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1 Differentiation equations

Recall that we split the SM loss into two terms: J(x;w) = K + L with K = 1
2

∑D

j=1 δ
2
j and

L =
∑D

j=1 −δ′j + λ(δ′j)
2.

1.1 First partial derivatives

The derivate of the energy with respect to the network’s output is trivial: δout = ∂E
∂gout

= 1. The

calculation of the derivative of the energy w.r.t. vertex j is a simple application of the chain rule:

δj =
∂E

∂gj
=

∑

k∈Vj

∂E

∂gk

∂gk

∂gj
=

∑

k∈Vj

δkg
′

j,k (1)

1.2 Backpropagation of full Hessian

For any network output vertex, δ′out = 0 since ∂δout

∂gout
= ∂(1)

∂gout
= 0. The general formula for

backpropagating the full Hessian through the layer is:

∂2E

∂fi∂fj
=

∂
(

∂E
∂fi

)

∂fj
=

∂





∑

k∈Vj

∂E

∂gk

∂gk

∂fi





∂fj

=
∑

k∈Vj





∑

l∈Vj

∂2E

∂gk∂gl

∂gl

∂fj

∂gk

∂fi



+
∂E

∂gk

∂2gk

∂fi∂fj

(2)

1.3 Backpropagation of trace of the Hessian

To derivation equation for computing the trace of the Hessian for a node is:
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δ′j =
∂δj

∂gj

=

∂





∑

k∈Vj

δk
∂gk

∂gj





∂gj

=
∑

k∈Vj

δk
∂2gk

(∂gj)2
+

∂δk

∂gj

∂gk

∂gj

=
∑

k∈Vj

δk
∂2gk

(∂gj)2
+

∂δk

∂gk

∂gk

∂gj

∂gk

∂gj

=
∑

k∈Vj

δkg
′′

j,k + δ′k[g
′

j,k]
2

2 Differentiating the SM loss

2.1 Forward propagation of ∂K
∂δj

For the input nodes:

∂K

∂δj
=

∂
∑

i
1
2δ

2
i

∂δj
= δj (3)

For the other nodes:

∂K

∂δj
=

∑

i∈Uj

∂K

∂δi

∂δi

∂δj

=
∑

i∈Uj

∂K

∂δi

∂
[

δj
∂gj
∂gi

]

∂δj

=
∑

i∈Uj

∂K

∂δi

∂gj

∂gi

(4)

2.2 Forward propagation of ∂L
∂δj

For the input nodes:

∂L

∂δj
= 0 (5)

For the other nodes:

∂L

∂δj
=

∑

i∈Uj

∂L

∂δ′i

∂δ′i
∂δj

+
∂L

∂δi

∂δi

∂δj

=
∑

i∈Uj

∂L

∂δ′i

∂

[

δj
∂2gj
(∂gi)2

+ δ′j

(

∂gj
∂gi

)2
]

∂δj
+

∂L

∂δi

∂
[

δj
∂gj
∂gi

]

∂δj

=
∑

i∈Uj

∂L

∂δ′i

∂2gj

(∂gi)2
+

∂L

∂δi

∂gj

∂gi

(6)
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2.3 Forward propagation of ∂L
∂δ′

j

For the input nodes:

∂L

∂δ′j
=

∂ (−
∑

i δ
′

i)

∂δ′j
= −1 (7)

Assuming the diagonal Hessian backpropagation method is exact, the equation for the other nodes
is:

∂L

∂δ′j
=

∑

i∈Uj

∂L

∂δ′i

∂δ′i
∂δ′j

=
∑

i∈Uj

∂L

∂δ′i

∂

[

δj
∂2gj
(∂gi)2

+ δ′j

(

∂gj
∂gi

)2
]

∂δ′j

=
∑

i∈Uj

∂L

∂δ′i

(

∂gj

∂gi

)2

(8)

2.4 Backward propagation of ∂K
∂gj

∂K

∂gj
=

∑

k∈Vj

∂K

∂gk

∂gk

∂gj
+

∂K

∂δj

∂δj

∂
(

∂gk
∂gj

)

∂
(

∂gk
∂gj

)

∂gj

=
∑

k∈Vj

∂K

∂gk

∂gk

∂gj
+

∂K

∂δj

∂
(

δk
∂gk
∂gj

)

∂
(

∂gk
∂gj

)

∂2gk

(∂gj)2

=
∑

k∈Vj

∂K

∂gk

∂gk

∂gj
+

∂K

∂δj
δk

∂2gk

(∂gj)2

(9)
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2.5 Backward propagation of ∂L
∂gj

∂L

∂gj
=

∑

k∈Vj

∂L

∂gk

∂gk

∂gj
+

∂L

∂δj

∂δj

∂
(

∂gk
∂gj

)

∂
(

∂gk
∂gj

)

∂gj

+
∂L

∂δ′j

∂δ′j

∂
(

∂gk
∂gj

)

∂
(

∂gk
∂gj

)

∂gj

+
∂L

∂δ′j

∂δ′j

∂
(

∂2gk
(∂gj)2

)

∂
(

∂2gk
(∂gj)2

)

∂gj

=
∑

k∈Vj

∂L

∂gk

∂gk

∂gj
+

∂L

∂δj

∂
(

δk
∂gk
∂gj

)

∂
(

∂gk
∂gj

)

∂2gk

(∂gj)2

+
∂L

∂δ′j

∂

(

δk
∂2gk
(∂gj)2

+ δ′k

(

∂gk
∂gj

)2
)

∂
(

∂gk
∂gj

)

∂2gk

(∂gj)2

+
∂L

∂δ′j

∂

(

δk
∂2gk
(∂gj)2

+ δ′k

(

∂gk
∂gj

)2
)

∂
(

∂2gk
(∂gj)2

)

∂3gk

(∂gj)
3

=
∑

k∈Vj

∂L

∂gk

∂gk

∂gj
+

∂L

∂δj
δk

∂2gk

(∂gj)2

+ 2
∂L

∂δ′j
δ′k

∂gk

∂gj

∂2gk

(∂gj)2
+

∂L

∂δ′j
δk

∂3gk

(∂gj)
3

(10)

3 Equations for specific neural-network layers

In many neural network implementations, the datastructure of a hidden state is a vector, and compo-
nent functions are implemented by so-called ’layers’, which map from one or more input states to an
output state (being ’input’ or ’output’ w.r.t. the layer, not network). A neural network consists of an
ordered set of layers. Forward- and backward propagation consists of walking through these layers
in their ordering. We will now derive the the gradient propagation functions for common layers,
which were only given in general in the previous section and in summary in Algorithm 1. There are
two common layer types: linear layers that peform linear transformations, and non-linear layers that
perform point-wise nonlinear transformations.

3.1 Fully connected linear layer

A so-called ’linear layer’ perform a linear transformation on its input, usually in the form of a matrix
multiplicaton. Consider a linear layer withN -dimensional input vector g andM -dimensional output
vector f . With wji we denote the element at the j-th row and i-th column of anM ×N -dimensional
transformation/weight matrixW. Forward propagation is performed by gj =

∑

i wjifi or in matrix
notation: g = Wf .

For this linear transformation,
∂gj
∂fi

= wji,
∂2gj
(∂fi)2

= 0 and
∂3gj

(∂fi)
3 = 0. This greatly simplifies the

propagation equations.

Backpropagation consists of: ∂E
∂fi

=
∑

j
∂E
∂gj

∂gj
∂fi

=
∑

j wji
∂E
∂gj

or in matrix notation: δf = WT δg,

where δf =
[

∂E
∂f1

. . . ∂E
∂fn

]T

and δg =
[

∂E
∂g1

. . . ∂E
∂gn

]T

. From this point we will not use matrix
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notation, since we would have to introduce so many new vector symbols for different derivatives,
that it is probably easier to read and understand the equations in non-matrix form. It is important to
keep in mind that most computations can be done in matrix form though. Consider δi = ∂E

∂fi
and

δj =
∂E
∂gj

.

3.1.1 Forward propagation of SM derivatives

∂K

∂δj
=

∑

i

wji

∂K

∂δi
(11)

∂L

∂δj
=

∑

i

wji

∂L

∂δi
(12)

∂L

∂δ′j
=

∑

i

(wji)
2 ∂L

∂δ′i
(13)

3.1.2 Backward propagation of SM derivatives

∂K

∂fi
=

∑

j

wji

∂K

∂gj
(14)

∂L

∂fi
=

∑

j

wji

∂L

∂gj
(15)

Recall that ∂J
∂fi

= ∂K
∂fi

+ ∂L
∂fi

. Again, the equations above are very simple since the second and third

partial derivatives of the elements of g w.r.t. the elements of f are zero.

3.1.3 Derivatives w.r.t. the weights

∂K

∂wji

(

=
∂K

∂δi

∂δi

∂wji

+
∂K

∂gj

∂gj

∂wji

)

=
∂K

∂δi
δj +

∂K

∂gj
fi (16)

∂L

∂wji

(

=
∂L

∂δi

∂δi

∂wji

+
∂L

∂δ′i

∂δ′i
∂wji

+
∂L

∂gj

∂gj

∂wji

)

=
∂L

∂δi
δj +

∂L

∂δ′i
2wjiδ

′

j +
∂L

∂gj
fi (17)

3.2 Piecewise non-linear layer

In a common type of non-linear layer, the elements of the input vector undergo a piecewise non-
linear transformation gi → gj , such that gj = f(gi). Since the operation f(.) is non-linear, the
second and third derivatives of f(.) are non-zero (with the exception of quadratic f(.), e.g. gj = g2i ,

for which the third derivative is zero). Consider δi =
∂E
∂gi

and δj =
∂E
∂gj

.

The following equations are almost equal to the generic equations, with the only difference that
input nodes gi are connected to only one output node gj since the transformation is piecewise.

3.2.1 Forward propagation of SM derivatives

∂K

∂δj
=

∂K

∂δi

∂gj

∂gi
(18)

∂L

∂δj
=

∂L

∂δ′i

∂2gj

(∂gi)2
+

∂L

∂δi

∂gj

∂gi
(19)

∂L

∂δ′j
=

∂L

∂δ′i

(

∂gj

∂gi

)2

(20)
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3.2.2 Backward propagation of SM derivatives

∂K

∂gi
=

∂K

∂gj

∂gj

∂gi
+

∂K

∂δi
δj

∂2gj

(∂gi)2
(21)

∂L

∂gi
=

∂L

∂gj

∂gj

∂gi
+

∂L

∂δi
δj

∂2gj

(∂gi)2
+ 2

∂L

∂δ′i
δ′j
∂gj

∂gi

∂2gj

(∂gi)2
+

∂L

∂δ′i
δj

∂3gj

(∂gi)
3 (22)
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