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1 Introduction

In this supplementary material we flesh out the applicatfoexpectation propagation (EP) to prob-
abilistic amplitude and frequency demodulation (PAFD).

2 Forward mode

The PAFD generative model draws amplitude variables fronGanssian auto-regressive process
which is constrained to be positive, and phases from an raghi@ssive von Mises process (here of
second order),

plarr A1, 0?) o HNOHH (at§ Z )\t/at—t/,<72> 1(a; > 0), 1)
t tr=1
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p(b1.7)k1, k2) H exp (k1 cos(0y — 0t—1) + ko cos(b; — 0:—2)) , (2)
t=1
p(velas, 0:) = Norm(yy; a; cos(6; + &t), 02). 3

The joint distribution over the amplitudes is a multivagistuncated Gaussian. Therefore, when the
von Mises process becomes an independent, uniform distnib(k; = 0 andk, = 0), the model
reduces to that of Sell and Slaney with a particular speeteadhting function determined by the
dynamical parameteh,.,.

3 Reformulating the model as a constrained Gaussian AR(1) process

The model can be massaged into a form which simplifies theéagtioin of EP. First, the distribution
over the amplitudes is written as a multi-dimensional GaumsAR(1) process with an associated
positivity constraint. Defining} = [a1,¢,a2¢,...,ar4] = [a1¢,81,¢-1,...,a14—7+1], We have

T
plar.r|Aa, Xa) H Norm(a;; Apai—1,Xa)1(a1, > 0). 4)
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The new dynamical parameters are,
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Second, the auto-regressive von Mises process over phasegittereas a bivariate Gaussian AR(2) process
that is constrained to the unit circle (ixe.; = cos(6;) andxz; = sin(6,)),
T 2
p(XI:Q,lzT) X H I(Xit + Xg,t = 1) H Norm(an,t; )\1X7n,t71 + )\2X7IL,i727 02)7 (6)
t=1 m=1
where the parameters of the AR(2) process are related to the pararogtée von Mises distribution by

U2 =1, A1 = 15}62 and>\2 = ko.

Alternatively, this bivariate Gaussian AR(2) process can be written ARgh) process with four hidden states,

X{ = [X1,,X2,t, X3,¢, Xa,¢] = [cos(0),sin(0;), X1,4—1,X2,¢—1], thatis
T
p(x1:7|Ax, Bx) x l_INorm(xt;Axxt,l7 Ex)l(xit + xg,t =1). @

t=1
The new dynamical parameters relate to the old ones,
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The likelihood must be rewritten in terms of these new variables and it bes,om
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p(yilac, xi, we, o) = Norm(ye; a1, wixe, o). C))
Where the time varying weights of the emission distribution are,
wi = [ cos(wt) —sin(@t) 0 0 ]. (10)

Finally, to further ease subsequent notation, we can concatenate thitudenand phase variables =
[atT, x{] and rewrite the model in terms of this single set of variables,

T

p(z1r|As, 52) oc [ [ Norm(zi; Avzi 1, 50)1(20 410 + Zr 4o = D1(z1 > 0), (11)
t=1

p(ye|ze, we, o) = Norm(ye; 21,¢ (W1,1Zr 41, + WoZri2,t) ,05) (12)

The new dynamical parameters are,

Aa O [z, 0
AZ:{O Ax}’ zz_[o EX]. (13)

This completes the reformulation of the model, which now has constraiaed<tn AR(1) dynamics and a
non-linear likelihood which is conditionally Gaussianzin: = a1+ Of zr+1.r42 = [xl,t,xl,t]T, but which is
not jointly Gaussian.

In the remainder of this note we use a mixture of the three different nosatierhave for the mode{a., 6. },
{at, Xt}, andzt.

4 Factor graph representation of the model

The model can be written in terms of a product of clique potentials in a nuafluifferent ways,
T

p(yirr, 21.7) HNorm(Zt; Aozi1,5,)p(ve|ze)1(ae > 0)1(x5 , + x5, = 1), (14)
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5 Application of Expectation Propagation

Each of the factor graphs described in the previous section suggesfferand way to apply EP to the
model. Considering numerical stability, implementational convenienag canvergence speed, we choose
the representation which breaks apart the potefitiét,, z; 1) into the dynamical component and the likeli-
hood/constaint componei; (z¢, z;—1) = m¢(z¢, z1—1)¥(a1,¢, X1+, X2,¢). EP then approximates the posterior
distribution using a product of forward, backward and constraineaditi&od messages,

T
q Zy: T HOét Zt /Bt Ztﬁ/}t(al ty X1,t, X2, t HQt(Zt)~ (17)

t=1

All of the messages will be un-normalised Gaussians. The belief will @smknormalised because the model
is only defined up to an unknown normalising constant, which EP will apprabe.

The message passing scheme should be interpreted as follows,

1. au(z:) is the effect ofr:(z:—1.+) on the beliefy(z:)
2. Bi(z¢) is the effect ofryy1(z¢..+1) on the beliefy(z:)
3. ¥i(an,e, x1,6,x2,¢) is the effect of the likelihood and the constraints on the belief)
The updates for the messages can be found by removing the messagegz:.1) that correspond to the effect

of a particular potential. These messages are replaced by the cowlégppotential. The deleted messages are
then updated by moment matching the two distributions. We now derive thip@des using this procedure.

5.1 Updatefor a;(z:) and B;—1(z:—1)

Removingo, (z:) andS:—1(z:—1) and replacing them with; (z¢, z.—1) we have,

t—2
<H qt/(zt/)> t—1(Zt—1)Vt—1(2e—1 )7t (22, Ze—1) Be (22 ) e (2 ( H qu (ze ), (18)

t/=1 t=t+1

t—2
<H Qt’(zt')> Pr(Zt—1,2¢) H q(z¢r) | - (19)
t/'=1 t/'=t+1

The moments of belief must be matched to this distribunj;(ﬁm;T)MgMﬁ,r (z1.7) by altering the parameters of
the messages; (z.) and3:—1(z.). From the above, this simplifies to matching the moments of the approximate

two-slice conditionalg(z;—_1, zt)MgMﬁW(zt_l, z.). This is simple because all of the distributions are Gaussian.

Pr(z1:1)

In more detail, the procedure for updating the forward messagesai@sd,

1. Compute the natural parametergefz._1, z;.) by adding the natural parameters of the constituents
2. Convert into moment form (see section

3. Read off the moments fer;. This is equivalent to marginalising_; to get the one slice marginal
pr(z:) = [ dzi—1 p(z+—1,2:) and computing the moments of this distribution.

4. Alter the natural parameters ot (z;) so that the moments @f(z:) match those op-(z:). This
involves converting the moments pf (z; ) into natural parameter form, see sectfn

An analogous procedure is followed in the backward message updates.

Both updates require the dynamics potential in natural parameter form,

m(z¢,21—1) = NormNat ({ thtl ] ;Cf,cf,C?) . (20)
where the natural parameters are
T 1 T ™ 1 Z:Z_l _Ez_lAz
¢y = f§logdet(27rEz), ci =0, Cf = ~3 { ATl AT, ] (21)
Using the above the approximate two-slice conditional is,
oty s) = Norae (| [t ef. ). (22)



where the natural parameters are
; 1 _ 5 é . —iy 14 C 1y, tA,

where the natural parameters denoted with a tilde are formed from thmiimgonessages atandt¢ — 1 by
adding their natural parameters,

Gr=cl+c¥, &1 =cy —|—czb717 é=c+¢f, (23)
G1=ciatel,, Co=C/+C}, Cioa =Cy + Oy (24)

First we consider the updates of the forward messages. In ordemioute these we integrage_1 (b~ (z:) =
[ dzi—1 pr(z:,2¢—1)), which by the results in section yields,

Pr(z¢) = NormNat (z¢; ct, ¢, Cy) (25)

where
Cr=— %2;1 +Ci — %z;lAZ(CH — %Afzz—lAz)—lA;zgl =C— (22, - AC AN (26)
Where we have used the matrix inversion lemm@ + BRB")™' = P! — P'B(R™! +

B'P'B)'B"P~!withP =25, B=A,,R=C;",.
ler, = 1 PR _ - _1, Al s
e =¢ — 5%, "AL(Crq — §AZTzZ W)t =é — (28, — ALCLADTIALCT e (27)

Where we have use® 'B(R™* + B'"P™'B)™' = (P + BRB")"'BR with P = 2%,, B = A, and
R=-C;.

1 1 ~ 1 _ 1. 1 1 _ ~
ce=-3 log det 253, + ¢; — ZéLl(Ct_l — 5/\322 A TE o — 3 logdet(§AZTEZ 'A, —Cil1),

1 - 1 -
=G+ g log det(—C;_1) — 7 log det(2%, — A,C; L A])

1. ~— ~— = _ =1y~
- ch_l(ctjl + AL 2s, — ALCTHADTIALC  )é (28)
Where we have used the matrix determinant lemmdgt(R + B'P™'B) = det(P +

BR™'BT)det(P~') det(R) and the matrix inversion lemma.

We update the forward messages by matching morrmmzt)Mqu(zt). Because everything is linear and

Gaussian, this can be done exactly by matching the natural parameters.

cr =- Vi, @)
N 1o 4, ~q -
c =— ivt "ACTNé (30)

1 ~ 1 1. ~_ 1. _ 1\~
¢ff =ti-1 — 5 logdet(~Cy1) — ; logdet 2V, — ZcLl(ctJ1 + 5c,sleIv "A.Ci'e1. (31)

where

Vi=3, - SACA] (32)

Next we consider the backward messages. In order to compute thesetegratez: (p-(z:—1) =
| dz¢ p=(z¢,z¢—1)), which by the results in section yields,

Ppr(zi—1) = NormNat (zi—1;¢i—1,¢—1,Ci—1) , (33)
where
Cir = — %Alﬁ;ll\z +Ceo1 — iAlE;%ét - %2;1)*12;% = Ci1 = A28, - C7 1) A,
- 1 1, | T - 1 A1~
Ct—1 =Ct—1 — iAIEZ 1(Ct - §Zz 1) 1Ct =Ct—1 — AI(QEZ - Ct 1) 1Ct 1Cta (34)
- N 1. 1.~ 11 1. 1 1.1 =~ 1
Ci_1 =C¢ +Cp_1 — th (Ce — §EZ ) e — 3 logdet(EEZ —Cy) — 5 log det(2%,), (35)

&+ &g — i&{ (C;l SN G - 22Z)‘1(};1) & — %logdet(QEZ oY - %logdet(—ét)
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This leads to the backward recursions,

Oy = —5AIUT N, el =~ AU G e, (36)
8 = 1 v /x-1 1x_1i,—14-1) « 1 1 o
Cl1 =8 =~ 1 & C; + ict U, Gy )e — 3 log det(2U) — 5 log det(—Cy). (37)
where
1x-1
Ui=%, - ECt . (38)

The forward and backward messages reduce to the Kalman Smoethesions when the likelihood is an
unconstrained Gaussian.

5.2 Updatefor ¢ (a;, 1.1, Xa.¢)

In order to update the constrained likelihood messages, we divide onethenessage (a, x1.¢,x2.¢) , and
replace it with the true potential yielding the moment matching update,

a(x¢)"2" Py (2¢) = e (2e) Be(2e) e (ar, 1,6, X2,6) (39)

The true potentiad): (a¢, x1,¢, X2,¢) iS @ truncated Gaussian in the amplitude variable

¢ (ag, 0;) = NormNat (at; e’ e?, Cg’) 1(a; > 0). (40)
where,
¢/ = ——log 2o, iy? cl = iyt cos(@t + 6;), C¥ = L cos” (@t + 6;). (41)
’ Yo 20277 o2 Tt 202

This observation motivates the following scheme to compute the momepig®f). First we can marginalise
all of the variables except the amplitude X and the phasor variables;(; andxs , or egivalentlyd). This
is simple because they are Gaussian. We can then compute the necessaewts by first integrating over
the amplitude variable (the integrals involve error-function) and then rigally integrating over the phase
variable (e.g. by gridding up the space).

In more detail first we compute the natural parameters of the profitiet mcoming messages: (z: ) 5:(z:) =
NormNat (z; ¢2?, e0?, C27),

o =cf +cf, i’ =cf +¢], CFF =CF + O (42)

Next we marginalise over all variables exceptx:,. andxsz,; using the result in sectionand write the result
as a function of the amplitude variable,

Dy (ar,X1,¢,Xa,t) = ¢t(at,9t)/ d{z: # ar, 0:} NormNat (z¢; cp”, )%, CfF), (43)

= NormNat(as; c*(0), " (0),C"(0))1(a; > 0). (44)

Next we compute the zeroth, first and second moments of the amplitidélea, using sectior8.

mony (0:) = /dat Py (ae, X1,t,X2,t), (45)
momy (6;) = /dat at Py (at,X1,6,Xa,t), (46)
mornz(et) = /dat a? ﬁv,(at,xl,t,){g,t). (47)



Finally we compute the circular moments by integrating over the phase Matiaing, for example, using the
rectangle rule,

A, X
:/dat momy (6;) ~ Wg ; momy (nAg), (48)
N
(o) = / d6, mom, (6;) ~ % z::l mom (nA), (49)
A, XN
(sin(6y)) =/d0t sin(f;) momy(6;) ~ We nz::lsin(nAg)morrb(nAg), (50)
A, X
(cos(60)) = / d6, cos(6:) momy(6,) ~ W@;cos(mg)morrb(mg), (51)
N
(af) :/d&t mom, (0;) ~ % ; mom, (nAyg), (52)
Ay
(at cos(0)) :/dﬁt cos(0¢) momy (0;) ~ We Zcos(nAg)moml(nAg), (53)
Ay XN
(a¢ sin(6)) z/dﬂt sin(6;) momy (6;) ~ We Z sin(nAg)momy (nlg), (54)
(cos?(0)) :/d@t cos®(0;) momy(0;) ~ ?\7 Zlcos (nAg)momy(niy), (55)
N
(sin(0)) = / df, sin®(6;) momy(6,) ~ Z %(nAg)momy (nAy), (56)
:A N
(sin(0) cos(0)) :/dﬁt sin(f;) cos(6;) momy(6;) ~ WG ;sin(nAg) cos(nAg)momy(nlg). (57)

Having established these moments, we update the constrained likelihoodigdatatural parameters by con-
verting the moments to natural parameters and subtracting off the naawaaheters of the incoming messages,
« andg.

6 Natural and moment parameterisations of a Gaussian

The natural parameter form of the Gaussian is,
NormNat(x; ¢, ¢, C) = exp(c + ¢'x + x' Cx) (58)

The natural parameter form is useful because multiplication of two @mssinvolves adding the natural
parameters,

NormNat(x;c1 + ¢2, ¢1 + ¢2,C1 + C2) = NormNat(x; c1, €1, C1)NormNat(x; cz, €2, C2). (59)
The ‘moment’ form of the Gaussian is,

z 1 Ty—1
NormMom(x; z, pt, ¥) = —— exp(— = (x — Xo(x— 60
(x5 2,1, %) Jlden@ns) p(—5(x—p) B (x — ) (60)
The moment form is useful because the moments are given by,
z= /deormMom(x; Z, %), (61)
Zp = /dx x NormMom(x; z, i1, 2), (62)
z2(X + ,u,uT) = /dx xx' NormMom(x; z, i, ). (63)
The relationship between the natural and moment parameterisations is,
1 1 1 .1 (”)D/Q ( N P )
Y=—=-C", =—-C ¢, z2=—~——-explc—-cC ¢ 64
3 4 3 ) p 2 (64)



And the opposite mapping is,
C= —%Zfl, c=Y"'u, c=logz— %logdet(ZwZ) — %,uTzflp. (65)

7 Marginalising a subset of Gaussian variables

Computation of the moments takes the form of an integral of an un-noedaB&ussian with a non-linear
potential. Whilst the Gaussian component depends on all the variablestedenere{x, y }, the non-linear
potential often depends on just a subsetThis section shows to integrate out the Gaussian supset,

The moments we need to compute are,

(1) = /dx dy NormNat ({ ; } ;cxy,cxy,cxy> v(x) = /dx m(x)y(x), (66)
(x) = / dx dy x NormNat ({ ; } ;cxy,cxy,cxy) v(x) = / dx x m(x)y(x), (67)

(xx") = /dx dy xx' NormNat ({ ; ] i Cxy, Cxy, ny) v(x) = /dx xx' m(x)y(x). (68)

These integrals have been broken down into an initial integral pvand a subsequent integral ower The
initial integral is,

m(x) = /dy NormNat ({ ; } ;cxy,cxy,ny) . (69)

In order to compute this integral we rewrite the natural parameterisedsawoverx andy as a moment
parameterised Gaussian ogerUsing the block-partitioned form of the parameters,

o Cx o Cxx ny
welz] e[g &)
Using these patrtitioned forms,

NormNat ([ ;{ } i Cxys Cxy, ny> = NormNat(x; c¢”, ¢*, C*)NormMom(y; 1, iy |x, Lyx) (71)

The moment-parameters are given by,

- 1 .
Hy|x = _nyl(CY/Q + C)Tcyx): Dylx = _gcy; (72)
and the natural parameters are given by
¢ = ey — ;€0 ey + 5 log(m) — 1 logdet(~Cyy). (73)
¢ =cx — CoyCiey, CF = Crx — Cyy Ciy Cly. (74)

WhereD is the number of variables which have been marginalised. This new fakesrthe integral simple
to compute,

m(x) = NormNat(x;c", ", C"). (75)
8 Momentsof atruncated Gaussian

The constrained likelihood message update requires the moments otat&aiGaussian,
momy, :/ da a* NormMom (at; za, fa, 03) vV k=14{0,1,2}. (76)
0

Taking these integrals in turn,

oo 1 1 2
momg =za/0 da ﬁ exp (_273 (a — pa) ) (77)

Za /oo 2

= du exp(—u”), (78)
Ve

Ha [e's)

—— /ﬁaa du exp(—u?) +/ du exp(—u?) |, (79)
VT 0 0
Za Ma

=2 (et +1]), 80
3 ((552) ) o



Where we have converted the integral into a standard form usiﬂgﬁ (a — ua) and we have made use of
the symmetry of the integral, and define the error-functiosrfr) = 2 [* du exp(—u?).

e 1 1
mom; =z, daa N exp <*ﬁ (a— ua)2) ; (81)
0 a a
i 1 1
:za/o da (a — f1a) Norrhas <_ﬁ (a— ,Ua)2> + pamomy, (82)
Za0a [
= da exp (—u) + pamomy, 83
oo % p(—u) +p 0 (83)
— 229 oxp (—u)]%> + pamom (84)
\/ﬂ p 24‘;% Ha, 0,
2
240 :
= \;ﬁ exp (— Q‘L:'g) + pamomy. (85)
where we made the substitution= é (a— pa)®
> 2 1 1 2
moiso :ZaA da a 70.3 exp (—@ (a — ,LLa) ) 5 (86)
> 1 1
=Za da (a — pa)? exp [ == (a — pa)? ) + 2pamom; — pZmomy, (87)
0 V2mo? 202
2022, [ 2 2 2
= NG du u” exp (—u”) + 2pamom; — pzmomy, (88)
T
0223 2,700 > 2 2
== - [U exp(—u )}_ pa -I—/ du exp (—u ) + 2pamom; — pzmomo,  (89)
ﬁ V20, _\}ﬁza
a~afMa 1
= % exp (f 957 pg) + ngomo + 2puamom; — ,uimomo, (90)
s a
=laom; + oimomo. (91)
Here we have integrated by parts usiffg= u exp(—u”®) andv = —1 exp(—u?).



