can be re-written as the followed augmented state space form
Clt+ 1] = AweC'[t] + v[t] and t] = ZaweC'[t] + v[t],

where ([t] = (x[t]...x[t — P])7 is the augmented state, 9[t] = (y[t} — 29, C™gly[t - q])T is

the augmented observation, v[t] = (u[t],0...0) " is the augmented state innovations the matrices
Ay is a PK x PK matrix with A([1]... A(™[P] on the first rowand Z is a N x K P matrix
constructed from A and Z("). Namely:

>
=
S
>
ooE



Rewriting the summation of time in vector-matrix format for notational clarity, the optimization
problem is then:

¢ = argmin 10 — AuueClI* + Xo [ AugCl”

where A and A are the T x T' block-diagonal matrices:

Zwg O ... 0O ~Awg I 0 ... 0

0 Zag .- O 0 —Awg I ... 0
A= . . . . Aaug: . . . .

oo . T S b 0 A

This is a T' x T tri-diagonal Toeplitz system with blocks of size K P and which can be solved using
specialized solvers that have running time of O(T x K P?) [2]. In case the system is ill-conditioned
or rank-deficient, a small perturbation may be added along the diagonal of the matrix. However in
practice, we have observed the system to be well conditioned, especially when close to a solution
point.

E Proximal operators

E.1 Operator for Z

Defining Z; . = {Z; 1 ...Z; k }, the proximal operator proxh(Z(”)) with respect to Z, and writing
the unit-ball constraint ||Z; .||, < 1 as an indicator function Iy (||Z; .|,,), we get:

D+sle-ff

N
prox,(Z) :arg;nin X ||Z)|, + Zﬂl (||Zl|
i=1

N N 1 N
2
=2a Y 1Zily + DT (12 13) + 5 3|
=1 =1 =1

As the problem is decomposable into a sum of problems over Z[1,]...Z[N, ], consider the indi-
vidual problem of the form:

Zi. —71)i.

)

‘ 2

. 1 N
argminds 2], + 17— 2)]
z
subjectto  ||z|[, < 1
where z = {2z, ...zx } represents any Z; ..

Introducing Lagrange multipliers 4 € R+ and € R*", the dual is:

1 2, M 2
Lizpn) =Malzll, + 5 Iz —2)I* + 5 Izl 1)
Dual feasibility implies:

0 = 0L(z, 11, )2k =A30 ||z, + 21 — 21 + pzg

therefore in vector format
z(1+p) =2 — A\30 ||z,
where the sub-gradient

1 if >0
Ok |zll; = { -1 if zp <0
(=1,41) if 2z, =0



Now if there is at-least one & such that |z;| > A, then the following argument applies;

If z;; > 0 then 0 ||z||, = 1. Therefore, (1 4 p)z; = (2’ — A\) > 0. This implies that if z’ > X then
(1+ p)z; = (z— A). Similarly if z > —A then (1 + p)z; = (z+ A), and if —\ < 2 < A then
z; = 0.

Defining T as the element-wise shrinkage operator, we get (1 + p)z* = T (z’). Moreover, setting
p = min (|| Tx(2'||, — 1, 0) satisfies the complementary slackness condition:

pr>0 it g3 =1
pr=0 if <1

However if |2;| < A, then z* = 0 is the only feasible solution.

Therefore, the final solution is:

2* = max (1, TA(1Z)||2> T\(2)

E.2 Operator for A

The proximal operator for A is

proxg<A>:argmmZ [Al DG ) Asly + 3 [Jes — Koy
1,7=1

subject to 0 < >° A; [p] < 1foralli,j = 1...K, where D(~;,;) represents the operator aﬁ +

vi,;j (P — i ;) and is a P x P full-rank matrix. Since this can be split across all A; ;, consider one
problem of the form:

. . 1 .
prox, (&) —argmin i [|Dall + 5 Jla—a|*, (20)

subject to 0 < 1"a < 1 where a represents any A; ;, and D represents the corresponding D(7; ;).

The Lagrangian of the problem is:
1 -
Lprox, (a,11,12) = Av[|Dall; + 5 fla - al’  —milTatn(1’a—1) 21
where 7; > 0 and 7, > 0 are Lagrange multipliers for —1Ta < 0and17a <1

As D is full rank, define b = Da and b =Dla. Therefore, eqn. (22) can be rewritten as :
1 .2
prox,(a) =D {argmin)\l IIblly + 3 H(b - b)H ] )
b

subjectto 0 < 1D~ 'b < 1.
The dual feasible solution b*(71,72) of the corresponding Lagrangian satisfies the equation:

b*(n1,112) = b — A1 [b" [l + (m —12)D~ 'L,

where Oy, || Db*||,, the sub-gradient of \/2521 (25:1 b[p])? is given by:

Bl e |, >0
O IIb*l, =TT i
bip] D71l (~1,+1) if [b*[l,=0

Therefore, given values of 77; and 75 and defining 3 = (11 — 172)D ™1, we get
. + e RS 1) Y
b o)1, 72) { Plel Plel =2zt ol

0 otherwise




which gives:

A _ _ a+(m—n2)l ; —1z _
At m-—ml - A= i [P )1, > A

0 otherwise

a(n,n2) = {
(22)

And the gradient of eqn. (21) with respect the dual variables at the dual-feasible solution is :
VplL=-1"a
and V,,,£ =1"a

Therefore, the dual-ascent step is

ngkﬂ) Zﬁik) — o™ min{1"a,0}

D ) o) a1 — 1,0}

Therefore using the fact that violation of constraints for n; and 7, are mutually exclusive, we com-
bine 7;, 772 into a single dual variable n € R, giving the the dual feasible solution as:

~ n é_;’_ (")1 . N n
arty =) AL MEREEE i DA™ > Ay
otherwise
and the dual-ascent step is:
(n) _ oM Ta) if 1Ta® <o
(n+1) _ Ui Q a i al™ <
K { n™ +aM(@Ta™ —1) if 1Ta™ >1 @4

F Dependence on Initialization

In order to demonstrate the robustness of the solution to initialization, here we show the result of
estimation procedure for different initializations of the K'-means step. As mentioned earlier, the the
initial positions of the K -means centroids are uniformly distributed at random. It can be observed
that regardless of the K—means solution the algorithm converges to highly consistent global graph-
ical structures. Note that for each solution, labels values have been selected to maximize overlap
across results to improve comparison.

G Cross-Validation

A 10-fold block cross validation approach is used for model selection and to assess the performance
of the various models. Here the time-series y[t]; 1 = 1...T is divided into 10 contiguous blocks of
length T'/10 each and the model parameters estimated using 9 blocks. The data from the remaining
block (indexed as ¢ = 1...T") are the fitted to the model using least squares to get y. For example
for the standard order- P VAR model with parameters A[1]. .. A[P], this would be

myinz Iyt = y[£]ll,

such that  y[t] = Z Alply[t — p]

p=1

Defining n[t];t = 1...T as the Lagrange multiplier for each constraint and p > 0 as the augmented
Lagrangian multiplier term, the solution for this is computed using a dual-ascent procedure, where
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Figure 1: The leftcolumn shows the node assignments after one K—means initialization step. The right
column shows the estimated graphical structure for the corresponding initialization. The nodes in the latent
global graph are positioned at the centroids of the corresponding local graphs. In all figures, colors and labels
both indicate cluster assignments of the sites. Labels for the local nodes are omitted for clarity.
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each iteration involves the following two steps:

P
[Primal update]: y[t]* ™Y = y[t] — (n(k) Z )t + p])

P
[Dual update]: n[t]““*” = n[t](k) +p ( (k+1) Z (k+1) p])

Estimating the best least-squares fit for the hierarchical model, given parameters A, B and Z and
hyper-parameter \g, involves solving

min 3 911 — 1, + |t

P
— 20 3 Afplxft 7]

2

Q
such that y[t] = Z Blgly[t — p] + Zx]t]

which can be solved using the following dual-ascent scheme:

[Primal update]: y[t]* TV = y[t] — 5 < ")t ZB 1" (k)[t—i—p])
q=1

Q
[Dual update]: n[t](k+1) _ n[t](k) Ty ( (k-i—l) ZB (k+1) —p| — Zx(k—&-l)[t])
g=1

while x(*+1) is estimated using the method described in Supplemental Appendix D.
The relative error is then defined as

2 llylt] — gt
2 gLl
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