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1 Introduction

The motor primitive idea is similar to the latent force model one. We want to use a set of templates
for basic motions in order to generate more complex ones. The analogy we can think of is the
generation of speech, in which phonemes are used to generate words and sentences.

Motor primitive model

Motor primitives employ the concept of autonomous dynamical system in which the independent
variable is first parameterized by a first order homogenous dynamical system. The output of this
system is used as the independent variable of the inducing force of a second order differential equa-
tion [2]. The first system is known as the canonical system and its form depends on the type of
movement that is to be represented: point attractive and limit cycle behaviors are the two most ba-
sic behaviors of nonlinear dynamical systems. In motor control these correspond to discrete and
rythmic movements.

Latent force model

The latent force model was first introduced in [1]. A set of coupled second order ordinary differential
equations was employed for human-balancing movement representation. Here we only review the
basic form for the covariance function in the Gaussian process formulation of the Latent force model.
More details and applications can be found in [1].

A set of D outputs {f4(¢)}1, (where each of them describes the relative position of a particle wrt
to a set of reference points in a spring-damper-mass system) is represented by a Gaussian process

with covariance function,
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with A, the mass of system d, wy the angular frequency, S,q the relative strength of latent force
g over output d, £, the length-scale of the RBF covariance for the Gaussian process that describes
the latent force g and k:;i )fd/ (t,t'), the cross-covariance between the d-th and d’-th outputs under the

effect of the g-th latent force, and is given by
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where vy = ag + jwq, Va4 = g — jwq, and
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and z(t,t') = (t —t') /¢y — ({4ya)/2. Note that z(¢,t") € C, and w(jz) in the above equation, for
z € C, denotes Faddeeva’s function w(jz) = exp(z?)erfc(z), where erfc(z) is the complex version
of the complementary error function, erfc(z) = 1 — erf(z) = % J.% exp(—v?)dv. Faddeeva’s
function is usually considered the complex equivalent of the error function, since |w(jz)| is bounded
whenever the imaginary part of jz is greater or equal than zero, and is the key to achieving a good
numerical stability when computing Y9(~4,t,t') and its gradients.

2 Switching forces

Figure 1 shows a cartoon representation of output z,4(¢) switching its behavior between points ¢, t1,
to and t3. For each interval (¢;_1,t;), only the latent force u;_1(¢) is active.
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Figure 1: A pictorial representation of the switching scenario for zq4(t)

2.1 Definition of the model

Taking into account the initial conditions, the solution to the second order model is given as
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where y4(0) and y4(0) are the initial conditions. This is the basic equation we need to use to express
the covariance function for the switching model. The uncertainty in this model is due to the latent
force u(t) and the initial conditions y4(0) and ¢,4(0). For simplicity, we write the above equation as

ya(t) = ca(t)ya(0) + ea(t)ya(0) + fa(t), (D
with
ca(t) = et [Cos(wdt) 4 sin(wdt)}
wd
efozdt
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fa(t) = Ai:id /0 e~ =T sin[(t — T)walu(r)dr = /0 Ga(t — T)u(T)dr.
We’ll need also the velocity v,4(t), which is is given as
d
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Furthermore, we also need the acceleration, given as
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The input space is divided in non-overlapping intervals [t,_1, tq];’_'):1 and for each one of these in-
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tervals, only one force u,—_1(t) out of () forces is active, this is, there are {uq,l}qul forces. The

force uq—1(t) is activated after time ¢, and desactivated after time ¢,. We can use the basic model
in the equation before to describe the contribution to the output due to the sequential activation of
these forces. An output z,4(¢) at a particular time instant ¢, in the interval (t,_1,%,), is expressed as

Zd(ta tq—htq) = pd(tatq—latqauq—l); for 1<d<D,
where pq(t,tq—1,tq, ug—1) uses the model for y4(t) in equation (1) as
pa(tstg—1,tq,uq—1) = yd(t)|tq71 = ca(t —tg—1)ya(tg—1) + ealt —tg—1)Jaty—1)
+ fd(t7tq717tq7uq71)'

Notice that there are as many intervals {(¢,_1, tq)}qQ:1 as latent forces {ug(t)}%
we write z4(t, t4—1,t4) as zq4(t). In the above equation, yq(t)

g=1" For simplicity,

| .., expresses that y4(t) has to be
o

evaluated with the initial condition specified at t,_; and
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Expression fq(t,tq—1,tq,uqg—1) is a function of four arguments: the first argument, ¢, refers to
the independent variable inside the kernel smoothing function G4(t — 7) and in the upper limit
of the convolution transform; the second argument, ¢,_1, and third argument ¢, specify the lower
and upper limits of the time interval for which the convolution is being computed and the fourth
argument, u,_1, specifies the latent force acting in this interval. Additionally, we define a similar
function for the velocity Z4(t) as

Zd(tvtqatq—l) :gd(t7tq—1atq7uq—l)a for 1 S dg D)
where

Ca(t tg—1,tq, uq—1) = Ud(t)|tq71 = ga(t —tg-1)ya(tg—1) + ha(t — tg-1)Ja(ts—1)
+ md(tatatqfhtqauqfl%

and mq(t, tg—1,tq, uqg—1) follows

d t—tq—1
md(t,tq_l,tq,uq_l) = dt</ Gd(tftq_l T)Uq_l(T)d7'>. (5)
0

Again, for simplicity, we write 24(t, t,,t,—1) as Z4(t). The initial conditions yq(ts—1) and yq(tg—1)
can be defined again in terms of z4(¢) and Z4(¢)

yd(tqfl) = Zd(tqfl) = pd(tqfla tg—2,tq-1, uq72)7
Ya(tg—1) = Za(tg—1) = &altg—1,tq—2, tq—1,Uug—2).
Without loss of generality, we assume that the initial conditions at ¢t = ¢ for all d, are parameters of

the model. This is y4(to) and §4(to) are parameters that need to be estimated. Eventually, we might
need to put a prior over them. A similar expression is obtained for the acceleration Z4(t).

Example 1. Suppose we have ) = 3 as in figure 1. Then, the outputs z4(t) will be
given as zq(t,to,t1) = pa(t,to,t1,u0), 2a(t,t1,t2) = pa(t,ti,ta,ur) and zq(t,to,t3) =
palt,ta,t3,us). Equally, the velocities Z4(t) will follow 24(¢,to,t1) = £&a(t,to,t1,u0),
Zd(t, t1, tg) = fd(t, t1,t2, ul) and Zd(t, to, t3) = gd(ﬂ to,t3, UQ). We also have the initial condi-
tions. For ¢, the initial conditions are parameters y4(to) and y4(to). For the intervals starting at ¢;
and to, the initial conditions are given as y4(t1) = pa(t1,to,t1,uo) and yq(t2) = pa(te, t1,ta, u1).
And for the velocities 4(t1) = &q(t1,t1,t0, t1,u0) and ga(t2) = La(ta, t1,t2, ur).

2.2 Covariance for the outputs

In general, we need to compute the covariance cov[z4(t), z¢ (t')] for every time interval (t;_1,%q)
and for intervals (t;_1,tq) and (ty—1,t,). The covariance cov|zq(t), za (t')] for time interval
(tq—1,tq) is given as

!
q
COV[Zd(t)a Zd! (t/)] = cov [pd(ta tq—lv tq7 Uq—l)vpd/ (t/, tq—17 tq, Uq—l)] . (6)
And the covariance cov[zq(t), zar (t')] for time intervals (t,1,%,) and (ty 1, 1;) is given as
covza(t), za ()] = cov [palt,t, tg—1,tq, ug—1), par(t' , tg—1,te, ug—1)]. (7
2.2.1 Covariance for interval (t,_1,%,)

The covariance in equation (6), follows

covi{[ca(t — tg—1)yalteg—1) + ea(t — tg—1)9a(tg—1) + fa(t, t,tg—1,tq,uq—1)]
[Cd/ (t/ - tq—l)yd’(tq—l) + eqr (tl - tq—l)yd’ (tq—l) + far (t/atlvtq—h tq»“q—l)}

= ca(t — tg-1)ca (t' — tg-1) cov{ya(te—1)ya (tg-1)} + calt — tg—1)ea (t' — tg—1) cov{yalte—1)yar (ta—1)}
+ca(t —tg—1) cov{ya(tq—1)far (t', ' tg—1,tq, ug—1)} + ea(t — tg—1)car (t' = tg—1) cov{galtq—1)yar (tg—1)}
+ea(t —tg—1)ea (t' — tg—1) cov{ga(tq—1)gar (ta—1)} + ea(t — tg—1) cov{ga(ty—1) far (t',t' tg—1,tq, ug-1)}
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The terms cov{ya(tq—1)ya (tg-1)}. cov{ya(te—1)ja (tg-1)}, cov{ga(tg—1)ya (tg—1)} and
cov{a(tg—1)9a (tg—1)} are obtamed from the covariance already computed. These terms

)} ar

are equivalent as k., ., (tq—1,t4-1) = cov{ya(tg—1)ya(tg—1)} Koz (tg—1,tq-1) =
cov{ya(te-1)ga (tg-1)}s kzaep (ta-1, tg—1) = coviga(te-1)ya (tg-1)} and ks, 2, (tg-1,4-1) =

cov{¥a(tg—1)ga (tg— 1)} The  expressions  cov{ya(tq—1)far(t',t' tg—1,tq Ug—1)}s
cov{ya(ty—1)far(t', ' tg—1,tq, ug-1)}, Cov{fd(tvtatq—latqauq—l)yd’(tq—l)} and
cov{fd(t,tjq,l,tmuq,l)yd/(tq,l)} are zero. This can be seen from the fact that terms
like yq(ty—1) are a obtained as a result of terms yq(tx—1) and fq(tg—1,tk—1,tk, ug), for k < g,
and the covariance between those terms with fq(¢,¢4—1,%4,uq—1) is zero. Finally, the term

cov{fa(t,tg—1,tq, ug—1)far (' ty—1,tq, ug—1)} is denoted as k;<q 1)(t,t’).

In this way the covariance cov [pd(t, titg—1,tq, ug—1),par(t', 1, tg—1,1q, uq_l)] is equal to

ca(t —tg1)car(t' =ty 1)kzy 2y (b1, tg1) + ca(t —tg1)ea (t' —tq1)kzy s, (tg—1,tq-1)
Fea(t —tg1)ca(t' —tg1)ksy 2y (tg1,tg-1) +ealt —tg1)ea(t' —tg1)kzy 2, (tg-1,t4-1)
—1
+ R (8. 8)

The term k., ., (t,—1,%4—1) is equal to cov(zq(ty—1,tq—2,tq—1), Za' (tq—1,tq—2,tq—1)] and analog
expressions are obtained for k., : , (tq—1,%-1), k2,2, (tg—1,tq—1) and kz, : , (tg_1,14-1).

Example 1 (Continued). We continue with the example in figure 1. We need to compute the
covariance k., ., (t,t’) in the intervals (Zo, t1], (t1, t2] and (2, t3]. For the covariance in the interval
(to, t1], we have
cov[zq(t), za (t')] = covlpa(t, to, t1,u0), par (t, o, t1, uo)]
= ca(t —to)ca (t' — to)kzy,z, (to, to) + ca(t — to)ea (' —to)k=,, 2, (tos to)
+ea(t —to)ca (t' — to)kz, 2y (to, to) + ea(t — to)ea (t' — to)kz, 2, (to, to)
(0) /
Hhp g (G,
We assume the terms k., ., (to,t0). k=, z, (to, o), kz,,24(to,to) and Kz, : , (to, to) are parame-
ters that have to be estimated in the inference process. We also have access to cov|z4(t), Zq (¢')],
cov[z4(t), zq (t")] and cov([zq(t), Za(t)]. With these expressions we compute k., ., (t1,t1) =

cov[zq(t1), zar (t1)]s K2y 2, (t1,t1) = cov[za(ty), 2 (t1)], Ksy,ze(t1,t1) = cov[Zq(ty), za (t1)] and
ks, 2, (t1,t1) = covl[Zq(t1), Za (t1)], that are needed to compute the covariance in the next interval.

For the covariance in the interval (¢1, t2], we have
covzq(t), zar (t')] = covlpa(t, t1, t2, ur), par (', t1, b2, ur)], ©))
which follows the same form that equation (8)
ca(t —tr)car(t' = t1)kzy 2, (b1, 1) + calt — tr)ea (' — t1)kzy 2, (t1, 1)
+eq(t —ty)ca (t' —t1)kz, o (1, t1) + ea(t —t1)eq (t' —t1)ks, 5, (t1, 1) + kfd 1 G

With the final expression for cov(zq(t,t1,t2), 24 (t',t1,t2)], we compute k., ., (t2,t2) =
COV[Zd(t2), 24 (tg)], kzd,Z'd/ (ta, tg) = COV[Zd(ifg)7 Zq (tz)], ksyza (tz, o) = COV[Zd(tQ), 24 (tg)] and
ks, 2, (t2,t2) = covlzq(ta), Za (t2)], that are needed to compute the covariance in the next interval.

We finally need the covariance for the interval (¢, t3]. This covariance is computed as
cov(za(t), zar (t')] = covpa(t, ta, tz, uz), par (t', ta, t3, uz)l, (10)
given as
ca(t —ta)ea (t' —ta)ks, 2, (ta t2) + ca(t — ta)ea (t' —to)ks, 2, (ta, t2)
+ea(t —to)ca (t' —ta)ks, 2, (ta, t2) + eq(t — ta)ea (t' — ta)ks, 2, (ta,t2) + k:fd 1 (1)



2.2.2  Covariance for intervals (¢, 1,%,) and (t,1,t;)

For the covariance in equation (7), we have two regimes

l.g>¢q.

2. g< (.
The case for which ¢ = ¢’ was analized in the subsection before this one. We are interested in
computing the term cov [pa(t, t,tg—1,tq, ug—1), par(t', ¥, tgr—1,tq, ug—1)], for ¢ > ¢’ and ¢ < ¢'.
For g > ¢', we have
calt = tam1)ea (' =ty 1) cov{yalta— )y (ty 1)} + calt — ta)ea (' — ty—1) covlya(ta—)iar (ly 1)}
Fea(t — tg-1) covi{ya(te—1) far (¢ sty -1, tyr ug —1)} + ea(t — tg—1)ear (t' —t—1) cov{ga(te—1)ya (tg 1)}
tea(t —tg—1)ea (' —ty—1) cov{fa(tq—1)Va (tgr—1)} + ea(t — ta—1) cov{Ga(te—1) far (' ter—1,tq, Ugr—1)}

Fear (t' —tg—1) cov{falt, tg-1,tq, ug—1)ya (tgr—1)} + ear (t' — tg—1) cov{falt, tg—1,tq, ug—1)gar (ty 1)}
—+ COV{fgl(t7 tqfl, tq, uq,1)fd/ (t/, tqlfl, tq/ s uqr,l)}.

The terms cov{ya(tq—1)ya (tg—1)}. cov{ya(tq—1)ga (tg—1)}. cov{galtg—1)ya (ty—1)} and
cov{¥a(tq—1)yas(tgy—1)} are obtained from the covariance already computed. The term
cov{ fa(t,tg—1,tq, uqg—1)far(t'sty 1,1, uq—1)} is equal to zero, because there is no correlation
between u,_1 and ug 1. Also, the covariances g (t' — t4—1) cov{ fa(t, tq—1,tq Ug—1)Yar (tg—1)}
and eq (t' —tq—1) cov{ fa(t, tg—1,tq, uq—1)Ya (tyy—1)} are zero, since ¢ > ¢, there is no correlation
between force 1,1 and any force uy_; for k <= q' — 2. We can rewrite the above expression as

ca(t —tq—1)car (' —tgr—1) cov{ya(te—1)ya (tgr—1)} + calt = tg—1)ea (' = tyr—1) cov{ya(te—1)gar (ty—1)}
—|—ed(t — tq—l)Cd/ (tl — tq/,I) COV{yd(tq_l)yd/ (tq’—l)} + ed(t - tq_1)6d/ (t/ — tq/—l) COV{yd(tq_l)yd/ (tqul)}

tea(t —tq—1) covi{ya(te—1) far (t'  tgr—1,tgr, ugr—1)} + ea(t — tg—1) cov{¥a(tq—1) far (' s tgr—1,tq, Ugr—1)}

Terms like COV{yd(tq—l)fd’ (t,, t/, tq/_l, tq/, uq’—l)} and Cov{yd(tq—l)fd' (t,, t/, tq’—l» tq, uq/_l)}
requiere further analysis.

Let’s look in detail the term cov{yq(ts—1) far (t',tg'—1, 14, ug—1)}. This term is equal to

cov{ya(ty—1)far(t'sty—1,tq, ug—1)} = cov {pd(tq—la tg—astg1,ug—2)far(t' ty 1, tq, uq/—l)}
= cov { [Cd(tqfl —tq—2)ya(tg—2) + ea(tg—1 — tg—2)Yalts—2)
+ fd<tq—1atq—2’tq—1>uq—2)}fd’ (tlvtq/—latq’a“q’—l)}
= caltg—1 — tg—2) cov{ya(tg—2)fa (t' . tg -1, tg, ug—1)}
A
+ ea(ty—1 — tg—2) cov{ga(tq—2) far(t' sty —1,ty, ug 1)}
B
+ cov{fa(ty—1,tg—2,tg—1,ug—2) far (', ' tyr 1, tgr s ugr—1) .
The term cov{fq(tg—1,tq—2,tq—1,Uq—2) far(t';tg—1,tq, ug—1)} is only different from zero for
g = ¢’ + 1 and it would reduce to E;Zl);dll)(tq_l, t'). For A and B, if ¢ < ¢’ + 1, the terms in the

are zero because there is no correlation between forces uq 1 and forces uq_o, for ¢ < ¢’ + 1. For
q > q' + 1, the term in A is equal to

ca(tg—1 — tg—2) cov { [ca(tq—2 — tq—3)ya(ty—s) + ea(ty—2 — tg—3)ja(ty—s)

+ fa(tq—2,tq—3,tq—2, uq—B)] far (' ty—1,ty, “q’—l)}

= ca(tq—1 — tg—2)caltg—2 — tq—3) cov{ya(te—s) for (t', ty 1.ty ug 1)}
)t

+ caltg—1 — tg—2)ealtq—2 — tq—3) cov{ga(ty—s) far (¢, tgr—1, tq s ug—1)}
pe

+ caltg—1 — tg—2) cov{falte—2,tg—s,tq—2, ug—3) far (t' . tg—1, tg, ug—1)}-




The last term in the above equation is different from zero for ¢ = ¢’ + 2. Thus, this last term follows
Caltg-1 —tg-2)k ;2 (tg 2,1,

The terms A’ and B’ follow the same form that the terms A and B. Again, if ¢ < ¢’ + 2, then
the particular terms in are zeros. If, ¢ > ¢’ + 2, the recursion repeats until the most inner term in
cov{ya(tg—n)far(t',tg—1,tq , uq—1)} is such that ¢ = ¢’ + n. A similar expression can analysis
can be made for the term B. The final covariance would then be equal to

ca(t —tg1)car(t' —tg—1)kzy 2y (tq_l, 1) Fca(t —tg-1)ea(t' =ty 1)k s, (tg—1,tg—1)
tea(t —tg-1)ca(t' =ty 1)ksy 2, (tg1,tg—1) + ed(t - tq 1)€d’ (t" =ty —1)kzy 5, (tg1,tq—1)

"‘Cd(t_tqfl)fl(tqflvtqflv-- ) fa f’ (q nt')
et — tyo1) faltao1tg—1s - - tq— n)kfgd,‘fl,)(tq ot
teq(t —tg1)fa(ta1rtg1,- - tq— n)k}‘fh;,l)(tq wt!)
+€d(t_tq 1)f4(tq Llg—1,-- 05 tg— n)kmd 7 (tq n,t/),

where f1(+), f2(+), f3(-) and f4(-) are functions of the form

Z w(tg-1 —tg2)(tq—2 —tq-3). .. x(tgns1 —tg—n),

with x being equal to c4, €4, gq or hg, depending on the case. To compute the exact form of the
expression f1(-), f2(+), f3(-) and f4(-) we use the following set of rules

— After a cy4(+) term, only c4(-) and e4(-) terms follow.

()

— After a eq(+) term, only g4(-) and hg4(-) terms follow.

— After a g4() term, only c4(+) and e4(+) terms follow.
()

— After a hy(-) term, only hy(-) and gq(-) terms follow.

Figures 2, 3, 4 and 5 show examples of the kind of recursions that are generated. In all figures,

red indicates a term like c,(+), blue indicates a term like e4(-), green indicates a term like g4(-) and
purple indicates hg(-).
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/
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Figure 2: This figure represents the innermost covariances involved when computing the term A’

For ¢’ > g we can make a similar analysis (not presented here).
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Figure 3: This figure represents the innermost covariances involved when computing the term B’
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Figure 4: This figure represents the innermost covariances involved when computing the term C’

Example 1 (Continued). We continue with the example in figure 1. First, we compute the covari-
ance between intervals (¢1, t2] and (%o, t1]. For this covariance we have
cov(za(t), za (t')] = cov [palt, t1, ta, w1), par (', to, t1, uo)].
This covariance is equal to
ca(t —t1)car (¢ — to) coviya(t)yar (to)} + ca(t — t1)ear (' — to) coviya(ts)ya (o)}
+ea(t — t1)ea (t' — to) cov{ga(ti)ya (to)} + ea(t — t1)ea (t' — to) cov{ga(t1)ja (to)}
+ea(t — t1) cov{ya(tr) far (V' to, tr,u0) } + ea(t — t1) cov{ga(ts) far (', to, t1,uo0) },
which reduces to
ca(t —ty)ca (t' —to)kzy 2, (tr, to) + ca(t — t1)eq (t' — to)kz, 5, (t1,to)
teq(t —ty)ca (t' —to)kz, 2, (t1,to) + eq(t — t1)ea (t' —to)kz, 2, (t1,to)
teat — )R, () + ealt — t)RS) (b, t).

md,far
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Figure 5: This figure represents the innermost covariances involved when computing the term D’

Now we compute the covariance between intervals (¢2,t3] and (¢, t1]. For this covariance we have

cov[za(t), za ()] = cov [pa(t, t,ta, ts, u2), par (', ', to, t1, uo)]-
We then have
ca(t —ta)car (t' — to) coviya(t)yar (to)} + ca(t — t2)ear (' — to) coviya(ta)ya (o)}
+eq(t —ta)ca (t' — to) cov{ga(ta)ya (to)} + ea(t — t2)ea (t' — to) cov{ga(t2)ga (to)}
+ea(t — t2) cov{yalta) far (t's to, t1,u0) } + ealt — t2) cov{galta) far (t' to, t1,u0) }-
Using yq(t2) = 2z4(te, t1,t2) and g4(te) = 24(t2.t1,ta),
ya(te) = za(ta, t1, t2) = pa(te, t1,t2, u1) = cq(te — t1)ya(ts) + eq(ta — t1)Ya(t1) + falte, t1,t2, u1)
Ya(t2) = Za(ta, t1,t2) = Ea(ta, t1,t2,u1) = galte — t1)ya(ty) + ha(tz — t1)ya(ty) + ma(te, t1,t2, u1),
we have for cov{yq(t2) fa (t', ', to, t1,u0)} and cov{ga(tz) far (t', ', to, t1,u0)}
cov{ya(ta) far (t', to, t1,u0)} = ca(ta — t1) cov{ya(t1) far (t', to, t1,u0)}
+ ed(ta — t1) cov{ga(ts) far (', to, t1,u0)}
cov{ga(ta) far(t', ' to, t1,u0)} = galta — t1) cov{ya(tr) fa (t', to, t1,u0)}
+ halts — 1) cov{ga(t) far (¢ to, 11, )}
Furthermore,
ya(t1) = za(ti, to, t1) = palti,to, t1, uo) = ca(ts — to)ya(to) + eq(ts — to)ya(to) + fa(ti, to, t1,uo)
Ya(t1) = 2a(ta, t1,t2) = Ea(t1, to, t1,u0) = ga(ts — to)ya(to) + ha(ty — to)ga(to) + ma(ty, to, t1, uo).

Then we get cov{ya(tr) far(t',to, t1,u0)} = kY (t1,t') and cov{ga(ts) far(t' o, 11, uo)} =
5 (©

s f g (t1,t'). Putting all these expressions together, we get

ca(t —ta)ca (t' —to)kzy 2, (ta, to) + cat — ta)eq (t' — to)ks, 2, (t2, t0)
tea(t —to)ca (t' —to)k zd,zd/ (ta,t0) + eq(t — ta)eq (t' — to)k‘zd,z'd,
+eq(t —ta)cq(te — tl) 1ot t) +ca(t — t2)eq(ts — t1)k md 1t
Fea(t — ta)galts — tl)k}dffd, (t1,) + ealt — t2)ha(ts — t)kSS) |, (1,1
Next we compute the covariance between intervals (2, ¢3] and (¢1, ¢2]. For this covariance we have

cov[za(t), za ()] = cov [palt, ta, ts, u2), par (', t1, t2, us )]



We have
ca(t —ta)car (t' —t1)kz, 2, (ta, t1) + calt — to)ear (t — t1)kzy 5, (t2, 1)
+€d(t — tQ)Cd/ (tl — tl)kzd zq/ (tQ» tl) + ed(t - t2)€d/ (t/ - tl)kédﬂéd’ (tQ’ tl)
+eq(t —to) cov{ya(ta) far (t' s t1,ta,ur)} + eq(t — ta) cov{ga(ta) far (¢ t1,ta,u1)}
"y and cov{ga(t2)far (t',t1,t2,u1)} =

kfﬁi P (t2,t’). Then, the complete covariance would be equal to
LsJ d

The covariance cov{yq(t2) far (t',t1,t2,u1)} = kfd 7 (to,t

ca(t —to)ea (t' —t1)kzy 2, (ta t1) + ca(t —ta)ea (t' —t1)k., 2, (t2,t1)
teq(t —to)ca (t' —t1)kz, 2, (ta t1) + eq(t — t2)ea (' — t1)kz, 2, (ta, t1)
1 1
tealt =tk 1 (b2, ) + ealt — ta)kS) 4 (ta,1).

Suppose we need to compute the covariance between the intervals (¢4, t5] and (1, t2]. For this g = 4
and ¢’ = 1. The covariance is given as

cov{[ca(t — ta)ya(ts) + ea(t — ta)ya(ta) + fa(t,ta, t5, us)]
[car (t" = t1)yar (t1) + ear (t — t1)gar (t1) + far (', t1,t2,u1)}
= ca(t — ta)car (t' — t1) cov{ya(ta)ya (t1)} + ca(t — ta)ea (t' — t1) cov{ya(ts)ga (t1)}
+ea(t — ta)ea (t' — t1) cov{ga(ta)ya (t1)} + ea(t — ta)ea (t' — t1) cov{ga(ts)ga (t1)}
+eq(t —tg) cov{ya(ts) for (' t1, ta,u1)} + eq(t — ta) cov{ga(ta) far (t' 1, t2,u1)}

We need to compute the  covariances cov{ya(ts) far (' t1,t2,u1)} and
cov{yq(ts) far(t',t1,t2,u1)}. The expression for y4(t4) is

Ya(ts) = za(ta, t3,ta) = palts, t3,ta, uz) = ca(ts — t3)ya(ts) + eq(ts —t3)ya(ts) + fa(ts, s, ta, us)
Ya(ts) = Za(ta, t3,ta) = Eq(ta, t3,ta,u3) = ga(ts — t3)ya(ts) + ha(ts — t3)ya(ts) + ma(ta, ts, ta, us3)
Then the covariances cov{yq(t4) far (t', t1,t2,u1)} and cov{yq(ts) far (t', t1,t2,u1)} are equal to
ca(ts — t3) cov{ya(ts) far (t', t1, ta, ur) } + ealts — t3) cov{ga(ts) far (' 1, t2, 1)},
ga(ta —t3) cov{ya(ts) fa (t',t1,t2,u1)} + ha(tsa — t3) cov{ga(ts) fa (¢, t1, ta, ur)}.
At the same time, in the above expression, we have that y4(¢2) and §4(t2) follow
Ya(ts) = calts — t2)ya(te) + ealts — t2)Ja(te) + fa(ts, t2, 3, u2)
Ya(ts) = ga(ts — t2)ya(tz) + ha(ts — t2)ya(t2) + mal(ts, ta, t3, u2)

Then, we can write the expression for cov{yq(t4) far (t', t1,t2,u1)} as
ca(ts —t3) [ca(ts — t2) cov{ya(ta) far (¢, t1, b2, u1)} + eq(ts — t2) cov{ga(ta) fa (t', t1,t2,u1)}]
+ eq(ts — t3)[ga(ts — t2) cov{ya(te) far (', t1, t2,u1)} + ha(ts — t2) cov{ga(ts) far (t' 1, t2,u1)}].
The expression for cov{yq(ts) far (t',t1, t2,u1)} would follow
ga(ta —t3) [Cd(fs — ta) cov{ya(ta) far (', t1,t2,u1) } + ealts — t2) cov{galta) far (', t1, t2, Ul)}]
+ ha(ts — t3) [ga(ts — t2) cov{ya(ta) far (', t1,ta,u1)} + ha(ts — ta) cov{ga(ta) far (t', t1, t2,u1)}].
From the expression for y4(t2) and ¢4(t2), we get cov{yaq(te) far (', t1,t2,u1)} = k;i?fd, (ta,t)
and cov{ga(t2) far (' 1, b2, u1)} = KUY

ca(t —ta)ea (t' —t1)kzy 2, (tast1) + ca(t — ta)ea (t' —t1)k.y 2, (ta, t1)

+ea(t —ta)ca (t' —t1)kzy 2, (ta t1) + €q(t — ta)ea (t' — t1)kz, 2, (ta, t1)

+ ca(t — ta)[ca(ts — t3) [ca(ts — t2)k ;d)fd’ (ta,t") + eq(ts — t2) kin()i £, (25 "]

+ ea(ts — t3)[ga(ts — ta) ;i)f (t2,t') + ha(ts — t2)k, md 7 (2]
+ ea(t — ta) [galts — t3) [ca(ts — t2)k ;d)fd/ (ta, ') + ealts — ta) k,(ni 7t /)]

)
+ ha(ts — t3) [ga(ts — ta) k?;cd)f (t2,t') + halts — t2)k!

(t2,t'). The total covariance then would be equal to

t25

mdf
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Reorganizing, we get
ca(t —ta)ea (t' —t1)kzy 2, (tast1) + ca(t — ta)ea (t' —t1)kzy 2, (ta, t1)

+ eq(t —ta)ca (t' —t1)kz, =, (ta tr) + eq(t —ta)eq (t' — tl)kzd éd, (t4, tl)
+cat —ta) [calts — ts)ca(ts — t2) + ealts — t3)galts — t2) | k. fd fd’ (2,

+ ca(t — ta) [ca(ts — t3)eq(ts — t2) + ea(ts — t3)ha(ts — t2) ] md Fur (ta,t'
+eq(t —ta) [ga(ts — t3)ca(ts — t2) + ha(ts — t3)ga(ts — ta)] g)f (t2, 1’
+ eq(t — ta) [ga(ts — t3)ealts — ta2) + ha(ta — t3)ha(ts — ta) ]kSZ o (t2st

Or in a more familiar expression,
ca(t —ta)ea (t' —t1)kzy 2 (ta tr) + ca(t — ta)ea (8 —t1)kzy 2, (ta, t1)
+ea(t —ta)ca (t" —t1)kz, 2, (ta, t1) + eq(t — ta)eq (' — t1)kz, 2, (tas tr)

+ calt — ta) f1(ta, ts, tQ)k;d)fd/ (t2,t) + calt — ta) fo(ta, 13, 2) mi 1 (t2,1)

(
+ea(t — ta) fs(tasts, t2)kS) (2, t) + ealt — ta) falta, ts, )KL, o (2, 1),

where, fi(ts,t3,t2) = ca(ts — t3)ca(ts — t2) + ea(ts — t3)ga(ts — t2), fa(ta,t3,t2) = ca(ts —
ts)eq(ts—ta)+eq(ta—ts)ha(ts—t2), f3(ta, ts,t2) = ga(ta—t3)ca(ts—ta) +ha(tsa—t3)ga(ts —t2)
and fa(ta,t3,t2) = ga(ta —t3)eq(ts — ta) + ha(ts — t3)ha(ts — ta).

2.3 Covariances between outputs and latent functions

For inference purposes, we’ll also need the cross-covariances between the ouputs zq(t,t4—1,t,) and
the latent forces ug 1 (t'). If ¢ > ¢, then this covariance is zero. We are left with the cases ¢’ = ¢
and ¢’ < q.

2.3.1 Covariance between z;(¢t,t,_1,t,) and ug, _1 ('), with ¢’ = ¢

We have
Covlza(t, b1, tq)s g1 ()] = cov [palt, b1, tar g1 )tg1 ()],
which is given as
ca(t —tg—1) cov [ya(tq—1)ug—1(t)] + ealt — tg—1) cov [Ja(tq—1)ug—1(t)]
+cov [ falt, tg—1,tg, ug—1)ug—1(t")].

From the above equation, the only term different from zero is cov [fq(t, tq—1,tq, ug—1)uq—1(t')] =
Efyu,_(t,t'). Then, we have cov [pa(t,tq—1,tq, ug—1)uqg—1(t')] = Kpyu,_, (L)

2.3.2 Covariance between z4(t,t,—1,t,) and u, _1 ('), with ¢’ < ¢

‘We have

cov[za(t, tg—1,tq), ug—1(t")] = cov [pa(t, tg—1, tq, ug—1)ug—1(t')].
It would be
ca(t —tq—1) cov [ya(tg—1)ug—1(t)] + ea(t — tg—1) cov [Ja(ts—1)ug—1(t)]
+cov [fa(t, tg—1,tq Ug—1)Ugr—1] -
Being ¢ strictly greater than ¢/, we only need to compute cov [yq(tq—1)uq—1(t")] and
cov [Ya(tg—1)uq —1(t")]. For the first term, we have

cov [ya(tg—1)ug—1(t')] = cov [(caltq—1 — tg—2)yaltq—2) + ealty—1 — tg—2)¥alty—2)
+ faltq—1,tq—2,tq—1, Uq—2))uq’—1(t/)]
= ca(tg—1 — tg—2) cov [ya(ty—2)ug -1 (t)]
A
+ ea(tg—1 — tg—2) cov [Ja(tg—2)uq—1(t")]
B
+cov [faltg—1,tg—2,tg—1, ug—2)ug -1 (t")].
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The terms A and B, repeat again in a recursion similar to the ones in section 2.2.2. The final
expression is then equal to

ca(t —tg-1)f1(tg-1,tq—1,--- 1 >k<f‘§u (tg—n,t)
Fea(t —tq-1)f2(tg—1,tq—1, - tg— n)'lfggdjul)/ 1( g-n-t')
+ed(t_tq 1)f3(tq Lilg—1,.- tg— n) fg,;l, 1( q— nvt/)
Fea(t —tg—1)fa(tq—1,tq—1,- -, tg—n) qu,_ul)/ 1( g-nst),

where f1(-), f2(), f3(-) and f4(-) are again functions of the form

Zx(tqfl —tg—2)2(tg—2 —tg-3) .. . T(tg—nt+1 — tg—n)s

with x being equal to ¢y, eq, g4 or hg, depending on the case.

Example 1 (continued). We continue with the example. We want to compute the following terms

cov|zq(t, to, t1), uo(t')] cov]za(t, to, t1),ur (t')] cov|za(t, to, t1), uz(t')]
cov|zq(t, t1,ta), uo(t')] cov]za(t, t1,ta), ur(t')] cov|za(t, t1,ta), ua(t')]
cov|zq(t, ta, t3), uo(t')] cov]za(t, ta, t3), ui (t')] cov|zq(t, ta, t3), ua(t')]

From the above analysis, the terms cov|zq(t, to,t1),u1(t")], cov[zq(t,to,t1), ua(t'))
and cov(zq(t,t1,ta), ua(t’)] are zero. Furthermore, the terms cov[zq4(¢,%o,t1),uo(t')],
cov(zq(t, t1,t2), ur (t')] and cov|z4(t, t2, t3), uz(t/)] are

)
COV[Zd(t, tl, 2)7 U1l
)

COV[Zd(t, tg, 3), U2

We are left with the terms cov[zd(t,tl,tg) o(t)],  covlzq(t,te,t3),up(t')] and
cov(zq(t, ta, ts), w1 (t")]. The term cov|zq(t, t1, t2), ug(t')] follows as
COV[Zd(t,tl,tg),uO(t/)] = COV{[pd(t t17t2,’u,1)]u ( )}

cov{[ca(t — t1)ya(tr) + ea(t — t1)ga(ts) + fat tr, t2,u1)] uo(t')}

= cq(t —t1) cov [ya(t1)uo(t")] + eq(t — t1) cov [ga(t1)uo(t')] .
The terms cov [y4(t1)uo(t)] and cov [94(¢1)uo(t')] are
cov [ya(t1)uo(t)] = cov [(ca(ts — to)ya(to) + ea(ts — to)ga(to) + fa(t1, to, t1, u0))uo(t')]

= kfd,uo (tlﬂ t )
cov [ga(t1)uo(t')] = cov [(ga(t1 — to)ya(to) + ha(ts — to)da(to) +malti,to, t1,u0))uo(t')]
= kmd,uo(tl,t/)~
The final covariance is then
cov]za(t,t1,t2), uo(t")] = ca(t — t1)ks, ue (b1, ") + €alt — t1)kmy uo (t1,1).
Now, we compute the term cov|[z4(t, t2, t3), ug(t’)], which will be given as
cov(zq(t, ta, t3), uo(t")] = cov{[pa(t,t,ta, ts, uz)uo(t')}
= cov{[ca(t — ta)ya(t2) + ealt — t2)galts) + fa(t, t2, ts, uz)] uo(t')}
= Cd(t — t2) cov [yd(tg)uo (t/)] + ed(t — tg) cov [yd(tg)uO (t/)] .
The term cov [yq(t2)uo(t)] follows
cov(ya(tz), uo(t)] = cov{pa(ta, t1, t2,ur)uo(t')}
= caltz — t1) cov[ya(ti)uo(t')] + ea(tz — t1) cov[ga(ts)uo(t')].
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The term cov [gq(t2)ug(t")] follows

cov[ya(ta), uo(t)] = cov{€a(ta, t1,t2, us)uo(t’)}
= gd(tg — tl) Cov[yd(tl)uo(t’)] =+ hd(tg — tl) COV[yd(tl)Uo(t/)]

Putting together all these terms, the covariance cov|[z4(t, t2, t3), ug(t')] is given as

cov[zq(t, ta, t3), ug(t)] = ca(t — t2) [calta — t1)kfuue (t1, 1) + ea(ta — 1) kmy uo (t1, )]
+eq(t —t2) [ga(te — t1)ksyue (t1, ") + ha(tas — t1)kmy uo (t1,1)] -

Or in a more familiar form

cov(za(t, ta, t3), uo(t')] = ca(t — t2) f1(ta, t1) ks u0 (t1, 1) + ca(t — t2) fota, t1)kmy,uo (t1, 1)
+ ea(t —t2) fa(ta, t1) kg u (t1, ) + ea(t — t2) fa(ta, t1)kmy o (t1: 1),
where fi(t2,t1) = ca(te — t1), fa(t2,t1) = ea(tz — t1), f3(t2,t1) = ga(t2 — t1) and fa(t2, 1) =
hd(tg — tl).
Finally, we compute cov|z4(t, t2, t3),ui(t')] as
cov(zq(t, ta, t3), ur(t")] = cov{pa(t,ta,ts, uz)us (t')}
= cov{[ca(t — ta)ya(t2) + eal(t — t2)ga(ta) + fa(t,ta, tz, uz)] ui(t')}
= Cd(t - tQ)kfdﬂJJ (t27 t,) + ed(t - tQ)k"ndﬂLl (tQa tl)'

3 Covariance for the velocities and accelerations

To get expressions for the covariances cov [zq(t), Za (t')] (Position - Velocity), cov [24(t), za (/)]
(Velocity - Position), cov [24(t), Za(t')] (Velocity - Velocity), cov [z4(t), Z¢:] (Position - Accel-
eration), cov [Z4(t), z¢(t')] (Acceleration - Position), cov [24(t), Z¢] (Velocity - Acceleration),
cov [Z4(t), Za (t')] (Acceleration - Velocity) and cov [£4(t), 24 (t')] (Acceleration - Acceleration),
we take the appropiate number of derivatives with respect to ¢ and ¢’ [3].
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