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A Proofs

A.1 Proof of Lemma 2.2

Proof. h is convex so for t € (0, 1], we have
f@®) = f(x) = g(a™) — g(x) + h(z ™) — h(z)
< g(x™) —g(x) + th(x + Az) + (1 — t)h(x) — h(z)
@ﬂ g(z) + t(h(z + Az) — h(z))
Vg(z)" (tAz) + t(h(z + Az) — h(z)) + O(t?),

which proves (8).

Az steps to the minimizer of A plus our quadratic approximation to g so tAx satisfies
V()T Az + %Al‘THA.I + h(z + Ax)
< Vyg(z)T (tAz) + gAl‘THAJ) + h(z™)
<tVg(z)' Az + gA.’L‘THAJJ + th(z + Ax) + (1 — t)h(x).
We can rearrange and then simplify to obtain
(1—-t)Vg(x)TAz + = ! (1 —tHAzTHAz + (1 — t)(h(z + Az) — h(z)) <0

V()" Az + %(1 + ) AzTHAz + h

—~

x4+ Az) —h(z) <0

V()" Az + h(x + Az) — h(z) < (1 +t)Az" HAz.

l\DM—l

Finally, we let ¢ — 1 and rearrange to obtain (9).

*Equal contributors
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A.2 Proof of Lemma 2.3

Proof. We can bound the decrease at each iteration by
f@®) = f(2) = g(a™) — g(z) + h(z™) — h(z)
< /01 Vg(x + s(tAx))T (tAzx)ds + th(z + Az) + (1 — t)h(z) — h(z)
= Vg(z)T (tAz) + t(h(z + Az) — h(z))
+ /OI(Vg(x + s(tAx)) — Vg(x))! (tAx)ds
<t(Vg(x)" (tAz) + h(z + Az) — h(z)

+ /O IVg(z + s(Ax)) - Vg(x)llllAwlld8> -

Vg is Lipschitz continuous so

Fat) - fla) <t (ngc)TAx T h(e + Ax) — ha) + 2T ||Aw||2)

2
:t(A-i-LQItHA.THQ). (18)
If we choose t < 2L—7;‘(1 — a), then
%Hmw < m(1—a)||Az]? < (1 — a)AzTHAz < —(1 — a)A. (19)

We can substitute (19) into (18) to obtain
fl@h) = f(@) <t(A - (1-a)A) =t(ad).

A.3 Proof of Theorem 3.2

Proof. {f(xy)} is a nonincreasing sequence because because Az is a descent direction, and there
exist step lengths that satisfy (10) (Lemma 2.3). f is also bounded below so { f (x})} must converge;
ie.

f(xr) — f(zre1) = atpAg — 0.

The step lengths ¢, are bounded away from zero because sufficiently small step lengths satisfy the
sufficient descent condition so Ay must decay to zero. Ay satisfies

Ak = Vg(xk)TAmk + h(l‘k + A.’L‘k) — h(l‘k)
< —Axl HipAzy, < —m|Axg|?,
where first inequality follows from (9). We reverse this inequality to obtain

1 1
|Aay]® < — Aaf Hpwy < ——Ay

so the search directions Azj must also converge to zero. This is sufficient the sequence {xy}
converges to be a minimizer of f (Lemma 3.1).

A.4 Proof of Lemma 3.4

Proof. h is convex, so Jh is monotone. H is a symmetric, positive definite matrix so we have

(Oh(z) — Oh(y)) (x —y) >0
(z—y)"H(z —y) > mlz —y|*
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We add the two equations above and divide by m to obtain

L (ta 4 0h(a)  Hy + Ohw) @~ ) > 2 o]
T
(|mtrsom| @ | Lron] ) @ =le-*

Let u and v denote [-L(H + 8h)] (z) and [£ (H + 0h)] (y) respectively. Then, after simplifying,

1
m

(u—v)"(R(u) = R(v)) > [[R(u) = R(v)||*.

A.5 Proof of Theorem 3.5

Proof. The assumptions of Lemma 3.3 are satisfied so step lengths of unity satisfy the sufficient
descent condition after sufficiently many iterations. Hence, for k sufficiently large, we have

Thi1 = proxfk (xk — Hk71Vg(xk)) .
Let V.Sk(x) denote [i (Hi — V?g(x))]. R is nonexpansive (Lemma 3.4) so

[zk+1 — 2" < || Rk 0 Sk(zk) — Ry o Sk(2”)]]
< 1Sk (wx) — Sk(z™)||
< |ISk(wg) — Sk(2*) — VSi(a*) (zr — )|
+ ||V Sk (2*) (z — )] (20)

We choose Hj, = V2g(z}) and V2g is Lipschitz continuous; hence

IN

* * ]' * *
IVSk (") (x — 27| EIIVQg(xk) = Vg2 — 27|

IN

L

2|y — 27|, @1
m

{zr} — x* and Vg is continuous, so for k sufficiently large,

1Sk (k) = Sk(2”) = VSk(a™)(wx — 27|

/0 (VSk(a* 4+ t(xr — x¥)) — VSk(x™)) (x, — x*)dtH
< /0 [(VSk(a* +t(x — 2%)) — VS(z™))| lxr — 2*[|dt
< /O % 1V29(2%) — V2g(a* + t(a — o)) llz, — o* [t

1
L L
< / L2 o — |2t < 22 o — |2 22)
0o m 2m
Substituting (21) and (22) into (20), we have

3Lo

ek — 2*|| < =l — ¥
2m

A.6 Proof of Lemma 3.6

Proof. The Lipschitz continuity of V2g imposes a cubic upper bound on g:

1 1
g(x +tAz) < g(x) +tVg(x)T Az + §t2AxTV29(x)Aac + 6L2t3HA$H3~
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We set t = 1 and add h(x + Az) to both sides to obtain
flz+ Az) < g(x) + Vg(x)T Az + %AxTVQQ(x)Ax
+ %L2||Ax||3 + h(z + Azx).
We then add and subtract h(x) and %AxTH Az from the right hand side and simplify to obtain
flx 4+ Az) < f(z) + A+ %AojT(Vzg(z) — H)Azx
+ %AxTHA:r + %L2||Aa:||3. (23)

3 Az (V?g(x) — H)Az can be split into two terms that can be bounded using the Lipschitz conti-
nuity of V2g and the Dennis-Moré criterion:

%AwT(Vzg(x) — H)Azx
= %AmT(V2g(:c) — V3g(a*)) Az + %AxT(VQg(m*) — H)Azx

1
< Loflz —2*[[[| Azl + Sl Ax] [[(V2g(*) — H) Az
= o ([Az]?) + o (llAz]?).

Az™ HAx can also be bounded using Az” HAxz < —A. We substitute these expressions into (23)
and rearrange to obtain

1 1 1
fla+Ar) = fl@) <A- A+ §AxT(V29(x) — H)Az + 6L2||A3c||2|mg;|\
1 1
<A+ 6L2||Agc||2A +o (|Az|?).

Az} — 0 (see the proof of Theorem 3.2) so f(z +Axzi) — f(xr) < 2 Ay after sufficiently man
p 3 y y

iterations and thus the unit step length shall eventually satisfy the sufficient descent condition. [

A.7 Proof of Lemma 3.7

Proof. Ax and AZ are the solutions to their respective subproblems so they are also the solutions to

Az = argmin Vg(z)'d + Ax" Hd + h(z + d),
d

Az = argmin Vg(z)Td + AzTHd + h(z + d).
d

Hence Az and AZ satisfy
Vg(x)" Az + Azt HAx + h(z + Ax)
< Vg(x)T Az + AzT HAZ + h(z + A%)
and
Vy(z)T Az + AiTHAZ + h(x 4+ A#)
< Vy(x)T Az + AxTHAz + h(z + Ax).
We sum these two inequalities and rearrange to obtain
AzTHAz — AxT(H + H)Az + AzTHAZ < 0.
We can complete the square on the left hand side and rearrange to obtain
Az"HAz — 202" HAG + A2THAZ
< AzT(H — H)Az + Az (H — H)Az.
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The left hand side is || Az — AZ||%, and the eigenvalues of H are bounded so
80— Ad) < —— (Aa(H ~ H)Ax + AT (1H H)A”)w
T 2| < NG x x & Z

1/2
| (aa) + A 24)

< % H(H ~ H)A#

We use a result due to Tseng and Yun (Lemma 3 in [21]) to bound (||Az|| + ||AZ||). Let P =
H-Y2HH~1/2, then | Az|| and || AZ|| satisfy

M (1 + Arna,x(P) + \/1 - 2/\min(P) + /\IIIBX(P)Q)

Azl < Az
Az < — 1Az
We denote this constant using ¢ and conclude that

[Az]| + [[AZ]] < (1 + c)|AZ]. (25)

We substitute this inequality into (24) to obtain

1Az — Ad|? < ,/% |~ mad]

A.8 Proof of Theorem 3.8

1/2
Az,

Proof. We select unit step lengths after sufficiently many iterations (Lemma 3.6) so for large k, we
have

-1
Tpy1 = prox; (xk - V2g(xy) Vg(xk)) .
We can split ||zp4+1 — =¥ into two terms:
|ps1 — 2*]| < ||ow + Azt — 2*|| + || Az — Az

The first term decays to zero quadratically because because the proximal Newton method converges
to z* quadratically; i.e.

ok + Aagt = 2| = O (ot - o).
The second term ||Azy, — Az}t|| = O (H(V2g(xk) — Hk)Aa:kHl/Q ||Aka1/2) | (Lemma 3.7).
We can show that || (V2g(zx) — Hy) Azg|| = o([|Azy)):
[(V2g(xr) — Hi) Ay ||
< [(V2g(ar) = V2g(a*)) Az || + || (V2g(z*) — Hy) A
< Lofjzr — 2™ ||| Azl 4 o([| Azl]).
thus Az || = o([| Az)-
| Azl is within a factor ¢, of [|Az}*|| (Lemma 3 in [21]) so
) < o802 = e, — ]
< e (ks — 2| + le* —al)
< O (|lzx, — 2*|%) + Ollzx — 2*|))-

The second inequality follows from c¢;, = O(1), due to the bounded eigenvalues of Hy, and V2g(zy).
Hence [|Azy|| = O(lzi — o)) and a1 — 2*] < of [z — 2]
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