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A Proof of Theorem 1

We start our proof from showing the legitimacy and feasibility of the algorithm at the tolerance
claimed in the theorem. We first provide a quick proof of Lemma 1.

Lemma 1 (in the main paper) Evaluating relation U T x and meanwhile determining Iy is
feasible in time O(|z|).

Proof The evalution can be done recursively. The base case is U = A, where U C x holds and
Iyc, = 0. If U = Uy U’ where Uy € X, we search for the leftmost occurrence of Uy in . If there
is no such occurrence, then U IZ z and Iy, = oco. Otherwise, x = yUia’, where Uy £ y. Then
U C zifand only if U’ C 2’ and Iyc, = Iy,co + Iurcer. We continue recursively with U’ and
«'. The total running time of this procedure is O(|z|). ]

Lemma 5 Under element-wise independent and identical distributions over instance space I =
3", the conditional statistical query xv q is legitimate and feasible at tolerance

62

T= 40sn2 + 4e

Proof First of all, the function xy,, computes a binary mapping from labeled examples (z,y) to
{0,1} and satisfies the definition of a statistical query. Given 0y ,(x) = a, that is, given V' £
z[l,n —1]orzy,.,+1 = aif V C z[1,n — 1], the query xv,.(z,y) returns 0 if x is a negative
example (y = —1) or returns 1 if x is a positive example (y = +1).

From Lemma 1, evaluating the relation V' C x and meanwhile determining Iy, is feasible in time
O(n). Thus, Oy, (z) and then xv 4 (z,y) can be efficiently evaluated.

For
Prifyo(z) = a]l =Pr[V Z z[1,n — 1]]+

Pr[V Cz[l,n—1]] - Prlzr,, 11 =a |V Ez[l,n—1]]
in order to prove Pr[fy ,(z) = a] not too small, we only need to show one of the two items in the
sum is at least polynomially large.

We make an initial statistical query with tolerance 7 = €2 /(40sn? + 4e) to estimate Pr[y = +1]. If
the answer is < e — 7, then Pr[y = +1] < € and the algorithm outputs a hypothesis that all examples
are negative. Otherwise, Prly = +1] is at least ¢ — 27, and the statistical query xv,, is used. As
V Cz[l,n—1] =U[1,¢] C z[1,n — 1] is a necessary condition of y = +1, we have

€2

P Cz[l,n—-1]|>2Prly=+1]>€— ————
t{V Caftn— 1] > Prly = +1] > e - oo
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Since w1, ,+1 and [1, Iy, are independent,

Pr[xlvgﬁl =a|VECz[l,n-1]] = Pr[xIVExH = a]

Because we don’t have any knowledge of the distribution, we can’t guarantee Pr{x;, ., +1 = a] is
large enough for every a € . However, we notice that there is no need to consider symbols with
small probabilities of occurrence. Now we show why and how. For each a € ¥, execute a statistical
query

Xg(%y) = ]l{:zzi:a} (1)
at tolerance 7, where 1., represents the 0-1 truth value of the predicate 7. Since the strings are
element-wise i.i.d., the index 4 can be any integer between 1 and n. If the answer from oracle STAT
is < €/(2sn) — 7, then Pr[z; = a] < ¢/(2sn). For such an a, the probability that it shows up in
a string is at most €/(2s). Because there are at most s — 1 such symbols in 3, the probability that
any of them shows up in a string is at most €/2. Otherwise, Pr[z; = a] > €/(2sn) — 27. Thus we
only need to consider the symbols a € ¥ such that Pr[z; = a] > €/(2sn) — 27 and learn the ideal
with error parameter €/2 so that the total error will be bounded within e. For algebra succinctness,
we use a concise lower bound for Pr[z; = al:
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Eventually we have
Prfy,q(z) = a] >Pr[V C z[l,n —1]] - Prlzs, .11 =a |V Ez[l,n —1]]
N (1 N ) a ©
- 20sn? + 2¢ ) 4sn
is polynomially large. Query xv,, is legitimate and feasible. ]

The correctness of the algorithm is based on the intuition that the query result Exv,,, of ay € Ugyq
should be greater than that of a_ ¢ U,41 and the difference is large enough to tolerate the noise
from the oracle. To prove this, we first consider the exact learning case. Define an infinite string
U' = UL U+ 2,LIU, and let ' = 2% be the extension of x obtained by padding it
on the right with an infinite string generated from the same distribution as z. Let Q(j,%) be the
probability that the largest g such that U'[1, g] C 2/[1,4] is j, or formally, Q(j,i) = Pr[U'[1,5] C
LA AU G+ 1] Z 2/[1, 4]

Lemma 2 (in the main paper) Under element-wise independent and identical distributions over
instance space T = X", concept class I is exactly identifiable with O(sn) conditional statistical
queries from STAT(I11, D) at tolerance

1
T = gQ(L—l,n—l)

Proof If the algorithm doesn’t halt, U has not been completely recovered and ¢ < L. By assump-
tion, V = U[L,4]. f V IZ z[1,n — 1] then = must be a negative example and xv,,(x,y) = 0. Hence
Xve(z,y) =1lifandonly if V C 2[1,n — 1] and y = +1.

Let random variable J be the largest value for which U’[1, J] is a subsequence of x[1,n — 1].
Consequently, Pr[J = j] = Q(j,n — 1).

Ifa € Upyqi,theny = +1if and only if J > L — 1. Thus we have

n—1

EXV,a = Z Q(],’I’L—l)

j=L—1
If a & Uppr, theny = +1if and only if U T z[1, [yc,|z[lvee + 2,n]. Since elements in a

string are i.i.d., Pr[U C z[1, Iy, ]2 [Iyce + 2,n]] = Pr[U’[1, L] C z[1,n — 1]], which is exactly
Pr[J > L]. Thus we have

n—1
Exve =Y Q(j,n—1)
j=L



The difference between these two values is Q(L — 1,n — 1). In order to distinguish the target Uy
from other symbols, the query tolerance can be set to one fifth of the difference. The alphabet 3 will
be separated into two clusters by the results of Exv,4: Up41 and the other symbols. The maximum
difference (variance) inside a cluster is smaller than the minimum difference (gap) between the two
clusters, making them distinguishable. As a consequence s statistical queries for each prefix of U
suffice to learn U exactly. |

Lemma 2 indicates bounding the quantity Q(L — 1,n — 1) is the key to the tolerance for PAC
learning. Unfortunately, the distribution {Q(j,4)} doesn’t seem of any strong properties we know
of providing a polynomial lower bound. Instead we introduce new quantity R(j,i) = Pr[U’[1,j] C
2'[1,i)| AU'[1, §] £ «'[1,4 — 1]] being the probability that the smallest g such that U’[1, j] C z'[1, g]
is i. Now we show the strong unimodality of distribution { R(3,7)}. Denote p; = Pr[z; € Uj].

Lemma 6 The convolution of two strongly unimodal discrete distributions is strongly unimodal.

Proof The proof is obvious from the definition of strong unimodality and the associativity of con-
volution. Let H3 = H» * H; be the convolution of two strongly unimodal distributions H; and Ho.
For any unimodal distribution Py, let P, = H;y * P; be the convolution of H; and P;. Because of
the strong unimodality of distribution H;, P> is a unimodal distribution. Also because of the strong
unimodality of distribution Hs, the convolution of Hs and Py, H3« Py = Hox Hy x Py = Hy % P
is a unimodal distribution. Since P; can be an arbitrary unimodal distribution, Hj is strongly
unimodal according to the definition of strong unimodality. |

Previous work [[10] provided a useful equivalent statement on strong unimodality of a distribution.

Lemma 7 ([10]) Distribution {H (i)} is strongly unimodal if and only if H (i) is log-concave. That
is,

H(@)? > H(i+1) - H(i—1)
for all i.

Since a distribution with all mass at zero is unimodal, an immediate consequence is
Corollary 3 A strongly unimodal distribution is unimodal.

We now prove the strong unimodality of distribution { R(j,%)}.

Lemma 8 For any fixed j, distribution {R(j,1)} is strongly unimodal with respect to i.

Proof This proof can be done by induction on 5 as follows.

Basis: For j = 1, it is obvious that { R(1,7)} = {(1 — p1)*~!p1} is a geometric distribution, which
is strongly unimodal. According to Lemmal(7] this is due to R%(1,i) = R(1,i — 1) - R(1,i + 1) for
all7 > 1.

Inductive step: For j > 1, assume by induction {R(j — 1,4)} is strongly unimodal. Based on the
definition of R(j,%), we have

i—1

R(j,i)= > (RG—1,k)-(1—p)) " 'p)) (4)

k=j—1

Thus R(j, ) is the convolution of distribution {R(j — 1,4)} and distribution {(1 — p;)*~'p,}, a
geometric distribution just proved to be strongly unimodal. By assumption, { R(j —1, )} is strongly
unimodal. From Lemma|[6] distribution {R(j,%)} is also strongly unimodal.

Conclusion: For any fixed j, distribution { R(j,¢)} is strongly unimodal with respect to 3. n

Combining Lemma 8 with Corollary 3] we have

Corollary 4 For any fixed j, distribution { R(j,%)} is unimodal with respect to i.



Lemma 9 Denote by N(j) the mode of { R(j,1)}, then N(j) is strictly increasing with respect to j.
That is, forany j > 1, N(j) > N(j — 1).

Proof According to Equation[d] R(j,%) is the convolution of distribution { R(j — 1,4)} and distri-
bution {(1 — p;)*"!p,} so
i—1
R(ji)= > (RG—1k)-(1—p)) " 'p))
k=j—1

and
i

R(j,i+1)= Y (R(G—1,k)-(1—p;)" " p;)

k=j—1
Hence, we get
R(jyi+1) =p;R(j = 1,i) + (1= p;) R(j, 1) (5)
Denote by AR(j, i) the difference R(j, i) — R(j, — 1). From Equation[5} we have
AR(j,i+1) = p;AR(j — 1,i) + (1 — p;) AR(j, i) (6)

For any j > 1, we have R(j,1) > R(4,0) = 0 or AR(j,1) > 0. From the definition of N (j), N(j)
must be at least j and for any ¢ < N(j — 1), the difference AR(j — 1, ¢) is non-negative. Hence, if
AR(j,1) is non-negative, then AR(j, 7 + 1) is non-negative for Equation[6} So inductively, for any
1 < N(j — 1)+ 1, we always have AR(j,47) > 0. Recall that we define the mode of a distribution
with multiple modes as the one with the largest index, thus N (j) > N(j — 1). ]

With the strong unimodality of distribution { R(j, %)}, we are able to present the PAC learnability of
concept class I1I in the statistical query model.

Theorem 1 (in the main paper) Under element-wise independent and identical distributions over
instance space T = X", concept class 111 is approximately identifiable with O(sn) conditional
statistical queries from STAT(111, D) at tolerance
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or with O(sn) statistical queries from STAT(I11, D) at tolerance

€ €t
F=(1-
( 20sn? + 26) 16sn(10sn? + ¢)

Proof From Lemma statistical query v, is legitimate and feasible at tolerance 7 = €2 /(40sn?+
4¢) and our error parameter must be set to €/2 in order to have Inequality

We modify the statistical query algorithm to make an initial statistical query with tolerance 7 =
€2/(40sn? + 4e) to estimate Pr[y = +1]. If the answer is < €¢/2 — 7, then Pr[y = +1] < ¢/2 and
the algorithm outputs a hypothesis that all examples are negative. If the answer is > 1 —€/2 + 7,
then Prly = +1] > 1 — ¢/2 and the algorithm outputs a hypothesis that all examples are positive.

Otherwise, Prly = +1] and Pr[y = —1] are both at least ¢/2 — 27. We then do another statistical
query at tolerance 7 to estimate Pr[y = +1 | V C z]. Since V' C =z is a necessary condition of
positivity, Pr[V C x| must be at least Pr[y = +1] > ¢/2 — 27 and this statistical query is legitimate
and feasible. If the answer is > 1 — ¢/2 + 7, then Pr[y = +1 | V C 2] > 1 — ¢/2. The algorithm
outputs a hypothesis that all strings = such that V' C z are positive and all strings = such that V' [Z z
are negative because Pr[ly = —1 |V Z 2] = 1. If { = L, Pr[y = +1 | V C z] must be 1 and the
algorithm halts. Otherwise, ¢ < L and the first statistical query algorithm is used. We now show
that Q(L — 1,n — 1) > 57, establishing the bound on the query tolerance.

Let random variable I be the smallest value for which U’[1, L] is a subsequence of z'[1, I]. Based
on the definition of R(j,%), we have Pr[I = i] = R(L, ). String x is a positive example if and only
if U'[1, L] C 2'[1, n], which is exactly I < n. As a consequence,

Priy = +1] = R(L,i) (7)
i=L



From Corollary M distribution {R(L, %)} is unimodal and assume its mode is N'(L). If n < N(L)
then R(L, n) is at least as large as every term in the sum Pr[y = +1] = >"""_; R(L,i). Hence we
get

e—A4r e—A4r 5¢2

R(L, > > =5
( n)_Q(n—L—i—l) on  — 40sn2 +4e

If n > N(L), according to Lemmal9} for any j < L we have n > N(j). That s, for any j < L, we
have R(j,n) > R(j,n + 1).

F Equati
om BRI 1) = PR — 1) + (1= py) R )
—pRG.m) + (1 — p)R(.m)

SO

We then have
This holds forany j < L so R(j, n) is non-decreasing with respect to j whenn > N(L). Inductively
we get R(L,n) > R(j,n) forany j < L.

Because U’'[1, L] IZ z[1,n — 1] is a necessary condition of y = —1 and

Pr[U'[1,L] Z z[1,n — 1]] ZQ],TL—l

we get
= €—4r
D QUn—1)=Prly=-1]> —
§=0
Note that R(j,n) = p;Q(j — 1,n — 1), then
i R(j,n) > €—4r
i=1 P 2
Since
Pr[y:—i—l]z6 T>o

from Inequality 2] we must have pj > €/(4sn) for all j. Then we have

4sn € —4r
E:R 23 5

j=1

Because R(L,n) > R(j,n) forany j < L, we get

and
(e —41)e 5e2

p— p— 5
8sn? 40sn2 + 4e T

Finally, we have
Q(L,n)=(1-pr+1)Q(L,n—1)+pQ(L—1,n—1)
5e2
~ 40sn? + 4e
That is, Q(L — 1,n — 1) > 57. For Lemma 2, we have 7 = €2/(40sn? + 4¢). Inferring 7 from 7 is
trivial. Define general statistical query

- 1)/2 ifOy,(x) =
XVa(xvy) = { (()y+ )/ 1f93a293§ 7£

> pLQ(L—1,n—1) = R(L,n) >

®)



Then for any a, the expected query result
Exv,e =Pr[0v.(x) =a]-Exv,, +0

and the difference between Exv,, | @ € Uppq and Exv, | @ & Uy is 57 - Pr[fyq(x) = al.
Hence, from Inequality [3]

_ 1 € 64
T = —
20sn2 + 2¢ / 16sn(10sn? + ¢)
This completes the proof. ]

B Proof of Theorem 2

To calculate the tolerance for PAC learning, we first consider the exact learning tolerance. Let 2’ be
an infinite string generated by the Markov chain defined in Section 4. For any 0 < ¢ < L, we define
quantity Ry(j,7) by

Ry(j, i) = Prlull+ 1,4+ 7] C &' [m+1,m+i Aull+1,0+j] Z 2 [m+1,m+i—1] |z, = u
Intuitively, Ry (7, 1) is the probability that the smallest g such that u[¢ + 1,0+ j] C z'[m+1,m + g|
is i, given x],, = uy. We have the following conclusion on the exact learning tolerance.

Lemma 3 (in the main paper) Under Markovian string distributions over instance space T = N=",
given Pr[|z| = k] > t > 0 for V1 < k < nand min{M(-,-),mo(-)} > ¢ > 0, the concept class L
is exactly identifiable with O(sn?) conditional statistical queries from STAT (L, D) at tolerance

N B S 1 k—h—
ToggL{g(n_h)kZWRm(L (—1,k—h—1)

Proof If the algorithm doesn’t halt,  has not been completely recovered and ¢ < L. Again, we
calculate the difference of ¥,, , between the cases a4 = w41 and a— # ug41.

For a_ # w41, let p; denote the probability that the first passage time from a_ to u,41 is equal to
j. Notice that

k—h—1 k—h—1—j
EXv,a,,k = Z <pj R£+1(L — 0 — ]., Z))

j=1 i=0
k—h—1 k—h—2
< (p] Rg_H(L (-1, Z))
j=1 =0
We get
k—h—2
Exva_ k< > Repa(L—0—1,0)
i=0
For a4 = w41, we have
k—h—1
EXva,k = Y Reyr(L—0—1,4)
i=0

Summing up all the items, we can get the difference

\I’v,aJr - \I]ma, = Z (EXv,a+,k - EXv,a,Jc)

k=h+1
n k—h—1 k—h—2
> Z < Z Ry (L —0—1,i) - Z R£+1(L€17i)>
k=h+1 \ i=0 i=0

= > Rea(L—t-1,k—h-1)
k=h+1



In order to distinguish the target uy1; from other symbols, the query tolerance can be set to one
third of the difference so that the symbol with largest query result must be wuyy;. Thus the overall
tolerance for ¥, , is ZZ:hH Ryy1(L—¢—1,k—h—1)/3. Since ¥, , is the expectation sum of
(n — h) statistical queries, we can evenly distribute the overall tolerance on each X, 4 %. So the final
tolerance on each statistical query is

1 n
! . - _ _ _ _
7= min {3(11 y k:§h+1 Ropy(L—0—1,k—h 1)}

Taking minimum over 0 < ¢ < L is because i depends on ¢ and the tolerance needs to be
independent of h. As a consequence sn statistical queries for each prefix of U suffice to learn U
exactly. ]

We then show how to choose a proper h from [0, n — 1].

Lemma 10 Under Markovian string distributions over instance space T = %.=", given Pr[|z| =
k] >t > 0forVl < k < nand min{M(-,-),m(-)} > ¢ > 0, the conditional statistical query
Xuv,a,k IS legitimate and feasible at tolerance

€

T:7
3n2 4+ 2n+2

Proof First of all, the function 4 ; computes a binary mapping from labeled examples (x, y) to
{0, 1} and satisfies the definition of a statistical query. Under the given conditions, X 4% returns 0
if x is a negative example (y = —1) or returns 1 if z is a positive example (y = +1).

From Lemma 1, evaluating the relation v C x and meanwhile determining I, is feasible in time

O(n). Since |z| < n, determining |z| also takes O(n) time. Thus, X, o % (z,y) and then U, ,(x,y)
can be efficiently evaluated.

According to the Markov property and the independence between string length and symbols in a
string, we have
Prilycy = h, 2p41 = aand |z| = k]
=Pr{I,c, = h] - Prlapyr = a | Iyce = h| - Pr[|z| = k]
>Prlycy =h|-c-t
The only problem left is to make sure Pr[I,c, = h] is polynomially large. Obviously this can’t be

guaranteed for all h between ¢ and n — 1 so h must be chosen carefully. We now show there must
be such an h.

We make an initial statistical query with tolerance €/(3n? + 2n + 2) to estimate Pr[y = +1]. If the
answer is < (3n? + 2n + 1)e/(3n? + 2n + 2), then Pr[y = +1] < ¢ and the algorithm outputs a
hypothesis that all examples are negative. Otherwise, Pr[y = +1] is at least (3n? + 2n)e/(3n? +
2n + 2), and the statistical queries {x, 4 %} are used. Since

n—1

Prly = +1] = Z Prly = +1 A I,cp = B )
h=¢

There must be at least one h so that
1
Pr[y =+1A L = h] Zm PI‘[y = +1]

1
>—Prly = +1]
n

1 (3n%+2n)e
“n 3n2+2n+2
_ (3n+2)e
3n2+42n+2



As

Prly=4+1AIL,cy =h] =Prly=+1| Licy = h] - Pr[lycy = A
both Prly = +1 | I,c, = h] and Pr[l,c, = h] must be at least (3n + 2)e/(3n? + 2n + 2). This
means there must be some h making our statistical queries legitimate.

We now show how to determine a proper value of . We can do a statistical query

1
Xu(@y) = 5+ 1)L =n (10)

for each h from £ to n — 1, where 1 represents the 0-1 truth value of the predicate 7. It is easy
to see Ex), = Pr[y = +1 A I,c, = h]. According to our analysis above and due to the noise of the
statistical query, there must be at least one h such that the answer is > (3n + 1)e/(3n% + 2n + 2).
If we choose such an h, it is guaranteed to have

3ne
Prly=+1AIycp =h|> ————
y=+ Ce e 3n2 4+ 2n+2
so that 5
€
Prilyce =h] > —————
hee =h = 355
and 5
ne
Prly=+1|Iycz =h]| > ————— 11
tly=+1]les ]_3n2+2n+2 (n

After at most n statistical queries {x},}, we can determine the value of h in query Xy q%. Thus
statistical queries {xy q.%x} and U, , are legitimate and feasible. |

Below is the proof of Theorem 2.

Theorem 2 (in the main paper) Under Markovian string distributions over instance space I =
N<n given Pr[jx| = k] >t > 0 for V1 < k < n and min{M(-,-), m(-)} > ¢ > 0, concept
class w1 is approximately identifiable with O(sn?) conditional statistical queries from STAT (L1, D)

at tolerance c

T3 on 2
or with O(sn?) statistical queries from STAT(w, D) at tolerance

_ 3ctne?
T e
(3n2 4 2n + 2)?

Proof From Lemma statistical queries {x o1 } and ¥, , are legitimate and feasible at tolerance
€/(3n* + 2n + 2).

We modify the statistical query algorithm to make an initial statistical query with tolerance €/(3n2+
2n + 2) to estimate Prly = +1]. If the answer is < (3n? + 2n + 1)¢/(3n? + 2n + 2), then
Pr[y = +1] < e and the algorithm outputs a hypothesis that all examples are negative. Otherwise,
Prly = +1] is at least (3n? + 2n)e/(3n? + 2n + 2).

We then do another statistical query with tolerance €/(3n2+2n+2) to estimate Prly = +1 | v C z].
Since v T x is a necessary condition of positivity, Pr[v C z] must be at least Prly = +1] >
(3n? + 2n)e/(3n? + 2n + 2) and this statistical query is legitimate and feasible. If the answer is
> 1— (3n% +2n)e/(3n* + 2n + 2), then Prly = +1 | v C z] > 1 — e. The algorithm outputs
a hypothesis that all strings x such that v C x are positive and all strings x such that v [Z x are
negative because Prly = —1 | v Z 2] = 1. If { = L, Prl[y = +1 | v € z] must be 1 and the
algorithm halts. Otherwise, £ < L and the first statistical query algorithm is used.

From the proof for Lemma|10] we then use O(n) statistical queries
1
Xn(@:y) = 5+ 1) Lire,=n
to find an h such that Inequality [T holds:

3ne
P =41 IU T = h >
ty=+1lhee =M 2 30555



Similarly, let ¢; denote the probability that the first passage time from wu, to ugy; is equal to j.

Notice that
n—h n—h—j
mw:+1u@x:mg§:ejEIRHNL—L4@>
j=1 i=0

‘We have

= Rey(L—0—1,k—h—1)
=h+1

=

From Lemma 3, the conditional tolerance is

€
= mi —¢—-1,k—h-1 —
0Sb<L { Z Rea (L )} T 32+ 2n+2
k h+1
Similar to the proof of Theorem 1, define general statistical query
_ +1)/2 iflyc,=h, rpi1 =aand |z| =k
Xov.a.k(T,y) = { (()y / otherwise o . (2)
and .
Z E)Zv,a7k(x7y) (13)
k=h+1
Then the general tolerance 7 can be easily inferred from the conditional tolerance 7:
_ 3ctne?
T =

(3n? 4 2n + 2)2

Considering we have used n statistical queries to determine h, (s + 1)n statistical queries for each
prefix of u suffice to PAC learn u. This completes the proof. |

C A constrained generalization to learning shuffle ideals under product
distributions

In this section we generalize the idea in Section 3 to learning the extended class of shuffle ide-
als when example strings are drawn from a product distribution. For any augmented string

V € (£Y)=", any symbol a € ¥ and any integer i € [0, n — 1], define
1

§(y +1) givenIycy, =handxpy; =a

where y = c¢(z) is the label of x. Again the algorithm uses query Prly = +1 | V C z] to tell
whether it is time to halt. As before, let V' be the partial pattern we have learned and the algorithm
starts with V' = \. For 1 <i <nand 1 < j < L, define probability Q(j,) as below.

O3ji) = PrilUIL—j+1,LICzn—i+1,n]ANU[L—j, LI Zxn—i+1,n]] ifl<j<L
PYUT PrlUC zfn—i+1,n]] ifj=1L

)ZV,a,h($7 y) =



Lemma 11 Under product distributions over instance space T = X", given Pr[x; = a] >t > 0 for
V1 < i < nandVa € 3, concept class 111 is exactly identifiable with O(sn) conditional statistical
queries from STAT(II1, D) at tolerance

1 ~ ~
p 1 _ _ . o, o
=z mln{Q(L 1,n U’lé%?Lég%?ff—lQ(L {—1,n—h 1)}

Proof If the algorithm doesn’t halt, U has not been completely recovered and ¢ < L. As before, we
calculate the difference of Exy 4 5 between the cases ay € Upyq and a— & Upqi.

When ¢ = 0 and V' = A, the value of Iy, must be 0 so A is fixed to be 0 in the query. For symbol
a4 € Uy, we have

EXra,0=QL~1,n—1)+Q(L,n—1)
and for symbol a_ ¢ Uy, 3
E)ZA,Q,,O = Q(L7n - 1)
Taking one fifth of the difference gives the tolerance Q(L —1,mn—1)/5for¢ =0.
When 1 < ¢ < Land V = UJ1, /], we have for symbol ay € U1,

L

Etva,n= Y, QUn—h-1)

j=L—t—1

and for symbol a_ & Uy,

L
EXva n= Y, QUn-h—-1)
j=L—¢

Again taking one fifth of the difference gives the tolerance Q(L — ¢ — 1,n — h — 1) /5. For a fixed
1 < ¢ < L, tolerance max¢<p<n—1 Q(L —¢—1,n—h —1)/5 is enough to learn U4, exactly.
Taking the minimum tolerance among all 0 < ¢ < L gives the overall tolerance in the statement.
As a consequence s statistical queries for each prefix of U suffice to learn U exactly. ]

A more complicated algorithm is needed to PAC learn shuffle ideals under product distributions. We
first define two additional simple queries:

X/V,a,h,i ('Tv y) = ]l{wh+i:a} given IVEQC =h
Xvani@®y) =Lie,, —ay given Iyc, =handy = +1

whose expectations serve as empirical estimators for the distributions of the symbol at the next ¢-th
position over all strings (X/V7a7i) and over all positive strings (X‘JS «..)» both conditioned on Iy, = h.

Below is how the algorithm works, with €, and € to be decided later in the proof.

First an initial query to estimate probability Pr[y = +1 | V C z] is made. The algorithm will
classify all strings such that V' T z negative if the answer is close to 0, or positive if the answer is
close to 1. To ensure the legitimacy and feasibility of the algorithm, we make another initial query to
estimate the probability Pr[Iy -, = h] for each h. The algorithm then excludes the low-probability
cases such that any of the excluded ones happens with probability lower than €/2. Thus we only
need to consider the cases with polynomially large Pr[Iyc, = h] and learn the target ideal within
error €/2. Otherwise, let P(+]a, h) denote Exv,, », and we make a statistical query to estimate
P(+la, h) for each a € X. If the difference P(+|ay,h) — P(4+|a—, h), where ay is in the next
element of U and a_ is not, is large enough for some h, then the results of queries for P(+|a, h)
will form two distinguishable clusters, where the maximum difference inside one cluster is smaller
than the minimum gap between them, so that we are able to learn the next element in U.

Otherwise, for all & with nonnegligible Pr[Iyc, = h], the difference P(+|ay,h) — P(+|a—,h) is
very small and we will show that there is an interval starting from index h+ 1 which we can skip with
little risk for each case when Iy, = h. Problematic cases leading to misclassification will happen
with very small probability within this interval. We are safe to skip the whole interval and move on.
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1. Estimate probability Prly = +1 | V' C z] at tolerance € /3. If the answer is < 2¢’/3,
classify all strings = such that V' T z as negative and backtrack on the classification
tree. If the answer is > 1 — 2€'/3, classify all strings = such that V' C z as positive and
backtrack. If the number of intervals skipped on the current path exceeds C, classify all
strings « such that V' C x as positive and backtrack. Otherwise go to Step ]

2. For each h with nonnegligible Pr[lyc, = h], estimate Exy,, , at tolerance 71 =
€., 1/384 for each a € ¥. Go to Step 3

3. If the results for some & produce two distinguishable clusters, where the maximum differ-
ence inside one cluster is < 47 while the minimum gap between two clusters is > 47y,
then the set of all the symbols that belong to the cluster with larger query results is the
next element in U. Update ' and go to Step|l] Otherwise, branch the classification tree.
Foreach h,letk < 1 and T «+ 1. Go to Step

4. Foreach a € ¥, estimate Exy,, j, , and Exy, . at tolerance 75 = &11/(8sn) so that

we will have estimators Dy, (h) and ﬁ,j(h) Go to Step

5. T« (1—|Dp(h) = D (W)||lrv) - T- 161 =T < 3,11 /4, k + k + 1 and go to Step[4]
Otherwise, skip the interval from 2,41 to x,1,—1. Update V and go to Step/[I}

Figure 2: Approximately learning III under product distributions

The remaining problem is to identify the length of this interval, that is, to estimate the probability
that an error happens if we skip an interval. Let Dy, (h) be the distribution of 2[h+1, h+ k] over all
strings given Iy, = h and Df': «(h) be the corresponding distribution over all positive strings given
Iy, = h. The probability that an error happens due to skipping the next k elements is the total
variation distance between D;.; (k) and D, (h). Thanks to the independence between the elements
in a string, it can be proved that ||Dy.(h) — D, (h)||7v can be estimated within polynomially
bounded error.

Because the lengths of skipped intervals in cases with different Iy, could be different, the algo-
rithm branches the classification tree to determine the skipped interval according to the value of
Iy .. The algorithm runs the procedure above recursively on each branch. Figure [2| demonstrates
this skipping strategy of the algorithm, where parameter C' is the maximum allowed number of
skipped intervals on each path. Notice that the algorithm might not recover the complete pattern
string U. Instead the hypothesis pattern string returned by the algorithm for one classification path
is a subsequence of U with skipped intervals. We provide a toy example to explain the skipping
logic. Letn = 4,3 ={a, b, ¢} and U = ‘ab’. Strings are drawn from a product distribution such
that 1, x2 and x4 are uniformly distributed over X but x5 is almost surely ‘a’. The algorithm first
estimates Pr[y = +1 | ;1 = a] for each a € ¥ and finds the value of x; matters little to the pos-
itivity. It then estimates the distance between the distribution of x1 22 over all positive strings and
that over all strings and finds the two distributions are close. However, when it moves on to estimate
the distance between the distribution of z;zsx3 over all positive strings and that over all strings, it
gets a nonnegligible total variation distance. Therefore, the skipped interval is 1 x5. The algorithm
finally outputs the hypothesis pattern string ‘>3b’ which means skipping the first two symbols and
matching symbol ‘b’ in the rest of the string.

Theorem 4 Under product distributions over instance space T = X", given Pr[z; = a] > ¢t > 0

Sforv1 < i < nandVa € 3, the algorithm PAC classifies any string that skips C = O(1) intervals
during the classification procedure with O(sn®*2) conditional statistical queries from STAT(I11, D)

at tolerance
. & &
T=min{ —, —
384" 8sn

or with O(sn*2) statistical queries from STAT(I11, D) at tolerance

te2 €
7= (e —27) .min{?);l’;sln}

where & = (€ /3°+2)2 and ¢ = €¢/(2n°).
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Proof For the sake of the legitimacy and feasibility of the algorithm, we make an initial query to
estimate the probability Pr[lyc, = h| for each h at tolerance 7. Denote € = ¢/(2n”). If the
answer is < € — 7, then Pr[Iyyc, = h| < € is negligible and we won’t consider such cases because
any of them happens with probability < e/2. Otherwise we have Pr[Iy -, = h] > ¢/ — 27. With
the lower bound assumption that Pr[z; = a] > ¢ > 0 for V1 <4 < n and Va € ¥, the legitimacy
and feasibility are assured. Thus bounding the classification error in the nonnegligible cases within
¢/2 establishes a total error bound €. Because there are at most n“ nonnegligible cases, the problem
reduces to bounding the classification error for each within €',

In the learning procedure, the algorithm skips an interval x[i1, 2] given Iy, = h based on the
assumption that the interval z[i1, i5| matches some segment next to V' in the pattern string U. Let ¢4
be the indicator for the event that the assumption is false in the first g skipped intervals and denote
probability €, = Ei4. Let g = 0. Note that €, serves as an upper bound for the probability of
misclassification due to skipping the first g intervals, because there are some lucky cases where the
assumption doesn’t hold but the algorithm still makes correct classifications. To ensure the accuracy
of the algorithm, it suffices to prove €, is small. Let €,41 = 8,/3¢, for g > 1 and & as defined
in the theorem. We will prove €511 < €41 so that by induction and taking the minimum tolerance
among all g < C' we then have the overall tolerances 7 and 7 as claimed in the statement.

Let a, a’, be two (not necessarily distinct) symbols in the next element of U and a_, a’_ be two (not
necessarily distinct) symbols not in the next element of U. We have |P(+|ay,h) — P(+|a/,, h)| <
€4 and likewise |P(+|a—, h) — P(+|a”_, h)| < ¢4. Let P;(+|a, h) = P(+|a, h, 1y = 1) and denote
A = P(+|at,h) — P(+|a—,h) and A; = P;j(+|at,h) — (—Ha, h) fori € {0,1}. Asa

consequence, A = e;A1 + (1 — €4)Ag and Ay = Al;-‘fl > ? - . Therefore, A > ¢, implies

Ag > 0. In the other direction, Ay = A EJAI <2(A+¢).

For each h we make a statistical query to estimate P(+|a, h) for each a € ¥ at tolerance 7, =
€§+1/384. If the minimum A among all pairs of (a,a_), denoted by A i, is > 671, the results of
queries for P(+|a, h) must form two distinguishable clusters, where the maximum difference inside
one cluster is < 47; while the minimum gap between two clusters is > 47;. According to Lemma

the set of symbols with larger query answers is the next element in U because A > ¢, holds for
all pairs of (a4,a_).

Otherwise, the difference Ay < 2(Anin + 264 + €4) < €§+1/16 for all h. Let 2’ = xz where
z is an infinite string under the uniform distribution. Let E},(1,4) be the event that matching the
next element in U consumes exactly ¢ symbols in string 2’ given Iy ,» = h and ¢, = 0. Define
probability Rj,(1,4) = Pr[E,(1,4)]. Let conditional probability Po(+|FEx(1,7)) be the probability
of positivity conditioned on event E} (1, ). For example, Py(+|a, k) is indeed Py (+|En(1,1)).

Denote by Py(+|h) = Prly = +1 | Iyc, = h Aty = 0]. Because Py(+|h) > Po(+|a—,h), we

have 2

Po(+las, h) = Po(+h) < Po(+Hlag, h) = Po(Hla, h) < 22

while
Py(+|ag, h) — Py(+]h) = ZRh (1,4) - (Po(+]En(1,1)) — Po(+|En(1,1)))

Notice that probability Py(+|E#(1,4)) is monotonically non-increasing with respect to 4. Then there
must exist an integer k € [1, +-00] such that Py (+|Ex(1,1)) — Po(+|En(1,1)) < €g41/4 for Vi < k
and Py(+|En(1,1)) — Po(+|En(1,i)) > €g41/4 for Vi > k. This implies

> Ru(1,4) (Po(+|En(1,1)) = Po(+En(1,1))) + > Ra(1,4) (Po(+|En(1,1)) — Po(+| En(1,1)))
i<k i>k
€g1

16

<

and

€911 1
G S Ry(Li) < O
>k
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Then we have } ., Ry (1,4) < €,41/4. This means the next element in U almost surely shows up
in this k-length interval. In addition, the difference Py(+|Ex(1,1)) — Po(+|En(1,17)) < €gy1/4 for
Vi < k means whether the next element in U first shows up at xj,41 or x4 has little effect on the
probability of positivity. There are two cases where an error happens due to skipping the interval.
The first case is that the next element in U doesn’t occur within the interval, whose probability is
> isi Br(1,7). The second case is that after matching the next element in U at x,; for some
1 <4 < k, the value of x[h + i+ 1, h + k] flips the class of the string. This happens with probability
< Po(+|En(1,1)) — Po(+|En(1,k)). By union bound, the probability of the errors because of
skipping the interval z[h 4 1, h + k] is at most €441 /2.

It is worth pointing out that k£ is an integer from 1 to 400 because when ¢ = 1 the difference
Po(+|Er(1,1)) — Po(+|En(1,4)) is 0 < €,41/4 and surely £ > 1. This means this interval is
not empty and ensures the existence of the interval we want. On the other hand, the value &k can
be positive infinity but this makes no difference because the algorithm will skip everything until the
end of a string.

After showing the existence of such an interval, we need to determine & and locate the interval.
Let Dy (h) be the distribution of x4 and D;.,(h) be the distribution of the xz[h + 1, h + k] over
all strings, both conditioned on Iy, = h. Also, let D} (k) and Dy, (h) be the corresponding
distributions over all positive strings. We use - as estimators for probabilities or distributions. The
probability that an error happens due to skipping the next k letters is the total variation distance
between D1, (h) and Dy, (h). Recall that the total variation distance between two distributions z
and ps is

1
—_ = - —_ = i P Y Z
lpx = pzllrv = Sl — pzlh min Y # Z]
where Y ~ py and Z ~ o are random variables over p; and o respectively. The minimum is

taken over all joint distributions (Y, Z) such that the marginal distributions are still 11 and o, i.e.,
Y ~ pyand Z ~ po.

Now let Y ~ Dy.;(h) and Z ~ Dy, (h) be random strings over D;.;(h) and Dy, (h) respectively.
Then
ID1(h) = Dl (B)llrv = win Prly’ # 7]

=1 — max Pr[Y = 7]

(Y,2)
k
=1 —max | | Pr[Y; = Z;]
(Y,2) -
=1
k
=1 — max Pr[Yi = Zi]
= (Y,2)
=1
k
-1_ 1 — min Pr[Y; # Z;
()
k
—1-J[ (1= IDi(k) — DF (W) v
i=1

because of the independence between the symbols in a string and the fact that all minimums and
maximums are taken over all joint distributions (Y, Z) such that the marginal distributions are still
product distributions.

Thus we could estimate the global total variation distance ||Dy.5,(h) — D, (k) |7y through estimat-

ing the local variation distance ||D;(h) — D; (h)||rv for each 1 < i < k. Assume p; and ps are
estimates of two probabilities p; and po from a statistical query at some tolerance 7. We have

|p1p2 — P1P2| = |pP1p2 — P1P2 + p1P2 — DiD2|
= |p1(p2 — p2) + (p1 — P1)P2|
< pilp2 — p2| + |p1 — D1lp2
< (p1+p2)10 < 270
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By induction it can be proved that Hi;l pi — Hle ]31’ < k7y, which is a polynomial bound. For a
probability ¢, let ¢; be the corresponding probability conditioned on ¢, = ¢ for ¢ € {0, 1}. We have
q=¢gq1 + (1 —€4)qo and

q — €q1

>q—€ >q—¢€
1_69 =24 gd1 = 4 g

qo =

In the other direction,
q—€egq Gt eg— € —€qq— €9+ €o+eqq — €9
1—¢q 1—¢q

_ (gte)(1—€) —€(1+q1 —€g—q)
1—¢

go =

<q+e¢gg

Note that here without loss of generality, we assume € < min{(n — 1)¢,24/(sn)} sothat 1 + ¢; —
€¢g—q>mn—1)t—e+q >0ande;, <&, /192 < €1/(8sn). In PAC learning model a
polynomial upper bound for error parameter ¢ is trivial. Because if a learning algorithm works with a
small error bound, it automatically guarantees larger error bounds. As a consequence, |¢ — ¢o| < €g4.
In addition, using the definition of || - ||7v,

| 1Di(h) = DF (W)llzv — 1Di(h) — DF (h)l|v |=1 | I1Di(h) = D ()|l = [Ds(h) = D (W) |

<5 11Di(h) - Dm) = Di(h) + Df (W)l |
s%(IID (W)l + D () = D (1))
<3 (IDsh) = DaWlloe + 197 (h) = D (W)

Hence, if we make statistical queries XY, ;, ; and X{7 o at tolerance 75 = €,11/(8sn) and be-
cause &,11/(85n) +€, < &+1/(4sn), the noise on ||D;(h) — D;" (h)||7v will be at most &,1/(4n)
and we will be able to estimate ||Dy.x(h) — D, (h)||ry within error kég1/(4n) < €g41/4.
If |Dik(h) — Df(h)|lrv > 3€g4+1/4, then || Diy(h) — D, (h)|lrv > €41/2. Otherwise,
| D1.x(h) — D, (h)||7v < €441 and we are still safe to increase k.

The algorithm does O(sn®*2) queries xv.4,5 at tolerance 71 = €2, 1/384, plus O(sn®*?) queries
X4 ani and X7, 5, ; at tolerance 72 = €g41/(8sn). Thus by induction and taking the minimum
tolerance among all g < C' we have the overall tolerances 7 and 7 as claimed in the statement. W

D Proof and details from Section 5

D.1 Proof of Lemma 4

Here we provide omitted proof and discussion of Lemma 4.

Lemma 4 (in the main paper) Under general unrestricted string distributions, a concept class is
PAC learnable over instance space 2=" if and only if it is PAC learnable over instance space ¥.".

Proof If direction. Assume concept class C is PAC learnable from fixed-length strings with al-
gorithm A under unrestricted general distributions. Because instance space ©=" = | J,., ¢, we
divide the sample S into n subsets {S;} where S; = {x | || = ¢}. We make an initial statistical
query to estimate probability Pr[|z| = 4] for each ¢ < n at tolerance €/(8n). We discard all S; with
query answer < 3¢/(8n), because we know Pr[|z| = i] < €/(2n). There are at most (n — 1) such
S; of low occurrence probabilities. The total probability that an instance comes from one of these
ignored sets is at most €/2. Otherwise, Pr[|z| = i] > €/(4n) and we apply algorithm A on each .S;
with query answer > 3¢/(8n) with error parameter €/2. Because the probability of the condition is
polynomially large, the algorithm is feasible. Finally, the error over the whole instance space will
be bounded by € and concept class C is PAC learnable over instance space <",
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Input: N labeled strings (z°, y*), string length n, alphabet 3

Output: pattern string @

I. <+ A\

2. for{<+0Oton

3. reward < 1 x |X] all 0 vector

4. for each a €

5. fori < 1to N

6. ifu C 2

7. if y' = +1

8. reward[a] + rewardla] + (I;;Exi —min{l~ 1+ 1}) an

9. else

10. reward|a] + reward|a] + (min{];atw,;, n+1} — IEEwJ r_

11. endif

12. else

13. ity = +1

14. return u[1, ¢ — 1]

15. endif

16. endif

17. endfor

18. endforeach

19. Upt1  argmax,cy{reward[al}

20. U+ ’/LL\Q/Z[+1

21. endfor

22. returnu

Figure 3: A greedy algorithm for learning ideal L from example oracle EX (11, D)

Only-if direction. This is an immediate consequence of the fact ¥ C L5, |

Notice that Lemma 4 requires algorithm A to be applicable to any S; | ¢ < n. But this requirement
can be weakened. There might not exist such a general algorithm 4. Instead we could have an
algorithm A; applicable to each subspace .S; with non-negligible occurrence probability Pr[|z| =
1] > €/(4n), then it is easy to see that Lemma 4 still holds in this case. Moreover, Lemma 4 makes
no assumption on the string distribution. In the cases under restricted string distributions, here
are two conditions that suffice to keep Lemma 4 hold: First, there is no assumption on the string
length distribution; Second, we have an algorithm .4; applicable to instance space .S; over marginal
distribution D), for each 1 <4 < n such that Pr[|x| = ] is polynomially large.

D.2 A heuristic greedy method

Figure 3] provides detailed pseudocode of the greedy method discussed in Section 5.

D.3 Experiment settings and results

To make a comparison between the greedy method and kernel machines for empirical perfor-
mance, we conducted a series of experiments in MATLAB on a workstation built with Intel 15-2500
3.30GHz CPU and 8GB memory. As discussed in Section 5, the running time of the kernel machine
will be intolerable in practice when the sample size N and the string length n are large. Also, a
pattern string u of improper length will lead to a degenerate sample set which contains only posi-
tive or only negative example strings. To prevent this less interesting case from happening, we set
|u| = [ns~!]. Intuitively, the sample set will be evenly partitioned into two classes in expectation
under the uniform distribution. However, in this case n not being large demands the alphabet size s
not being large either.
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error rate

error rate

Combining all these constraints together, the experiment settings are: alphabet size s = 8, size
of training set = size of testing set = 1024. We vary the string length n from 16 to 56 and let
|u| = [ns—']. The pattern string u is generated uniformly at random from X!, Our tests are run on
the NSF Research Award Abstracts data set [4]. We use the abstracts of year 1993 as the training set
and those of year 1992 as the testing set. The tests are case-insensitive and all the characters except
the subset from ‘a(A)’ to ‘h(H)’ are removed from the texts. The result texts are then partitioned into
a set of strings of length n, which serve as the example strings. To be more robust against fluctuation
from randomness, each test with a particular value of n is run for 10 times and the medians of error
rates and running times are taken as the final performance scores. Both lines climb as n increases.

0.4

o
[N

running time of kernel machine
running time of greedy method
=+~error rate of kernel machine
—e—error rate of greedy method

7 1.4e+03s

2.2e+03s

5000

2500

16 24 32

string length

running time (seconds)

Figure 4: Experiment results with NSF abstracts data set (training 1993; testing 1992)
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O
N

5000

running time of kernel machine
B8 running time of greedy method
~w-error rate of kernel machine
—e—error rate of greedy method

3.1e+03s

4.2e+03s

2500

2

string length

running time (seconds)

Figure 5: Experiment results with NSF abstracts data set (training 1999; testing 1998)
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The experiment results are shown in Figure 4] with accuracy presented as line plot and efficiency
demonstrated as bar chart. The overwhelming advantage of the greedy algorithm on efficiency is
obvious. The kernel machine ran for hours in high dimensional cases, while the greedy method
achieved even better accuracy within only milliseconds. The error rate of the greedy algorithm is
always lower than that of the kernel machine as well.

It is worth noting that MATLAB started reporting no-convergence error of the kernel method when
the string length n reaches 56. Only successful runs of the kernel method were taken into account.
Therefore, the performance of the kernel method when n = 56 is very unstable over some datasets.
Figure [5] is an example where kernel method became unpredictable when no-convergence error
happened. In this plot when n = 56 the kernel machine seems to have better accuracy than the
greedy method, but considering that all the failed runs of the kernel machine were ruled out and
only successful ones were taken into account, the apparent accuracy of the kernel method is shaky.
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