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A Tensor Decomposition: Algorithm and Theoretical Guarantee

We start with the population version of the problem: supposethe noiselessM2 andM3 defined in
(2) of the main text are available, and we want to recoverωi

k
i=1 and{µi}k

i=1. First we perform
a whitening stepon them, as outlined in Algorithm A.1, to obtain a whitened, lower-dimensional
tensorT ∈ Rk×k×k and a whitening transformationW ∈ Rm×k such that

T := M3(W,W,W ) =

k∑

i=1

ωi(W
⊤µi)

⊗3 =

k∑

i=1

1√
ωi

µ̃
⊗3
i ,

where the vectors̃µi :=
√
ωiW

⊤µi form an orthonormal basis ofRk becauseI = W⊤M2W =∑k
i=1W

⊤(
√
ωiµi)(

√
ωiµi)

⊤W =
∑k

i=1 µ̃iµ̃
⊤
i . Hence, the symmetric tensorT has a so-called

orthogonal decomposition, which may not exist for general symmetric tensors. Then by Theorem
4.3 of [2], which establishes the following results under Condition 1:

1. the set ofrobust eigenvectors1 of T correspond exactly to{µ̃i}k
i=1;

2. the eigenvalue associated withµ̃i is equal to1/
√
ωi, ∀ 1 ≤ i ≤ k;

3. if (v, λ) is a pair of robust eigenvector/eigenvalue ofT , thenµi = λ(W⊤)†v for some
1 ≤ i ≤ k, where† denotes the Moore-Penrose pseudo inverse;

we can reduce the original problem of recovering the structure in (2) into a robust tensor eigen-
decomposition problem. Motivated by the power iteration for matrix eigen computation, Anand-
kumar et al. [2] verify that starting from almost every vector θ0 ∈ Rk, the tensor power iteration
θt := T (I,θt−1,θt−1)

‖T (I,θt−1,θt−1)‖
, where‖ · ‖ denotes the vector 2-norm, converges to some robust eigen-

vector ofT at a quadratic rate, and thereforek successive applications of the tensor power iteration
with deflation result in all pairs of robust eigenvectors/eigenvalues.

In practice we almost never have the exactM2 andM3, but only noisy or perturbed versionŝM2 and
M̂3, which are usually estimates from the data. Perturbation may destroy the nice tensor structure,
so the reduced tensor̂T resulting from applying Algorithm A.1 tôM2 andM̂3 may no longer be
orthogonally decomposable, hindering the subsequent robust tensor eigendecomposition. Neverthe-
less, Anandkumar et al. [2] demonstrate that if the perturbationE := T̂ − T is a symmetric tensor
with a small operator norm defined as‖E‖ := sup‖θ‖=1 |E(θ,θ,θ)|, thenk successive appli-
cations of somerandomizedtensor power iteration coupled with deflation yield accurate estimates
of all robust eigenvector/eigenvalue pairs with high probability. More precisely, they proposethe

1See Section 4.2 of [2] for the definition of robust eigenvectors/eigenvalues.
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Algorithm A.1 Whitening transformation

input A symmetric matrixM2 ∈ Rm×m, a symmetric third-order tensorM3 ∈ Rm×m×m, and the
target number of dimensionsk.

output A reduced third-order tensorT ∈ Rk×k×k and a whitening transformationW ∈ Rm×k.
1: ComputeW := QD−1/2, whereQ ∈ Rm×k denotes the top-k orthonormal eigenvectors of
M2, andD ∈ Rk×k is a diagonal matrix of the correspondingk positive eigenvalues.

2: ComputeT := M3(W,W,W ).

Algorithm A.2 Robust tensor power method

input A symmetric tensorT ∈ Rk×k×k, number of iterationsL, N.
output the estimated eigenvector/eigenvalue pair; the deflated tensor.
1: for τ = 1 to L do
2: Drawθ

(τ)
0 uniformly at random from the unit sphere inRk.

3: for t = 1 to N do

4: θτ
t :=

T (I,θ
(τ)
t−1,θ

(τ)
t−1)

‖T (I,θ
(τ)
t−1,θ

(τ)
t−1)‖

.

5: end for
6: end for
7: Let τ∗ := arg max1≤τ≤L T (θ

(τ)
N
,θ

(τ)
N
,θ

(τ)
N

).

8: Do N power iteration updates (Line 4) starting fromθ(τ∗)
N

to obtainθ̂, and set̂λ := T (θ̂, θ̂, θ̂)

9: return the estimated eigenvector/eigenvalue pair(θ̂, λ̂); the deflated tensorT − λ̂θ̂
⊗3

.

Robust tensor power methodoutlined in Algorithm A.2, which employs multiple random restarts,
and provide a theoretical guarantee on its robustness against the input perturbation:

Theorem A.1. (Theorem 5.1 of [2]) Let̂T = T + E ∈ Rk×k×k, whereT is a symmetric tensor
with orthogonal decompositionT =

∑k
i=1 λiv

⊗3
i where eachλi > 0, {v1,v2, . . . ,vk} is an

orthonormal basis, andE has operator normǫ := ‖E‖. Defineλmin := min({λi}k
i=1) andλmax :=

max({λi}k
i=1). There exists universal constantsc1, c2, c3 > 0 such that the following holds. Pick

anyη ∈ (0, 1), and suppose

ǫ ≤ c1 ·
λmin

k
, N ≥ c2 ·

(
log(k) + log log(λmax/ǫ)

)
, and

√
ln(L/ log2(

k
η ))

ln(k)
·
(

1 −
ln(ln(L/ log2(

k
η ))) + c3

4 ln(L/ log2(
k
η ))

−
√

ln(8)

ln(L/ log2(
k
η ))

)
≥ 1.02

(
1 +

√
ln(4)

ln(k)

)
.

(Note that the condition onL holds withL = poly(k) log(1/η).) Suppose that Algorithm A.2 is
iteratively calledk times with numbers of iterationsL andN, where the input tensor iŝT in the first
call, and in each subsequent call, the input tensor is the deflated tensor returned by the previous
call. Let(v̂1, λ̂1), (v̂2, λ̂2), . . . , (v̂k, λ̂k) be the sequence of estimated eigenvector/eigenvalue pairs
returned in thesek calls. With probability at least1 − η, there exists a permutationρ on{1, . . . , k}
such that

‖vρ(j) − v̂j‖ ≤ 8ǫ/λρ(j), |λρ(j) − λ̂j | ≤ 5ǫ, ∀1 ≤ j ≤ k, and ‖T −
k∑

j=1

λ̂jv̂
⊗3
j ‖ ≤ 55ǫ.

This result, together with existing perturbation theory regarding the whitening procedure (e.g., Ap-
pendix C.1 of [1]), allow us to translate the perturbations in M̂2 andM̂3 into the estimation errors
in ωi’s andµi’s, guaranteeing accurate estimation under small input perturbation.

B Tensor Structure in Low-order Moments

Here we give proofs of theorems regarding tensor structuresin low-order moments.
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B.1 Proof of Theorem 1

E[x1] = Eπ0
E[x1 | π0] = Eπ0

E[P t1s1 | π0] = Eπ0
[E[P t1 ]π0] = Tπ = π,

C2 := E[x1x
⊤
2 ] = Eπ0

E[P t1s1s
⊤
2 (P t2)⊤ | π0] = Eπ0

[E[P t1 ]E[s1s
⊤
2 | π0]E[(P t2)⊤]]

= TEπ0
[π0π

⊤
0 ]T⊤ = T

(
diag(π)

α0 + 1
+
α0ππ⊤

α0 + 1

)
T⊤ =

Tdiag(π)T⊤

α0 + 1
+
α0ππ⊤

α0 + 1
, (1)

C3 := E[x1 ⊗ x2 ⊗ x3] = Eπ0
E[(P t1s1) ⊗ (P t2s2) ⊗ (P t3s3) | π0]

= Eπ0
[(Tπ0) ⊗ (Tπ0) ⊗ (Tπ0)] =

∑
i 2πiTi ⊗ Ti ⊗ Ti

(α0 + 2)(α0 + 1)
+

α2
0π ⊗ π ⊗ π

(α0 + 2)(α0 + 1)
(2)

+
α0

(∑
ij

(
Ti ⊗ Ti ⊗ Tj + Ti ⊗ Tj ⊗ Ti + Tj ⊗ Ti ⊗ Ti

)
πiπj

)

(α0 + 2)(α0 + 1)

=

∑
i 2πiTi ⊗ Ti ⊗ Ti

(α0 + 2)(α0 + 1)
+
α0(π ⊗3 C2 + π ⊗2 C2 + π ⊗1 C2)

α0 + 2
− 2α2

0π ⊗ π ⊗ π

(α0 + 2)(α0 + 1)
,

(3)

The second equality in (1) and the two equalities (2) and (3) can be established by using the results
on Dirichlet moments in Appendix B.1 of [1].

B.2 Proof of Theorem 3

V1 := E[x1] = E[Uh1 + ǫ1] = UE[P t1s1] = UTE[π0] = Uπ.

V2 := E[x1x
⊤
1 ] = E[(Uh1 + ǫ1)(Uh1 + ǫ1)

⊤]

= E[Uh1h
⊤
1 U

⊤] + σ2I = UE[diag(h1)]U
⊤ + σ2I

= UE[diag(P t1s1)]U
⊤ + σ2I = UE[diag(Tπ0)]U

⊤ + σ2I

= Udiag(π)U⊤ + σ2I.

V3 := E[x1 ⊗ x1 ⊗ x1] = E[(Uh1 + ǫ1) ⊗ (Uh1 + ǫ1) ⊗ (Uh1 + ǫ1)]

= E[(Uh1) ⊗ (Uh1) ⊗ (Uh1)] + E[(Uh1) ⊗ ǫ1 ⊗ ǫ1] + E[ǫ1 ⊗ (Uh1) ⊗ ǫ1] + E[ǫ1 ⊗ ǫ1 ⊗ (Uh1)]

=
∑

i

πiUi ⊗ Ui ⊗ Ui + V1 ⊗1 (σ2I) + V1 ⊗2 (σ2I) + V1 ⊗3 (σ2I).

C2 := E[x1x
⊤
2 ] = E[(Uh1 + ǫ1)(Uh2 + ǫ2)

⊤] = E[Uh1h
⊤
2 U

⊤]

= UE[P t1s1s
⊤
2 (P t2)T ]U⊤ = UTE[π0π

⊤
0 ]T⊤U⊤ =

UTdiag(π)(UT )⊤

α0 + 1
+
α0V1V

⊤
1

α0 + 1
.

(4)

C3 := E[x1 ⊗ x2 ⊗ x3] = E[(Uh1 + ǫ1) ⊗ (Uh2 + ǫ2) ⊗ (Uh3 + ǫ3)] = E[(Uh1) ⊗ (Uh2) ⊗ (Uh3)]

= E[(UP t1s1) ⊗ (UP t2s2) ⊗ (UP t3s3)] = E[(UTπ0) ⊗ (UTπ0) ⊗ (UTπ0)]

=

∑
i 2πi(UT )i ⊗ (UT )i ⊗ (UT )i

(α0 + 2)(α0 + 1)
+
α0(V1 ⊗3 C2 + V1 ⊗2 C2 + V1 ⊗1 C2)

α0 + 2
− 2α2

0V1 ⊗ V1 ⊗ V1

(α0 + 2)(α0 + 1)
,

(5)

Again, the last equality in (4) and (5) can be established by using the results on Dirichlet moments
in Appendix B.1 of [1].

C Proof of Theorem 2

We first prove the following lemma:

Lemma 1. If P (r) := (rI + (1 − r)T ∗)−1T ∗ exists and is a stochastic matrix for somer ∈ (0, 1],
thenP (r′) exists and is a stochastic matrix for allr′ ∈ [r, 1].
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Proof. SinceP (r) exists we can writeT ∗ = rP (r)(I − (1 − r)P (r))−1. By assumptionP ∗ is
invertible, soT ∗ is invertible. We then have

r′(T ∗)−1 + (1 − r′)I =
r′

r
(P (r)−1 − (1 − r)I) + (1 − r′)I =

r′

r
P (r)−1(I − (1 − r/r′)P (r)),

which is invertible for allr′ ∈ [r, 1]. Therefore, we can write

P (r′) = (r′(T ∗)−1 + (1 − r′)I)−1 =
r

r′
P (r)(I − (1 − r/r′)P (r))−1 = Et[P (r)],

wheret ∼ Geometric(r/r′), showing thatP (r′) is a stochastic matrix.

To prove Theorem 2 we begin by noting thatS contains all values ofr for which rI + (1 − r)T ∗

is singular. Therefore,P (r) is well-defined and invertible forr ∈ (0, 1] \ S. From the identity
T ∗π∗ = π∗ = (rI + (1 − r)T ∗)π∗ we haveP (r)π∗ = π∗, r /∈ S. Similarly, the identity
1⊤T ∗ = 1⊤ = 1⊤(rI+(1−r)T ∗) and the fact that(rI+(1−r)T ∗)−1T ∗ = T ∗(rI+(1−r)T ∗)−1

imply that1⊤P (r) = 1⊤, r /∈ S. It is easy to verifyP (r∗) = P ∗ by plugging in the definition of
T ∗. Lemma 1 then implies thatmax(S) < r∗ and thatP (r′) is a stochastic matrix forr′ ≥ r∗. To
prove the last statement of the theorem we rewriteP (r) by plugging in the definition ofT ∗:

P (r) =
r∗

r
(I − (1 − r∗/r)P ∗)

−1
P ∗ (6)

and consider its first-order derivative w.r.t.r:
∂P (r)

∂r
= −

( r
r∗
I +

(
1 − r

r∗

)
P ∗
)−2 (I − P ∗)P ∗

r∗
, (7)

which exists forr ∈ (0, 1] \ S. By assumption we haveP ∗
ij = 0, and by ergodicity ofP ∗ we can

assume(P ∗)2ij > 0 (otherwise there existsk 6= j such thatP ∗
ik = 0 and(P ∗)2ik > 0). Then we have

∂P (r)ij

∂r

∣∣∣
r=r∗

=
(P ∗)2ij
r∗

> 0, (8)

implying that there existsc > 0 such that forr ∈ [r∗ − c, r∗), P (r)ij < P ∗
ij = 0. This and Lemma

1 then imply the last statement of the theorem.

D Sample Complexity Analysis

The analyses here mostly follow those in [1]. LetO denote the observation matrix, which can be the
T matrix in First-order Markov models, theU matrix or the productUT in Hidden Markov Models.
Define

Õ := Odiag([
√
π1

√
π2 · · · √πk]),

M2 := Odiag(π)O⊤ = ÕÕ⊤ and M3 :=
k∑

i=1

πiOi ⊗Oi ⊗Oi.

Let πmin := mini πi. We have

σk(O)
√
πmin ≤ σk(Õ), (9)

σ1(Õ) ≤ σ1(O), (10)

whereσj(·) denotes thejth largest singular value.

Denote by‖ · ‖ the spectral norm of a matrix or the operator norm of a symmetric third-order tensor
induced by the vector 2-norm:

‖M‖ := sup
‖θ‖2=1

|M(θ,θ,θ)|. (11)

Suppose

‖M̂2 −M2‖ = E2, (12)

‖M̂3 −M3‖ ≤ E3, (13)

for someE2 andE3 to be determined.

4



D.1 Perturbation Lemmas

Let M̂2,k be the best rankk approximation toM̂2 in terms of the matrix 2-norm. According to
Algorithm A.1, we have

Ŵ⊤M̂2,kŴ = I. (14)

Let
Ŵ⊤M2Ŵ = ADA⊤ (15)

be an SVD of̂W⊤M2Ŵ , whereA ∈ Rk×k. Define

W := ŴAD−1/2A⊤ (16)

and notice that
W⊤M2W = AD−1/2A⊤Ŵ⊤M2ŴAD−1/2A⊤ = I. (17)

LetQ := W⊤Õ andQ̂ := Ŵ⊤Õ.

Lemma 2. (Lemma C.1 of [1]) LetΠW be the orthogonal projection onto the range ofW andΠ be
the orthogonal projection onto the range ofO. SupposeE2 ≤ σk(M2)/2. We have the following:

‖Q‖ = 1,

‖Q̂‖ ≤ 2,

‖Ŵ‖ ≤ 2

σk(Õ)
,

‖Ŵ †‖ ≤ 2σ1(Õ),

‖W †‖ ≤ 3σ1(Õ),

‖Q− Q̂‖ ≤ 4E2

σk(Õ)2
,

‖Ŵ † −W †‖ ≤ 6σ1(Õ)E2

σk(Õ)2
,

‖Π − ΠW ‖ ≤ 4E2

σk(Õ)2
.

Lemma 3. Weyl’s Theorem. (Theorem 4.11, p.204 in [4]). LetA,E ∈ Rm×n withm ≥ n be given.
Then

max
1≤i≤n

|σi(A+ E) − σi(A)| ≤ ‖E‖.

D.2 Reconstruction Accuracy

Throughout this section we assume that the number of iterationsN andL for Algorithm A.2 satisfy
the conditions in Theorem A.1.

Lemma 4. Supposemax(E2, E3) ≤ σk(M2)/2. For anyη ∈ (0, 1), with probability at least1− η
the following holds:

‖O − (Ŵ⊤)†V̂ Λ̂‖ ≤ c
max(σ1(O), 1)

π
3/2
min min(σk(O)2, 1)

max(E2, E3)

for some constantc > 0.

Proof. By Theorem A.1, the following hold with probability at least1 − η:

‖V − V̂ ‖F =

√∑

i

‖Vi − V̂i‖2 ≤
√∑

i

(64E2
3)/(1/

√
πmin)2 = 8E3, (18)

‖Λ̂‖ = max
i

1̂/
√
πi ≤ max

i
(1/

√
πi + 5E3) ≤ π

−1/2
min + 5E3. (19)
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With the above two bounds and Lemma 2 we have

‖O − (Ŵ⊤)†V̂ Λ̂‖ ≤ ‖O − ΠWO‖ + ‖ΠWO − (Ŵ⊤)†V̂ Λ̂‖
=‖ΠO − ΠWO‖ + ‖(W †)⊤V Λ − (Ŵ †)⊤V̂ Λ̂‖
≤‖Π − ΠW ‖‖O‖ + ‖(W †)⊤V Λ − (W †)⊤V Λ̂‖ + ‖(W †)⊤V Λ̂ − (Ŵ †)⊤V̂ Λ̂‖
≤‖Π − ΠW ‖ + ‖W †‖‖V ‖‖Λ − Λ̂‖ + ‖(W †)⊤V Λ̂ − (W †)⊤V̂ Λ̂‖ + ‖(W †)⊤V̂ Λ̂ − (Ŵ †)⊤V̂ Λ̂‖
≤‖Π − ΠW ‖ + ‖W †‖E3 + ‖W †‖‖V − V̂ ‖‖Λ̂‖ + ‖W † − Ŵ †‖‖V̂ ‖‖Λ̂‖

≤ 4E2

σk(Õ)2
+ 3σ1(Õ)E3 + 3σ1(Õ)‖V − V̂ ‖F ‖Λ̂‖ +

6σ1(Õ)E2

σk(Õ)2
(‖V̂ − V ‖F + 1)‖Λ̂‖

≤c
(( 24√

πmin
+ 3
)
σ1(O)E3 +

(
4 +

6σ1(O)√
πmin

) E2

σk(O)2πmin

)

≤c
(

27σ1(O)√
πmin

+
10max(σ1(O), 1)

π
3/2
minσk(O)2

)
max(E2, E3)

≤c 37max(σ1(O), 1)

π
3/2
min min(σk(O)2, 1)

max(E2, E3)

wherec > 0 is a constant large enough to dominate low-order terms likeE2E3.

Lemma 5. With a slight abuse of notation, letU denote a column permutation of the trueU , UT
denote a column permutation of the trueUT , andP denote a column-and-row permutation of the
trueP , where the permutations involved are the same. Suppose

max(‖U − Û‖, ‖ÛT − UT‖) ≤ σk(rU + (1 − r)UT )/2.

We then have

‖P − (rÛ + (1 − r)ÛT )†ÛT‖ ≤ 6σ1(UT )

σk(rU + (1 − r)UT )2
max(‖U − Û‖, ‖UT − ÛT‖).

Proof. First notice that

(rU + (1 − r)UT )†(UT )

=
(
(rI + (1 − r)T )⊤U⊤U(rI + (1 − r)T )

)−1
(rI + (1 − r)T )⊤U⊤UT

=(rI + (1 − r)T )−1T = P.

Then we have

‖P − (rÛ + (1 − r)ÛT )†ÛT‖ = ‖(rU + (1 − r)(UT ))†UT − (rÛ + (1 − r)ÛT )†ÛT‖
≤‖(rU + (1 − r)UT )†(UT ) − (rÛ + (1 − r)ÛT )†(UT )‖+
‖(rÛ + (1 − r)ÛT )†(UT ) − (rÛ + (1 − r)ÛT )†ÛT‖

≤‖(rU + (1 − r)UT )† − (rÛ + (1 − r)ÛT )†‖‖UT‖ + ‖(rÛ + (1 − r)ÛT )†‖‖UT − ÛT‖.
(20)

By Lemma 3 and the assumption of the lemma, we have

σk(rU + (1 − r)UT )/2 ≤ σk(rÛ + (1 − r)ÛT ) ≤ 3σk(rU + (1 − r)UT )/2,

showing that rank(rÛ + (1 − r)ÛT ) = k and

‖(rÛ + (1 − r)ÛT )†‖ = 1/σk(rÛ + (1 − r)ÛT ) ≤ 2/σk(rU + (1 − r)UT ).

Because rank(rÛ + (1 − r)ÛT ) = rank(rU + (1 − r)UT ) = k, Theorem 3.4 in [3] indicates that

‖(rU + (1 − r)UT )† − (rÛ + (1 − r)ÛT )†‖
≤
√

2‖(rU + (1 − r)UT )†‖‖(rÛ + (1 − r)ÛT )†‖‖r(U − Û) + (1 − r)(UT − ÛT )‖

≤
√

2(r‖U − Û‖ + (1 − r)‖ÛT − UT‖)
σk(rU + (1 − r)UT )σk(rÛ + (1 − r)ÛT )

≤ 2
√

2(r‖U − Û‖ + (1 − r)‖UT − ÛT‖)
σk(rU + (1 − r)UT )2

.
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Applying these bounds to (20) then leads to

‖P − (rÛ + (1 − r)ÛT )†ÛT‖

≤2
√

2σ1(UT )
(
r‖U − Û‖ + (1 − r)‖UT − ÛT‖

)

σk(rU + (1 − r)UT )2
+

2‖UT − ÛT‖
σk(rU + (1 − r)UT )

=
r2
√

2σ1(UT )‖U − Û‖
σk(rU + (1 − r)UT )2

+

(
(1 − r)2

√
2σ1(UT ) + 2σk(rU + (1 − r)UT )

)
‖UT − ÛT‖

σk(rU + (1 − r)UT )2

≤max(r2
√

2, (1 − r)2
√

2 + 2)σ1(UT )

σk(rU + (1 − r)UT )2
max(‖U − Û‖, ‖UT − ÛT‖)

≤ 6σ1(UT )

σk(rU + (1 − r)UT )2
max(‖U − Û‖, ‖UT − ÛT‖),

in which we use the factσ1(UT ) ≥ σ1(rU + (1 − r)UT ) ≥ σk(rU + (1 − r)UT ).

D.3 Concentration of empirical averages

Lemma 6. Let {yi}N
i=1 beN i.i.d. random vectors inRm. Let µ := E[yi],Σ := Var(yi) and

σ2
max := maxd Σdd. Let µ̄ := (

∑
i yi)/N . Then

Prob(‖µ̄ − µ‖2 ≥ ǫ) ≤ mσ2
max

Nǫ2
.

Proof. This lemma is a straightforward consequence of the Markov inequality:

Prob(‖µ̄ − µ‖2 ≥ ǫ) = Prob(‖µ̄ − µ‖2
2 ≥ ǫ2) (21)

≤ E[‖µ̄ − µ‖2
2]

ǫ2
(22)

=

∑
d E(µ̄d − µd)

2

ǫ2
=

Tr(Σ)

Nǫ2
≤ mσ2

max

Nǫ2
. (23)

Lemma 7. Let V̂1, V̂2, V̂3, Ĉ2, Ĉ3 denote averages ofN independent draws ofx1,x1x
⊤
1 ,x1 ⊗x1 ⊗

x1,x1x
⊤
2 ,x1 ⊗x2 ⊗x3 from the generative process in Section 3.2. Letumax := maxi,j |Uij |. Then

Prob(‖V̂1 − V1‖2 ≥ ǫ) ≤ m(u2
max + σ2)

Nǫ2
, (24)

Prob(‖V̂2 − V2‖F ≥ ǫ) ≤ m2(u2
max + σ2)2

Nǫ2
, (25)

Prob(‖V̂3 − V3‖F ≥ ǫ) ≤ m3(u2
max + σ2)3

Nǫ2
, (26)

Prob(‖Ĉ2 − C2‖F ≥ ǫ) ≤ m2(u2
max + σ2)2

Nǫ2
, (27)

Prob(‖Ĉ3 − C3‖F ≥ ǫ) ≤ m3(u2
max + σ2)3

Nǫ2
. (28)

7



Proof. Based on Lemma 6, it suffices to boundσ2
max in these five cases:

max
i

Var((x1)i) ≤ max
i

E[(x1)
2
i ] = max

i
Eh1

[σ2 + (Uh1)
2
i ] ≤ σ2 + max

i,k
U2

ik, (29)

max
i,j

Var((x1)i(x1)j) ≤ max
i,j

E[(x1)
2
i (x1)

2
j ] = max

i,j
Eh1

[(σ2 + (Uh1)
2
i )(σ

2 + (Uh1)
2
j )]

≤ max
i,j,l

(σ2 + U2
il)(σ

2 + U2
jl) ≤ (σ2 + max

i,j
U2

ij)
2, (30)

max
i,j

Var((x1)i(x2)j) ≤ max
i,j

E[(x1)
2
i (x2)

2
j ] = max

i,j
Eπ0

[
E[(x1)

2
i |π0]E[(x2)

2
i |π0]

]
(31)

≤ max
i,j

sup
π0

E[(x1)
2
i |π0]E[(x2)

2
i |π0] ≤

(
max

i
sup
π0

E[(x1)
2
i |π0]

)2
(32)

=
(
max

i
sup
π0

∑

k

U2
ij(Tπ0)k + σ2

)2
(33)

=
(
max

i
max

j′

∑

k

U2
ijTjj′ + σ2

)2 ≤ (max
i,j

U2
ij + σ2)2. (34)

With similar arguments, we have that

max
i,j,l

Var((x1)i(x1)j(x1)l) ≤ (max
i,j

U2
ij + σ2)3, (35)

max
i,j,l

Var((x1)i(x2)j(x3)l) ≤ (max
i,j

U2
ij + σ2)3. (36)

Lemma 8. Let M̂2, M̂3, M̂ ′
2, M̂ ′

3 denote estimates obtained by plugging in empirical averages

of independent samples as in Lemma 7 andσ̂2 := λmin(V̂2 − V̂1V̂1

⊤
), whereλmin(·) denotes the

smallest eigenvalue in modulus. Defineν := max(σ2 + u2
max, 1). We then have the following:

Prob(‖M2 − M̂2‖ ≥ ǫ) ≤ 75m2ν2

Nǫ2
,

Prob(‖M3 − M̂3‖ ≥ ǫ) ≤ 1000m4ν3

Nǫ2
,

Prob(‖M ′
2 − M̂ ′

2‖ ≥ ǫ) ≤ 50(α0 + 1)2m2ν2

Nǫ2
,

Prob(‖M ′
3 − M̂ ′

3‖ ≥ ǫ) ≤ 1100k2m3(α0 + 2)2(α0 + 1)2ν3

Nǫ2
.

Proof. We first note that it is easy verifyz⊤(V̂2 − V̂1V̂1

⊤
)z ≥ 0 for any real vectorz, so σ̂2 is

always non-negative. By Lemma 3, we have

|σ2 − σ̂2| ≤ ‖V2 − V1V
⊤
1 − (V̂2 − V̂1V̂1

⊤
)‖ ≤ ‖V2 − V̂2‖ + ‖V1V

⊤
1 − V̂1V̂1

⊤‖
≤ ‖V2 − V̂2‖ + ‖V̂1 − V1‖(‖V̂1‖ + ‖V1‖)
≤ ‖V2 − V̂2‖ + 2‖V1‖‖V̂1 − V1‖ + ‖V1 − V̂1‖2.

We also need the following

‖V1‖2 = ‖Uπ‖2 =
∑

i


∑

j

Uijπj




2

≤
∑

i,j

πjU
2
ij ≤

∑

i

max
j
U2

ij ≤ mu2
max.

Then we have

‖M̂2 −M2‖ ≤ ‖V̂2 − V2‖ + |σ̂2 − σ2|
≤ 2‖V̂2 − V2‖ + 2‖V1‖‖V̂1 − V1‖ + ‖V̂1 − V1‖2

≤ 2‖V̂2 − V2‖F + 2‖V1‖‖V̂1 − V1‖ + ‖V̂1 − V1‖2,

8



which implies

Prob(‖M̂2 −M2‖ ≥ ǫ)

≤ Prob(2‖V̂2 − V2‖F + 2‖V1‖‖V̂1 − V1‖ + ‖V̂1 − V1‖2 ≥ ǫ)

≤ Prob(2‖V̂2 − V2‖F ≥ ǫ/3) + Prob(2‖V1‖‖V̂1 − V1‖ ≥ ǫ/3) + Prob(‖V̂1 − V1‖2 ≥ ǫ/3)

≤ 36m2(u2
max + σ2)2

Nǫ2
+

36‖V1‖2m(u2
max + σ2)

Nǫ2
+

3m(u2
max + σ2)

Nǫ

≤ 36m2(u2
max + σ2)2

Nǫ2
+

36m2u2
max(u

2
max + σ2)

Nǫ2
+

3m(u2
max + σ2)

Nǫ

≤ 75m2(u2
max + σ2)2

Nǫ2
.

Similarly, we have

‖M3 − M̂3‖ ≤ ‖V3 − V̂3‖F + 3‖V1 ⊗1 (σ2I) − V̂1 ⊗1 (σ̂2I)‖F

= ‖V3 − V̂3‖F + 3
√
m‖σ2V1 − σ̂2V̂1‖

≤ ‖V3 − V̂3‖F + 3
√
m(σ2‖V1 − V̂1‖ + |σ2 − σ̂2|(‖V1‖ + ‖V̂1 − V1‖))

≤ ‖V3 − V̂3‖F + ‖V1 − V̂1‖3
√
m(σ2 + 2mu2

max) + ‖V2 − V̂2‖3umaxm

+‖V1 − V̂1‖29umaxm+ 3
√
m(‖V1 − V̂1‖‖V̂2 − V2‖ + ‖V1 − V̂1‖3),

implying

Prob(‖M3 − M̂3‖ ≥ ǫ)

≤ Prob(‖V3 − V̂3‖F ≥ ǫ/6) + Prob(‖V1 − V̂1‖ ≥ ǫ/(18
√
m(σ2 + 2mu2

max)))

+Prob(‖V2 − V̂2‖ ≥ ǫ/(18umaxm)) + Prob(‖V1 − V̂1‖2 ≥ ǫ/(54umaxm))

+Prob

(
‖V1 − V̂1‖ ≥

√
ǫ/(18

√
m)

)
+ Prob

(
‖‖V2 − V̂2‖ ≥

√
ǫ/(18

√
m)

)

+Prob(‖V1 − V̂1‖3 ≥ ǫ/(18
√
m))

≤ 36m3(u2
max + σ2)3

Nǫ2
+

324m2(σ2 + 2mu2
max)

2(σ2 + u2
max)

Nǫ2
+

324u2
maxm

4(σ2 + u2
max)

2

Nǫ2

+
54umaxm

2(σ2 + u2
max)

Nǫ
+

18m3/2(σ2 + u2
max)

Nǫ
+

18m5/2(σ2 + u2
max)

2

Nǫ

+
361/3m4/3(σ2 + u2

max)

Nǫ2/3

≤ 1000m4(max(σ2 + u2
max, 1))3

Nǫ2
.

Using similar arguments, we have

‖M ′
2 − M̂ ′

2‖ ≤ (α0 + 1)‖C2 − Ĉ2‖F + α0‖V1V
⊤
1 − V̂1V̂1

⊤‖F

≤ (α0 + 1)‖C2 − Ĉ2‖F + 2α0‖V1‖‖V̂1 − V1‖ + α0‖V̂1 − V1‖2,

and therefore

Prob(‖M ′
2 − M̂ ′

2‖ ≥ ǫ)

≤ Prob(‖C2 − Ĉ2‖F ≥ ǫ

3(α0 + 1)
) + Prob(‖V̂1 − V1‖ ≥ ǫ

6α0‖V1‖
)

+Prob(‖V̂1 − V1‖2 ≥ ǫ

3α0
)

≤ 9(α0 + 1)2m2(σ2 + u2
max)

2

Nǫ2
+

36α2
0m

2u2
max(σ

2 + u2
max)

Nǫ2
+

3α0m(σ2 + u2
max)

Nǫ

≤ 50(α0 + 1)2m2(σ2 + u2
max)

2

Nǫ2
.
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Finally, we have

‖M ′
3 − M̂ ′

3‖

≤ (α0 + 2)(α0 + 1)

2
‖C3 − Ĉ3‖F +

3(α0 + 1)α0

2
‖V1 ⊗1 C2 − V̂1 ⊗ Ĉ2‖F

+α2
0‖V1 ⊗ V1 ⊗ V1 − V̂1 ⊗ V̂1 ⊗ V̂1‖F

≤ (α0 + 2)(α0 + 1)

2
‖C3 − Ĉ3‖F +

3(α0 + 1)α0

2
‖V1 − V̂1‖‖C2‖F +

3(α0 + 1)α0

2
‖V̂1‖‖C2 − Ĉ2‖F

+3α2
0‖V1‖2‖V1 − V̂1‖ + 3α2

0‖V1‖‖V1 − V̂1‖2 + α2
0‖V1 − V̂1‖3

≤ (α0 + 2)(α0 + 1)

2
‖C3 − Ĉ3‖F +

3(α0 + 1)α0

2
‖V1 − V̂1‖‖C2‖F +

3(α0 + 1)α0

2
‖V1‖‖C2 − Ĉ2‖F

+
3(α0 + 1)α0

2
‖V1 − V̂1‖‖C2 − Ĉ2‖F + 3α2

0‖V1‖2‖V1 − V̂1‖ + 3α2
0‖V1‖‖V1 − V̂1‖2 + α2

0‖V1 − V̂1‖3

≤ (α0 + 2)(α0 + 1)

2
‖C3 − Ĉ3‖F + 5(α0 + 1)α0kmu

2
max‖V1 − V̂1‖ +

3(α0 + 1)α0

2
‖V1‖‖C2 − Ĉ2‖F

+
3(α0 + 1)α0

2
‖V1 − V̂1‖‖C2 − Ĉ2‖F + 3α2

0‖V1‖‖V1 − V̂1‖2 + α2
0‖V1 − V̂1‖3

using the fact that

‖C2‖F =

∥∥∥∥UT
(

diagπ + α0ππ⊤

α0 + 1

)
T⊤U⊤

∥∥∥∥
F

≤ ‖UT‖2
F ≤ kmu2

max,

and thus

Prob(‖M ′
3 − M̂ ′

3‖ ≥ ǫ) ≤ Prob

(
‖C3 − Ĉ3‖F ≥ ǫ

3(α0 + 2)(α0 + 1)

)

+ Prob

(
‖V1 − V̂1‖F ≥ ǫ

30(α0 + 1)α0kmu2
max

)
+ Prob

(
‖C2 − Ĉ2‖F ≥ ǫ

9(α0 + 1)α0

)

+ Prob

(
‖V1 − V̂1‖2 ≥ ǫ

18α2
0‖V1‖

)
+ Prob

(
‖V1 − V̂1‖3 ≥ ǫ

6α2
0

)

≤ 9m2(α0 + 2)2(α0 + 1)2(σ2 + u2
max)

3

Nǫ2
+

900k2m3(α0 + 1)2α2
0u

4
max(σ

2 + u2
max)

Nǫ2

+
81(α0 + 1)2α2

0m
2(σ2 + u2

max)
2

Nǫ2
+

18α2
0m

3/2umax(σ
2 + u2

max)

Nǫ
+

6mα
4/3
0 (σ2 + u2

max)

Nǫ2/3

≤ 1100k2m3(α0 + 2)2(α0 + 1)2(σ2 + u2
max)

3

Nǫ2
.

E Proof of Theorem 4

Let Û andÛT be column-permuted as described in Algorithm 1. Let

δmin := min
i,j

|1/√πi − 1/
√
πj |.

If max(E3, E
′
3) ≤ δmin/15, Theorem 5.1 of [2] implies that for anyη ∈ (0, 1), with probability at

least1 − η, the columns of̂U andÛT are matched to the same permutation of the columns of the
trueU andUT , respectively. As in Lemma 5, letU,UT, andP denote proper permutations of the
true matrices. We then have

Prob

(
max(‖U − Û‖, ‖UT − ÛT‖) ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)

≤Prob

(
‖U − Û‖ ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)
+ Prob

(
‖UT − ÛT‖ ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)
.
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Let the failure probability for the tensor decomposition method be set toη4 . Then by Lemma 4 we
can bound the first term as follows:

Prob

(
‖U − Û‖ ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)

≤Prob

(
max(E2, E3) ≥

ǫσk(rU + (1 − r)UT )2π
3/2
min min(σk(U)2, 1)

6σ1(UT )cmax(σ1(U), 1)

)

+ Prob(max(E2, E3) ≥ σk(M2)/2) +
η

4
+ Prob(E3 ≥ δmin/15),

where the first term in the r.h.s is based on Lemma 4 conditioned on the event thatmax(E2, E3) ≥
σk(M2)/2 and the tensor decomposition method succeeds, the second and the third terms bound
the probability that the event does not occur, and the last term bounds the probability of incorrectly
matching the columns of̂U andU . To continue the bound we use Lemma 8 to have

Prob

(
max(E2, E3) ≥

ǫσk(rU + (1 − r)UT )2π
3/2
min min(σk(U)2, 1)

6σ1(UT )cmax(σ1(U), 1)

)

≤ (2700m2ν2 + 36000m4ν3)σ1(UT )2c2 max(σ1(U)2, 1)

Nǫ2σk(rU + (1 − r)UT )4π3
min min(σk(U)4, 1)

≤ 39000m4ν3σ1(UT )2c2 max(σ1(U)2, 1)

Nǫ2σk(rU + (1 − r)UT )4π3
min min(σk(U)4, 1)

,

Prob(max(E2, E3) ≥ σk(M2)/2) ≤ 300m2ν2 + 4000m4ν3

Nσk(M2)2
≤ 4300m4ν3

Nσk(M2)2
,

Prob(E3 ≥ δmin/15) ≤ 225000m4ν3

Nδ2min

.

Thus, by setting the sample sizeN so that

N ≥ 12m4ν3

η
max

(
225000

δ2min

,
4300

σk(M2)2
,

39000σ1(UT )2c2 max(σ1(U)2, 1)

ǫ2σk(rU + (1 − r)UT )4π3
min min(σk(U)4, 1)

)
,

we have

Prob

(
‖U − Û‖ ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)
≤ η

2
, (37)

where the randomness is from both the data and the algorithm.Using similar arguments, we have
that for sample sizeN such that

N ≥ 12k2m3(α0 + 2)2(α0 + 1)2ν3

η
·

max

(
225000

δ2min

,
4600

σk(M ′
2)2

,
42000σ1(UT )2(c′)2 max(σ1(UT )2, 1)

ǫ2σk(rU + (1 − r)UT )4π3
min min(σk(UT )4, 1)

)
,

the following holds:

Prob

(
‖UT − ÛT‖ ≥ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)
≤ η

2
.

Combining the two bounds (37) and (E), we have for

N ≥ 12max(k2,m)m3ν3(α0 + 2)2(α0 + 1)2

η
·

max

(
225000

δ2min

,
4600

min(σk(M ′
2), σk(M2))2

,
42000c2σ1(UT )2 max(σ1(UT ), σ1(U), 1)2

ǫ2σk(rU + (1 − r)UT )4 min(σk(UT ), σk(U), 1)4

)
,

the following bound holds for anyǫ > 0 andη ∈ (0, 1):

Prob

(
max(‖U − Û‖, ‖UT − ÛT‖) ≤ ǫσk(rU + (1 − r)UT )2

6σ1(UT )

)
≥ 1 − η,

which by Lemma 5 implies that

Prob(‖P − (rÛ + (1 − r)ÛT )†ÛT‖ ≤ ǫ) ≥ 1 − η.
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F Comparison between Proposed Method and Variational EM

For the purpose of comparison, we derive here a variational EM algorithm for learning HMMs
from non-sequence data. First notice that the generative process in Section 3.2 specifies only the
variance rather than an entire distribution for the observation model. To make it easier to derive a
maximum-likelihood based algorithm, here we make an extra assumption of the observation model
being Gaussian. The full joint probability of data and latent variables then takes the following form:

f({xj
i}, {hj

i}, {tji}, {sj
i}, {πj

0} | U, σ2, P, r,α)

=

N∏

j=1




n∏

i=1

( k∏

l=1

N (xj
i | Ul, σ

2I)h
j

il

)(∏

l′,l

((P tj

i )l′l)
h

j

il′
s

j

il

)
Geometric(tji | r)

(∏

l

((πj
0)l)

s
j

il

)

 ·

Dirichlet(πj
0 | α),

(38)

in which we use super-script as set indices and sub-scripts as data indices within a set wherever
appropriate. The goal is to maximize the marginal likelihood of the data w.r.t to the parameters. We
begin by marginalizing over the latent times{tji}:

f({xj
i}, {hj

i}, {sj
i}, {πj

0} | U, σ2, T,α)

=

N∏

j=1




n∏

i=1

( k∏

l=1

N (xj
i | Ul, σ

2I)h
j

il

)(∏

l′,l

T
h

j

il′
s

j

il

l′l

)(∏

l

((πj
0)l)

s
j

il

)

Dirichlet(πj

0 | α),
(39)

whereT is the expected hidden state transition matrix defined in Theorem 3. As in the tensor fac-
torization approach, we recoverP andr from the estimatedT using the proposed search heuristics.
Because the posterior distribution of the remaining latentvariables still leads to an intractable E step,
we take the following factorized approximation:

f({hj
i}, {sj

i}, {πj
0} | {xj

i}, U, σ2, T,α) ≈ q({hj
i}, {sj

i} | {Φi
j})q({πj

0} | {βj}), (40)

where

q({hj
i}, {sj

i} | {Φj
i}) :=

∏

i,j,l′,l

((Φj
i )l′l)

h
j

il′
s

j

il , Φj
i ∈ [0, 1]k×k, (41)

q({πj
0} | {βj}) :=

∏

j

Dirichlet(πj
0 | βj), (42)

and obtain the following lower bound on the log marginal likelihood:

g({Φj
i}, {βj}, U, σ2, T,α)

:=E{hj

i
},{sj

i
}|{Φj

i
},{π

j
0}|{βj}

[
log

(
f({xj

i}, {hj
i}, {sj

i}, {πj
0} | U, σ2, T,α)

q({hj
i}, {sj

i} | {Φj
i})q({πj

0} | {βj})

)]

=E{hj

i
},{sj

i
}|{Φj

i
},{π

j
0}|{βj}

[
log f({xj

i}, {hj
i}, {sj

i}, {πj
0} | U, σ2, T,α)

]
−

E{hj

i
},{sj

i
}|{Φj

i
}

[
log q({hj

i}, {sj
i} | {Φj

i})
]
− E{π

j
0}|{β

j
0}

[
log q({πj

0} | {βj
0})
]

=
∑

j,i,l,l′

(Φj
i )ll′(logN (xj

i | Ul, σ
2I) + log Tll′) +

∑

j,l

(∑

i,l′

(Φj
i )l′l + αl − 1

)(
ψ(βj

l ) − ψ(βj
0)
)

−N
(∑

l

log Γ(αl) − log Γ(α0)
)
−
∑

j,i,l,l′

(Φj
i )ll′ log(Φj

i )ll′

−
∑

j,l

(βj
l − 1)(ψ(βj

l ) − ψ(βj
0)) +

∑

j

(∑

l

log Γ(βj
l ) − log Γ(βj

0)
)
, (43)
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(a) U estimation error (b) P estimation error

Figure 1: Comparison between Algorithm 1 and Variational EM

whereψ(·) is the digamma function. The variational EM algorithm then amounts to maximizingg
iteratively, optimizing over one block of variables at a time while fixing the others:

(Φj
i )ll′ ∝ N (xj

i | Ul, σ
2I)Tll′ exp(ψ(βj

l′) − ψ(βj
0)), (44)

(βj)l =
∑

i,l′

(Φj
i )l′l + αl, (45)

Ul :=

∑N
j=1

∑n
i=1

∑k
l′=1(Φ

j
i )ll′x

j
i∑N

j=1

∑n
i=1

∑k
l′=1(Φ

j
i )ll′

, (46)

σ2 :=

∑N
j=1

∑n
i=1

∑
l,l′(Φ

j
i )ll′‖xj

i − Ul‖2

Nnm
, (47)

Tll′ :=

∑N
j=1

∑n
i=1(Φ

j
i )ll′

∑N
j=1

∑n
i=1

∑k
l=1(Φ

j
i )ll′

, (48)

α := arg max
{αl≥0}

N∑

j=1

k∑

l=1

(αl − 1)(ψ(βj
l ) − ψ(βj

0)) −N
( k∑

l=1

log Γ(αl) − log Γ(α0)
)
.(49)

The update forα is a convex optimization problem whose inverse Hessian can be computed in linear
time. We iterate these updates until the lower bound stops increasing.

Finally, we have to match the columns ofU with the columns ofT . Note that the updates imply that
the columns ofU are aligned with the rows ofT , so it suffices to matchT ’s rows with its columns.
Using the assumptions thatα/α0 = π andπi 6= πj ∀ i 6= j, we recover the matching by sorting
α/α0 andTα/α0.

We compare the proposed method and the above Variational EM algorithm on synthetic data gener-
ated from the HMM in Section 4 under the same parameter setting, except that the number of setsN
takes smaller values{125, 250, 500, 1000, 2000, 4000}. We repeat the experiment 20 times with dif-
ferent random draws from the generative process. Figure 1 gives the relative estimation errors forU
(in spectral norm) andP (in entrywise 1-norm) for three methods: Algorithm 1 (tensor), variational
EM initialized with the output of Algorithm 1 (tensor+vbEM), and variational EM initialized with
100 random parameter values (rand+vbEM). Clearly, Algorithm 1 outperforms the randomly initial-
ized variation EM, and there is barely any improvement resulting from combining the two methods,
except whenN is very small. In terms of computational efficiency, we observe that Algorithm 1 is
orders of magnitude faster than the variational EM algorithm. On our platform with 48 cores (2.3
GHz each) and 512GB of memory, Algorithm 1 takes a couple of hours to finish all 20 experiments,
but the variational EM method takes days.
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