Supplementary Material for Learning with Invariance via Linear
Functionals on Reproducing Kernel Hilbert Space

A Proof of Representer Theorem 2

Proof. By Riesz’s Theorem, the linear functional L;(f) can be represented as an inner product
L;(f) = (f, zi), where z; is a member of the Hilbert space and z;(z) = (z;, k(x, )).

We now claim that the solution of the optimization problem (2) can be represented as
l n
Zaik:(xi, ) + Z OéiZi(').
i=1 i=l+1
To see this, any function f in the RKHS can be represented as
l n
FO) =) k(@) + Y aiz() + fi()
i=1 i=l+1
where f, () is in the orthogonal complement of the span of k(x;,-) for 1 <4 < [ and of z;(-) for
I +1 < i < n. Each of the terms that contains the loss function > depends only on f(zx) which
can be written as

flar) = (f0), k@, -))
l n
= Zai<k(xi7')7k<xka')>+ Z ai<zi(')7k<xka')>+<fJ_($>7k(xkv')>

i=1+1
l n
= Z a;k(z;, xE) + Z a;zi(zg).
i=1 i=l+1
Hence, each of those terms depends only on the projection of the function onto the span.

Similarly, each of the terms that contain the loss function /; depends only on the projection of the
function onto the span.

l n
Le(f)=(fox) = D eulk(mi)ze) + D ailen 2 +{f1(x). 2)
i=1 i=l+1
1 n
= <Zaik5(xi,-)+ Z aiziazk>-
i=1 i=l+1

Since all quantities in the loss functions /; and /s depend only on the component that lies in the span,
any function that has components in the orthogonal complement has higher cost than its projection
onto the span. Hence the optimal solution must lie in the span of the desired functions.

Finally, note that the squared norm of the function
l n
FO =ik, )+ Y @izl
i=1 i=l+1
can be written as o’ Kow where K;; = (kj, k) where kj = k(x;,-) if i« < l and k] = z(-)

. v
otherwise. |

The following more general version of the representer theorem covers this case as well. The proof
is similar to that of Theorem 2.

Theorem 7. Let L;, i = | + 1,...,n, be bounded linear functionals in the reproducing kernel
Hilbert space J{ defined by the kernel k. Let F be the span of a fixed set of basis functions ¢;,
7 =1,...,m. The solution of the optimization problem

l n
g= agmin AN b f) tr Y B + 5 lRIP

f=fi+f2,/1€F,f2€30 5 i=lt1
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for \;v > 0 can be expressed as

m l
= Z“ﬁ%’(') + Zaik(xi» )+ Z 0;%(+)
j=1 i=1 ;

1=l+1
where z; is the representer of L;. Furthermore, the parameters w = (wq,..., W) and a =
(a1, ..., ) can be obtained by minimizing
1 !
)\Zlg Vi, f(zi)) +v Xl;lll —|—§aKa
i

where | = Z;":l w;o;(-) + Z k() + Z?:H_l ;2 (+) and K; ; = (k}, k;> where k} =
k(x;,-) ifi <land k} = z(-) otherwise.

B Inner Product of Representers for Local Average

Proof for Theorem 6. By the reproducing kernel property and Cauchy-Schwarz inequality,

£ = [U ke D < I RG] = 1] ko x)Y2 < C £ (12)
Theretore, | L, ()] = | [ f(rntx = 7)ar = )| < /x F@)lp(xi — 7)dr + C ]
<c|f /xmxi —r)dr + C|lf] = 2C £l n

B.1 Inner Products of Representers for Local Average Functional

Let p(x) = (6+v/27) "kg(x,0). Then

(2, k(x,)) = / (s, 7)p(xs — 7)dT — k(x5 %)
i S s = 7l?
) n/2 _n - _ ||X TH e |
= (2m)" e / (27T)”/2a” eXp( 202 ) (2n)r2gn P ez )47
— k(x;,x)

n

A Lo —x)?) —e L — 2
=——exp| ———|xi — x —exp | —=—||xi —x
@+ P\ 200 +0)2 P\ 7202

=14+0/0) "koro(xi,X) — Ko (X, X;).

Similarly,

(o 3m,) = L (2,) = (20)"%0" | [M exp (—Mnxj - x||2)

1 1 . )
~ @men P Tga”Xa -l
1 2
@myrgn P ~ gl =7l dr = 2 ()
n 1
=7 _ exp | ————||xi — XA||2
(o +26)" 2(0 + 20)2 J

__ _éHx._X.H? — 2 (x1)
o+oy P\ 20002 T g X
=Ko (X4,%5) + (1 +20/0) "koqoo(xi, %) — 2(1 + 8/0) " koqo(Xi, Xj).
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