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A Tensor Decomposition: Algorithm and Theoretical Guarantes

We start with the population version of the problem: suppbgenoiselesd/, and M3 defined in
(2) of the main text are available, and we want to recavgr, and{u,;}%_,. First we perform
awhitening stepon them, as outlined in Algorithm Al.1, to obtain a whitenealyér-dimensional
tensor? € R¥*#** and a whitening transformatidi’ € R™** such that

k k
1 _
T = My(W,W, W) = > wi(W'p,)®* =Zﬁu;®3,
i=1 i=1 v

where the vectorg,; := ,/w;W " p1; form an orthonormal basis @&"* becausd = W MyW =
S WT (V@) (Vwi) TW = ¥ i, . Hence, the symmetric tens@t has a so-called
orthogonal decompositigrwhich may not exist for general symmetric tensors. Then bgdrem
4.3 of [2], which establishes the following results unden@ition/1:

1. the set ofobust eigenvectatsof 7 correspond exactly tog,; }*_
2. the eigenvalue associated wjiiis equal tol //w;, V1 < i < k;

3. if (v, \) is a pair of robust eigenvector/eigenvalue®f thenp, = A\(W T)fv for some
1 < i < k, wheref denotes the Moore-Penrose pseudo inverse;

we can reduce the original problem of recovering the stmactn (2) into a robust tensor eigen-
decomposition problem. Motivated by the power iterationf@atrix eigen computation, Anand-
kumar et al. [2] verify that starting from almost every vacy < R”, the tensor power iteration

0; = m%, where|| - || denotes the vector 2-norm, converges to some robust eigen-

vector of 7 at a quadratic rate, and therefdrasuccessive applications of the tensor power iteration
with deflation result in all pairs of robust eigenvectorgégivalues.

In practice we almost never have the ex&&tt and M3, but only noisy or perturbed versiomgg and
1\73, which are usually estimates from the data. Perturbatioy destroy the nice tensor structure,
so the reduced tensdr resulting from applying Algorithm A.1 ta; and]\@, may no longer be
orthogonally decomposable, hindering the subsequenstaéosor eigendecomposition. Neverthe-

less, Anandkumar et al. [2] demonstrate that if the pertiohaF := 7 — 7 is a symmetric tensor
with a small operator norm defined a4&'|| := supg =, |E(8,0,0)[, thenk successive appli-
cations of someandomizedensor power iteration coupled with deflation yield accerastimates
of all robust eigenvector/eigenvalue pairs with high piali. More precisely, they propostne

See Section 4.2 of [2] for the definition of robust eigenvectors/eideasa



Algorithm A.1 Whitening transformation

input A symmetric matrixi/y € R™>*™, a symmetric third-order tensdi; € R™*™*™ and the
target number of dimensioris
output A reduced third-order tens@ € R***** and a whitening transformatidi’ € R™*%.
1: ComputelV := QD~'/2, whereQ € R™** denotes the top-orthonormal eigenvectors of
My, andD € R¥** is a diagonal matrix of the correspondihgositive eigenvalues.
2: Compute? := M3 (W, W, W).

Algorithm A.2 Robust tensor power method

input A symmetric tensof € R****% number of iterations, N.

output the estimated eigenvector/eigenvalue pair; the deflatesbte
1: forr=1toLdo

Draw 087) uniformly at random from the unit sphere Rf.

fort =1toNdo

0; =

7(1,67,,6(7)
I7(1.6{7,,6{7)II"
end for
end for
Let 7* := arg max;<,<r. T(H%IT), 0§T)7 0&7)).
Do N power iteration updates (Line 4) starting frcﬂﬁ ) to obtaind, and sef\ := T(@, 5, 5)

return the estimated eigenvector/eigenvalue ;()airﬁ); the deflated tensdf — 5\§®3.

Robust tensor power methaditlined in Algorithm A.2, which employs multiple randomstarts,
and provide a theoretical guarantee on its robustnessstdhminput perturbation:

Theorem A.1. (Theorem 5.1 of [2]) LeT = 7 + E € RF*kxk whereT is a symmetric tensor
with orthogonal decompositiolr = Zle )\in@g where each\; > 0, {vy,va,...,vi} is an
orthonormal basis, and’ has operator norma := || E||. Definelyi, := min({\;}¥_;) andA\pax :=
max({\;}¥_,). There exists universal constants c,, c3 > 0 such that the following holds. Pick
anyn € (0, 1), and suppose

e<ep- /\I;;n, N> ey - (log(k) + log log()\max/e)), and
(L log(5)) [ In(in(L/logy(£))) + s ) ()
k) (l T i log(E) 1n<L/1og2<z>>) = (l T\ () )

(Note that the condition oh holds withL = poly(k)log(1/n).) Suppose that Algorithi A.2 is

iteratively calledk times with numbers of iteratioisand N, where the input tensor 1% in the first

call, and in each subsequent call, the input tensor is theatéfltensor returned by the previous
call. Let(vy, 5\1), (Vo, 5\2), ey (Vi ;\k) be the sequence of estimated eigenvector/eigenvalue pairs
returned in thesé calls. With probability at least — 7, there exists a permutatignon {1, ..., k}

such that

Vo) = Vill < 8e/Apiys [ Ag(

k
() Nl < Be VI<i<k, and [|T-)> AP < 55
j=1

This result, together with existing perturbation theorgasading the whitening procedure (e.g., Ap-

pendix C.1 of[[1]), allow us to translate the perturbatiomd/i, and M3 into the estimation errors
in w;'s andp,;’s, guaranteeing accurate estimation under small inputigeation.

B Tensor Structure in Low-order Moments

Here we give proofs of theorems regarding tensor structiarsv-order moments.



B.1 Proof of Theorem 1

E[xi] =ExE[x; | mo] = Ex,E[P"s; | o] = En,[E[P"]|7] = T = m,
Cop =E[x1%x;] = E,E[P"s15; (P?)" | o] = En,[E[P"]E[sys; |WO]E[(Pt2)TH

= T [mond|]TT = T <do'é?gfr1) + O;;;TI) TT = sz?gr i + Z"Tl . (1)
Cs :=E[x; @x3 ®@x3] = Er E[(P"s1) ® (P"sy) ® (P's3) | ]
~ B, [(Tmo) & (Tmo) © (1my) = ZEREETON | AHETOT g
o (Zij (T,oT,0T;+ T, @T; @ T; + T ®Ti®Ti>7Ti7Tj>
* (a0 + 2)(a0 + 1)
_22mhi 9Tl | ap(m@3Cr+m @ Cr+m®1Ch) 20dr@TOT
(o +2)(ap + 1) ag +2 (g +2)(cg + 1)’ -

The second equality in (1) and the two equalities (2) and §B)lae established by using the results
on Dirichlet moments in Appendix B.1 of [1].

B.2 Proof of Theorem 3

Vi :=E[xi] = E[Uh; +¢] = UE[P!'s;] = UTE[rq] = Un.
Vo :=E[x{] = E[(Uh; +e1)(Uhy + 1))
= E[Uhh] U] + 0%l = UE[diag(h)]U" + o2
UE[diag(P"s))|U" + oI = U]E[dlag(Tﬂ-o)]UT + oI
Udiag(w)U" + o1I.
V3 :=E[x1 ®x1 ®x1] = E[(Uh; +€1)® (Uh; +€1) ® (Uhy + €7)]
=E[(Uh;)® (Uh;) ® (Uhy)]+ E[(Uh;) ® €1 ® 1] + E[e1 ® (Uh1) @ €1] + E[e1 ® €1 ® (Uhy)]
=Y mUi Ui @Ui + Vi @1 (6°1) + Vi @ (0°1) + V1 ®3 (0°1).
Cy =E[x1x5] = E[({Uh; + ¢1)(Uhy + €3) "] = E[Uh;hy U]
UTdiag(m)(UT)"  aoViV;"
ap+1 ap+1
4)
Cs3 =E[x; ®x2 @ x3] = E[(Uh; +€1) ® (Uhy + €2) @ (Uhs + €3)] = E[(Uh;) ® (Uhs) ® (Uhgs)]
=E[(UP"s;) ® (UP"sy) ® (UP%s3)] = E[(UT'm) @ (UTm) ® (UT)]
_X2m(UT); @ (UT); @ (UT); | ag(Vi @3 Co + Vi @ Co+ Vi @1 Ca) 203V @ Vi@ V4

(g + 2)(ap + 1) ag +2 (a0 +2)(ap + 1)’
5)

= UE[P"s;sy (P2)T)UT = UTE[momg |T'U" =

Again, the last equality in (4) and](5) can be establisheddiygithe results on Dirichlet moments
in Appendix B.1 of [1].

C Proof of Theorem/2

We first prove the following lemma:

Lemma 1. If P(r) := (rI + (1 — r)T*)~1T* exists and is a stochastic matrix for some (0, 1],
thenP(r’) exists and is a stochastic matrix for afl € [r, 1].



Proof. Since P(r) exists we can writd™* = rP(r)(I — (1 — r)P(r))~!. By assumptionP* is
invertible, soI'™* is invertible. We then have
! !/

(@) (=) = S(P) T = (L =)D + (L= 1) = ZP() T = (L= r/r)P(r)),
which is invertible for allr’ € [r, 1]. Therefore, we can write
Py =("(T) "+ (1 - = %P(T)(I — (1 =r/r)P(r)~ = E[P(r)],

wheret ~ Geometric(r/r’), showing thatP(r’) is a stochastic matrix. O

To prove Theorem|2 we begin by noting thitontains all values of for which 77 + (1 — r)T*
is singular. ThereforeP(r) is well-defined and invertible for € (0,1] \ S. From the identity
T*n* = % = $rl + (1 — r)T*)w* we haveP(r)n* = =*, r ¢ S. Similarly, the identity
177" =17 =17 (rI+(1—r)T*) and the fact thar I + (1 —r)T*) 1 T* = T*(r[+(1—7)T*) !
imply that1T P(r) = 17, r ¢ S. Itis easy to verifyP(r*) = P* by plugging in the definition of
T*. Lemma 1 then implies thahax(S) < r* and thatP(r’) is a stochastic matrix for’ > r*. To
prove the last statement of the theorem we rewfite) by plugging in the definition of™:

*

P(r) = (L= (1= /r)P") "' P* (6)

and consider its first-order derivative w.nt.
OP(r) r r -2(I — P*)P*
— = (=I+(1-=)P*) — 7
or (r* + ( r*) ) r* ’ ()
which exists forr € (0,1] \ S. By assumption we havg;; = 0, and by ergodicity of”* we can
assumé P*)?; > 0 (otherwise there exists # j such that’;;, = 0 and(P*), > 0). Then we have
OP(r)i; P
) ®)
T

r=r* r*
implying that there exists > 0 such that for € [r* — ¢,r*), P(r);; < P;; = 0. This and Lemma
then imply the last statement of the theorem.

D Sample Complexity Analysis

The analyses here mostly follow those in [1]. tlenote the observation matrix, which can be the
T matrix in First-order Markov models, tHé matrix or the product/'T" in Hidden Markov Models.
Define

O := Odiag([y71 /72 -+ /Tk),
k
M, = Odlag(ﬂ)OT = 66T and Ms;:= ZT‘-101®01®O'L
=1

Let Tin ;= min; m;. We have

01(0) /T < 01 (0), 9
71(0) < 01(0), (10)

whereo;(-) denotes thgth largest singular value.

Denote by|| - || the spectral norm of a matrix or the operator norm of a symiaétird-order tensor
induced by the vector 2-norm:

M| == sup |M(6.6,6)|. (12)
l6ll2=1
Suppose
1Mz — M| = En, (12)
|Ms — M| < Es, (13)

for someF,; and E5 to be determined.



D.1 Perturbation Lemmas

Let J\/fgk be the best rank approximation to]\//[; in terms of the matrix 2-norm. According to
Algorithm/A.1, we have

WM, W = 1. (14)
Let . .
WTM,W = ADAT (15)
be an SVD ofiV T M, W, whereA € RF** . Define
W = WAD /24T (16)
and notice that . -
WTM,W = AD™YV2ATW T MyWADY2AT = 1. 17)

LetQ := W'OandQ :=W'O.
Lemma 2. (Lemma C.1 of [1]) Leily be the orthogonal projection onto the rangel&fandIl be
the orthogonal projection onto the range ©f Supposd’s < o (Mz)/2. We have the following:

QI = 1,
101 < 2
—~ 2
I E—
W < 20,(0),
Wi < 304(0),
~ AF,

— < =,
le-al = —=
oty < 295

o or(0)?
-y < 22
or(0)?

Lemma 3. Weyl's Theorem. (Theorem 4.11, p.204 in [4]). KetF € R™*™ withm > n be given.
Then

max fo(A+ E) - 0i(4)| < 1B

D.2 Reconstruction Accuracy
Throughout this section we assume that the number of iters andL for Algorithm|A.2] satisfy
the conditions in Theorem A.1.

Lemma 4. Supposenax(Es, E3) < o1 (Mz)/2. For anyn € (0, 1), with probability at least — n
the following holds:

max(01(0), 1)
722 min(o4(0)2, 1)

min

10— (WTIVA| <e max(Es, E3)
for some constant > 0.

Proof. By Theorem A.1, the following hold with probability at leaist- 7:

WV -V = \/Z Vi — Vil < \/Z<64E§>/<1/Wmm>2 _8m, (18)
IA|| = max1//@ < max(1//@ + 5Es) < mptdl® + 5B, (19)



With the above two bounds and Lemma 2 we have
10— (WTIVA| < |0~ IwOl| + |TwO — (W) VA
=|[T10 — O + (W TVA - (WHTVA|
<|I - w0 + [[(WHTVA — (WHTVA| + [(WHTVA - (WHTVA||
<|II = T || + (WHIVIIA = Al + [(WHTVA = (WHTVA| + [(WHTVA = (WHTVA|
<= Tw || + (W Es + W[V = VI[IA]+ [WT = W[ V][]IA]

AE ~ ~ ~ 601 (O)E
<22 1 30,(0)Es + 301 (0)|[V — V|| #|Al| + L);
o1(0)? 01 (0)
24 601(0) B,

< E- 4
= <(\/ Tmin + 3> 01(0) 3 + ( + v/ TTmin ) Uk(0)27TIIlin
<c (2701(0) n 10 max(o1(0),

(IV = Ve + DA

v Tmin w3(2 Ok (0)2

min

37max(01(0), 1)
R 5
Tmin HllIl(O’k(O) 71)

wherec > (0 is a constant large enough to dominate low-order termsHkE;. O

1)> max(FEs, F3)

EJLX(EQ7 E3)

Lemma 5. With a slight abuse of notation, |&t denote a column permutation of the trlie, UT
denote a column permutation of the tr/d’, and P denote a column-and-row permutation of the
true P, where the permutations involved are the same. Suppose

max(||U — U|, |[UT = UT||) < ox(rU + (1 — r)UT)/2.
We then have
601(UT)

T e MU = O [UT =TT,

|P— U+ 1-rUT)UT|| <

Proof. First notice that
(rU+ (1 —r)UT) (UT)
—((rI+ (1 =r)T)TUTUEI+ 1 =r)T)) " (rI+ (1 —r)T) UTUT
=(rI+(1—-r)T)"'T = P.
Then we have

|1P= U+ 1 -nUD)UT| = U+ (1 —r)UT)HIUT = (U + (1 = ) UDIUT|

= II(
<||(rU + (1 =) UD UT) = (U + (1 — )UT) (UT) |+
1(rU + (1 =) UD) (UT) = ¢U + (1 = ) UDIUT||
<@U+ (1 =n)UD) = (T + (1 = 1) UD)|UT| + ||(rT + (1 — )T ||JUT — UT||

By Lemmd 3 and the assumption of the lemma, we have
or(rU + (1 = r\UT)/2 < op(rU + (1 =r)UT) < 30x(rU + (1 — r)UT)/2,
showing that rank'U + (1 — 7)UT’) = k and
I(rT + (1 = PUD)|| = 1/ow(rU + (1 — 1)UT) < 2/03,(rU + (1 — r)UT).
Because rarcU + (1 — r)ﬁ) =rank(rU + (1 — r)UT) = k, Theorem 3.4 in [3] indicates that
|(rU + (1 = 1 UT)t = (#U + (1 = r)UD)|
<V2||(rU + (1= UD) [T + (1 =) TT) (U — ) + (1 —r)(UT — UT)|
V2(r||lU = Ul + (1 = n)||[UT — UTY) = 2V2(r||U - U+ (1 —n)|UT-TT|)
T on(rU 4+ (1 — 1) UT)op(rU + (1 —r)UT) or(rU + (1 = r)UT)? ’




Applying these bounds t6 (20) then leads to

1P — (U + (1 - UD)UT

2V UT)(r|U ~ 0|+ (A= n)|UT - UT|)  2UT - UT|

- ox(rU + (1 —r)UT)? op(rU+ (1 —=r)UT)
_r2V20,(UT)|U - U] . (1 = r)2v20,(UT) + 204(rU + (1 — 1)UT))||UT — UT|
Cop(rU + (1 —r)UT)? op(rU + (1 —r)UT)?

<max(r2\/§, (1—=7)2v/2+2)01(UT)

- op(rU + (1 = r)UT)?
601(UT)

“or(rU+ (1 —r)UT)?

max(||U — U}, ||UT — UT|)

max([|U = U, [|[UT — UT])),
in which we use the faet, (UT) > o1(rU + (1 — )UT) > o1 (rU + (1 — r)UT). O

D.3 Concentration of empirical averages

Lemma 6. Let {y;}}¥, be N i.i.d. random vectors irR™. Letu := Ely;],¥ := Var(y;) and
02 ax 1= maxg Lgqq. Letp := (3, y;)/N. Then

max

m02

max

Prob(||z — >e) <
bl —pllz =€) < =55

Proof. This lemma is a straightforward consequence of the Markeguality:

Proff[|z — pll2 > €) = Prob(||m — pll5 > €*) (21)
Elllg — 2
S E(g — pg)? Tr(¥) mop.,
— — < m X. 2
€2 Nez2 —  Ne? (23)

o~~~ o~ —~

X1,X1Xg , X1 ® X2 ® x3 from the generative process in Section 3.2. &6, := max; ; |U;;|. Then

m(u2,, +o?)

prob([Fi ~ Vifla 2 ) < "lmect) @4)
Prob(|T; ~ Vallp > ) < s O 25)
Prob(| Vs — Valr > ¢) < W (26)
Prob([|Cy — Callr > ¢) < %’;jw @7)
Prob(| 0 — Cylp 2 = " TN @8)



Proof. Based on Lemma 6, it suffices to boug], . in these five cases:

maxVar((x1);) < maxE[(x1)]] = maxEn, [0+ (Uh)]] < o +maxUj, (29)

ngngar((xl)i(xl)j) < H}%XE[(Xl)f(Xl)f] = H}gXEhl[(02+(Uh1)§)(02+(Uhl)f)]
< IZI}%((JQ + U2 (0% + Ufl) < (0% + rr}%x Uizj)?, (30)
H}ngar((xl)i(xﬂj) < H}%XE[(XO?(&)?] = H}f}XEwo[E[(Xl)ﬂWO]E[(Xz)ﬂ’TOH (31)
< masup Ef(x)jlmo E{(x2)lmo] < (mgxsgf]E[(Xl)?\ﬂo})g(?)Z)
= (maxsupZU%(Tﬂo)kJrc72)2 (33)

tomo Ty
= (m?xrr;z}xzk:Uijjjf—i—og)Q < (HI,I%XU'?j—i_UQ)z' (34)
With similar arguments, we have that

IR%(Var((xl)i(xl)j(xl)l) < (HZI%X Ufj +0%)%, (35)
Igﬁfvar((xl)i(XQ)j(Xg)l) < (H;%_X Uz-zj +02)%. (36)
O

Lemma 8. Let@,@,m,m denote estimates obtained by plugging in empirical avesage

— —~—~T
of independent samples as in Lemima 7 and= Apnin(Va — V1 V7 ), whereA,,(-) denotes the
smallest eigenvalue in modulus. Define= max(o? + u2 ., 1). We then have the following:

= 75m2u?

Prob(||My — Ms|| > < =
(|| M o =€) < N

= 1000m*v3
Prob(||[M3s — M3|| >¢) < —

Vi 50(ap + 1)2m?v?

!

Prob|[ M} — Mj|| > ¢) < s
Prob(|[M, — M| >¢) < 1100k2m3 (g + 2)%(ag + 1)203
3 - - .

Ne?

o~ ~T —
Proof. We first note that it is easy verifyT(Vg — Vi )z > 0 for any real vectorz, soo? is
always non-negative. By Lemma 3, we have

— ~T — —~T
Vo =ViVy' = (Va =ViVL )| < |[Va = Vol + Vi) = ViVy |

02— 0% <
< Ve = Vall + Vi = Vall(IVAl+ VAl
< Ve = Vall + 2ValllVi — VAl + VA — A2

We also need the following
2

Val? = [u=l® = > ZUiﬂj < Z%‘Ufj < meXUfj < MU
J 5J 7

i

Then we have

My — Mo|| < [[Vo = Va| + 0% — 02|
< 2Ve = Vel + 2| ValllVi — Wil + [[Vy — A2
< 2|Va = Valr + 2ValllIVi — Vil + V2 — W2,



which implies

[VARVAN

IN

IN

<

Proly(|[ Mz — M| > ¢)

Prol(2||Vz — Vallr + 2| Va[[IVi = Vi[l + [Vi = Va|[* > ¢)

Prot(2([Vz — Va||p > ¢/3) + Prob2|| Vi ||[Vi — Vi|| > ¢/3) + Prob(|[Vy — Vi > ¢/3)
36 (U +0°)° | B6|VAIP (s +0%) | B(isfian +0°)

Ne? Ne? Ne
36m2(ul, . +02)?  36mZu2, (ui,. +0?) n 3m(u,, + o?)

Ne? Ne? Ne
75m2(u2 . +0?)?

Ne?

Similarly, we have

IMs — Mal| < |[Va— Vallr +3[[Vi @1 (0%1) — Vi @1 (02])|r
= |IVs — V5|l + 3Vm|o?Vi — 021
< Vs = Vallr + 3vm(a?|Vi = Vi + |0 = | (Vi + [IV2 — VA )
< Vs = Vallr + Vi = Vi|I3vim(o? + 2mu ) + Vo — V| 3tmaxm
HIVi = Vi timanm + 3vm(|[Vi = Vi[|[Va — Val| + Vi = VA |P?),
implying
Prob(|| M — M;|| > ¢)
< Prol{||Vs — V|| > €/6) + Prol(||Vi — Vi|| > ¢/(18v/m(0? + 2mu?,,,)))
+Prob([[Va — Va|| = €/(18umaxm)) + Prob(|[Vi — Vi > €/(54umaxm))
+Prob(||v1 AR e/(lwm) n Prob(||||v2 Tl = e/<18m>>
+Prok(||V; — Vi|° > ¢/(18v/m))
o 300 (U +0%) 320 + 2if)* (0 + ) | 324030010 + i)’
- Ne2 Ne2 Ne2
5Umaxm? (02 +u2,.)  18m*/%(0% +u2,.) N 18m5/2 (0% + u2,,.)?
Ne Ne Ne
361/3m*3 (0% + uZ )
N62/3
1000m*(max(o? + 2 ,,1))3
- Ne2 ’

Using similar arguments, we have

—~ —~ ~T
My — M| < (o0 +1)[|Co = Callr + ao| ViV, = WiVA |
(a0 +1)[|C2 — CallF + 2a0[Vi|[IV2 — V|| + ao|[VA — W1 1%,

IN

and therefore

Prok(|| M — M| > ¢)

= € - €
< Prol||Cy — CallF > mHPfob(IIVﬁVlII > m)
+Prot|Vi — Vi|[* > o)
o a0+ 1)*m*(0® +ufe)® | 360gm*uf, (02 + ufa) n Bagm(o? + up )
- Ne? Ne? Ne
< 50(cg + 1)2m?(0? + 2, )?
- Ne? '



Finally, we have

|M5 — M5
ag +2)(ap +1 = 3(ao + Do 7 o n
< Wucgfcg\lp+%m®lcz7V1®02HF
+dVieVieVi - oW oW|r
g+ 2)(ag + 1 —~ 3(ag + 1) — 3(ag + 1)ag ,,—~ —~
< oDt Dy, G+ 200t D0 Fo)e + 20TV Ty, G,
+3ad[VAl2([Va = VAl + 3ad IVl Vi — VA |I® + ad[|Vs — VA ®
ag + 2)(ag+ 1 — 3(ap + 1) — 3(apg + 1) —~
< (20200t 6, G+ 2000 Gy 1 200Ny,
3(ag + Da — —~ o i7a i7A
+%|m ~ Vil Cz = Collr + 3ag VAl [Vi = Vall + 3ag VAl V2 = ValI* + o[ Va — VA |?
ap+2)(ag + 1 —~ — 3(ag + 1) —~
< 100D 16, Gole + 500 + Dagkmuye Vi - il + 22D v, - G5
3(ag+ 1D = = i7A ia
$ 20010 1 Ty, - Gl + 303IAIV: - Tl + e3IVa - I

using the fact that

di T
ICallr = HUT ('ag”ao”” )TTUT < UTIZ < kmid,
ag+1 P
and thus

Prob( || M’ — M's|| > < Prob( ||Cs — Csllp > ¢

K(jar's ~ 87 = ) < Prob( G - Galr 2 3ot - )

—~ € —_ €

Prob|( ||V — V4 > Prob|( ||Cy — C >

* <| ! e = 30(ao—|—1)aokmu?nax> + ( 2 2llr 2 9(ayg +1)a0>

Prob( Vi = V1|2 > ———— ) + Prob( |[Vi — 1| > -
- Prob( Vi = Al > g ) + Prob I - Tl > 5

< 9Im? (g + 2)% (g + 1)%(0? + u2 )3 n 900k%m3(ag + 1)202ut . (02 +u2,.)
- Ne? Ne?
81000 + 1203m3 (0 02,0 )°  1803m t(0® £ 18) _ Gmd (0 4 0
Ne? Ne Ne2/3
< 1100k%2m3(ag + 2)2 (o + 1)2(0? + ufmax)g.

Ne?

E Proof of Theorem/'4

Let 7 andUT be column-permuted as described in Algorithm 1. Let
Omin := min |1/\/7TZ - 1/\/7?J|
7’7J

If max(Es, E4) < dmin/15, Theorem 5.1 of [2] implies that for any € (0, 1), with probability at
leastl — n, the columns ot/ andUT are matched to the same permutation of the columns of the

trueU andUT, respectively. As in Lemma 5, Iéf, U'T, and P denote proper permutations of the
true matrices. We then have

-~ — _ 2
Prob(max(”U _ Oy, |uT - 07| > eV + (1 = nUT) )

60’1(UT)
eop(rU + (1 —r)UT)>?
GJl(UT)

gprob(U ~U| >

) + Pr0b<||UT _gT > U+ U= T)UT)2>

60’1(UT)
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Let the failure probability for the tensor decompositionthual be set tg}. Then by Lemmal4 we
can bound the first term as follows:

~ eop(rU + (1 —r)UT)?
— >
Prob(||U Ul > 601 (UT)

o (rU + (1 — r)UT)272 min(oy (U)?, 1))

min

601 (UT)cmax(o1(U), 1)

<Prob <max(Eg7 Es) >

+ Prol{max (B, E3) > o4 (M2)/2) + Z + Prol{ B3 > 6uin/15),

where the first term in the r.h.s is based on Lemima 4 conditi@methe event thahax(Fs, F3) >
or(Ms)/2 and the tensor decomposition method succeeds, the secdntieathird terms bound
the probability that the event does not occur, and the last unds the probability of incorrectly

matching the columns df andU. To continue the bound we use Lemma 8 to have
eow(rU + (1 — r)UT)?x%/2 min(oy, (U)2, 1))

601(UT)cmax(maT(U), 1)
(2700m2v? + 36000m*v3)o1 (UT)?c? max(oq (U)?, 1)
= Ne2op(rU + (1 —r)UT)*w3, min(ox(U)*,1)
39000m*v30y (UT)%c? max(oy (U)?, 1)
T Ne2op(rU + (1 — r)UT)*x3 . min(ox(U)*, 1)’
300m2v? + 4000m*v3 4300m*v?

Prob <1’I18JX(.E27 Eg) >

Probmax(Fs, E3) > or(M2)/2) < Now(V5)? < Nor(M5)E
4.3
Pro(E3 > 6min/15) < 225](3;)5?2:1”
Thus, by setting the sample si2éso that
N > 12m*u3 . (225000 4300 3900001 (UT)?c? max(o1(U)?, 1) )
- 62, T or(M)? 2o (rU + (1 — r)UT)473 . min(ox(U)4,1) )’
we have

(37)

N _ 2
Prob<|U— ol > eop(rU+ (1 —r)UT) > < N

601 (UT) =
where the randomness is from both the data and the algorithsing similar arguments, we have
that for sample sizév such that

> 12k2m3(010 + 2)2(0[0 + 1)21/3 )
B n
(225000 4600 4200001 (UT)2(¢/)? max(or (UT)2, 1)
62, T o(M'2)?" €0 (rU + (1 — r)UT)*xw3, min(ox(UT)*,1) )’

min

N

the following holds:

. _ 2
Prob(|UT _O7 > eop(rU + (1 —r)UT) > <

60’1(UT)
Combining the two bounds (37) and|(E), we have for
12max(k2, m)m3v3(ag + 2)% (g + 1)?
n
axc 225000 4600 42000c?01 (UT)? max(o1 (UT),01(U),1)?

62, "min(ok(M's), 0k(M2))?" €20k (rU + (1 — r)UT)* min(oy (UT), 0% (U), 1)* )’

the following bound holds for any > 0 andn € (0, 1):
eop(rU + (1 —r)UT)? S1o,
60’1(UT)

[NIES]

N >

Prob(rnax(U —U|,\UT = UT|) <

which by Lemma 5 implies that
Pro(||P — (+U + (1 — r)UT)IUT| <€) > 1 —1.
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F Comparison between Proposed Method and Variational EM

For the purpose of comparison, we derive here a variatiohlaigorithm for learning HMMs
from non-sequence data. First notice that the generativeess in Section 3.2 specifies only the
variance rather than an entire distribution for the obstgmmamodel. To make it easier to derive a
maximum-likelihood based algorithm, here we make an exdsaiaption of the observation model
being Gaussian. The full joint probability of data and lateariables then takes the following form:

P} ARy (]} A} Amd} | U, 0%, Por )

:ﬂ (ﬁ (HN 10,020 ”) (H((Ptz)l/l)hz“sgl)Geometnc t | r) (H ))
j=1 \i=1 |I=

= U, l
Dirichlet(w), | c),
(38)

in which we use super-script as set indices and sub-scriptiata indices within a set wherever
appropriate. The goal is to maximize the marginal likelii@d the data w.r.t to the parameters. We

begin by marginalizing over the latent tim@ﬁ}:

({xI}. (b}, {s]}. {md} | U,0* T, )
11 (ﬁ(ﬁwf | Un,o®l )(HTH“ (T wé>z>sfz)) Dirichlet(r | ),
j=1 \i=1 =1 1

whereT is the expected hidden state transition matrix defined iroféra 3. As in the tensor fac-
torization approach, we recovérandr from the estimated” using the proposed search heuristics.
Because the posterior distribution of the remaining lataniables still leads to an intractable E step,
we take the following factorized approximation:

PR s Ay} | {x]),U,0%, T, ) ~ q({h]}, {s]} [ {@51)a({mg} | {87}),  (40)

(39)

where

g({nl} iy {2 = JJ (@)u)™wsh, @] €0,1]***, (41)

4,5,

[ [ pirichiet(=? | 8%), (42)
J

a({m3} [ {B’})

and obtain the following lower bound on the log marginal lilkeod:

g({d)g}, {ﬁj}v U, U27T7 a)

=By shien 11080 [10% (f({xﬁ’{hg}’{sﬂ’-{ﬂé} | U’Uz’f’a)ﬂ
S AT a({bj} {sj} | {®;Ha({mp} | {B})
=E w1} (731 (00} {0y L Log F({x]}, (0]} {s]} A} | U.0% T, )] -
By o0y 02 a(bL L {7} {OIN] = E sy, [logaldmd} | {811)]
=Y (@) (log N (x] | Ui, 0°1) +log Tir) + Y (Z(‘I’g)m + oy — 1) (v(B]) —¥(8))

Jyi LU 4.l il
- N(Zlog I'(ay) —log F(040)) - Z (®7) s log(®)ue
l 7,5,
=B = 18]) - v(E) + Y (- losT(8]) — log T(4) ) (43)
Jil J l
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Figure 1: Comparison between Algorithm 1 and Variational EM

where(+) is the digamma function. The variational EM algorithm themoaints to maximizing
iteratively, optimizing over one block of variables at a &inwhile fixing the others:

(@Dwr o N | U, o* )T exp(v(B) — w(5)), (44)
B = Y (@D +a, (45)
il
N n k 7 , 7
U, = ZJTVl 21:711 Zz'?(q)i ill X3 ’ (46)
Ej:l 2ic o= (5w
DD YD I Al R
o? d N : (47)
N n j ,

Ty = Z] 1 Zy 1( )ll (48)

Z] 1 Zz 1 Zl 1( )ll’

N &k

a = arg {gg}g} 2 lzzl(al - 1)(1/}(5]) (Zlogf o) —logT'(ayg 949)

The update forx is a convex optimization problem whose inverse Hessian eatolmputed in linear
time. We iterate these updates until the lower bound stapsasing.

Finally, we have to match the columns@fwith the columns of". Note that the updates imply that
the columns ot/ are aligned with the rows df, so it suffices to matcli’s rows with its columns.

Using the assumptions that/ay = 7 andw; # m; V i # j, we recover the matching by sorting
a/agandTa/ .

We compare the proposed method and the above Variationall§drfithm on synthetic data gener-
ated from the HMM in Sectidn/4 under the same parameter gettircept that the number of sets
takes smaller value§l 25, 250, 500, 1000, 2000, 4000}. We repeat the experiment 20 times with dif-
ferent random draws from the generative process. Figureesdhe relative estimation errors for
(in spectral norm) and (in entrywise 1-norm) for three methods: Algorithm 1 (ter)swariational
EM initialized with the output of Algorithm 1 (tensor+vbEMand variational EM initialized with
100 random parameter values (rand+vbEM). Clearly, Algonitl outperforms the randomly initial-
ized variation EM, and there is barely any improvement gsgifrom combining the two methods,
except whenV is very small. In terms of computational efficiency, we obsethat Algorithm 1 is
orders of magnitude faster than the variational EM alganittOn our platform with 48 cores (2.3

GHz each) and 512GB of memory, Algorithm 1 takes a couple af$ito finish all 20 experiments,
but the variational EM method takes days.
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