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We give formal proofs for various claims made in the paper, roughly in their order of appearance.
Recall that we have assumed that the true label y; of example ¢ in our training set is always 1.
Nevertheless, we may occasionally continue to refer to the true labels as y;.

S.1 Minimax Theorem

We will make use of the following minimax result, that appears as Corollary 37.3.2 of [2].

Theorem. (Minimax Theorem) Let C, D be non-empty closed convex subsets of R™ R"™ respec-
tively, and let K be a continuous finite concave-convex function on C' x D. If either C or D is
bounded, one has

min max K (u,v) = max min K (u, v).
veED ueC ueC veD

S.2  Proof of Theorem 1

Applying the minimax theorem yields

0> max minCe (1, —B)= min max Ce (Hy) — B),
CeCer heH AEA(H) CeCer

where
H, £ > A,
heH

and where the first inequality follows from the definition (2) of the weak-learning condition. Let
A* be a minimizer of the min-max expression. Unless the first entry of each-row of (Hx~ — B) is
the largest, the right hand side of the min-max expression can be made arbitrarily large by choosing
C € C*" appropriately. For example, if in some row 4, the joth element is strictly larger than the
first element, by choosing

-1 ifj=1
Cli,j) =41 ifj=jo
0 otherwise,

we get a matrix in C® which causes C o (Hx~ — B) to be equal to C(4,jy) — C(i,1) > 0, an
impossibility by the first inequality.

Therefore, the convex combination of the weak classifiers, obtained by choosing each weak classifier
with weight given by A*, perfectly classifies the training data, in fact with a margin .

O

S.3  Proof of Theorem 2

We will reuse notation from the proof of Theorem 1 above. H is boostable implies there exists some
distribution A* € A(H) such that

Vi # 1,0 : Hax(i,1) — Hxx (i, §) > 0.



Let v > 0 be the minimum of the above expression over all possible (i, j), and let B = Hx~. Then
Be ny"r, and

max minCe (1, —B) < min max Ce (Hy —B) < max Ce (Hy» —B) =0,
CeCer heH AEA(H) CeCeor CeCeor

where the equality follows since by definition Hy« — B = 0. The max-min expression is at most

zero is another way of saying that H satisfies the weak-learning condition (C**", B € B5”) as in

Q).

S.4 Each edge-over-random condition is too strong

In Section 3 we mention that any single edge-over-random condition is too strong. Here we provide,
for any v > 0 and edge-over-random baseline B € B, a dataset and weak classifier space that is
boostable but fails to satisfy the condition (C**", B).

Pick m > 1/v so that |m(1/2 + )] > m/2. Our data-set will have m labeled examples
{(0,90),...,(m —1,ym—1)}, and m weak classifiers. We want the following symmetries in our
weak classifiers:

e Each weak classifier correctly classifies |m(1/2 + «) | examples and misclassifies the rest.

e On each example, |m(1/2 + 7)]| weak classifiers predict correctly.

Note the second property implies boostability, since the uniform convex combination of all the weak
classifiers is a perfect predictor.

The two properties can be satisfied by the following design. A window is a contiguous sequence
of examples that may wrap around; for example {3, (i +1) mod m,...,(i+ k) mod m} is a
window containing k elements, which may wrap around if ¢ + £ > m. For each window of length
[m(1/2 + 7)] create a hypothesis that correctly classifies within the window, and misclassifies
outside. This weak-hypothesis space has size m, and has the required properties.

We still have flexibility as to how the misclassifications occur, and which cost-matrix to use, which
brings us to the next two choices:

e Whenever a hypothesis misclassifies on example ¢, it predicts label ¢; £
argmin {B(i,1) : | # y; }.

e A cost-matrix is chosen so that the cost of predicting ¢J; on example  is 1, but for any other
prediction the cost is zero. Observe this cost-matrix belongs to C*°".

Therefore, every time a weak classifier predicts incorrectly, it also suffers cost 1. Since each weak
classifier predicts correctly only within a window of length |m(1/2 + )], it suffers cost [m(1/2 —
v)]. On the other hand, by definition, B(7,9;) < 1/k — 7. So the cost of B on the chosen cost-
matrix is m(1/k —7), which is less than the cost [m(1/2 — )] of any weak classifier whenever the
number of labels k is more than two. Hence our boostable space of weak classifiers fails to satisfy
(c*=r,B). O

S.5 Conditions for AdaBoost.MH and AdaBoost.MR in our framework

In Section 3, we have stated the conditions in our framework corresponding to AdaBoost. MH and
AdaBoost.MR [4]. Here we provide proofs showing that our conditions match the ones in the
original paper.

Theorem. The weak-learning condition used by AdaBoost. MH [4] is equivalent to (CMH BQ/’IH ),
and that used by AdaBoost.MR [4] is equivalent to (CMR, B%R).

Proof. AdaBoost.MH [4] was originally designed to use weak-hypotheses that return a prediction
for every example and every label. They require that for any matrix with non-negative entries d(, [),



the weak-hypothesis should achieve 1/2 4 ~ accuracy

Z 1[h(x;) # yi]d zszrZ]l 1d(i,1)

i=1 l#y;
m k
< (1/2-9)) ) d). (S.1)
i=1 =1
This can be rewritten as
SO L) =yl d(i,y) + > L[k ] d(i,1)
i=1 l#y;

< Z (1/2=7) D> d(i, 1) = (1/2+7) d(i, y)

Using the mapping
. d(i, 1) if I # y;
1) =
.l {d(i, D) ifl =y,
their weak-learning condition may be rewritten as follows
VC € R™** satisfying {C(i,;) < 0,C(i,1) > 0forl # y;},Ih € H :

pel <2 | /24CEw) + /2= 3 )
=1 =1

1Ay,

Finally using the fact that we have assumed (without loss of generality) that Vi : y; = 1, the above
condition is the same as

vCe ™ 3neH: Ce(1,-BY) <o,
i.e. the (CM", BY") weak-learning condition.

AdaBoost.MR [4] is a variant of AdaBoost.MH. For any non-negative cost-vectors {d(i, )}y, , the
weak-hypothesis returned should satisfy the following

m

S (hG) = - Ulbw) =D i) < —20>0 S d)

i=1 l#y; =1 1#y;
ie.f: —1[h(x;) = 3] Y _ d(i, 1)+ Y L[h( 1d@i, ) | < —2~y§:2d(¢,1)
i=1 1#y; 1y, =1 12y;

Substituting

- Zl;ﬁyi d(i,l) 1=y,

we may rewrite AdaBoost.MR’s weak-learning condition as

i1y = {d(u) Ly

VC € R™** satisfying { C(i,1) > 0 for 1 # y;, C(i,y;) = ZC (i,1) p,Ih e H :
l#y;

m

ZO(Z h(z;)) < — Z C(i,y:) + ZC’(i,l)

i=1 l#y:
Again using the fact that we have assumed Vi : y; = 1, the above condition is the same as
VC eC™ 3he H:Ce (1, - BY®) <0,

i.e. the (CMR, BYR) weak-learning condition.



S.6 Weak-learning conditions of AdaBoost.MH and AdaBoost.M1 are same in our
framework

Here we prove the claim, made in Section 1, that the weak-learning conditions of AdaBoost. MH and
AdaBoost.M1 [1] are identical in our framework.

We first rewrite the conditons used by AdaBoost.M1 in the language of our framework. Ad-
aboost.M1 [1] requires 1/2 + 7 accuracy with respect to any non-negative weights d(1),...,d(m)
on the training set,

STd)L () £yl < (1/2—7) Y d(i), (S2)
i=1 i=1
Le. Z d(@)[h(zi) #yi] < —2v Z d(i).

where [-] is the + indicator function, taking value +1 when its argument is true, and —1 when false.
Using the transformation
C(i,1) = [I # v d(i)

we may rewrite the above condition as

VC € R™*F satisfying {0 < —C(i,y;) = C(i,1) for | # y;}, (8.3)
JheH Y Clih(z:) <27 Cli,y,)
=1 =1
ie. vCec™ 3heH:Ce(1,-BY') <0, (S4)

where B! (i, 1) = 291 [l = y;], and CM' € R™** consists of matrices satisfying the constraints in
(S.3).

We now show the equivalence of the weak-learning conditions of AdaBoost.M1 and AdaBoost.MH.
Lemma. A weak classifier space H satisfies (CM', Bf‘y’”) if and only if it satisfies (CM", BY").

Proof. We will refer to (CM', B)') by M1 and (CM", BM) by MH for brevity. The proof is in three
steps.

Step (i): 'H satisfies M1 implies H satisfies MH. This follows since any constraint (S.2) imposed by
M1 on H can be reproduced by MH by plugging the following values of d(i, 1) in (S.1)

S [dG) ifl=y
d(i. ) = {0 i1+ y;.

Step (ii): 'H satisfies M1 implies there is a convex combination H of the matrices 1;, € H such
that
. . >0 ifl=y;
C(Hx—-BY) (i,0) 4 = '
vi: (Hx - By (0 ){<0 i1+ y,.
Indeed, the minmax theorem yields

min max Ce (Hy — BI)Y/“) = max minCe (1, — Blﬂ\:”) <0,
AEA(H) CecM! CeCM heH

where the inequality is a restatement of our assumption that 7 satisfies M1. If X is a minimizer of
the minmax expression, then H must satisfy

>1/24y ifl=y;
<1/2—v ifl#y,

or else some choice of C € CM! can cause Ce (Hx — BM') to exceed 0. In particular, if H (io, ) <
1/2 + ~, then

Vi s Ha(4,1) { (S.5)

(H)\ — Bxl) (ianio) < Z (H)\ - Byl) (iOJ)'
1#yig



Now, if we choose C € CM! as

0 if ¢ # i

C@,l)=+<1 if i =9, # Y,

-1 ifi=jio,l =y,

then,
Ce (Hy—BY'") = — (Hx - BY) (i, 4i,) + > (Hx—BY) (io, 1) > 0,
1#yig

contradicting the minmax inequality. Therefore some Hjy satisfying (S.5) exists. Step (ii) now
follows by observing that BY'" satisfies
124+~ ifl=y

.. @pMH 7y _
vi : BY (z,l)—{l/g_7 if | # .

Step (iii) If 'H satisfies M1’s conditions, then Step (ii) implies

0> min max Ce (HA — ByH) = max minC e (lh — BXIH) ,
AEA(H) CecMH CeCMH heH

where the equality follows from the minimax theorem. The max min expression at most zero en-
codes BMH’s weak-learning condition. Hence 7 satisfies M1 implies 7 satisfies MH. Together with
Step (i), this completes the proof. O

S.7 Proof of Theorem 3
We will show the following three conditions are equivalent:

(A) 'H is boostable
(B) 3y > 0suchthatVC € C**",Fh e H: Ce 1) < MaXBeBer CeB

(C) 3y > 0: H satisfies (CM%, BYF).
We will show (A) implies (B), (B) implies (C), and (C) implies (A) to achieve the above.
(A) implies (B): Immediate from Theorem 2.

(B) implies (C): Suppose (B) is satisfied with 2. We will show that this implies H satisfies
(CMR, BMR). Notice CMR C C*°". Therefore it suffices to show that

vCeC"™ BeBsy:Ce(B-BY) <0.

Notice that B € Q> implies B" = B — BY® belongs to B5™". Then, for any C € CMR, C @ B’ can
be written as

m k
CeB' = 220(7’7]) (B,(Za]) - B/(iv 1)) .
i=1j=2
Since C(i,5) > 0for j > 1, and B'(i,5) — B'(i,1) < 0, we have our result.
(C) implies (A): Applying the minimax theorem,

0> max minCe (1, — BMR) = min max Ce (H, — BMR).
~ CeCMR heH ( h v ) AEA(H) CECMR ( A v )

For any iy and [y # 1, the following cost-matrix C satisfies C € CMR,
0 if’i#ioorlg{l,lo}
C(i,l) =<1 iti=1dp,l=1o
-1 ifi=1dg,l=1.
Let A belong to the argmin of the min max expression. Then C e (H A~ BI,\Y’[R) < 0 implies

Hy (ig,1) — Hx(io,lo) > 27. Since this is true for all io and Iy # 1, we conclude that the
(CMR, BY®) condition implies boostability.

This concludes the proof of equivalence. [



S.8  Proof of Theorem 5

Let C& C R* denote all vectors c satisfying VI : ¢(1) < ¢(). Then, we have

min max Eivp [0r—1 (s +e1)]
b —  cECY  peA{l,...k} by (4
o7 (s) P st Eiple(D)] < Eip [c(1)], (by @)
= i main {(Brep (911 (5 + )] + A (Biop 0] — Ercple())} (Lagrangean )

- ;. A (b — p, c) (min-max th
crg(ljn r/\n>1%1 maxBip [@i—1 (s + €;)] + A (b — p, c) (min-max theorem)

= min maxE; p [¢—1 (s + €)] + (b — p, c) (absorb A into ¢)
ceCy peA

= max min E;p [¢i—1 (s + €;)] + (b — p, ¢) ( min-max theorem ) .
PEA ceCy

Unless ¢(1) — p(1) < 0 and g(I) — p(l) > 0 for each [ > 1, the quantity (b — p, c) can be made
arbitrarily small for appropriate choices of ¢ € C§*". The max-player is therefore forced to constrain
its choices of p, and the above expression becomes
max Eip (D11 (s + )]
pEA
p(1)=>q(1),VI>1:p(1)<q(l)

Lemma 6 of [3] states that if L is proper (as defined in our paper), so is ¢;; the same result can be
extended to our drifting games. This implies the optimal choice of p in the above expression is in
fact the distribution that puts as small weight as possible in the first coordinate, namely b.

Therefore the optimum choice of p is b, and the potential is the same as

é1(s) =Ejup [pr—1 (s + €7)].
Inductively assuming ¢;_1(x) = E [L(Rifl(x))] ’

¢t(s) = Eiwpb [L(R{;l(s) + el)]
= E[L(Ry(s))]-

The last equality follows by observing that the random position Rf;l (s)+ey is distributed as R (s)
when [ is sampled from b. O

S.9 Calculations for the Adaptive case

While discussing the adaptive algorithm we mention how to choose the weights «; in each round.
Here are formal proofs to back up some of the claims made in that section.

Lemma. Suppose cost matrix Cy is chosen as in (7), and the returned weak classifier hy beats Us,
on C;i.e. Cy o1y, < C,eUs,. Then choosing any weight a; > 0 for hy makes the loss at time t,

P 121 el @O=1GDY gt most a factor

1 1
1-— 5(60” —e ) + 5(60” +e ¥ —2)

of the loss before choosing, > - | Zsz elfi1 @)= fea (1)}
Proof. Let S1,S_ denote the set of examples where h; classified correctly, incorrectly resp. Also

let Ly (i) denote the sum Yy, eft(®0=Fe(i1) - Then the loss after ¢ rounds is Pies,us. Le(i).
Further Cy(i,1) = —L;—1(3). By the edge-condition

_ Z L,_ 1 Z {fe—1(he(zi)) = fe—1(3, 1)}7Ct.1h < Ct.U& = —, Z Lt—l(i)a
1€S 4 €S 1€SLUS_
e Y L) = 3 U h e A6 5 5 Y L, )
€S, i€S_ €S US_



On the other hand, the drop in loss after choosing h; with weight o is

Z (1 — e—az) Ltfl(i) _ Z (e@t -1) elfi—1(Ghe(i)) = fe—1(5,1)}

€S, i€S_
_ <e‘“ —@_a‘> S Lia(i) — 3 a0y
2 €Sy €S
_ (e” +62_°“ - 2) S L)+ Y el -fiatiny
i€s, i€S_

Now elft-1(ihe(zi))=Fe1(iD} s upper bounded by L;_1(i), so that the second term in curly-
brackets is upper bounded by the loss after ¢ — 1 rounds. We have already shown the first term
in curly brackets is at least §; times the loss after ¢ — 1 rounds. Hence the loss in round ¢ is at most
afactor 1 — 1(e® —e™)8;, + 1(e™ + e~ — 2) of the loss in round ¢ — 1. O

Corollary. Suppose C; is chosen as in (7). Then if hy beats Us,, for some 6; € [0,1], on Cy, then
forany a; > 0, thereis a vy € [1 — k, 1] such that

o Ny beats U, on C,,, where C,, is defined as in (7), and
(Yo, ) < g, 8p) 21— (e —e70)d; + L(e™ 4 e7 —2).

Proof. Recall k(v 00) = 1 4+ 52 (e™ —e ) — p(1 — e~ ™). If glaw,d;) >
SUD.y, c[1—k,1] k(7yt, ot ), then the choice of v, = 1 — k satisfies the requirements in the statement of
the corollary. Otherwise observe

H(()? at) =e ™ S g(Oét, 5t)7
so that, by continuity of x, we may pick a value of ; such that x(y, az) = g(as,0t). As before,
define L;(i) = 25;2 elft@D=F(i.1)} By expanding out one may see

m m

ZLt 1(1) + 1Cq, Uy, = k() Y Lia(

=1

Similarly one may verify,

ZLt 1(1) + 0, Cq, @1y, = ZLt

The previous lemma yields Y.~ | Ly (i) < g(o,0¢) > ey Li—1(i) = r(ve, o) Doieq Ly—1(). This
shows h; beats U, on C,,. O
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