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This lemma accompanies the paper “Double Q-learning” that was accepted for publication in the
Advances in Neural Information Processing Systems, volume 23 (NIPS 2010). It is a generalization
of the result in [1].
Lemma 1. Let X = {X1, . . . , XM} be a set of random variables and let µ = {µ1, . . . , µM} be a
set of unbiased estimators such that E{µi} = E{Xi}, for all i. Assume that the set of samples S
contains at least one sample for each of the variables in X . LetM be the set of labels of estimators
that maximize the expected values of X:

M def
=

{
j |E{Xj} = max

i
E{Xi}

}
.

Let Max(S) be the set of labels of estimators that yield the maximum estimate for some set of
samples S:

Max(S)
def
=

{
j |µj(S) = max

i
µi(S)

}
.

Then, for all j ∈M

E{max
i
µi} ≥ E{µj} = E{Xj}

def
= max

i
E{Xi} . (1)

Furthermore, the inequality is strict if and only if P (j /∈Max) > 0, for any j ∈M.

Proof. Assume j ∈M, i.e. µj is any estimator whose expected value is maximal. Then

E{max
i
µi} = P (j ∈Max)E{max

i
µi}+ P (j /∈Max)E{max

i
µi}

= P (j ∈Max)E{µj |j ∈Max}+ P (j /∈Max)E{max
i
µi}

≥ P (j ∈Max)E{µj |j ∈Max}+ P (j /∈Max)E{µj |j /∈Max}

= E{µj} = E{Xj}
def
= max

i
E{Xi} .

By definition of Max we have E{maxi µi} > E{µj |j /∈ Max}, for any j. Therefore, the in-
equality is strict if and only if P (j /∈ Max) > 0, for some j ∈ M. If we do not know whether
this is the case, we do not know if the inequality in (1) is strict and therefore in general we write
E{maxi µi} ≥ maxiE{µi}.
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