A Expression for the marginal and conditional distributions

Here we derive and show that the marginal and conditional distributions in the neural response
space can be straightforwardly expressed in terms of the corresponding marginal and conditional
distributions in the transformed response space when the transformation fufidi@eparable.
Consider partitioning neurons into two mutually-exclusive subgraéipsandr@ . Furthermore
assume that the transformation function factorizes over these two subgroups su€frjhat

[Ta(rO) T, To(r@)T]T =[v® T v@T]T = v, for some constituent diffeomorphisriis and7>.
Given this,
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wherep,. andp,, denote the densities for the respective random variables. Then the margineftbver
can be expressed as follows:
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We now employ the change of variables with:
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yielding:
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Hence, the marginal ovef? can be simply expressed in terms of marginal distribution over the
transformed variablg’ (r®). Finally, we can write the conditional distribution over original
responses in terms of the conditionals over the transformed variables:
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Note again that in order for the expressions for the conditionals and marginals to cleanly reduce, it is
essential that the transformati@i(-) is separable over the two groups of neurons.
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B Zero-In ated Flow-based Factor Analysis (ZIFFA)

Joint distribution Here, we provide the derivation of the joint distributipfr |x) of the ZIFFA
model. Letm € {0, 1}" denote whether a neuron has a responseelow or above the threshojdas
indicated bym; = 0 or m; = 1, respectively. For a given assignmennof we model the density of
aresponse vectore R%, as a product of (1) a uniform distribution between 0 and threshalad

(2) a joint FlowFA model for above threshold responses. Accordingly, the conditional distribution
can be expressed as follows:

prix,m)= [ J[ Jo<r<pkp?
{i:mi =0}

Uniform part for allr; with m; =0

[T 9o <riK| -N(Tu(rs )i for (¥).CeCT+ ) - [VTu(rs)],
{i:mi:1}

FlowFA part for allrj with m; =1

wherer . andfy + (x) are the sub-vectors corresponding to responses that are above the threshold.
Also,C, and . are sub-matrices @& and , respectively, only containing entries corresponding to

the neurons with above threshold response. We chiBgseich thaﬂ“djl(v) > p, wherev = Ty(r).

We use a slight abuse of notation and determine the siZg @f. ) by the dimensionality of its input

r. . HereJAKdenotes the indicator function for the seétNote that (1) this is a proper density on

RZ, since it remains non-negative and integrates to one, and that (2) all population regpiredes

do not agree witm (i.e. m; = 0 andr; > p, and vice versa) have zero density since one of the
indicator functions in the product will be zero (i.e. they enfamce To getp(r |x), we marginalize

outm. To this end, we model the probability of eaeh independently as a functiap (x) of the
imagex. This yields

pmpx)= [[a0)™ @ -aqE)™™,

i=1
and
prx)= S0 p(rlx,m) - p(mix)
me{0,1}"
- H 1—¢q(x)
{@:ri <p} p

[T @0 | - N(Tura)i for (x),CoCT+ 4) - [VT(r4)]

{iiri >p}

Note that all2™ — 1 mixture components whosa are not in agreement withare zero, which leaves
only one single mixture component in the end.

Conditional distribution The conditional distribution ovei™ neuron’s response; given the
response of all other neurons;, can be computed as:

p(r [ X)
p(ri |, X) = ———~
) p(ryi [X)

1 —aq(x)-p* if r; < p

- qi(x) . N(T (r4): f; +(X)7C+C++ +):IVT (r4)] if r; > P,

N(T (i )i f; 0 (0,C 4ni Copi 10| VT (M gni) |
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where subscript \ 7 is used to denote all neurons with responses above threshold except#r the
neuron. While conditioning does not change the distribution over the responses below the threshold
for the responses above the threshold, the conditional distribution is computed as the fraction of joint
distribution of all neurong(r |x) over the joint distribution of all neurons except the target neuron
p(r\;,x). This fraction of the two Gaussian distributions is equivalent to a Gaussian distribution over
the response of the target neutiomhere the mean and variance are computed conditioned on other
neurons\i:

N(Ty(r+); for (X),C+Cl+ 1)
N(T¢(f+\z‘);f9,+\¢(X),C+\iCI\Z-+ +\i)

= N(Ty(ri); pi, 0?),

wherey; ando? are the posterior mean and variance, respectively, offtmeuron’s transformed
response conditioned on the stimutuand transformed responses of other neufby(s . ;). These
guantities can be straightforwardly computed from the FA model as follows:

pi = for i(X)+ 4 i :}\i$\i(T¢(r+\i) —fg+ \i(X))

2:

g; + 4,0 +

oo -1 T
ARTAVAEE SRV AV ERE AV
where =CCT+ and ., =C,Cl+ ..

It is worth noting that the expressions for the conditionals cleanly reduce only Whenseparable
for each neuron (see appenfik A for derivations).
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C Details on data recording and stimulation

Imaging was performed at approximat@yHz for scan 1 and.2Hz for scan 2. The recorded visual

areas were identi ed based on retinotopic maps generated as previously desdgibgg].[ We
selected cells based on a classi er for somata on the segmented cell masks and deconvolved their
uorescence traces using the CNMF algorithm [59].

Images were presented 800 ms followed by a blank screen with a random duration uniformly
distributed betweeB00and500ms. After spike inference from Calcium data, the neural responses
were extracted as the accumulated activity of each neuron be&0smmd 550 ms after stimulus

onset. All behavior traces (i.e. pupil dilation and running speed) were extracted using the same
temporal offset and integration window. The neural responses traces were normalized by their
standard deviation computed on the training set.
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D Additional details about model training

The models were trained end-to-end via gradient-based optimization to maximingiielinood
obtained from Eq(1), (2), (3) or (4) for the corresponding model, optimizing over all parameters

of the model. For optimization, we used Ada6@] with (i) an early stopping mechanisré]] that

would stop the training if the log-likelihood does not improve for twenty training iterations, and (ii) a
learning rate scheduler that reduces the learning rate by a factor of 0.3 if the log-likelihood does not
improve for ten training iterations.

To nd the best image-computable model, we used Bayesian optimizadigntd nd hyper-
parameters that optimized the nal log-likelihood (explained in section 2.4) of the trained model.
Hyper-parameters included the learning rate and the regularization coef cient on the readout weights.
The ZIFFA and ZIG models included the zero-threshold paramedsran additional hyper-parameter.

To nd p, we experimented with several candidate values and chose the value which resulted in the
highest score for the ZIG model, and used the same value for the ZIFFA model.

Each instance of the model with a speci ¢ choice of hyper-parameters was trained on a workstation
with a single NVIDIA GeForce RTX 2080 Ti GPU. A single ZIFFA model takes approximately

2 3 hours to train whereas all other models take approximately 20 30 minutes to train. The hy-
perparameter search was completed using one GPU for a total of ~20 hours. All code for model
de nition, training, and evaluation were implemented in Python 3.8 using PyTé&tahd NumPy

[63] packages.
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E Computation of conditional response predictions

We estimated the posterior mean of the neuron’s responses to aminsagditioned on the responses

of other neurons via Monte Carlo approximation. To achieve this, we rst drew samples from the
posterior based on the learned FA model, yielding samples in the space of the transformed responses.
We then inverse-transformed these samples to yield samples in the space of the neural responses.
Subsequently, we computed the average across these samples.

More speci cally, for the FA-based models (except ZIFFA, see below), the posterior mean of the
neuron’s original response to imagewas computed aB[r;|x,r\;] = % Z;.V Tjil(sgj)) where

SEJ) ~ N(E[vi|x,V\], o?). Efvs|x, vy ando? are the posterior mean and variance, respectively,
of thei™ neuron’s transformed response conditioned on the stimuarg transformed responses
of other neurons\; = T,(r\;). These quantities can be straightforwardly computed from the FA
model as follows:

Elvs[x,v\i] = foi(X)+ s\ \f\i(Tqﬁ(r\i) —fo\i(X)),

2 _
o; = +

iy AUAVAVEEAYA

where = CC '+

For the ZIFFA model, the procedure for posterior mean computation is almost identical to the
procedure explained above with two differences: 1) when computing the posterior mean and variance
of the neuron’s transformed response, we condition only on other neurons who exhibit above threshold
responses. \; (refer to appendik B for details), and 2) the posterior mean in the neural response
space is computed as the mixture of the mean of the two mixture model components:

Elrilx, 1] = (1 — gi(x)) - g + qi(X) - Elralx, ra il
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F Synthetic data generation

We generated 5,000 samples from a correld@@d Gaussian distribution, corresponding to the
transformed respons&sof 100neurons. The covariance matrix of the Gaussian distribution took
the formCCT + | corresponding to that of FA model§:C' T was of rank 4 withC' € R190x4,

where the choice of the rank was arbitrary. To ensure that generated Gaussian samples (1) fall
in a range where the transformation is invertible and that they (2) cover the most nonlinear part
of the transformation, we kept the variances and covariances relatively small and sampled the
mean for each neuron in a transform-speci ¢ fashion. The entri€s were sampled uniformly
between 0.02 and 0.07, and the diagonal entries wiere sampled uniformly betwe&002and

0.01. We further imposed stronger or weaker correlations between selected neurons by scaling the
corresponding entries of the full covariance matrix eithefL!Byor 0.2. The mean for each neuron (in

the transformed response space) was uniformly sampled between a transform-speci ¢ minimum and
maximum value. The transform-speci ¢ minimum value was computeb(as+ o-maxCC " +)

wheree was a small valuel(0—*?) close to zero and took on a transform-speci ¢ value summarized

in Table@. The transform-speci ¢ maximum value was compute@@®). Once the Gaussian
samples were generated for each transformation function, the samples were inverse-transformed via
the correspondin@ 1 into the simulated neural responses. The code used to generate simulated data
can be found elttps://github.com/sinzlab/bashiri-et-al-2021

Table 1: transform-speci e values

T: | identity sqrt anscombe| example 1| example 2| example 3 | example 4
o 1.0 3.0 2.0 15 3.0 3.0 1.0

T: | example5| example 6| example 7| example 8| example 9| example 10

o 3.0 3.0 3.0 1.0 3.0 3.0

22



https://github.com/sinzlab/bashiri-et-al-2021

G Computing orthonormalized latent states

We extract latent states from the FA-based model by computing the posterioEfzdar]. While

the relationship between the latent statesd the neural responsess well de ned via the model
relationshipr = T(;l(fg(X) + Cz + ¢), the factor loading matriC can only be uniquely determined

up to an arbitrary orthogonal transformation. That is, gizen N (0, I,), we can transform the
factor loading matridxC andz by any arbitrary orthogonal transform matfRxto yieldC’ = CR

andz’ = R Tz. The resultant alternative de nition @ along withC’ would yield identical t to

the neural responses sin€éz’ = CRR "z = Cz andz’ ~ N(0, I,). Furthermore, the inferred
latent stateg are not necessarily ordered by how much neural variability they account for. In fact,
the order of the latent states are arbitrary, and this can be seen by noting that a permutation matrix
is an example of an orthogonal transformation. Combined with an additional observation that the
columns ofC are not guaranteed to be mutually orthogonal, interpreting the inferred latentsisites

dif cult and quite arbitrary.

To address this issue, we follow a similar approach to Yu €88l. Brie y, we orthonormalize

the columns ofC by applying the singular value decomposition to the lear@edhich yields

C = UDV '. As aresultCz can be re-written a€z = U(DV 'z) = Uzwherez =DV 'z

is theorthonormalized latent stateConsequently, instead of visualizing the MAPzfE[z|x, r],

we would visualizeDV TE[z|x,r]. This approach incurs multiple advantages. Firstly, while the
elements of (and corresponding columns 6f) have no particular order, the elementzdqand
corresponding columns &f ) are ordered by the amount of data variance they explain. Therefore,
the inferred latent states are ordered by their contribution in explaining the variance observed in
neural activity, resulting in more intuitive and interpretable latent states. Secondly, when the singular
values are non-zero and non-repeating, the method recovers a unique latenf@t&é= CR and

7’ = R Tz regardless oR . This can be seen from the fact that singular value decompositien isf

given byC’ = UDV ’T whereV’ = R TV, therefore

Z=DV'"7
=DV 'RR "z
=DV "z
= Z
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H Supplementary Figures

D

Figure S1: Comparison of ow-based models with different model con gurations. These con gu-
rations include: 1) using a shared vs neuron-speci ¢ ow transformation, and 2) unconstrained vs
constrained covariance matrix of the FA. The transformaftigicould be de ned such that a single

ow transformation is shared among all neurons or it could be de ned such that it contains neuron-
speci ¢ parameters resulting in neuron-speci c transformations (for details refer to section 2.2).
As expected, per-neuron transformation (darker color) seem to results in a higher likelihood. The
constrain imposed on the covariance matrix was used to ensure that the marginals have unit variance
(i.e. a correlation matrix). While unconstrained covariance matrix (blue color) works best for the
FlowFA model, the ZIFFA model with constrained covariance matrix (orange color) generally results

in highest likelihooda: FlowFA model.b: ZIFFA model.
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Figure S2: Comparison of the learned density by the ZIFFA, FlowFA, and ZIG madixample
marginal distribution of responses of 8 sample neurons to the repeated presentations of an image from
the test set and the corresponding ts of ZIFFA, FlowFA, and ZIG. While all three models peak at
zero, the FlowFA pults relatively little probability mass on positive responsgs {r;|r;(X) > p}.

b: Flow-based models vs ZIG log-likelihood in bits/neuron for positive responsgand zero
responses<,, respectively. Each point is a single trial. Compared to ZIFFA and ZIG, FlowFA
model seems to put less mass on responsgsind, for many trials, more mass on resporrsgs
Importantly, while ZIFFA performs very similar to ZIG for responses,, it slightly puts more mass

on the responses. , resulting in a higher likelihood performance as illustrated in (Fig. 3).
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Figure S3: Consistency of the learned transformation across models initialized and trained with
different random seeds, and across different number of latent dimensiofithe learned ow
transformation for both ZIFFA (green) and FlowFA (pink) models with O-dimensional latent. Square-
root (blue) and Anscombe (yellow) are also visualized for reference. Top row: Scan 1; bottom
row: Scan 2. Colors are the same as in Figo:3Quanti cation of the consistency of learned ow
transformations across random seeds, for the same models shawFoiguantify the consistency,

we attened transformed responsasacross all neurons getting a single vector for one seed, and
then computed thé&? between atteneds of all pairs of seeds. HigheR? value implies more
consistency. Top row: Scan 1; bottom row: Scan 2; Left column: ZIFFA; right column: FlomFA.
Same a®, but extended to also show the consistency of the learned transformation across models
with different number of latent dimensions.
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Figure S4: Correlation and regression analysis between inferred latent states and the pupil dilation.

The regressed pupil dilation vs the recorded pupil dilation for the same model as in Bid-idst

three rows: The? values between orthonormalized latent states and pupil dilation across all random
seeds. Last row: Th&? values between regressed and recorded pupil dilation. Top: scan 1; bottom:

scan 2.
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contributions and scope? [Yes]

(b) Did you describe the limitations of your work? [Yes] Please refer to section 4 Discus-
sion.

(c) Did you discuss any potential negative societal impacts of your work? [Yes] Implica-
tions in animal studies is discussed in section 4 Discussion.

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
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are provided directly in the paper. Additional proofs and derivations are submitted as
Appendix.

3. If you ran experiments...

(a) Did you include the code, data, and instructions needed to reproduce the main exper-
imental results (either in the supplemental material or as a URL)? [Yes] The code,
an example dataset, as well as instructions to reproduce the results can be found
athttps://github.com/sinzlab/bashiri-et-al-2021 . The data from mouse
visual cortex that was used in this work would be made available upon request.

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] See section 2.4 Model tting and Appepdix D.

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes] Results for all seeds are shown in Fig. 3.
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(a) If your work uses existing assets, did you cite the creators? [Yes] All assets used in this
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(b) Did you mention the license of the assets? [N/A]
(c) Did you include any new assets either in the supplemental material or as a URL? [N/A]

(d) Did you discuss whether and how consent was obtained from people whose data you're
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identi able
information or offensive content? [N/A] No human subject was involved in this work.
All data was collected from behaving mice.

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]

(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]
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