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Abstract

This supplementary material contains the proof for Theorem 2.2 and a sketch of the
proof of Theorem 2.3 of the main paper.

A Notation

We follow the notation used in the main part, in particular the operators T',, T, T, T defined in Section
4.1, and we recall that S,, := 1;T,; S = T*T; K,, = T,,1};; and K = TT*. We define the auxiliary

n’

notation A'()\) := Tr(K (K + AI)~'), which is the function entering on the LHS of the ED condition.

We denote by (&;);>1 the possibly finite sequence in [0, ] of nonzero eigenvalues of S and K, and by
€3 j,n)1§ j<n the n-sequence of eigenvalues of \S;, and K, respectively (in each case in decreasing order
and with multiplicity). Finally, (F,),>0 denotes the spectral family of the operator .S,,, i.e. F), is the
orthogonal projector on the subspace of H spanned by eigenvectors of .S,, corresponding to eigenvalues
strictly less than w.

It is useful to consider the spectral integral representation: If (e; ,,)1<;<n denotes the orthogonal eigen-
system of .S, associated to the non-zero eigenvalues (\; ,)1<i<n , for any integrable function h on [0, k],
we set

/ Ww)d |Fun Y |7 = (T, h(S)TTY) = Y h(Ain) (T7Y ein)”
0 i=1

By its definition, the output of the m-th iteration of the CG algorithm can be put under the form f,, =
Gm (Sn)TXY , where ¢, € P,,—1, the set of real polynomials of degree less than m — 1. A crucial role
is played by the residual polynomial

pm(x) =1 —2qn () € 73% ,

where PY is the set of real polynomials of degree less than m and having constant term equal to 1. In
particular TXY — Sy, frn = Dm(Sn)TXY. Furthermore, the definition of the CG algorithm implies that
the sequence (P )m>o are orthogonal polynomials for the scalar product [.,.](1), where for i > 0 we
define

. aly = (P(Sn)TY, Sa(Sn)TY) :/ p(w)g(u)u'd | FunTY | .
0



This can be shown as follows: p,, is the orthogonal projection, of the origin onto the affine space P9, =
14 @Py,—1 with the scalar product ., .](0), , where xP,,,_1 denotes (with some abuse of notation) the set
of polynomials of degree less than m with constant coefficient equal to zero. Thus 0 = [py,, 2q](0) =
[Pm,q](1) for any ¢ € Pp,_1. From the theory of orthogonal polynomials, it results that for any m <
Mpinal = #{i:1<i<n,&,(TrY,e;n) # 0}, the polynomial p,, has exactly m distinct roots
belonging to [0, k] , which we denote by (k. )1<k<m (in increasing order). Finally, we use the notation
¢(a,b) to denote a function depending on the stated parameters only, and whose exact value can change
from line to line.

B Preparation of the proof

We follow the general architecture of Nemirovskii’s proof to establish rates. We recall that since we
assume r > 1/2, the representation f* = T f;f‘ holds. The main difference to Nemirovskii’s original
result is that (similar to the approach of [2, 3]) we use deviation bounds in a “warped” norm rather than
in the standard norm. More precisely, we consider the following type of assumptions:

BLOY |5+ 2D~ HTY = 5uf)|| < 600,

B2()) |[(S 4+ A1)(Sp + M) M| < A%, with A > 1

(this implies in particular H (S +AD)F(S, +A[)~#
B3 ||S — S, < kKA.

< A via (20) below),

In the rest of this section we set = r — 1/2. Under the source condition assumption SC(r), for r > %

the representation f* = K"u can be rewritten

=TT w=T(T*T) " 3(T*T)"2T*u = TS*(T*T) "2 T*u,
by identification we therefore have the source condition for f3; given by fr; = Stw with w =
(T*T)~2T*u, and lwll5, < [|ull, since (T*T)~=T* is a restricted isometry from Lo(Px ) into H.

We define the shortcut notation
AH forp <1
Z,(\) = - 1
) {n”A for > 1. )

We start with preliminary technical lemmas, before turning to the proof of Theorem 2.2.

Lemma B.1. For any A > 0, if assumptions SC(r), B1(\), B2(\) and B3 hold, then for any iteration
stepl <m < ™M final

15 (T fn = Y| <e()A? (16}, ()17 4 2,00 o, )71 ) w774

+ (P17 +2%) As(N). @

Proof. Recall that (zx,m)1<k<m denote the m roots of the polynomial p,, ; define further the function
©m on the interval [0, z1 ,,] as

o) = o) (22 )

T1m —
Following the idea introduced by Nemirovski, it can be shown that

175 (T fr — Y| = [[pm (Sn) T, Y ||
<[Py om (S)TY ||
< HFrl,mSﬁm(Sn)Snf;(H + ||Fr1,m90m(sn)(T;Y - Snf;t)” = (I) + (I1).



Above, the first inequality (lemma 3.7. in [4]) is the crucial point, and relies fundamentally on the fact
that (p,,,) is an orthogonal polynomial sequence.

We start with controlling the second term:
(II) = ||F:c1,m90m(sn)(T;Y - Snf;:()” = ‘

<]

Foyom(Sn) (S +M)Z(S + M) 75(TEY — S, f3)

Foy o om(Sn)(Sn + AI)%

AS(N)

< sup x%gpm(x) + Az sup  om(z) | Ad(N)
xE[O,xl,m] xE[O;xl,Tn]
’ _1 1
< (I (O)17% + A1) A0,
where the last line used the inequality (see (3.10) in [4])

|—l/

sup  x"¢h, (x) < v |p),(0)]7", 3)

2€[0,21,m]

for any v > 0 (using the convention 0° = 1), which we applied above for v = 0, 1. For the first term, we
use assumption SC(r); first consider the case p > 1:

(D) = [|For om(S)Safr]| = ([ Far rupm(Sn) SuS* |
< ([ Fernom(S)SE |+ [[Fariom(Sa)S0 | 15 — S41) 57 p
< 1) (1P (" 4 kA [t (0)] 1) 57,
where we applied (3) with v = 2(u + 1), ¥ = 2 and (19). 0

For the case 1 < 1, using (20) and arguments similar to the previous case:

(I) = || Fay .. 0m (Sn)Sn fr
= || Far o (Sn)SnS" 0|

< B0 (Sn)Sn (S + AL | (S + AL (S + AL || [|(S + X) 8% 572 p
< c(i)A? (197 O+ X, (07 ) kR,

Lemma B.2. For any A > 0, if assumptions SC(r), B1(\), B2()\) and B3 hold, then for any iteration
step 1 <m < Mypinal, for any € € (0, T1m):

1T (o = FiON <A (3 (L4 A (P (O] + 7)) A6() +e(u)A? (F + A% ) (2 + Z, (1) k"

b} ,
+V2 (1 + f) e T (Tt~ V) )
£2
If m = 0, the above inequality is valid for any € > Q.

Proof. Set fr, = @ (Sn)Snf;,. This is the element in 7 that we obtain by applying the mth-iteration
CG polynomial g, to the noiseless data. We have

1T = 1501 = ||S% (i = 50| < A||(Sa +ADE(fn = £70)

< A (||FeSn + AD (i = Fou) || + || Fe(Sa 4 ADH (P = £
| FA S+ A (f = 170
= A((I) + (I1)+ (111)),

|

)




where we denote F- := (I — F.). First summand:

Fo(Sp + ADE (fr — ] Fo(Sp 4 M) Fun(80)(S + A)E(S + M) "% (T°Y — Sufi)

(S 4 M) Z g (S0) (S + AI)2

5(A)

< AX(N) < sup a¢m(z) + A sup qm(w)>

z€[0,e] z€[0,e]
< AS(A) (1+ Alpp, (0)]) -

The last inequality is obtained by the following argument: if m > 1, since € < 21 4, P 1S CcONvex in
[0,¢], we have
1—pm(x
anle) = 2 ) gorw e fo.q]:
and also 2, () = 1 — p(x) < 1forxz € [0,¢]. If m = 0, we have py = 1 and ¢,,, = 0, so that the
above is also trivially satisfied for any x.

Second summand: first subcase, (1 > 1, using (19), and the fact that |p,,| (z) < 1 for z € [0, ]:

(I1) = || Fo(Sn + M) % (fr — f5,)

Fo(Sy + M)y (Sn suwH
<

< (5‘”% + AT 4 o(p)rH (55 - )\5) A) )

<) (2} +03) (e + wiA) 0,

Bounding the second summand: second subcase, p < 1:

Fo(Sy + M) pp(S,)SH

L(Sn + A2 p(Sy)

(i A) k7

L(Sn 4+ A2 pm(S,) Fo(Sp 4+ AP 2p, (S,) || A2# %)
<elp)(e+ NN I
Third summand.:
(I11) = |[F2(Sn + A} (fm ~ 5 F-S3 (fm — = 150

(S0 + ADTESy (fon — )

H(Su + AD) I (Tuf = Y)|

)

T g - Y14V (14 2) s 4 A0y - 5,55

IN

(S + A TSy (fon — i)

|8+ ADTHTY — 5017

IA
TN TN e N
+
m‘y
D= o=
N—— ~— SN——
A/~
—
+
o | >
S~
[

2 || T (T frn — Y)| + V2A (1 + i) 5(N).



We now consider the sequence of polynomials that are orthogonal with respect to the scalar product

[, .](2), which we denote by pg), and its roots by 937(73).

Lemma B.3. For any A > 0, if assumptions SC(r), B1(\), B2()\) and B3 hold, then for any iteration
stepl <m < mfinalrfar any € € (Oa 'Tl,m—l)-'

[pm—lapm—l}(éo) = Hpm—l(Sn)T;Y”

< Ao+ A)F60) +elu)A’ (¢ + ZuN) ™ “Ep+ed [P0 @

Proof. By the optimality property defining our CG algorithm,

Ipm 1 (ST < [Py (ST Y| < |

Ep7 (S)TY | + |

Fa ST

1 1
<NRTY |+ d [ply (S SaTiY | = IET Y + 64 [0 p ]

(€]

For the last inequality, we have used the fact that |p£5)71 () < 1forz € [0, 9:53)71] , along with the
assumption 0 < € < &1 -1 < xf}n_l ; the latter inequality is due to interlacing properties of the roots

of orthogonal polynomials for [., .];y and [., .]i41) (see [4], Cor 2.7). We now bound
|FTRY || < | Fo(TY = Sufi)| + [ FeSnSHw|

< ‘ F.(S, + )} H(S” FAD)TEHTEY — Sufs)

|+ IF.5,5mw]
< A(e+ N2V + || FeSn S w|| 5
for the second term, we divide as usual into two cases: for p > 1:
IF.S St w|| < || oSt w]| + | FoSn(SE — SM)w|| < eclp) (6* + k#A) k™ 5p),
and for p < 1:
| FeSn S w|| < || FeSn(Sn + ADF| A2 3 p < e(eh + M)A 3 p.

C Proof of Theorem 2.2

We fix ]
Ao = ((4D/V/n) log (6/7)) ™ k. 5)

and assume n is big enough to ensure A, < x. Furthermore we denote X* = k~ !\, (this normalization
was introduced in [2]).

We rewrite equivalently the discrepancy stopping rule as follows: for some fixed 7 > 0,
1
i := min {o > || T (T fn — )| < (24 7)A2 5()\*)} : ©6)
where 5
~pl
5(A) = ZMA‘:*Z . )

(Observe that the above 7 > 0 is deduced from the constant 7/ > 3/2 considered in the main part of the
paper via T = 3(7 — 2))



We first check B1(\,), B2(\,) and B3 are satisfied simultaneously with large probability, using for this
concentration results which are recalled in Section E. Concerning B1()\,), inequality (17) ensures that

with probability 1 — ~, we have
A 2 6
‘S?M( M )+ ﬁ)log
n v

|5+ AD HTY = Sufi)

VA

QM ~_s 1 4D 6\ ~s=t 6
< —DXN2 (14— | —=log — ] \.? log —
=n <+2D2<\/ﬁ°gv) )Ogv

M ~ +1 1 ~
<7X: 2 (1 7)\u+s
=2 ( T ope )

< ZMXf:*% =60\, ®)

where we have used SC(r), (5) and the assumptions D > 1 and X* < 1. We now turn to B2(\,).
Inequality (18) along with a repetition of the above reasoning yields that with probability 1 — ~:

H(S FAD) RS, — S)H < Y500,

HS — M
so that
H(S+ AD)7E(S, — 8)(S +AI)"E]| < ggﬁa(x*).
Observe that VR
K, -1 3~ 3
— N\x 2 x) — < >
YIATR ) = S < )

so that with Lemma E.2, we obtain that B2(\,) is satisfied with A := 2 (with probability 1 — ). Finally,
equation (11) in the main paper implies that (B3) is also satified with probability 1 — ~, with
2 1
A:=—log—. (10)
v Ty

To conclude, by the union bound, the event that B1(\.), B2(\.) and B3 satisfied simultaneously has
probability larger than 1 — 3+, and we assume for the rest of the proof that we are on this event.

We will assume 7m > 1 for the remainder of the proof and postpone to the end the (simpler) case m = 0.
First step: upper bound on f Pr (O)| . By definition of the stopping rule we have
1T (Thfam-1—Y)| > (2+ T)/\é 0(A«) . Now applying this together with the upper bound of Lemma
B.1 we get
5 ’ —(p+1) ’ -1\ -1 , -1
TAZO(A) < () ([Pr-1(0)] + Zu(\) [P (0] ) 5772 p + 2|51 (0)] 7 6(A)
-1 -1 —(p+1
< 3max (2 [pf 1 (0)] 2 SO0, cl)pn™ [, ()]

(W3 2,0 [ )] ) -

We examine in succession the possibility that the maximum in the above expression is attained for each of
the terms which comprise it. If the first term attains the maximum, this implies |p/, ,(0)| < (9/7%)A;!.
If the second term attains the maximum, this entails

C(N)plﬁfﬂfé |p%1_1(0)’*(ﬂ+1) > 7')\*%5(/\*) ’
which using (7) yields:
|p;ﬁ—1(0)| < c(p, 1) (7) S )\;1 '



Finally, if the third term attains the maximum, we have

(1) pZu(A)R 13 [pl_ 1 (0)] 71 > TAZ6(N)

which using (7) yields:
[P 1 (0)] < el ) A 2N
We now establish the inequality
Z (A)ATH < 1. (1)
The inequality is trivial if ;1 < 1 given the definition of Z,,(\,) in (1). If 11 > 1 holds, from the definition

~2utst1

(10), itholds that A < 1), >, hence

~ 1~s+1 1
Zy AN = AN < 5)\*2 < 7
Gathering all three cases, we obtain that it always holds that
[P (0)] < ep )y max (42, 1) A7 (12)

Second step: upper bound on [p/- (0)| . For this we use the result of the first step and relate | Py (0)| to
Pl (0)|. It is a property of orthogonal polynomials (see Hanke, Corollary 2.6) that for any m > 1

[pm—lvpm—l}(o) - [pnupm](()) [pm—lvpm—l](o)

/ _ / _
pm—l (0) pm (O) |:p(2) p(2) :| — |:p(2) p(2) :|
m—1Fm—1 (1) m—1Fm—1 (1)

13)

To upper bound the above quantity, we apply Lemma B.3 whithe the choice A = A, and

M
€ =€, := a(w, 7) min (, 1) As
P

where 0 < a(j, 7) < 1 should be chosen small enough in order to satisfy some constraints to be specified
below. The first constraint is the requirement €, € (0, z1,,,—1) in order to apply Lemma B.3. For this, it
can be seen from (12) that a(u, 7) can be chosen small enough to ensure

Ex S |p;n—1(0)’_1 S T1,m—1,

the last inequality is an easy consequence of the fact that p,,, 1 has exactly (m — 1) positive real roots
and p,,—1(0) = 1. We now turn to upper bound the following quantity appearing on the RHS of (4):

Alew + M) E(N) + c(u)A%e, (6 + Zu(A)) K™ 5p
< 2(al, ™) + DAL + e(palp, 7) min (p, M) XK~ Fp
< (clp)aln,7) + 2AF(AL),

where we have used the definition (7) for 6(\.) and inequality Z,(X.) < ¥, see (11). Now, we chose
a(p, 7) so that the factor in the last display satisfies c(p)a(p, 7) < 5. Remember that the definition of
the stopping rule entails

(14)

[pm—lapm—l]fo) = ||T;(Tnffﬁfl - Y)” > (2 + 7—)/\35()\*) > (2 + 7—)/\35()\*) 5 (15)
Now combining (4), (15) and (14), we obtain

T+ 4 1 _1 2 2 3
1— 2 m—1, Pm— 2 < >.<2 [ (2) , (2) :| :
( 7_+2> [Pr—1,Pm—1l(oy < €« * P15 Prma W




using this inequality in relation with (13) and (12), we obtain

/ / -1 P -1
P (0)] < [P 1 (0)] + (M) < efpa, ) max (47, 1) AT

Final step. We apply Lemma B.2 (with A = A, and ¢ = ¢,), together with the bound on [p/ (0)| just
obtained, and the inequality (by definition of the stopping rule)

1
T (Tofam — YY) < (24 1)AZ6(\),
obtaining, using again (11):
1fm = Flle = 1T(fm = )
<c(p,7) (5()\*)max (%, 1) + min(p, M)Xi“’%) < o(u, ) (M + p)Xﬁer% '

If m = 0, we can apply directly Lemma B.2 as above without requiring the two previous steps, since in
this case p{,(0) = 0, so that we obtain the same final bound.

D Sketch of the proof of Theorem 2.3

For the proof of Theorem 2.3, the condition B1()\) is replaced by

BI’(\) H(S F ) TE(TEY — T f%)

‘g&()\).

We check that B1’()\,), B2(\,) and B3 are satisfied in the setting of Theorem 2.3. To check B1’(\,), we
use (16) instead of (17). Since the easily checked relation T,;’Y = T>'Y holds, the upper bound obtained
here has the same form as for Theorem 2.2, therefore we can use the same value J(A*) for condition
B1°()\,) as in the previous section, given by (8). Notice however that we must now use the condition
p+s=r+s— % > 0 to ensure that the chain of inequalities leading to (8) is valid.

For condition B2(\,), we can apply the deviation inequality (18) but with n replaced by n, since we make
use of all the unlabeled data. Using the fact that = < A, (1721 and some elementary algebra leads to
B2()\,) being satisfied with A := 2.

Finally condition B3 is satisfied with A given by (10) with n replaced by 7.

Once these conditions are established, intermediate results similar in structure to Lemmas B.1, B.2 and
B.3 can be derived, but where B1()\) is replaced by B1’()\). The details are omitted here.

E More technical lemmas

In this section we collect some technical lemmas which underpin the main results. These are taken
from previous sources and are recalled here for completeness. The main statistical tool is the following
deviation inequality:

Lemma E.1. Let A be a positive number. Under assumption (Bounded), the following holds:

[ 1 NOY 2R\, 6
P HS+>\I 2T:;Y—T**‘§2M + log - | >1— 7. 16
_ ( )72 ( /) ( v vl b v (16)
If the representation f* = T f;, holds and under assumption (Bernstein), we have the following:
[ s NOY 2vR). 6
P HS+M—E T°Y — S, f; ‘§2M ARG log | >1—+. 17




Finally, the following holds:

P

)’(SJF/\I)é(SnS)HHSSQ\/E( AC?H%E) 1ogﬂ >1-7, (18)

where we recall that ||.|| ;¢ denotes the Hilbert-Schmidt norm.

The proof can be found in [3], and is based on a Bernstein-type inequality for random variables taking
values in a Hilbert space, as established in [5, 6].

Inequality (18) can be fruitfully combined with the following:
Lemma E.2. Assume there exists 1) > 0 such that the following inequality holds:

H(S+>\)*%(SnfS)(S+>\)*% <1-1,
then 1 1 .
H(S+>\)§(Sn+)\)’5 <

Proof. First we have

1
2
)

’(S FA)E(S, £ A)E

o CERNHEEPYRICEPIE

then simple algebraic manipulation shows
1 1 1 1\ 1
(S+ NS+ NS+ N = (1= (S+NHS -85S+ 0F)

Finally, using the inequality ||(/ — A)~!|| = HZkZO Ak” < (1 — || A]))~" for [|A]] < 1 yields the
conclusion. O

We make use of the following operator inequalities:
Lemma E.3. Let A, B be two positive, self-adjoint operators with max(||Al|, || B]|) < C. Then for any
r >0, putting ( = (r — 1), the following inequality holds:

A" = B"|| < (C+1)C¢ |A-B||"¢ . (19)

Proof. Follows from the fact that the power function = +— " is operator monotone for » < 1 and
Lipschitz with constant rC"~! on [0, C] if 7 > 1. O

Lemma E.4 ([1], Theorem 1X.2.1-2). Let A, B be to self-adjoint, positive operators. Then for any
s €[0,1]:
14°B°|| < | AB|® . (20)

Note: this result is stated for positive matrices in [1], but it is easy to check that the proof applies as well
to positive operators on a Hilbert space.
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