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Appendix

A Loss Function Leading to (2)

To obtain @, first note that for each 7 = 0, 1, we can define the loss of task ¢ as

Li= Y PY(z.y)log 5

_— (19)
zeX,yeY XY(x,y)

where @ xy represents the distribution model and P)(g, are the empirical distributions as defined

in (E]) As a result, training the linear combination of Ly and L; can lead to the convex combination
model.

argmin agLg + a1l4

Qxy€P

= arg min Z (aop)(g)/(x, y) + alp)%)/(x, y)) log

Qxy€?P zEX.yeY QXY(l',y)

= argmin D (aop)(g)/ + a113)((13)/HQXY)

Qxy€?P
— aoPY) + a PY). (20)

B Proof of Theorem 2

To compute the testing loss, we first introduce the following lemma.

Lemma 6. Suppose that random vector (X1, Xa, -+ , X, ) follows the multinomial distribution with
the corresponding event probabilities (p1,p2, - - , Pm) and n independent trials, then the variance
of random variable X; is

var(X;) = np;(1 — pi), 21
and the covariance of X; and X is

cov(X;, X;) = —np;p;. (22)
From Lemmal6] fori = 0, - - , k, we have

20 @) 11 o0 (i)
E (PXY(%Z/) - PXY(%ZJ)) = ;PXY(x,y)(l — Pxy(z,y)). (23)

In turn, the testing loss as defined in (3)) is

L) = B [\2(PG) 00 P + a1 P

1 . . 2
=E Z IO P)(g)/(x,y)—ao )((01)/(%9)—@1P)((1}),(x,y)
30)
zeX,yeY XY(xvy)
2
0 0
v (PO (@) — aoPQ) (,9) = a1 PR (2,1))
o 0
2€X,yeY P ()
_ » . -
- (P& (.9 = PR (w.)
+ g Z P(O) (x )
zeX,yeY xy\T, ¥y
- " 1 -
- (PO @,9) — PR (.9) 9
T Z P(O) (x ) (24)
z€X,yeY xy\L, ¥y
1 1
= afx’ (R)@/a P)((l})/) + 04(2)770‘/(0) + a?aV(l), (25)
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where to obtain (24) we have used the facts that 13(0) and 15(13)/ are independent, IE[P)(?Y] P)(g)/,
and E[P{)] = P}, and where to obtain (Z3) we have used (23) and the fact that ng - P} and

ny - P)(ﬂ), follows the multinomial distribution.

Similarly, we can obtain Theorem 3]

C Proof of Theoremd

C.1 Expression of g; as defined in (13)

From
0) »(f,
X%XY (P)(;%”P( )Pl(’\)?))
1 . i 2
= > o (PR @y - PO @R ) - PO @ P ) (@)a))
Py (x) Py (y)
z€X,yeY y Y

we have, for all y’ € Y,
0 f,
Ny (PLV PO

(26)
99(y')
=23 [P @) - PO@POW)] F@) +2 3 PO@PO W) (£ (0)g(w) F ()
zeX zeX
=23 PO (2,1) f(x) + 2P (v ) Arg(y) 27)
zeX

where to obtain the last equality, we have used the assumption that IE o) [f(X)] = 0 and the notation
X
that Az 2 E 0 [£(X) FT(X)].

Set the gradient (27) to zero, and we obtain

9iy) = —5—AG" (Z P;(J%/(x,y)f(m) : (28)

C.2  Proof of (T6)

We first express the testing error (T3) as

e 0) (0 e
L = E [y, (PR PPQEY)]

k

2 (0) (0) 5(£,9:) 2 2 (0) 5(£.9:) p(0) 5(F,9:)

= XRxy (PXszaiP PY\)? >+Z%E[XRXY (P Pypg » Px PY\)? )},
1=0 1=0

%f/(z‘)
(29)

where to obtain the last equality we have used the fact that the empirical distributions ]5;%/ (i =
0,--- , k) are independent and

p(f,8:) | _ p(f.gi)
B[P =k [p42].
Next, for the terms in (29), we have

k

0 0 f.g9:

o (P;;,zmza( P >)
=0

k
0 0 f, 0 £, 0 f.9:
= ey (PR POBIE)) 2k, (P( RIS i PO RS >) SNEY

1=0
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which comes from the fact that

2

(PO @,y) — PO P (@,)) 1P P2, )

regey PP ()P (y)
= > (PO @y - POPIE @) £ (@)9()
reX,ycY
S PO (@) (2)gy)
zeX,yeY
~ Y PP@PY W) (@) Ay (ZP§?%<x,y>f<x>> F(@)gy)
z€X,y€Y Py (y) zeX
=Epo) [FH(X)g(Y)] - Epo [FH(X)g(Y)]
=0. (31
Moreover, we have
1740)
& [, (P“)Péf)?”,P(“Pé’;?”)}
=k 3 PO@PY W) £ @) A7 (2 (P ) - P ) @)
zEX,yeY Py (y) zeX
[Y] 1 B
:ni; P(O) @) tr (Af
E ( > (PG @y — P @) f(:v)> (Z (P (@y) = PG () f(x)) D
eX zeX
Yl 56) Y1 1 50) (,\12 2
(y) [Py W) || -3
:;p@@)t (A Epn, y[f(X)fT(X)]> 2 w47 Erg, )

(32)
Using 29), (30) and (32)), we obtain (T6) as desired.

D Proof of Proposition 3]

Since g* as defined in (T4) satisfies g* = Zf:o «@;g;, the weight g* in the convex combination
model is the solution of the following optimization problem

g* = arg min X% (Z cuZP)(;Y7 p(O)P(Jlc 9)) (33)
=0
Then, we prove that the following two optimization problems have the same solution g*

k
g = arg min Xny <Z alP)((%,,P(O)P(f g)>
1=0

— argmin Z aihy, (PO POPID) . (34)

9 i=0
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To obtain (34), we use the fact that the difference

k
A 0 0
o (bl PPRED )~ S, (R PPRL)
i=0

k 5 (i) 2 & A () 2
Z (Zi:O OZ'LPXY(Z'7 y)) Z Zi:o (673 |:PXy(xa y):|
= 5 5 _ . .

ey V@R e PO @PYW)

is irrelevant to g.

(35)

Using (34), we obtain Proposition [5]as desired.

E Details for experiments

E.1 Training Loss

To compute the training loss L(®f+9) as defined in (T7)), we first introduce the following lemma.
Lemma 7 ( [48]], Proposition 2). Let (f*,g*) be the features that minimize the x>-distance loss

X2ny(15§)}),,P(O)P}(,fXg)), where P}(,ch)?)( y) = py(y)(l + fY(2)g(y)), for all z,y, and the

reference distribution being P)((0 )P}(,O). Then, we have
Epw© [ (X)] = Epw lg*(Y)] =0, (36)

and (f*,g*) are also the optimal features that maximize the H-score of target samples:

HO(f,9) 2 By [FT(X)3(1)] - 3 tr(AsAy) a7)

where f(X) 2 f(X)— Eso[f(X)], g(Y) 2g(Y)- Esolg(Y)], A and A, are the covariance
X Y
matrices of features on target samples, defined as:

As 2 Epo[f(X)F (X)), (38)
Ag £Ep0[g(V)g" (V). (39)
Similarly we can define the H-score for sources. For the taski = 1,--- | k,
HO(f,9) 2 By [FT(X)3(V)] - 5 tr(AsAy) 0)
Then, line 4 in Algorithm[I|can be implemented by
(f*,9%) « argfmaxfjaiH“)(f,g). (41)
9 =0

E.2 Computation of Testing Loss

In computing the testing loss, after obtaining f* from {IJ), we use the normalization f* (X) 2
(X)) - PO [f*(X)] to subtract the sample mean and obtain zero-mean features. Then, the
covariance matrix A g+ of f*is computed as
Ay éEp)({O)[f*(X)f*T(X)} (42)
Moreover, fori = 0, - - - , k, the V@) [cf. (32)] in (T6) can be estimated as
0,
191 50) 91 p) 2
Py (y) <A_1 £ ( 3y T [P W) |2 -3 ;
=D = tr(ApEpor  [FFXOFX]) =) =g || A" Epw [FH(X)]
=P () ERE S Z; PO 177 Pxiv=y
(43)
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The bias term X% (P(O)P(f 90, Zf:o alP(O)P(f 97)) in (T6) can be estimated as

Y|X Y|X
k k
Xy ( O P, Z Py Y{gJ) =53 aia; Dy, (44)
i=1 j=1
where
_ ; _ - T
Dy & tr (Af*l(Z (h(0,y) h(LyA)()O)h(O,y) h(5,)) )) 45)
yeY Y (y)
and
Bl y) & PP @B (F (X)L 1=0,0k (46)

Finally, the testing loss can be expressed as

L) = Z Z a;o; Dy + Z V( i) 47)

i=1 j=1

Then, a* can be computed by solving a non-negative quadratic programming problem.

E.3 Details of Implementations
E.3.1 Multi-Source Transfer Learning

In this experiment, the corresponding labels for the 5 binary classification tasks are as follows: task 0
(airplane and automobile), task 1 (bird and cat), task 2 (deer and dog), task 3 (frog and horse), and
task 4 (ship and truck). After training the loss (@0) for each source task, if the test accuracy on target
samples is less than 50%, we would flip the binary label for this source. Accordingly, in task 3, frog
matches automobile and horse matches airplane. In other tasks, the labels of the source match the
target in alphabetical order.

Moreover, we normalize all the images for 3 channels under the mean (0.485,0.456, 0.406) and
standard deviation (0.229, 0.224, 0.225). When the sample size of the target training set is 6, to make
the training process stable, we use data augmentation to generate 50 samples by random horizontal
flips and random crops.

The feature f is generated of 10 dimensions by GoogleNet, followed by a fully connection layer
(1024 — 32) with ReLU activation, and then a fully connection layer (32 — 10). Throughout the
training process, we use the Adam optimizer with a learning rate of 0.001 and the batch size for each
source task is 50. We train the networks in 20 epochs and before each epoch we reshuffle the training
samples.

E.3.2 Few-shot Transfer Learning Tasks on Office-31

In this experiment, the feature f is generated by the pretained and fixed VGG-16 network, followed
by a fully connection layer (4096 — 1024) with ReLU activation, and a fully connection layer
(1024 — 64). Throughout the training process, we use the Adam optimizer with learning rate of
0.0002 and in 100 epochs.

E.3.3 Few-shot Transfer Learning Tasks on Office-Caltech

In this experiment, the feature f is generated by a fully connection layer (4096 — 1024) with ReLU
activation followed by a fully connection layer (1024 — 10). The inputs of f are the pretrained
DeCAF features. Throughout the training process, we use the Adam optimizer with learning rate of
0.01 and in 100 epochs.

E.4 Instruction for codes

We provide code examples in “code.zip”. In the folder “./code/data”, we provide the features we
used. Folder “031_feature” contains the features of Office-31 dataset, and folder “oc_feature”
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contains the features of Office-Caltech dataset. “cifar10_alpha.py” is an example for CIFAR-10
dataset for the case of 6 target samples. “031_atod_renew.py” is an example for Office-31 dataset
for the case of task A—D, with the details of computing renewed . “0C_atoc.py” is an example for
Office-Caltech dataset for the case of task A—C.
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