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A Proof of Lemma 3

For each 1 < ¢ < n, the random variable log(1 + R; ,,) has mean and variance, respectively,

2 1log2(\/ﬁ+\/6>.

“liog(1-€) o2 = Liog? (VEEVE

We now define
log(l + Ri,n) — Hn
Xi n = )
' Tn/T
$0 X1,n, ..., Xp,p, are L.i.d. random variables with E[X; ,,] = 0 and >, E[an] = 1. Recalling
that R, , € {£+/c/n}, we see that the two possible values for X ,, both approach 0 as n — oc.
This means for any e > 0 we can find a sufficiently large » such that |X; ,| < eforall1 < ¢ < n.

In particular, this implies the Lindeberg condition for the triangular array (X; ,,, 1 < i < n): for all
e >0,

13)

lim » "E[X7, 1{|Xin| > e}] = 0.
=1

Thus, by the Lindeberg central limit theorem [4, Theorem 3.4.5], we have the convergence in distri-
bution " | X, ,, <.z , where Z ~ N(0,1) is a standard Gaussian random variable.

Clearly p,, — 0 as n — oo. Furthermore, one can easily verify that by the L"Hopital’s rule,
c

lim o,v/n=+c and lim ny, = ——.
n—oo n—oo 2

Therefore, from the convergence Z:L:l Xin -, Z and recalling the definition (13) of X ,,, we
also obtain

n

i=1 i=1 i=1
In particular, by the continuous mapping theorem,

n

[T+ Rin) % exp ( - g + ﬁz) < (o).

=1
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We now want to show that we also have convergence in expectation when g is an L-Lipschitz func-
tion, namely, that E[g(S - [T (1 + R;,))] — E[g(S - G(c))]. Without loss of generality (by
replacing g(x) by g( ) = g(S - x) — g(0)) we may assume S = 1 and g(0) = 0. For sim-
plicity, let S, = [[;_,(1 + R;,). For each M > 0 define the continuous bounded function

gu (z) = min{g(x), M}. The convergence in distribution S, 4a (c) gives us
lim E[ga(Sn))] = Elgm (G(c))] forall M > 0. (14)

Since gpr T g pointwise, by the monotone convergence theorem we also have
limElgu(G(0))] = Elg(G(c))]. (15)
Now observe that E[S,] = 1 and E[S%] = (1 + ¢/n)™ < exp(c). Since g(0) = 0 and g is L-

Lipschitz, we have g(z) < Lz for all z > 0. In particular, E[g(S,)?] < L?*E[S?%] < L?exp(c).
Moreover, by Markov’s inequality,

P(g(S,) > M) <P (Sn > ]\f) < %ﬁrg = %
Therefore, for each n and for all M > 0, by Cauchy-SchwarZ inequality,
|Elg(Sn)] — Elgm (S0)]] = — M) -1{g(Sn) > M}]
< E[ ( n) 1{g(Sn) > M}]
< E[g(Sn)*]/2 P(g(Sn) > M)/
< (L exp(e)/M) %

Since the final bound does not involve n, this shows that limy;—,oo E[gas (Sy)] — E[g(Sy,)] uni-
formly in n. This allows us to interchange the order of the limit operations below, which, together
with (14) and (15), give us our desired result:

lim E[g(S,)] = lim lim Elga(S,)] = lim lim Elgar(S,)] = lim Elga(G(c))] = Elg(G(e)))

This completes the proof of Lemma 3.

B Proofs of Lemma 5 and Lemma 7

B.1 Proof of Lemma 5

Lemma 5 essentially follows from the definition of (™).
Proof of Lemma 5. We proceed by induction on m. For the base case m = 0, we use Jensen’s
inequality and the fact that E[G(c)] = 1:

VI(Si¢.0) = 9(S) = 9(5 - EIG(O)]) < Elg(S - G(e))] = U(S.0).

Now assume the statement (10) holds for m — 1. Then for m,

VC(n)(S;c,m)— inf sup —AT+V (S’—l—Sr c—7r%m—1)

AE]R|r\<mln{g v}

< inf sup ~Ar+U(S+Sr,c— 1) +a™ (S + Src—r?,m—1)
AER |r|<min{c,ve)

< sup  —rSUs(S,¢) +U(S+ Sr,c— 1) +a™ (S + Sr,c —r2,m—1)
7| <min{¢,v/c}

= sup U(S,¢) + €.(S,¢) + ™ (S + Sr,c —r?,m —1)
7| <min{¢,v/c}

=U(S,c) +a™ (S, c,m).

The first line is from the definition (5); the second line is using the inductive hypothesis that (10)
holds for m — 1; the third line is from substituting the choice A = SUg(S, ¢); the fourth line is from

the definition of ¢,; and the last line is from the definition of (™) (S, e, m). O]
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B.2 Proof of Lemma 7

For completeness, we provide a more detailed proof of Lemma 7.

Proof of Lemma 7. Unrolling the inductive definition (9), we can write

a(")(&c) = sup flra, ... mn),
T15.-43"n
[rml| <S¢, Xy T <e
where f is the function

m—1

frr = X e (s TLO#r0. 0= 3 ).
=1

i=1

Let (r1,...,7,) be such that |r,,| < ¢ and Y. _, 72, < c. We will show that f(ry,...,r,) <
(18¢ + 8/\/27r) LK (Y4,

Assume for now that { < 2. Let0 < n, < nbe the largest index such that

T«
Yorm<e—V¢
m=1
We split the analysis into two parts.

For 1 < m < min{n, n. + 1}: We want to apply the bound in Lemma 6, so let us verify that the
conditions in Lemma 6 are satisfied. Clearly |r,,,| < ¢ < 1/16. Moreover, since ¢ — > .~ 11 r2 >
c— Y. r? > +/Cand ¢ < 1/16, we also have

c1/4 c—> " 11 r?

< (< <
|rm| < ¢ < g = 3

Therefore, by (11) from Lemma 6,

€ (SThl 147;) mzlr)<16LK (max{(c—mzlrz)3/2 (C—Zrz)lﬂ} |7 |2

" i=1 ! i=1 - =1 2 ’ i ' "
m—1 _9 m—1 ~1/2

erax{(ch?) ,(0727’?) }rfn

<16LK <max{§ 34 ¢V I ? 4+ max{¢TY, ¢TY} rfn)
— 16LK ( =3/4 |, |3 4+ ¢ r;) (since ¢ < 1)
<16LK (C1/4 ro, +¢ rm> (since |rpm| < Q)
1/4 2 1/4 2 .
<16LK (( ro, +C 163/4 m) (since ¢ < 1/16)
= 18LK (/42
Summing over 1 < m < min{n, n, + 1} gives us
min{n, n,+1} m—1 m—1 min{n, n,+1}
Yoo (S [[a+r) =3 r ) <18LECY* Y 42 <18LK (Ve (16)
m=1 i=1 i=1 m=1

For n, +2 < m < n,if n, < n —2: Without loss of generality we may assume r,, # 0, for if
r, = 0, then the term depending on 7,, does not affect f(r,...,r,) since



s0 we can remove 7, and only consider n* + 2 < m < n — 1. From the definition of n. we see that
Setly2 s ¢ — \/C and since Y7, 72, < ¢, this implies

n ny+1
Z rfngc—ern<c—(c—\/E):\/g. (17
m=ns—+2 m=1

Note also that for eachn, + 2 <m <n,

ny+1

O<7‘ <Zr <C—Z?” <C—Zr?§ (<

so by (12) from Lemma 6,

m—1 m—1
LK r2 4LK r2
e (STL+r = 3 02) < ) SR N
i=1 i=1 v c— Z:T;l 2 P2 RVOD I

Therefore, by applying Lemma 8 below to z; = 7*721* 1 144> We see that

»Jk\'i

n m—1 m—1 n
4LK
> (s Tl e- i) <Ml 5 e
m=ny+2 =1 =1 m=ns+2 z mrz
o (18)
SLK o, S8LK /4
< —— r < — ,
T V27 (m_;JrQ m> T V27 ¢

where the last inequality follows from (17). Combining (16) and (18) gives us the desired conclu-
sion.

Now if ¢ > ¢?, then the argument in the second case above (for n, + 2 < m < n) still holds with
n, set to be —1, so we still get the same conclusion. O

It now remains to prove the following result, which we use at the end of the proof of Lemma 7.

Lemma 8. For xq,...,xr > 0 with xi > 0, we have

1/2
Z Negrom + < 2 (Z x2> .

Proof. Let L}, denote the objective function that we wish to bound,

k
Lp(x1,...,x ,
k(l ;\/JL‘ +$Z+1+ 4 T

and note that for any ¢ > 0,

Ek(tml,...,txk):ﬁﬁk(zl,...,xk), (19)
For each k € N, let Ay denote the unit simplex in R”* with z, > 0,

k
AkZ{(!ma,xk)i 1y, Tp—1 > 0, xp > 0, in:1}7

i=1
and let 7, denote the supremum of the function £ over x € Ay. Given z = (x1,...,2k) € Ay,
definey = (y1,...,Yk-1) by i = xi11/(1 — x1), s0 y € Ag_1. Then we can write
Z1
Ek(l’l, N ,.Tk) =+ £k,1(1’27 PN ,,’E}C)

VIt t+ o
=1+ V9I—21 L—1(Y1,- - Yk—1)
<z1+V1—21 %=1,
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where the second equality is from (19) and the last inequality is from the definition of 7;_;. The
function 1 — 1 + /1 — =1 15— is concave and maximized at z7 = 1 — 771%_1/4» giving us

M i
Li(x1,...,x 1—a3 1 Z; 1= 1

Taking the supremum over x € Ay gives us the recursion

771< 1

4
which, along with the base case ;1 = 1, easily implies 7, < 2 for all & € N. Now given
Z1,..., 2, > 0withzy > 0, letz’ = (txq, ... toy,) witht = 1/(x1 + - - +x1), sox’ € Ag. Then
using (19) and the bound 7y < 2, we get

e <1+

. 1/2 i 1/2
Lix(x1,...,x) = \/EE g(tz, ... tag) < g (Zz,) §2<in> ,
i=1

as desired. O

C Proof of Lemma 6

In this section we provide a proof of Lemma 6. Throughout the rest of this paper, we use the
following notation for the higher-order partial derivatives of U,

99U (S, ¢)

US"’Cb(S? C) = 0SaHch

Cl,b S No.

We will use the following bounds on Ugz, Ugs, and Uga, which we prove in Appendix D. These
bounds are where we use the crucial assumptions that the payoff function g is convex, L-Lipschitz,
and K-linear.

Lemma9. Let g: Ry — Ry be a convex, L-Lipschitz, K-linear function. Then for all S, c > 0,

OLK 1
. < 2B 2
3/2 —1/2
Uss (S, ¢)| < TLK - max{c = il 1)
-2 —1/2
Usa(S, )| < 281K - e - i 22)

We will also use the following property of the function U.

Lemma 10. The function U(S, ¢) is convex in S and non-decreasing in c.

Proof. For each fixed ¢ > 0 and for each realization of the random variable G(c) > 0, the function
S +— g(S - G(c)) is convex. Therefore, U(S, c) is convex in .S, being a nonnegative linear com-
bination of convex functions. In particular, this implies Usgz(S,¢) > 0. So by the Black-Scholes
equation (6), we also have U.(S, ¢) = 1 5%Us2(S,¢) > 0. O

We are now ready to prove Lemma 6. For clarity, we divide the proof into two parts: we first prove
the bound (12), then prove the bound (11).

Proof of (12) in Lemma 6. Recall that U (S, ¢) is non-decreasing in ¢ by Lemma 10. Then by the
Taylor remainder theorem, we can write

e(S,¢) =U(S+ Sr,c—1r?) —U(S,c) —rSUs(S,¢)
<U(S+ Sr,c) —U(S,c) —rSUs(S,c)

1
= §T252U32(S + 5¢,¢)
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where ¢ is some value between 0 and . Since || < |r| < /¢ < 1/2, we have (1 + &)? > 1/4.
Moreover, from (20) in Lemma 9, we have

2LK 1
146)258%Ug2(S + S¢,0)| < =— - —.
‘( 5) 52( 5 )| /727_r \/E
Combining the bounds above gives us
1 72 ALK 12
e (5,¢c) < ———|(1 + 252y, S+ 50 < — - —,
as desired. O

Proof of (11) in Lemma 6. Fix S, c > 0, and consider the function
fr)=U(S+Sr,c—r?), |r|< Ve

By repeatedly applying the Black-Scholes differential equation (6), we can easily verify that f(0) =
U(S,c), '(0) = SUs(S, ¢), and

f(r) = pa(r) r S?Ug2(S + Sr,c —r%) + pa(r) (1+7)%r SPUgs (S + Sr,c — r?)
+ (1+7)*? S*Ugs(S + Sr,c —r?),
where pa, p3 are the polynomials pa(r) = 2r3 + 4r%2 — 3r — 6 and p3(r) = 4r% + 4r — 2.

(23)

Noting that we can write
er(S,¢) = f(r) = £(0) = f/(O)r,

another application of Taylor’s remainder theorem allows us to write

e (S,¢) = 2 1"(€)r

2
for some ¢ lying between 0 and r. It is easy to verify that we have
p2(§) p3(§) 1
, <3 forall [£] < |r] < —.
(1+82| (1+&|~ ‘§|_|‘_16

Moreover, since £2 < r? < ¢/64, we have ¢ — % > 3¢, Then from the bound (20) in Lemma 9,
we have

2LK 1 2LK 1
1+8)25%U62(5 + S¢,c— €] < : < : < LK ¢ V2.
|( £) 52 §e—¢ )| = V2r (c—&)2 = \ar (2%0)1/2 - ¢

We also get from the bound (21) in Lemma 9,
(1 +€)°S°Uss (S + 5, ¢ = €°)] < TLK max{(c — €)™, (c - €))7/}

< mac{ (57 (5

64\ 3/2
<7LK <63> max{c %2, ¢~1/?}
< 8LK max{c%/%, ¢~1/2},

Similarly, the bound (22) in Lemma 9 gives us

(14 6)*S* Usgi (S + S&, ¢ — €2)| < 29LK max{c2, ¢/},

Applying the bounds above to (23) gives us

01 < | 2] el [0+ €25Usa(5+ Se,c - )
+ [P 1+ 85Ul + St - )

+& |1+ €)' Usa (S + SE c— &%)
<TLK |r|¢™? + 24LK |r| max{c™*/?, ¢7'/?} + 29LK r* max{c?, ¢~'/?}
<31LK |7‘| maX{C_S/Q’ C_1/2} 1+ 29LK T2 InaX{C—Q7 c—l/Q}.
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Therefore, we obtain
e (S, )] = % )] r? 16LK (Jrf? max{e 2, ¢71/2) 4 7% max{c 2, ¢/},

as desired. O

D Proof of the Bounds on the Derivatives (Lemma 9)

In this section we prove the bounds on the higher-order derivatives Uga (S, ¢), a > 0. Proving the
bounds in Lemma 9 is more difficult than the analysis that we have done so far, and uses the full
force of the assumptions that the payoff function g is convex, L-Lipschitz, and K -linear.

The outline of the proof is as follows. By writing U (.S, ¢) as a convolution, we can write its deriva-
tives Uga (.59, ¢) as an expectation of g(S - G(c¢)) modulated by certain polynomials (Appendix D.1).
The K-linearity of g allows us to approximate g by the European-option payoff function ggc that we
encountered in Section 2, so we first prove Lemma 9 for the specific case when the payoff function
is gec (Appendix D.2). We extend the bound on Ug2(.S, ¢) to the general case by dominating the
function inside the expectation by another carefully constructed function (Appendix D.3). Finally,
we use the approximation of g by ggc to prove the bounds on the higher-order derivatives Ugs and
Usa (Appendix D.4). In particular, Lemma 15 proves the bound (20), and Lemma 18 proves the
bounds (21) and (22).

Throughout the rest of this appendix, Z ~ N(0, 1) denotes a standard Gaussian random variable,
and ® and ¢ denote the cumulative distribution function and the probability density function, re-
spectively, of the standard Gaussian distribution. The symbol * denotes the convolution operator on

R. We also use the fact that G(c) 4 exp(—3c++/cZ). Recall that the convexity of g implies differ-

entiability almost everywhere, so we can work with its derivative ¢g’, which is necessarily increasing
(since g is convex) and satisfies |¢’(x)| < L (since g is L-Lipschitz).

Finally, in the proofs below we use the following easy property, which we state without proof.
Lemma 11. For f: R — R, Z ~ N(0,1), and ¢ > 0, we have

E[f(2) exp(veZ)] = exp (5 ) EIf(Z + Ve),

provided all the expectations above exist.

D.1 Formulae for the Derivatives

In this section we show that the partial derivative Uga (S, ¢) can be expressed as an expectation of

a polynomial modulated by the payoff function g. We define the family of polynomials pll (z, y),
a > 0, as follows:

P w,y) =1
Pt (@, y) = (x — ay) pl(z,y) — pl(z,y) fora>1,
where p;a] (z,y) = opl)(z,y) /0.

The following is the main result in this section; note that we only assume that g is Lipschitz.
Lemma 12. Let g: Ry — Rq be an L-Lipschitz function. For a > 0 and S, c > 0,

Use (5,) = o B [P(Z, 1) -9 (5 exp (-5 +veZ) )]
where Z ~ N (0,1).

(24)

In proving Lemma 12 we will need the following result, which allows us to differentiate the convo-
lution.

Lemma 13. Fixc > 0. Let g: Ry — Rq be an L-Lipschitz function, and let §(x) = g(exp(x)). Let
w: R — R be given by w(x) = p(z) ¢(x/\/c), where p(z) is a polynomial in x with coefficients
involving c. Finally, let f: R — R be given by f(r) = (g * w)(r). Then the derivative f'(r) =
df (r)/dr can be written as the derivative of the convolution, f'(r) = (g *w’)(r).

16



Proof. Fixr € R. For h # 0, consider the quantity p;, = 3 (f(r+h)— f(r)), and note that f'(r) =
limy,_o pr. Recalling the definition of f as a convolution and using the mean-value theorem, we
can write py, as

= [ ate) (D o [ o) ) o

— 00 — 00

for some &, between 0 and h. Let
o0
poim [ gla) ' - ) do = (G )().
—00
Then by another application of the mean-value theorem, we can write

Ap = pp—po=¢&n /00 g(z) (aﬂ(r —o ) —lr - $)> dx

—00 fh

— &, /mgmw (r—a+ 7)) da,

(25)

for some 5,(3) lying between 0 and £,. One can easily verify that the second derivative of w is given

by
o) =150 ().

where ¢(z) is the polynomial g(z) = (22 — ¢)p(z) — 2cxp’(x) + c2p”(z). Since g is L-Lipschitz,

for each x € R we have

0 < g(z) = g(exp(x)) < ¢(0) + [g(exp(z)) — g(0)] < g(0) + Lexp(z)

This gives us the estimate

’/ r—:chf(z))

N NpAL)
Cl? | 60)+ Lesp@) -latr — 2+ 7)1 -0 (ﬁ) da
1

~as ) Z (9(0) + Lexp(r + &7 — Vey) - la(Vey)| - 6(y) dy < oc,

IN

where in the computation above we have used the substitution y = (r — x + £ ;(LQ)) /+/c. The last ex-
pression above shows that the integral is finite, since we are integrating exponential and polynomial

, wWe
obtain
|AR| < |h|- ‘/ rfx+§ Ndx| -0 as h—0.
Since Ay, = ppn, — po, this implies our desired conclusion,
f'(r)= Jim p, = po = (§*w')(r).
O

We are now ready to prove Lemma 12.

Proof of Lemma 12. We proceed by induction on a. The base case a = 0 follows from the
definition of U. Assume the statement holds for some a > 0; we prove it also holds for a + 1. Our
strategy is to express Ug. as a convolution, use Lemma 13 to differentiate the convolution, and write
the result back as an expectation.

17



Fix S,c > 0 for the rest of this proof. Let g(z) = g(exp(x)) and ¢.(x) = ¢(x/+/c). From the
inductive hypothesis and the fact that —2Z Lz , we have

Use(5,¢) = g B[P~ 2,8 -3 (1085 - § — vez)]

- ot /_Oop[“]<—x,ﬁ> 5 (l0g = 5 = Ver) - 6(x) do

1 [e%¢) Yy ~ c
_ a (_Y . ).
= GagaD/2 [mp ( e C> g(logS 5 y) Pc(y) dy

1 o .
= Gagin/2 /_oog(logs_g_y).w(y)dy
! q &
= Gy 0+ w) (logS—3).

where in the computation above we have used the substitution y = /cx, and we have defined the

function
e () o ()

In particular, w has derivative

w'(y)=—\2<p£?](—j5 \f>+\[ “]( \/\f» (\%)

Differentiating Ug. with respect to S and using the result of Lemma 13 give us

a 1 _ c
USG.+1(S,C):—W ( )(IOgS_*)‘f'W (g*w/) (logs_i)

1 s
= W / g (logS 5~ y) (w'(y) — aw(y)) dy

Sa+1ca/2 [ (ogS —c- ﬁz) (W' (Ver) — aw(Ver)) dx

2
¢ ((zz—avepp!” (—o.ve)—pll (~z.v/c))
Sa+lca/2 /; <IOgS - 5 - \[‘T) NG ¢(!E) dx
1 ¢ .
W - (logS -5 ﬁa:) Pl (—z, Vo) ¢(x) dx
a+1 o
= Gatl, (a+1 [ Ve) - (log S \[2)}

:W [p[a-&-l (27\@).9(5.(_54’_\/62))}’

as desired. In the computation above we have again used the substitution x = y//c and the fact
that —Z < Z. This completes the induction step and the proof of the lemma. O

As an example, the first few polynomials pl (z, ) are

Pz, y) =1

pM(z,y) ==

p[z](m,y) =22 —yr—1

PPz, y) = 2° — 3ya® + (2y° — 3)z + 3y,



giving us the formulae
U(S,c)=E [g (S - exp (—g + ﬁZ))}
SL\E]E [Z'g(S-exp (fngﬁZ))}
Us2 (S, ¢) = & E [(22 —eZ—1) g (S . exp (—g + \/EZ))}
Uss (S, ¢) = @ E [(23 —3\eZ2 + (20— 3)Z +32) - g (s - exp (,g + ﬁz))] .

We also have the following easy corollaries.
Corollary 2. Fora > 1, E[pl*)(Z,\/c)] = 0. For a > 2, we also have E[pl®)(Z + \/c,\/c)] =

Us(S,c) =

Proof. First assume a > 1, and take g to be the constant function g(x) = 1. In this case U(S,¢) = 1
and Usga (S, ¢) = 0, so by the result of Lemma 12, E[pl*)(Z, \/c)] = S%¢*/? Uga (S, c) = 0. Next,
assume a > 2, and take g to be the linear function g(z) = x. In this case U (S, ¢) = E[S-G(c)] = S,
$0 Uga (S, ¢) = 0. Then using the results of Lemma 11 and Lemma 12,

E [p9(Z + 5, ﬁ)} - exp( 2) { la)(7, /) exp(\fZ)} — 591/ Uga (8, ¢) = 0.
0

D.2 Calculations for the European-Option Payoff Function

In this section, we bound the derivatives Ug. (.59, ¢) for the special case when g is the payoff function
of the European call function, g(z) = max{0,z — K}, where K > 0 is a constant. Note that the
bounds on Ugs and Uga are slightly stronger than the stated bounds (21) and (22), because in this
case we are able to compute the derivatives exactly.

Lemma 14. Let g(z) = max{0,z — K}. Thenfor all S,c > 0,
1
\/ﬂ 52/
K (2yc+1)
Vor S
K (6c+5yc+2)
Vor ' S403/2

Proof. We first compute the Black-Scholes value U (S7 ¢). Define

S
log — + ﬁ,
\f K 2
and observe that S - exp(—c/2 + v/cZ) > K if and only if Z > «. Then using the result of
Lemma 11, we have

U(S,c) =E [(5 - exp (—g + ﬁz) - K) 1{Z > a}}
=S exp (=5 ) E[exp(ve2) - 1{Z = a}] = K P(Z > a)
=SP(Z>a—+e)-KP(Z > a)
— S B(—a+ /) - K &(—a).

Differentiating the formula above with respect to ¢ and applying the Black-Scholes differential equa-
tion (6), we get

Us2(5,¢)| <
Uss (S, )| <

Usa (S, ¢)| <

a=a(Sc) =

Usa(5.0) = 53 Uel5.0) = gz [Sd (—a+ V) + K=+ Va6 (@)] = g5.7= dla),

19



where the last equality follows from the relation S¢(—a++/c) = K¢(«). In particular, we have the

bound 0 < Usz2(9,¢) < K/(S?Vv/27c). A direct calculation reveals that the higher order derivatives
of U are given by

Usgs(S,c) = % (0 —2vc) ¢(a) and Uga(S,c) = % (a? —5y/ca+6c—1) ¢(a).

It is not difficult to see that we have |aexp(—a?/2)| < 1 and |a? exp(—a?/2)| < 1. Applying
these bounds to the formulae above gives us the desired conclusion. O

D.3 Bounding the Second Derivative Ug: (.5, ¢)

We now bound the second-order derivative Ugz (.5, ¢) in the general case.
Lemma 15. Let g: Ry — Rq be a convex, L-Lipschitz, K-linear function. Then for all S, c > 0,

2LK 1
0<Ug2(S,¢c) < — -
> 5(76)—\/% S2\ﬁ

Proof. Recall that U(S, ¢) is convex in S (Lemma 10), so Ug2 (S, ¢) > 0. If g is a linear function,
say g(x) = yax forsome 0 < v < L, then U(S, ¢) = E[yS-G(c)] = vS. In this case Ug2 (S, ¢) = 0,
and we are done.

Now assume g is not a linear function. Since g is non-negative, L-Lipschitz, and K -linear, we can
find 0 < v < L such that ¢'(z) = ~ for x > K. Moreover, since g is convex and not a linear
function, we also have that v > ¢’(0). Define the function §: Ry — R by

() = g9(x) —g(0) — zg'(0)
v=9'(0) ’

and note that g is an increasing, 1-Lipschitz convex function with g(0) = §’(0) = 0,0 < §'(x) < 1,

and §'(z) = 1forz > K.

Consider the quantity V' (S, ¢) = E[g(S - G(c))], and note that we can write

V(S,c) = E[g(S-G(c) —g(0) —g'(0) - S - G(c)] _ U(S,c) —g(0) —¢'(0) - S.
’ 7 —¢'(0) v—g'0)
Taking second derivative with respect to .S on both sides and using the fact that 0 < v —¢'(0) < 2L,
we obtain

0 <Us2(S,¢c) = (y—4'(0)) - Vg2(S,¢) < 2L - Vg2 (S, ).
We already know that Vg2 (.S, ¢) > 0 since g is convex, so we only need to show that

K 1
2 <— ——.
VS (S,C)_ \/ﬂ 52\/6

For 0 < S < K, using the formula from Lemma 12 and the result of Lemma 16 below, we obtain

5= a3 o () < g S

and for S > K, we use the result of Lemma 17 to obtain

1 c 1 K./ K 1
= _E|(Z°-VcZ-1)-G(S- —= Z))| < —- = - .
VSQ(S,C) S2c |:( ﬁ ) g (S P ( 2 +\/E ))} - S2%¢c 2 2 52\/6
This completes the proof of the lemma. O

It remains to prove the following two results, which we use in the proof of Lemma 15 above with g
in place of g. Note that the first result below does not use the assumption that g is eventually linear.

Lemma 16. Let g: Ry — Ry be an increasing, nonnegative, convex, 1-Lipschitz function. Then for
all S,c > 0,

E (Z2—\/EZ—l)-g(S-exp(—g—&—ﬁZ))] < 5/7\2/75
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Proof. Fix S, c > 0, and define the following quantities:

; Ve—+Ve+4 ; Vet e+ 4
1= g=Yo T VT E
2 2

c c
Ale-exp(—§+ﬁt1) )\2:S~exp<—§—|—ﬁtg)
g1 =9(\) 92 = g(A2)

1 1 c

te = 7 log (exp(\/Etg) — g oxp (5) (g2 — g1)> )

Furthermore, define the function h: R — Ry by
h(z) = g1 + (92 —g1— X2+ S-exp (,% + ﬁx)) Az >t}
We will show that
E [(ZQ —VeZ—-1)-g (S - exp (—g + ﬁz))} <E[(Z®—eZ-1)-n2)], @7

and furthermore, we can evaluate the latter expectation explicitly:

E[(72 = VeZ — 1) h(Z)] = SvEd(t. — Vo) < L

We begin by noting that ¢; and t, are the two roots of the polynomial 22 — \/cx — 1. Since g is
increasing and 1-Lipschitz,

g2 — g1 =9(X2) —g(A1) S A — A1 =S5 -exp (—g) (exp(Vcta) —exp(vct)).

Therefore, from the definition of ¢, we see that

exp(vets) — exp(vEt) = 5o (5) (92— 1) < xp(VEta) — exp(veta),

so t1 < t. < to. Furthermore, by construction,
c c
S - exp (*5 + ﬁt*) =S5 -exp (*5 + ﬁb) (92— q1) = A2 — g2 + g1,

0 h(t.) = g1. This means h is a continuous convex function of z (although we will not actually
use this property). We will now show that pointwise,

o) (2* —Vex —1)-g (S - exp (—% + \ﬁm)) < é(x) - (22 —ex —1) - h(z).  (28)
We consider four cases:

e Suppose = < t1, SO 2 — vex — 1 > 0. Since g is increasing and nonnegative,

0<g (S - exp (—% + \/Eac)) <g (S - exp (—g + \/Etl)) = g1 = h(z).
e Suppose t; < x < t,,s0x? — /cx — 1 < 0. Since g is increasing,

g (S - exp (*g + \/Ex>) >g <S~exp (fg + ﬁh)) =gy = h(z) > 0.
e Suppose t, < x < tg, SO x? — ver —1 < 0. Since g is increasing and 1-Lipschitz,

g (S - exp (,g + ﬁz))
>y (S - exp (,g + \/Et2>) + 5 -exp (,g + ﬁm) —S-exp (,g + \/Etg)
>

= 92— 2+ S-exp (—5 + Ver) = h(z) > 0.
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e Suppose x > tg, SO z? — Vex —1 > 0. Since g is increasing and 1-Lipschitz,
O )
<g (S - exp (—g + \/Et2>> + 5 -exp (—g + ﬁm) — S -exp (—g + \/Etg)
=gos— A+ 5-exp (—g + \/Ex) = h(z).

Integrating (28) over x € R gives us the desired inequality (27). Let us now evaluate the expectation
on the right hand side of (27). A simple computation using the properties of Z ~ N (0, 1) gives us

E[(Z? —VcZ—1)-WMZ)] =g E (2% — eZ - 1)]
+(92 =91 = %2) - E[(2° = VeZ - 1)- HZ > t.}]
+ S exp (—g) VB [(22 = VeZ — 1) exp(veZ) - 1{Z > t.}]
= (92 — g1 — A2) - (t« — V) @(ts) + St ot — V)
= —S-exp (fg + \/Et*) (ts = V/0) B(t2) + St. d(ts — V/C)
= —5(ts — V©) ¢(t. — V) + Sti ¢(t. — Ve)
= SVe ¢(t. — Vo),

as desired. O

The following result is similar to Lemma 16, except that this result assumes the K -linearity of g and
achieves a stronger result.

Lemma 17. Let g: Ry — Rg be an increasing, nonnegative, convex, 1-Lipschitz function with the
property that g'(x) = 1 for x > K. Then forall S > K and ¢ > 0,

E[(Zz—ﬁZ—l)-g(S-exp (—gﬁ-\/EZ))} < [\(/;/?E

Proof. This proof is similar in nature to the proof of Lemma 16, and we omit some of the details.

Case 1: Suppose S > K exp(/c(c+ 4)/2). Recall the European-option payoff function ggc(z) =
max{0,z — K} from Section 2, and note that the K -linearity of g implies g(z) = g(K) + ggc(x)
for x > K. Using the fact that g is increasing and K -linear, we can show that for all x € R we have

(x?—v/cx—1)-g (S - exp (—g + \/Ex)> < (xQ—\/Ex—l)-{g(K) + gk (S - exp (—g + \/E:c)) } )

Integrating both sides above with Z ~ N(0, 1) in place of = and using the result of Lemma 14, we
obtain

E [(Z2 —\/eZ — 1)-g (S.exp <_§ +\/EZ>)}
<E [(22 —\eZ -1)- {g(K) + gec (S'GXP (*5 *ﬁZ»H

=F [(22 —\eZ —1) - gece (S-exp (—g + ﬁZ)ﬂ < I\j;/jf

Case 2: Suppose K < S < K exp(y/c(c+ 4)/2). Define the following quantities:

_ Ve 1 S _ c Ve—+ve+4
= e g NS (g ve (Y5 )

and g1 = g(\1). Consider the function hy: R — R given by

ho(z) = g1 + (g(K) —g — K+ S -exp (—g + \ﬁx)) -1z > to}.
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Using the fact that g is increasing, 1-Lipschitz, and K-linear, we can show that for all x € R,
(2 —ex —1) - g (S-exp (—g + ﬁx)) < (2% — Vex — 1) - ho(x).
Integrating both sides above with Z ~ N(0, 1) in place of =, we get
E {(ZQ VeZ—1)-g (S - exp (—g + \/EZ))] <E[(Z2—eZ - 1) ha(2)].
Following the same calculation as in the proof of Lemma 16, we can evaluate the latter expectation

to be
E [(ZZ —\JeZ - 1).h2(Z)] = (K —g(K)+g1) Ve d(to) < I\(/;Lj’

where the last inequality follows from the relation 0 < g(K) — g1 < K — A4, since g is increasing
and 1-Lipschitz. O

D.4 Bounding the Higher-Order Derivatives

We now turn to bounding the higher-order derivatives Ugs (.59, ¢) and Uga (S, ¢). Our strategy is to
approximate the eventually linear payoff function g by the European-option payoff ggc and applying
the bounds for ggc developed in Lemma 14.

Lemma 18. Let g: Ry — Rq be a convex, L-Lipschitz, K-linear function. Then for all S,c > 0,

max{c™3/2 ¢71/2}
53 ’

max{c~2, ¢71/2}
S4 '

Uss (S, ¢)| < TLK -

Ug(S, ¢)| < 28LK -

Proof. Since g is L-Lipschitz and K-linear, we can find 0 < < L such that g(z) = g(K) +~y(z —
K) for x > K. We decompose g into two parts,

g(x) = vgrc(z) + 9" (),

where ggc(z) = max{0, z — K} is the European-option payoff function, and g*: Ry — Ry is given
by g*(z) = g(x) for 0 < z < K, and g*(x) = ¢g(K) otherwise.

Then the Black-Scholes value U (S, ¢) also decomposes,
U(S,¢) = Elg(S - G(c))] = 7 Elgrc(S - G(0)] +E[g* (S - G(c))] = v U (S, ) + U*(S, ),
and similarly for the derivatives,
Usa(S,¢) =y UES(S,¢) + Uk (S, ¢), a > 0. (29)
For the function ggc, Lemma 14 tells us that for all S, ¢ > 0,

3K  max{c'/?, 1} 13K max{c, 1}

EC EC )
|Ugs (S, ¢)| < N e , |Ugi (S, ¢)] < Jon Gi.3/2 (30)
Now for the second function g*, we use Lemma 12 to write
* 1 a * c
USG,(S,C):WE[])[ WZ.\e) g (S'GXP <—§+\/EZ)>} . (31

Since E[pl*(Z,/c)] = 0 for a > 1 (Corollary 2), we may assume that g(0) = 0, so g*(0) = 0 as
well. Since g is L-Lipschitz, this implies

* pry < — .
sup l9°(@)| = max_lg(e)| < max Lz =LK
Therefore, by applying triangle inequality and Cauchy-Schwarz inequality to (31), we get for a > 1,

1 I 1/2

U5.(5,0)| < s B Hp[a](z, \/5)‘ LK < slej/’zE {(p[a](z, \ﬁ)ﬂ G

23



For a = 3,4, we use the recursion (24) to compute the polynomials pl®l(Z, \/c), and we evaluate
the expectation E[(pl®(Z, /c))?]. Plugging in this expectation to (32) with a = 3 gives us
ax{c, 1}

N LK 1/2 m
U%:(S,¢)| < a7y - (42 +18c+6) " < V28 - LK - B

T (3

Therefore, by combining the bound above with the first inequality in (30) and using the decomposi-
tion (29), we get the first part of our lemma,

3 max{c'/2, 1} max{c, 1} max{c, 1}
|U53(S7C)\§\/%'LK' e +\/%'LK'W§7LK'W-

A similar computation with a = 4 yields the second part of the lemma,

max{c?/2, 1}

1 1 32,1
Uss(S,0) < -2 pre.made b erg ppe maxde U ogr e 2
C

Vor G403/2 G4.2
O
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