Appendix

Recall that we are interested in the minimization

min  ||4-Bl|r ©)
s.t. [|ID||l2 < ¢

Zi;Dij =0

D =|B|.

Lemma 9. If we define R = |A

, this is equivalent to the minimization

In]:i)n [|[R — D||r (10)
s.t. [|ID||l2 < ¢

ZijDij =0

D>0

Proof. For fixed D, the minimum B will always be achieved by B = D © sign(A), meaning
|A = Bllr = [|A =D ©sign(A)|[r = ||k = Dl|r. O

To actually project the parameters A = (/3;;) corresponding to an Ising model, one first takes the
absolute value R = |AJ, and passes it as input to this minimization. After finding the minimizing
argument, the new parameters are B = D © sign(A).

Theorem 10. Define R = |A|l. The minimization in Eq. 1 is equivalent to the problem of
maxnr>0,a §(A, M), where the objective and gradient of g are, for D(A, M) =1I.[R+M—-AGZ],

9(A, M) = Z||D(A, M) — R} + A~ Z - D(A, M) (an
dg
& = Z® D(A, M) (12)
dg
7 = DA, M), (13)

Proof. The minimization in Eq. 10 has the Lagrangian
1
L(D,A, M) = Z||ID -~ R|%+I[|D|2<cJ+A-Z-D—M-D, (14)

where I is an indicator function returning oo if || D||2 > ¢ and zero otherwise, A is a matrix of La-
grange multipliers enforcing that Z;;D;; = 0, and M is a matrix of Lagrange multipliers enforcing
that D > 0.

Standard duality theory states that Eq. 10 is equivalent to the saddle-point problem
maxys>o,A minp £(D, A, M). So, we are interested in evaluating g(A, M) = minp L(D, A, M)
for fixed A and M. Some algebra gives

argml%n L(D,A, M)
1
= argn}:i)n§||D—R||%+A-Z~D+I[||D||2 <¢-M-D

1
= argm[i)n§||D —(R+M—-A2)||F+I[|D]]2 <,
which shows that g can be calculated as in Eq. 11.

Next, we are interested in the gradient of g. By applying Danskin’s theorem to Eq. 14, we have that

d;‘zlw argminp L£(D, A, M) will be exactly D where D is the minimizer of Eq. 14. This establishes

Eq. 13. Similarly, it can be shown that % argminp £(D, A, M) = Z® D, establishing Eq. 12. O
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Figure 3: Accuracy on Grids, as a function of edge strength. All sampling methods use 30k sam-
ples, except sampling on the original parameters which includes a second (lower) curve with 250k
samples.

Theorem 11. The divergence D(0,1) = K L(3)||0) has the gradient

d

PO = > pla ) = 0) - f(x) (f(x) — p(v).

Proof. Firstly, it can be shown that

D(0,¢) = plx;9) (1 — 0) - f(z) + A(0) — A(x)).

From this, it follows that

d o dp(xs)
PO =3 g -0 f@

+ Y p(xs9) f(z) — p(y).

This can be seen to be equivalent to the result by observing that the second two terms cancel, and

that dp(x; ) /dyp = p(z;9)(f(x) — p(¥))). 0
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Figure 4: Accuracy on random graphs, as a function of edge strength. All sampling methods use

30k samples, except sampling on the original parameters which includes a second (lower) curve
with 250k samples.

12



Marginal error

Marginal error

Marginal error

Marginal error

Grid, Interaction Strength 1.0, Mixed

Grid, Interaction Strength 1.0, Attractive

LBP LBP
TRW TRW
05 e Mean-Field 05 e Mean-Field
Original Parameters Original Parameters
- —-=Euclidean - —-=Euclidean
041 — — - Piecewise KL(o|ly) (TW 1) 5 04T — — - Piecewise KL(®|[y) (TW 1)
...... Piecewise KL(8]ly) (TW2) 5 -===-= Piecewise KL(8||y) (TW 2)
— KL(vl[6) T 03l — KL(vl[6)
0.3r 0.3
c— = KL(6][y) g === KL(6lly)
5]
=
0.2r 0.2r
0.1r 0.1
070 T L{ - AL‘;i - Au‘ﬁiA o 47 5 ‘1 ‘2 ‘3 4 5
10 10 10 10 10 10 10 10 10 10 10 10
Number of samples (log scale) Number of samples (log scale)
Grid, Interaction Strength 2.0, Mixed Grid, Interaction Strength 2.0, Attractive
LBP LBP
TRW TRW
05r e Mean-Field o5 e Mean-Field
Original Parameters Original Parameters
- —-=Euclidean - —-=Euclidean
041 — — - Piecewise KL(0[ly) (TW 1) 5 °-4’\\\ — — - Piecewise KL(8|[y) (TW 1)
N Piecewise KL(6||y) (TW2) 5 ~N\ \'\. ------ Piecewise KL(6]|y) (TW 2)
N —— KL(yllo) 5 NG —— KL(yllo)
0.3\, 203 WO N,
3N === KL(@ll) = ot g e s ST KL (B s s araas
3 Y ..
027. ------------------------------------------ s 02l AN ~§\ et L L S ——
. B \ “"..\-\\-—'-w e
01y pisiapbbtplsiopidepinyleeg B L
10° 10' 10° 10° 10* 10° 10 10' 10° 10° 10* 10°
Number of samples (log scale) Number of samples (log scale)
Grid, Interaction Strength 3.0, Mixed Grid, Interaction Strength 3.0, Attractive
LBP LBP
TRW TRW
05 e Mean-Field 05 e Mean-Field
Original Parameters Original Parameters
- —- - Euclidean M~ - —- - Euclidean
0'47\ — — - Piecewise KL(®|ly) (TW 1) 5 — - Piecewise KL(8||y) (TW 1)
NN e Piecewise KL(8]|ly) (TW2) 5 Piecewise KL(B][y) (TW2)
A ——KL(yl[6) E Kty == ==
0.3 T 0.3 N
NIRRT = KBy 5 NN s === KL(6ly)
NN s N\ NN
NS~ = . ~. NS —— —— -
02 RN T -1 N e T
RS N\, e e e e e
. e —— — - ~.
""“loh'll-.u-...--; ------- s - >,
0.1r 0.1r RN
~~\-~‘ ~\"——--~._ ________
00 ‘1 ‘2 ‘3 ‘4 ‘5 0 ‘1 ‘2 ‘3 ‘4 ‘5
10 10 10 10 10 10 10 10 10 10 10 10
Number of samples (log scale) Number of samples (log scale)
Grid, Interaction Strength 4.0, Mixed Grid, Interaction Strength 4.0, Attractive
LBP LBP
TRW TRW
05 e Mean-Fied 050 .. Mean-Field
Original Parameters Original Parameters
- —-=Euclidean - —-=Euclidean
S — — - Piecewise KLE©I[w) (TW 1) e sceaim o Plocevise KL(O|y) (TW 1)
\\ ——— — — — — SRR Piecewise-KL(8}|y) (TW.-2) 5 e TEeers Riecewise- KL (Bfhy) (FW-2)
03PN TN e L) E ——KLyll6)
RARH == =KL(Ollw) S s == KL(O]lw)
N N e g
wmTTTmRTTT S " SS e ———— e -
02 0.2f \, e, I
\ e em T hrmsnemm i aran n man
\~
0.1 0.1t .
~.~"'-o~—. . ———————
10° 10' 10° 10° 10* 10° 10 10' 10° 10° 10* 10°

Number of samples (log scale)

Number of samples (log scale)

Figure 5: Accuracy on Grids as a function of time
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Figure 6: Accuracy on Low-Density Graphs as a function of time
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Figure 7: Accuracy on Medium-Density Graphs as a function of time
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Figure 8: Accuracy on High-Density Random Graphs as a function of time



